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Parapositronium decay into three photons and implications
for the neutral pion
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We complete the determination of the parapositronium decay into three photons by evaluating
amplitudes mediated by the Z boson. We show that, contrary to the expectation that the extra mass

scale m, may bring an enhancement to the overall scaling, the amplitude turns out to start at 1/m$ order,
similarly to the W boson mediated amplitude. The decay rate with both W and Z boson contributions is
found to be 1.1 x 1073 eV, about 47 orders of magnitude smaller than previously estimated. We also

discuss its implication for the z° — 3y amplitude.
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I. INTRODUCTION

In the ground state of positronium, the spins of the
electron and the positron add up to zero. This is the so-
called parapositronium (p-Ps), as opposed to the spin-one
ortho-positronium (0-Ps), the lowest excited state of Ps.

Because of charge conjugation symmetry (C-symmetry),
within pure quantum electrodynamics (QED), p-Ps decays
only into an even number of photons, and o-Ps only into an
odd number. This is important because a decay of o-Ps
must produce at least three photons and such a process is
about 1000 times slower than the leading two-photon decay
of p-Ps. The resulting longevity of o-Ps has many practical
applications [1].

Does this simple photon number parity rule hold beyond
pure QED, when C-violating weak interactions are included?
Landau-Yang theorem [2,3] says that a spin-one system
cannot decay into two photons due to angular momentum
conservation and Bose symmetry. Thus o-Ps cannot decay
into two photons under very general assumptions, valid also
for weak interactions.

Conversely, can p-Ps decay into three photons?
Reference [4] argued that yes and estimated the branching
ratio of this decay channel. This statement has been
supported in [5] by an explicit calculation of a gauge-
invariant part of the amplitude, involving W* bosons. It
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was found that the resulting decay rate is about 50 orders of
magnitude smaller than that estimated in [4].

The Standard-Model analysis [5] of the C-violating
channel p-Ps — 3y continues to be useful in several contexts.
On the high-energy side, the recent surveys of few-body
decays of heavy Standard-Model particles use p-Ps — 3y as
a template to estimate the rate of the analogous Higgs boson
decay [6,7]. The J-PET collaboration’s papers on positronium
decays reference it in their discussions of the C violation
relevant for symmetry tests [8—10] (see also [11-13]). It is
also incorporated into reviews of positronium precision
physics [14,15]. Finally, it appears in the recent work on
positronium in external fields [16]. This interest motivates
us to complete the Standard-Model treatment, extending it
from the W-mediated contribution to the full set including
Z-mediated diagrams.

It was speculated in [5] that the neutral Z bosons may
induce a much more rapid decay than the charged W* due
to the extra mass scale in the loop, the electron mass m,;
however, that second mass scale greatly complicates an
explicit evaluation of the Z boson loops. Here we compute
the Z boson effect and thus complete the study of one-loop
electroweak contributions to p-Ps — 3y.

We find that adding the Z effect increases the branching
ratio of the p-Ps — 3y by a factor of only about 50, in part
due to the presence of a logarithmic enhancement by the
factor In(m%/m?2) ~24. However, the rate remains sup-
pressed by twelve powers of the weak boson mass. While
we have a reasonable understanding of this suppression in
case of W diagrams, as discussed [5], its presence in the
two-mass-scale Z diagrams remains to be fully elucidated.

II. DECAY AMPLITUDE

The Z-boson mediated p-Ps — 3y amplitude is generated
by the diagrams shown in Fig. 1. In contrast to the W-boson
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Contributions of the Z boson (thick wavy lines) to the three-photon decay amplitude of p-Ps. Each diagram has six

permutations of the photons. For diagrams (b, c, e), there are also diagrams with the Z boson appearing at locations symmetric to ones
shown. Diagrams (c, d, e) are divergent and have corresponding counterterm diagrams (f, g, h).

mediated diagrams, when the Z-boson is replaced by a
Goldstone boson, factors y° are present in both vertices and
do not induce the required C-violation. Therefore, there is
no Goldstone contribution for the Z diagrams and the gauge
dependence has to cancel among diagrams (a—e) alone.
Below we discuss the calculation of the amplitude in some
detail.

We use natural units with unit speed of light and reduced
Planck constant, c = 7 = 1.

A. Projectors

The amplitude can be written as a contraction of external
spinors and photon polarization vectors with factors which
can only depend on the fermion and photon momenta,

M = (g )MH#H (g, q_ ky Ky ks)u(g_)
X €;1(k1>€;2(k2)€;3 (k3> (1)

The spin of the electron and positron are antiparallel in the
parapositronium state, leading to the spin sum [17],

1 ¢+m,
D HiHoH3 =z @ °
(qg)M u(q) » Tr 7 om,

where we use the observation that the spatial momenta of
the electron and positron inside the positronium are small
compared to its rest mass. We thus approximate their four-
momenta by ¢, = g_ = g = (m,,0).

On the photon side, one needs the parity (P)-violating
combinations of three photon momenta, so that, when
combined with the P-odd and C-odd weak vertex, the entire
process is P-even and C-odd. This process is analogous to
the decay of the neutral pion into three photons, analyzed

ysMﬂlﬂzm , (2)

by Dicus [18]. Here, as in [5], we follow his pioneering
work. We note that his Eq. (11) seems to have an extra
overall factor of 3 which we have not been able to
reproduce. We believe it is a typo; it propagates to his
result for the rate in Eq. (13). However, since his aim was
only an estimate with an error bar spanning several orders
of magnitude, this factor 3 is inconsequential.

Contributions to our amplitude with three free indices
satisfying the Ward identity and Bose symmetry can be
decomposed into the following form [18],

/D(q)M/‘]ﬂZﬂS u(q)
= Fy(x1, X0, x3)TH" + Fy (31, xp, x3) T

+ F3(x1, X0, x3) T + Fy(x1, x0, x3) T4, (3)

where

Tllllﬂ2/43 _ <kﬁlh — ks kl i k3

2 k2 . k3> (kjllzkg] _gﬂlﬂzkl : kZ)’ (4)

lellﬂzﬂs — <k;142 _ e k1 . k2

3 ks - kz) (K K5 = gtoky - k). (S)

Tlglﬂzﬂs — <k!2ll — kM k2 i kl

3 ka.kl)(k?kgz—g”zmkz'kﬁ’ (6)

e
+ g (K ky ks — K5k, - k)
+ g (k' ks - ky — K5 ky - k)
+ g (K ky -k = Ky ks - k), (7)
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and we have used momentum conservation k; + k, + k3 =
2¢q to eliminate the scalar products k; - k; that may appear in
the form factors F'y, ..., F4. The Levi-Civita tensor does not
enter the possible combinations due to the wrong parity. Each
of the four structures separately satisfy the Ward identity
ki, Tp'"™"* =0, wherei = 1,2,3and n = 1, 2, 3, 4. Further,
the Bose symmetry leads to the relations

Fy(xy,xp,x3) = Fy (X1, X3, %),
F3(x1,x2,x3) = Fy (30, x3, x1), )
so F; and F, are the only two form factors not related

by symmetry. The projectors onto the corresponding form
factors are given by

P —— (ky - k3) T, - 1 T,
2(ky - ko) (ky - k3) 4(ky ko) (ky - ks)
(10)
P, = ! T, + ! T
YAk k) (ky k) Ak k)2 (K hy)
1
- T
A(ky k)2 (ky - y) 7
1
- T,. (11)

2(ky - k) (ky - k3) (ks - k3)

With the fermion spin sum and the projectors, the form
factors are given by

1 ¢g+m,

F,=Tr {75775/\4”‘”2”3]1)1,#1#2#3 (12)
1 ¢+ m,

F,=Tr [7577,5/\/1#1#2#3] Py (13)

B. Renormalization of the C-violating amplitude

In pure QED the decay p-Ps — 3y is forbidden by charge
conjugation: the ground-state parapositronium has C = +1,
while a 3y state has C = (—1)* = —1. Hence the amplitude
vanishes identically in a C-invariant theory. In the Standard
Model the weak interactions violate C (and P), and the
leading nonzero contribution arises from one-loop graphs
containing W or Z bosons. These loops generate an axial-
vector structure on the electron line, the necessary ingredient
for a nonzero C-violating trace.

Although the decay amplitude starts at one loop, ultra-
violet divergences can still appear through divergent sub-
graphs (electron self-energy and electron-photon vertex

corrections). Renormalizability implies that such divergen-
ces are removed by the counterterms of the underlying
theory. In the on-shell scheme this is implemented by
including counterterm diagrams, shown in Figs. 1(f)-1(h),
while external-leg corrections are absorbed into the field
renormalization constants [19].

Because the weak interactions are chiral, the electron
field w renormalizes with independent left- and right-
handed constants [19],

ZRyr, (14)

where Z; differs from Z; once weak loops are included.
In terms of the Dirac field y =y, + yr this can be
rewritten as

Yor =V Zwyr, Yor =

1 1
wo=|1+56Zy +506Zsys W,
2 2
1

57y =
V7o

(6Z, + 6Zg), 0Zy =~ (62 —6Z;). (15)

N[ =

The parameter 6Z, expresses the parity-violating (axial)
part of the electron wave-function renormalization; it
vanishes in any parity-symmetric limit where Z; = Zj.

Correspondingly, the renormalized electron self-energy
admits the decomposition

() = PEv(p?) + brsZa(p?) + ... (16)

and, isolating the axial contribution,
ﬁ)’szA(Pz) = ﬁy5(2A(p2) —06Z,), (17)

where 3, denotes the loop contribution prior to adding the
counterterm. In an on-shell scheme one may impose that the
axial part of the inverse propagator vanishes at the physical
pole, which fixes

0Zy = iA(ﬁ =m,). (18)

Finally, expanding the bare electromagnetic interaction
eoy‘/oyf‘woAg in terms of renormalized fields shows that the
chiral wave-function renormalization induces an axial
counterterm in the electron-photon vertex,

Fﬁ; = ie5ZAy”}/5. (19)

Since the decay is C-violating, only the axial (y*ys)
structure contributes, so at this order the renormalization
of the amplitude is completely controlled by 6Z, through
Eqgs. (17)—(19).

C. Expansion in regions

In the case of Z boson contributions in Fig. 1, loop
integrals contain two mass scales, m, and my. While it is
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possible to reduce the result to the Passarino-Veltman
function [20], for our purpose it is sufficient to expand
the result in powers of m,/m, to the lowest nonvanishing
order. We expand the loop integral in two regions [21]: the
hard region where the loop momentum scales like m,, and
the soft region where the loop momentum scales like m,.

To count powers of 1/m,, we assign the following
scaling in each region [21]:

Soft region: my ~my/2, (20)
Hard region: ¥ ~ 1"/, my~myz/d,  (21)

where A is a small parameter, [ is the loop momentum, and
the unlisted quantities do not scale with A. In each region,
the loop integral is expanded to 1/m$ and then evaluated
using the dimensional regularization with D =4 — 2e.
After performing the integration-by-parts reduction, the
loop integral is reduced to the following master integrals,

Ag(m?) = /%ﬂ-}ﬁ (22)

r) = | G @

Co(p1.p2)

/ dP 1
@) (P =m)l(1=p1) = me][(1= pr = p2)* —m]”
(24)

which result in
|

im?

1672

( —ye +2—1In(m?)

/4 _ / 2

e —————arcsin , 0< P 5 < 1,
4m;

Ao0) = oy (L g 1-m)). 29

(26)
Co(p1,p2) = LA arcsin? , |2 ‘pz’
1672 p, - p, 2m2
P1° P2
0< < 1. 27
D. Results

As a consistency check we work in the R; gauge. After
including the counterterms, the £-dependence in the soft
and hard region cancel separately, and when the two
regions are summed together we arrive at the following
finite results for F:

Fy (xl » X2, X3)

V2 e ga0y
7207°m$ cos? Oy

_fl(x27x1)]
(28)

1= 2xp)[f1(x1.x2)

(1 =) {O17[(1 = x;)* + (1 = x3)* = 1] + 212, [1251 — 47 (x; + x5)]}

Silnxa) = 4x125(1 = x1)(1 = xy)
+ 15(x; = x3) (1 = x; = xp) lnm—%
X1X2 m,
30(2X% + 2X])C2 - 8)C] — ISXQ + 15)
1=
+ o —x) —x arcsin /1 — x;
45(2x% + 4x xy — 6x; — 5
+ (2x1 + xlzclz x)12 az B )arcsinzx/l - xy, (29)
X=X

where 0y, is the weak mixing angle, ¢ = gsin@y, is the
charge of the positron, the vector and axial couplings of
the Z-boson to the electron are g, = —1/2 + 2sin” Oy,
gs = —1/2, and F, and F; are given by Eq. (9). Re-
markably, the nonvanishing contribution starts at the 1/m5,
order (we have not found a simple physical explanation,
but the cancellation of less suppressed terms, like
1/m%,1/m%, is exact in our analytic result), and the
product M - T, vanishes, so F, is also fully determined

[
by F, and its permutations

I—X3

Fy(x1,xp,x3) = 20 —xp) ! Fi(x1, %2, x3)
- X
1—x
—z(li_le)Fz(xlvsz%)
1—x
+2(17_)612)F3(x1,x2,x3). (30)
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FIG. 2. Diagrams that do not contribute to the amplitude for reasons explained in the text. Diagrams (a, b, ¢) contain a virtual fermion
loop. In diagrams (d-h), the virtual loop has a W boson. Both Z and W bosons are drawn with a thicker wavy line, while the photons are

depicted with a regular wavy line.

E. Vanishing diagrams

Before closing this section, we note that other diagrams,
shown in Fig. 2, look like they may contribute to p-Ps — 3y
but in fact do not. In the following we present arguments
that eliminate these diagrams.

The fermion loop in diagram Fig. 2(a), and its analog with
W-boson replacing the fermion, induce the mixed Z —y
vacuum polarization which in general can be written as

T (k) = T(K?) (k2g™ — k). (31)

When the photon goes on-shell, k> vanishes and the k*k”
term vanishes after contraction with the photon polarization
vector. Therefore, this diagram does not contribute.

Figure 2(b) was mentioned in [4] as one of possible
ways to generate the p-Ps — 3y decay. For this diagram,
the Z-boson vertex has to couple axially on the p-Ps side and
as a vector on the fermion loop side to generate the correct C
and P; however, a pure three-vector-boson coupling gen-
erated by the fermion loop is forbidden by Furry’s theorem
[22]. As a consistency check, we also computed this
diagram exactly to show that it indeed vanishes. For the
same diagram with the W loop, Furry’s theorem does not
apply, however, as shown in [23], the three neutral boson
vertex cannot be generated by pure boson loops because the
pure boson interactions are CP-conserving and the allowed
CP-conserving tensor structures all carry e**®, which
cannot be generated by pure boson interactions.

Figure 2(c) is forbidden by gauge invariance: the trace of
the p-Ps spin projector [see Eq. (2)] with the Z-electron
vertex must be proportional to the total four-momentum
k’é* = 24" flowing in the Z-propagator, since there is no
other four-vector and the trace contains a single Lorentz
index,

]
r Lm};(w}ﬁ) — _kL. (32)

\/z 2m, \/Eme
We note that only the axial Z-electron vertex contributes
to this trace because of the y° in the p-Ps spin projector
(a nonzero trace containing a single y° requires four
momenta or Lorentz indices).

In order to violate P-symmetry, both the axial and the
vector vertices of Z must contribute, so the vertex on the
virtual fermion loop must be the vector. But a correlator of
four vector currents, contracted with the momentum of the
external Z, vanishes by gauge invariance,

T

Ko Doy (2 = 37) = 0
(vector Ward-Takahashi identity). (33)

We have paid so much attention to the vanishing of this
diagram because the estimate of ['(p-Ps — 3y) in Ref. [4] was
based on the power counting of parameters characterizing it.

The sum of diagrams, shown in Fig. 2(d)-2(h), in which
the virtual Z decays into three photons via W-boson loops
vanishes for the same reason: the Zyyy amplitude is trans-
versal with respect to the four-momentum of Z, k « [24].

III. DECAY RATE

The amplitude we get for the Z-boson mediated diagrams
interferes with the W-boson mediated diagrams computed
in [5]. To calculate the decay rate for p-Ps — 3y, we include
the amplitude for both sets of diagrams. The amplitude in
Sec. II has the electron and the positron in the initial state.
Because they form the bound p-Ps state, the integration over
their phase space is weighted by the wave function. Integration
over their relative motion reduces the decay rate to [25]
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I'= | \ 2MWﬂ<r = 0)|2rthree—bodyv <34)

where \/m converts our nonrelativistic normalization to the
relativistic normalization, M = 2m,, is the mass of the p-Ps
bound state, y = m, /2 is the reduced mass and ['yee—pody 18
the standard decay rate for three-body decay. Using the results
in [26], the decay rate is given by

1 m2 [1
313273 /dxl

[(p-Ps = 3y) = |y, (r = 0)]* x

1
X
1-x

where the overall factor 1/3! accounts for identical particles in
the final state and momentum conservation x; + x, + x3 = 2
is used to eliminate x5.

It is convenient to change variables to # = 1 — x; and
z = 1 — x, to parametrize the kinematic invariants,

(35)

k1 'k2 :2(1 —u—z)mg, kl 'k3 :ZZWL%,
k2 . k3 = 21/[7)’!3, (36)

The decay rate is

['(p-Ps - 3y) =

1]3 lz l—u—z
So ),

x[22(1—u—2z)*F} + Z4F% + u*F3).
(37)

Electroweak input parameters we use are

Gr = 1.1663788 x 1075/GeV2,  a = 1/137.036,

(38)

my = 8037 GeV,  my; =91.19 GeV, (39)

cos Oy = my /my, m, =0.511 MeV, (40)
After numerical integration, we get the following decay
rate,

I'(p-Ps = 3y) = 1.1 x 10780 eV, (41)

The largest contribution to this number comes from the
square of the sum of diagrams containing the Z-boson,
followed by their interference with W-diagrams. Since the
Z-diagrams are proportional to the small vector coupling of
Z to electrons, ~1-4 sin? Oy, our result is sensitive to the
assumed value of #y,. Higher-order electroweak radiative
corrections tend to further decrease that vector coupling. A
more careful discussion could mirror the analysis in [27]

where another low-energy, parity-violating process was
considered: Mgller scattering.

Given the extreme smallness of our result, high accuracy
is not warranted. Our result (41) can be treated as an upper
limit on I['(p-Ps — 3y), and likely exceeds the exact
Standard Model prediction by about 50 percent.

The branching ratio of the three-photon channel is
obtained by dividing Eq. (41) by the width of the leading,
two-photon decay, I'(p-Ps — 2y) ~ m,a’ /2,

BR(p-Ps — 3y) =2.1 x 1077. (42)

This branching ratio exceeds the partial result [5], based on
W-contributions only, by a factor of almost 50, despite the
suppression of effects of the Z boson by its small vector
coupling. This is to a large extent caused by the presence of
two widely separated mass scales in Z-diagrams and their
resulting enhancement by the factor of In(m%/m?2) ~24.

Despite this enhancement, the branching ratio is smaller
than estimated in Ref. [4] by a factor of about 5 x 10*7. In
that work, the branching ratio of p-Ps — 3y was estimated
to be

BRget. 4 (p-Ps — 3y) = a[GFmg(l -4 Sinzgw)]z (43)
~107%7, (44)

This estimate was based on the expectation that diagrams
of the type shown in Fig. 2(c) contribute. We proved in
Sec. IIE that they in fact vanish.

Finally, we present an analytical formula, based on the
total W contribution but only the logarithmically enhanced
part of the Z part,

aG:m!? 147007 — 145081

BR(p-Ps — 3y) ~
(poPs = 3r) == e 12884000077

m212
X |7+ 30 cos*@y (1 — 4sin’0y) lnm—g

e

(45)
=26x 1077 (46)

It exceeds the numerical value in Eq. (42) by about a
quarter. The second term in the bracket (logarithmically
enhanced Z-contribution) is about 6.7 times larger than the
first (the W contribution). This demonstrates the impor-
tance of Z diagrams. One can also see that the interference
between Z and W contributions is constructive.

Comparing our approximate analytical formula (46)
with (44), we see that Ref. [4] missed the suppression
factor (m,/my)® ~107*? as well as a significant dimen-
sionless factor.
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IV. DISCUSSION AND CONCLUSION

In this paper, we have completed the Standard Model
prediction of the p-Ps — 3y decay rate by determining
Z-boson contributions. The Z-boson mediated amplitude
includes an extra scale m, in the loop as compared to the
W-boson mediated amplitude. We handled that additional
scale by expanding the loop integral in two regions,
characterized by the loop momentum of order m; and of
order m,, respectively. While it was suspected in [5] that
the large distance scale related to m, may enhance the
Z-contribution relative to the W-contribution, our calcu-
lation shows, surprisingly, that the leading amplitude is at
1/ m% order, as shown in Egs. (28) and (30).

This is a far stronger suppression than estimated in [4],
where the amplitude was thought to be of the 1/m? order.
As a consequence, combining with the contribution from
the W-boson mediated diagrams, the decay rate we find in
Eq. (41) is 47 orders of magnitude smaller than estimated in
[4]. Further, we find that several diagrams, some of which
were anticipated in [4] to contribute, turn out to vanish for
various reasons, as discussed in Sec. IT E.

Finally, we comment on the z° — 3y amplitude. z° has
P = -1, C = +1, and spin 0, the same as p-Ps. Because of
these similarities, the 7° — 3y decay also requires media-
tion of the W or Z bosons as discussed in [18]. Comparing
with the p-Ps — 3y decay, there are a few differences, as
the hadronic effect inside the pion is important and there
are extra mass scales in the W-boson mediated diagrams,
due to all quarks being massive. Therefore, the amplitude

we get is not directly generalizable to z° — 3y. However,
given the similarity in the mechanism generating both
decays, it is still highly possible that the underlying reasons
that led to the 1/ m%,.z behavior in p-Ps — 3y also apply to
the pion decay. Therefore, a simple dimensional analysis
as done in [18] might be insufficient for this decay, and
it would be worthwhile to fully compute the z° — 3y
amplitude.

Software: FORM [28], FEYNCALC [29-32], and FIRE [33]
were used to evaluate the amplitude. Figures were drawn
with Asymptote [34].
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