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We use numerical Monte Carlo simulations to determine the mass spectrum of the bosonic sector of the
electroweak model in an external magnetic field of the electroweak-scale strength (10%° T) at zero
temperature. It is known that as the magnetic field gets stronger, the electroweak vacuum undergoes two
consecutive crossover-type transitions, passing from (i) the conventional symmetry-broken homogeneous
phase to (ii) an intermediate inhomogeneous vortex phase characterized by a (superconducting) condensate
of electrically charged W bosons and then to (iii) a homogeneous phase with a restored electroweak
symmetry. We show that the spin component of the W boson aligned with the direction of the magnetic
field is the lightest excitation in all three phases. Its mass continuously decreases in the low-field broken
phase and becomes very small in the intermediate phase. We argue that this nearly massless excitation
corresponds to a Goldstone acoustic phonon mode associated with vibrations of the lattice of electroweak
vortices. In the high-field symmetry-restored phase, where the vortices disappear, the lightest W mass rises
again. Neither Higgs nor Z boson masses vanish across all studied phases and crossover transitions.
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I. INTRODUCTION

Within the Standard Model of particle physics, the
electroweak sector provides a unified description of electro-
magnetic and weak interactions [1]. The electroweak part of
the model is a SU(2), x U(1), gauge theory that couples
leptons and quarks to a complex scalar doublet, the Higgs
field, via the gauge vector fields [2]. The present-day
Universe resides in the low-temperature electroweak phase
with a nonvanishing vacuum expectation value of the Higgs
field that spontaneously breaks the electroweak symmetry
down to its electromagnetic subgroup, U(1),, [3].

It is well known that thermal fluctuations tend to restore
spontaneously broken symmetries [4,5]. As a result, the
electroweak sector experiences a smooth crossover tran-
sition to the symmetry-restored phase [6] at a temperature
of the order of the Higgs mass [7]. It is believed that the
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restored phase appeared at least once in the course of the
thermal evolution of our Universe [8].

However, it is less known that a much richer phase
structure of the electroweak vacuum occurs in the presence
of a background magnetic (or hypermagnetic) field even at
zero temperature. The magnetic fields of the relevant
electroweak (10%° T) scale might have been created at
the cosmological electroweak phase transition in the first
moments of the early Universe [9,10]. Such enormous
fields were also suggested to exist even in the modern
Universe in the vicinity of the magnetized black holes
[11-13].

The nontrivial phase structure of the electroweak model
can already be seen at the level of classical equations of
motion. A constant Abelian magnetic field B coupled to a
non-Abelian gauge sector of the electroweak model makes
the lowest Landau level of charged vector bosons tachyonic
once the field exceeds a critical strength given by the W
mass my, [14-16,16-19]:

By = miy /e

[classical theory]. (1)

The tachyonic instability brings the homogeneous low-field
vacuum with the Higgs condensate to the new phase
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characterized by the additional W condensation and for-
mation of an inhomogeneous hexagonal vortexlike state.
The electroweak vacuum in this intermediate-field phase
behaves as an anisotropic superconductor and, possibly,
superfluid that can support dissipationless electric and
neutral currents flowing along the magnetic field [20-22].

At even stronger magnetic fields of the order of the
Higgs mass my,

B¢, = m% /e |[classical theory], (2)
the Higgs and W condensates were suggested to be
destroyed, and the classical analysis predicted that the
gauge symmetry should be restored [16,18,19,22,23].

The proposed three-phase picture in the strong external
magnetic field has been confirmed in the first-principles
lattice simulations of the bosonic electroweak sector [24].
Numerically, the transitions between the phases appear to
be smooth crossovers—as contracted to genuine singular
phase transitions—with the following pseudocritical mag-
netic fields:

B, = 0.68(5)m%,/e ~0.8 x 10°° T, (3a)
By = 0.99(2)m%/e~27x10° T,  (3b)

where my ~80.4 GeV and my ~125.2 GeV are the
masses of the W and Higgs bosons, respectively [25],
and e > 0 is the elementary electric charge. One can readily
observe that the first crossover emerges at a noticeably
lower magnetic field (3a) compared to the classical pre-
diction (1) while the second crossover (3b) perfectly
matches the classical result (2).

Our work aims to establish, using the first-principle
lattice simulations of the bosonic sector of the electroweak
model, the low-lying part of the mass spectrum in all three
zero-temperature phases across both crossover transitions
(3) in the background magnetic field.

The numerical simulations show that in the supercon-
ducting intermediate phase, the hexagonal order of the
vortex lattice—suggested by a solution to the classical
equations of motion—is not realized [24]. Instead, the
vortices form a disordered vortex solid, which corresponds
to strong vibrations of the vortices around their equilibrium
hexagonal positions in the plane transverse to the direction
of the magnetic field. This qualitative result points out a
possible existence of the vibrational (phonon) excitations
associated with the collective displacements of the vortex
crystal in the electroweak vacuum. These phonon modes
are similar to the acoustic and optical phonons associated
with the vibrations of the vortex lines that appear in a mixed
phase of type-II superconductors [26] and superfluids [27]
(for a recent review, see Ref. [28]).

In the electroweak model, the vibrating vortex lattice
melts into a vortex liquid at the boundaries of the
intermediate phase closer to both lower, B = B, and

higher, B = B_,, pseudocritical values of the magnetic
field. The vortex matter ceases to exist in the adjacent
phases [24]. One of the aims of our work is to reveal a
possible imprint of the phononlike vortex excitation on the
particle spectrum in the magnetized electroweak vacuum.

The structure of our paper is as follows. In Sec. II, we
discuss the bosonic sector of the electroweak model in the
continuum limit. Then, we briefly describe the discretized
formulation of the model, referring an interested reader to
Ref. [24] for further details. We introduce correlators that
are used to determine the mass spectrum of the model and
we also provide details on the parameters of the numerical
simulations. Section III is devoted to a description of our
numerical results confronted with the available analytical
estimations for the evolution of the mass spectrum of
Higgs, W, and Z boson modes in the background magnetic
field. In Sec. IV, we discuss the nature of an almost-
massless excitation found in the W-boson channel by
contrasting it to photon-, magnon- and phononlike quasi-
particles in condensed matter systems. The last section is
devoted to our conclusions.

II. ELECTROWEAK MODEL

A. Model in continuum limit

We consider the bosonic part of the electroweak model
with the Lagrangian,

1 1
EEW = —Etr(WﬂyW”U) - ZYﬂUYﬂU

+ (D) (D'p) = Ad'p—0%/2)%, (4)

where W4, = 0,W¢ — 0,W4 + ige®*WhW¢ is the field
strength of the SU(2) gauge field Wj, and Y, =9,Y, —
0,Y, is the field strength of the U(1), hypercharge gauge
field Y,. These vector fields interact with the complex
scalar Higgs doublet ¢ = (¢;,¢,)" via the covariant
derivative,

i i
EgW,‘fa“ +§g’Y , (5)
where ¢ (a = 1, 2, 3) are the Pauli matrices. The ratio of
the U(1) and SU(2) gauge couplings, ¢'/g = tan @y,
defines the electroweak mixing (Weinberg) angle, Oy
which is fixed experimentally [29] as sin? Oy = 1 — m3,/
m% = 0.22290(30). The last term in Lagrangian (4) cor-
responds to the potential of the Higgs field doublet ¢,
where 4 is the dimensionless self-coupling of the Higgs
field. The only dimensionful parameter v in the electroweak
Lagrangian (4) sets the bare vacuum expectation value of
the Higgs field, (¢) = v.

We consider the electroweak vacuum in the background
of the hypermagnetic field By =V x Y corresponding to
the hypergauge field Y# = (Y°,Y). In the broken phase, the

D,=0,+
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hypermagnetic and magnetic fields are related:

¢By = eB [broken phase with (¢) # 0], (6)

as it follows from the definition of the elementary electric
charge, e = gsinfy = ¢’ cosOy = g¢'/\/¢* + g% In a
symmetry-restored phase, the hypermagnetic field By plays
the role of a genuine field because the magnetic field B
cannot be defined as the Higgs condensate vanishes and the
direction of the electromagnetic symmetry group remains
undetermined.

B. Lattice setup and observables

We used the Monte Carlo technique to simulate the
electroweak theory in the lattice regularization [30,31]. To
generate an ensemble of field configurations, we employed
the hybrid Monte Carlo algorithm, which treats the gauge
and matter fields simultaneously [32]. The main results in
our study were obtained on a lattice with the size 64 x 48°
(N, x N3), where N, (N,) is the size of the lattice in the
temporal (spatial) direction(s). Additionally, the region
around the first crossover transition was studied more
precisely on a 72 lattice to rule out the possible appearance
of finite-volume effects. As we will see below, the volume
effects are, indeed, rather small apart from a very narrow
region around the first transition point.

The bare lattice parameters were chosen to achieve the
physical values of the masses and couplings of the electro-
weak sector at vanishing background field. The lattice
spacing a was fixed via the mass of the Higgs boson,
amy = 0.3815(6). Because of limitations in computer
power, we have performed our calculations at the mentioned
single value of the lattice spacing, which does not allow us to
study the scaling of our results with the variation of the
ultraviolet cutoff ~1/a. Nevertheless, given the good agree-
ment of the numerically obtained phase diagram with the
analytical expectations already noticed in Ref. [24] and, as
we will see below, the reasonable match between analytical
predictions and numerical results for the mass spectra in
appropriate validity regions, we believe that our simulations
run sufficiently close to the continuum limit.

To calculate the masses of the particle excitations in the
background magnetic field, we followed the procedure
described in detail in Ref. [30]. We used the exponential fits
of the appropriate two-point imaginary-time correlation
functions

N,—1
CO, (A7) =Y (04 (7)Oy (z + A1), (7)

=0

of the time-slice averaged operators,

O(ﬂ)(T> = (1/vy) Z Ox,r;(u)’ (8)

xeVg

where the sum of the appropriate pointlike operator Oy ..,
is taken over the whole spatial volume V; at the fixed
imaginary time z. The index “u” is reserved for vector
quantities that will be discussed below.

The two-point functions (7) were fitted by the hyperbolic
function of the imaginary time distance Arz:

CS (A7) = ¢qcosh[mp (At — N,/2)], (9)

where ¢, and my are the fitting parameters. Function (9)
respects the periodic boundary conditions, C(A7) =
C(N, — Az), along the imaginary time 7 direction. The
mass parameter mx corresponds to the (double) mass of the
lightest excitation that has an overlap with the state created
by the operator O.

For the Higgs mass, we choose the squared modulus of
the Higgs field O, , = |¢,.|* in the time correlator (7) of
the bulk operators (8). Then the fitting function (9) gives us
the mass of the Higgs field my = My in the broken and
superconducting/vortex phases with the Higgs condensate.
In the third, symmetry-restored phase the Higgs condensate
is absent and, therefore, the quantity me corresponds to a
double mass of the scalar particle in this phase.

The masses of the W and Z bosons are calculated using,
respectively, the operators Ox,,;ﬂ =W,,Z,, where the
discretized versions of these fields can be found in
Ref. [30]. In Eq. (7), we summed over the correlators with
the transverse Lorentz indices, 4 = 1, 2 and we considered
separately the longitudinal field with ¢ = 3. To reduce
ultraviolet noise for the W- and Z-boson masses, we
applied the spatial APE-smearing procedure [33] with
parameters aspg = 0.5 and npg = 100 for gauge fields.
After smearing, we fixed a maximal tree gauge for the U(1)
gauge field and unitary gauge for the SU(2) gauge field,
then calculated the two-point function.

On 64 x 48% and 72* lattices we used (1.7-3.0) x 10°
and (0.5-1.0) x 10° configurations, respectively. The error
estimation of the observables is performed after taking into
account the autocorrelations in the Markov chains. Below,
we discuss the theoretical expectations and the numerical
results for each studied field.

III. ANALYTICAL VS NUMERICAL RESULTS

A. Free vector bosons in a magnetic field

The first transition at the critical field (3a) is associated
with the tachyonic instability and the condensation of
the charged W bosons. The existence of this transition
can already be established at the tree (classical) level
[14-16,16-19] based on the following straightforward
arguments.

The Landau energy levels of a free vector (spin § = 1)
particle with the mass m, gyromagnetic ratio g,,, and
electric charge e in a uniform static external magnetic
field B = BZ are labeled by a non-negative integer n =
0,1,... and the spin projection s, =—1, 0, 1 on the
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direction of the magnetic field:
Eg, (k) =m?* + (14 2n—g,s,)eB+k;, (10)

where k, is the momentum of the particle in the direction of
the magnetic field (for simplicity of notations, we used the
convention eB > 0). Notice that the same result (10) is also
valid for Dirac fermions (with s, = +1/2) and scalar
particles (with s, = 0). Similarly to the Dirac fermions,
the W bosons in the electroweak theory have the gyro-
magnetic ratio g,, = 2. In the case of the W bosons, the
large gyromagnetic ratio—as opposed to the trivial g,, = 1
for a Proca field—appears due to the non-Abelian origin of
these vector particles.

Let us now focus on a single-charged state of the vector
boson, say W, = W,. A massive vector field possesses
three spin polarizations, s, = —1,0, +1. In the presence of
the background magnetic field, it is convenient to use a
basis of eigenstates of the spin projection on the z axis S,:

1
#) = —(1,+4,0
e b l? ’
\/i( )
which satisfy S.e(:) = s_e(:) with s, = +1, 0. The spatial
part of the W-boson field can be decomposed as

e® =(0,0,1), (11)

W= WHel) £ W0e® 4 whe),  (12)

The modes W*) correspond to circularly polarized trans-
verse excitations in the (x,y) plane with spin projections
s, = =£1, implying that W)(Ci) and W§,i ) components are
generally nonzero while the longitudinal component
always vanishes, W, = 0. For the spin projection s, = 0,

the orientation of the field components is normal to the

s, = =1 projections since W)(CO) = W&O) = 0, while the Wg())

component parallel to the field is nonzero. These polari-
zation branches have the following energies:

B2, (k) =md+(2n-1eB+ K, (13a)
E2 (k) =m} + (2n+ 1)eB + k2, (13b)
E} (k) =m}, + (2n+3)eB + k2. (13¢)

For the low Landau levels (n =0,1,...) at a zero
longitudinal momentum (k, = 0), one finds the following
hierarchy of the masses (with eB > 0):

Ej (0) = my, — eB, (14a)
E5(0) = ET (0) = mj, + eB, (14b)
E}_(0) = E3 ,(0) = E3 , (0) = m}, + 3eB, (14c)

and so on.

Thus, one of the transverse modes, with spin aligned
along the field (s, = +1), becomes gradually lighter as the
magnetic field increases. Its mass (14a) vanishes at the first
critical field (1) and turns tachyonic for eB > m3,, signal-
ing the onset of the instability of the trivial vacuum state
against the W-boson condensation [14—-16,16—19].

In contrast, the longitudinal polarization (s, = 0) and the
opposite transverse polarization (s, = —1) acquire larger
effective masses, Eqs. (14b) and (14c¢), respectively. This
observation implies that, in the background magnetic field,
one should distinguish the circularly polarized modes with
the components in the (x,y) plane and the longitudinally
polarized modes along the nonvanishing component along
the z axis.

The masses of the W and Z vector bosons in the
electroweak model depend not only on their polarizations
with respect to the background magnetic field but also on
the expectation value of the Higgs field, which, in the
absence of the background magnetic field, gives masses to
all particles in the Standard Model. Below, we continue our
discussion by addressing first the mass of the Higgs boson
and coming back to the properties of the vector bosons
afterwards.

B. Higgs field

1. Analytical expectations

The mass of the Higgs field in the absence of the back-

ground magnetic field, my; = v/2Av, depends on the self-
coupling A and the vacuum expectation value v = |(¢)].
One can use this formula for a qualitative estimation of the
behavior of the Higgs mass in the background hyper-
magnetic field.

In both broken (lower-field) phases at B < B,,, only the
U(1),,, magnetic component B of the hypermagnetic field
By survives in the vacuum. Since the Higgs particle is not
electrically charged, the Higgs field does not interact with
the magnetic field, and consequently, it does not couple
directly to the hypermagnetic field via a covariant deriva-
tive in these two phases. Therefore, the only effect of the
hypermagnetic field on the Higgs mass comes indirectly,
from classical interactions with other fields and via the
quantum loops. Because of the same reason, we expect that
in all three phases, the self-coupling constant 1 is not
affected by the strength of the background magnetic field at
the classical level.

According to analytical considerations based on the
classical equations of motion, the expectation value (¢)
stays constant in the low-field, broken phase (B < B,{)
until the field reaches the first critical field (1). At the
intermediate values of the field, superconducting phase
(B.; < B < B,,), the W condensate diminishes the expect-
ation value of the Higgs field (¢) because the W condensate
adds a positive contribution to the (quadratic) curvature of
the Higgs potential [16,18,19,22]. The Higgs expectation
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value (¢) should then vanish at the second critical field (2),
where the quadratic curvature becomes zero.

In the high-field restored phase (B > B,,), the hyper-
magnetic field is no more screened. The hypergauge field
Y, couples directly to the Higgs field via the covariant
coupling (5). Given that the Higgs particle carries the
hyperelectric charge gy = ¢'/2, the behavior of the mass of
the Higgs field can be learned from the properties of the
free scalar field in the background of the (hyper)magnetic

field,
m$(By) = \/M% + gyBy |[a free scalar], (15)

where we take gyBy > 0 for simplicity. Relation (15)
follows from Eq. (10) for a scalar (spin-zero, s, = 0)
particle at the lowest Landau level (n =0) at a zero
longitudinal momentum (k, = 0) with the substitutions
eB — gyBy for the magnetic field and m — My for the
zero-field (By = 0) mass.

Summarizing, the classical theory predicts that the
Higgs mass should be constant in the broken phase at
0 < B < B, and it should gradually diminish with the
rising magnetic field in the superconducting vortex phase at
B.; < B < B,,. Then, it should vanish at B = B, before
rising again in the restored phase, B > B,,, following the
approximate profile of Eq. (15).

2. Numerical analysis

Our numerical data shown in Fig. 1 partially aligns with
the analytical expectations described above. The Higgs
mass appears to be largely independent of the magnetic
field in the broken phase. Then, it falls down sharply to a
nonzero value at the first critical line. As the field strength
increases further, the mass exhibits a plateau and then
continues a smooth decline in the superconducting phase,
reaching a minimum with a nonzero mass at the second
critical field, and then rising again in the third phase.

Assuming a nonvanishing Higgs mass at the second
phase transition (B = B,,), one gets the following refined
dependence (15) appropriate for the third, symmetry-
restored phase at B > B,,:

g (By) = \/m}y. + G(g/By —ny).  (16)

Here my = my(B = B,,) is the mass of the Higgs field at
the position of the second critical magnetic field (2), which
corresponds to ¢'By ., = m3, via relation (6) that should be
valid at (the lower-field side of) the second critical field,
B = B,. The phenomenological prefactor G in Eq. (16) is
used to incorporate quantum fluctuation effects that can
modify the strength of the interaction with the hyper-
magnetic field By. We treat my- and G as variable
parameters to fit the data by Eq. (16).

g' By /m};
0 0.5 1 1.5 2 2.5 3 3.5

200

g/BY‘,cl ,Nzy 4‘18 72 é/BY,c2
Higgs ~e— o
150 + 7 boson +x— g ]
N W boson +—+— —a— %
S 100 ]
S" 4
50 i
o | s, =+1
0002z 02 06 08 I 1z i1
g By /m?%
g' By /m;
200 0 0.5 1 1.5 2 2.5 3 3.5
g/BY,C2
Ny 48 72
150 Higgs —e— —o— ]
7 boson +x— 5
% 100 W boson
<
50 i
S, =
0

0 02 04 06 08 1 12 14

FIG. 1. Masses of Z and W bosons with s, = +1 (top) and
s, = 0 (bottom) projections of the spin on the magnetic field axis
as a function of magnetic field strength given in terms of the
Higgs (the lower axis) and W (the upper axis) masses for different
lattice sizes. The mass of the Higgs field is shown on both plots
for reference. Two vertical solid lines mark the pseudocritical
transitions (3) obtained in Ref. [25]. The yellow solid line in each
plot represents the best fit of the Higgs mass by function (16).

It appears that the phenomenological function (16)
perfectly matches the Higgs mass in the high-magnetic
field phase at B > B_,. The best-fit curve is shown by the
solid yellow line in Fig. 1.

We find that at the second transition point (3b), the mass
of the Higgs boson is well above zero, my = 28(1) GeV.
This result is in contrast with the theory, as one expects that
the Higgs mass vanishes in the second-order phase tran-
sition [16,18,19,22]. Our fit also shows that the electro-
magnetic coupling is getting substantially enhanced in the
interacting theory, giving us G = 2.44(4) instead of the
expected G = 1/2 in the free scalar case (15).

C. W boson

The expected analytical properties of the W boson in the
low-field phase with B < B, have already been discussed
above. Here, we summarize our numerical data for the
masses of the W boson states in all three phases and then
discuss a theoretical interpretation of these first-principle
results.
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1. s, = +1 spin state of W boson

In the numerical simulations, we studied the mass
spectrum of the W boson excitations separately for the
transverse and longitudinal components of the W field.
Our numerical method picks up only the lightest excitation
in each channel. Therefore, according to Eq. (14), the
transverse correlation functions give us the s, = 41 state of
the W boson (the lightest excitation possessing the trans-
verse components), while the longitudinal correlation
function gives us the mass of the s, = 0 component (the
lightest excitation that has a nonvanishing longitudinal
component).

The mass of the s, = +1 W state is shown, as a function
of the background magnetic field, by the blue line in the top
plot of Fig. 1. In agreement with the analytical prediction of
Eq. (14a), in the first, low-field phase with B < B,;, the
mass decreases with the increase of the magnetic-field
strength B.

A low-field corner of the phase diagram is zoomed in
Fig. 2. It appears that the behavior of the mass of the
s, = +1 state of the W boson can be well described by the
following fitting function:

m%&?jl (B) = y\/am?, — eB, (17)

with the best fit parameters:

a=0.676(4) y = 157(2). (18)
While the general form of the function (17) follows the
classical result (14a), the fact that the values of « and y are
different from unity implies that the quantum corrections

g By /m},
0 0.25 0.5 0.75 1

FIG.2. The masses of the s, = +1 and s, = O spin states of the
W boson field in the broken and superconducting phases. The
theory-inspired fit (17) of the s, = 41 mass is represented by
the solid brown line, which hits zero at the point B = B, of the
first phase transition (3b). The dashed magenta line shows the
parabolic fit (20) of the mass of the s, = O state. The plateau in
the mass of the s, = +1 state in the intermediate, superconduct-
ing phase (B,; < B < B_,) appears at value (19), shown in the
inset by the horizontal solid line.

are essential. In particular, Eq. (18) implies that the first
phase transition should be realized at a critical value B,.; =
0.676(4)m%,/ e of the magnetic field, which corresponds to
the root of expression (17). The quoted value of the best-fit
parameter a perfectly matches the first critical field (3a)
reported earlier in Ref. [24]. Also, since the transition
happens earlier, the slope of the mass should be steeper,
implying y > 1 in an agreement with the data shown
in Eq. (18).

It is worth stressing that the fitting function (17) does not
work in the very vicinity of the transition point. This
observation is consistent with the crossover nature of the
transition. Indeed, our data indicate that the lowest mass of
the W boson at the first transition point B = B,; does not
vanish, being of the order of my, (B = B,;) ~ 12 GeV. This
result appears to be in a qualitative agreement with the
earlier theoretical considerations of Ref. [34], which claims
that quantum corrections make the mass positive.

At this point, one should notice that our analysis has
been made at a single value of the lattice spacing, and the
finite-size analysis with respect to the variation of the
ultraviolet cutoff has not been performed. However,
given the robustness of the lattice results with the volume
variation—which also points out the crossover nature of the
transition—we believe that the lightest W-boson state will
remain nonzero even in the continuum limit.

At higher magnetic fields, the mass of the s, = +1 state
of the W field has two more features. Figures 1 and 2 show
that in the second, moderate-field phase at B,; < B < B_,,
the W mass stays (i) very small, my (B) < my = my (B =
0) ~ 84 GeV and (ii) almost independent of the field B.
The plateau (“plt”) in the W mass appears at the value

my o = 10.2(2) GeV, [B.i SB < B, (19)
shown by the solid brown line in the inset of Fig. 2.

As the field strength approaches the third, high-field
phase at B > B,,, the s, = +1 component of the W-boson
mass starts to grow up again with the increase of the
magnetic strength. Because of strong field fluctuations, we
were able to calculate the masses of this and other vector
states only in the lowest-field regime of this phase, while at
higher fields, the data has too large statistical errors to give
a reliable result.

We discuss
Sec. IV below.

interpretations of these findings in

2. s, =0 spin state of W boson

According to Eq. (14b), the longitudinal (s, = 0) compo-
nent of the W-boson field should grow linearly with the
increasing magnetic field strength. Qualitatively, this feature
is indeed observed in the bottom plot of Fig. 1. However, the
quantitative behavior of the s, = 0 state is inconsistent with
the prediction given by Eq. (14b). The best fit appears to be a
quadratic function of the magnetic field
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) =my1+a(22) ] o

my

where my, = my (B = 0) is the W mass in the absence of the
field (shown by the dashed brown line in Fig. 2) and
a = 26(5). The best fit is shown in Fig. 2 by the dashed
magenta line.

D. Z boson

The mass of the s, = 41 spin state of the Z boson
obtained with the help of the correlations of the transverse
components of the Z field is shown in the top plot of Fig. 1.
The mass of its s, = 0 counterpart, determined from the
longitudinal correlators, is shown in the bottom plot of the
same figure.

At the tree level, the Z boson does not couple to the
background magnetic field. Therefore, its mass should be
given, up to quantum corrections, by the expectation value
of the Higgs field, which is also related to the Higgs mass in
the symmetry-broken phases (B < B_,). One can observe
that the s, =0 mass indeed qualitatively follows the
behavior of the Higgs mass in these two phases, mimicking
all its characteristic features at the transition points.

The same arguments could also be applied to the s, = 41
state. However, in an apparent contradiction with our
theoretical expectations, the top plot of Fig. 1 shows that
the mass of the s, = 41 spin state does not follow the Higgs
mass. Moreover, it stays almost constant in the low-field
phase (B < B,;) and starts rising very slowly and monoton-
ically in the intermediate phase (B,; < B < B,,). The reason
for such behavior could possibly be rooted in the (weak)
coupling of the s, = +1 spin projection of the Z-boson field
to the inhomogeneities of the W condensate [22] as the W
condensate vanishes in the low-field phase and rises in the
intermediate-field phase. We discuss a consequence of the
latter result at the end of the next section.

IV. ORIGIN OF THE LIGHTEST W-BOSON MODE
IN THE SUPERCONDUCTING PHASE

Having established the spectrum of all accessible light
excitations across various values of the magnetic field, one
readily notices the striking feature: in the superconducting
phase at intermediate magnetic fields, B,; < B < B,,, the
s, = +1 state of the W boson becomes an almost massless
excitation with its mass being much smaller than a typical
electroweak mass scale (19). All other excitations are
substantially more massive.

The plateau mass (19) does not depend on the spatial
volume of the system, indicating that its value is not limited
by the longest wavelength in the system. However, the value
of the plateau may be influenced by the ultraviolet artifacts
that were not studied in this paper due to the limitations in the
computing power. However, even with these limitations, one
can definitely claim that the calculated mass of the W-boson
state is very small at the scale of other electroweak masses.

The soft (massless or nearly massless) modes could
appear due to a spontaneous breaking of continuous
symmetries associated, for example, with an internal
symmetry group or with external symmetries such as
translation or rotations of the spacetime. Having this
observation in mind, let us ask, what is the nature of the
nearly massless W state observed in our simulations?

To proceed further, let us first recall some facts about the
intermediate, superconducting phase (B, < B < B,,).
As the magnetic field exceeds the first critical magnetic
field (1) or (3a), the energy barrier of the WTW~ pair
creation disappears, and the magnetic field facilitates the
production of the W+ and W~ pairs by quantum fluctua-
tions. The emerging pairs condense and form an electrically
neutral and inhomogeneous condensate made of an equal
number of positively and negatively charged W bosons.
This intermediate phase has several distinctive features at
the level of classical equations of motion [14-16,16-19]:

(i) Electric charge. As in an ordinary superconductor,
the condensate couples to the electromagnetic field
through a minimal coupling, implemented via a
covariant derivative. Consequently, although the
condensate is electrically neutral, it can still exhibit
a superconducting-like electromagnetic response.
This response is strongly anisotropic, reflecting
the underlying structure of the condensate and
leading to markedly different electromagnetic prop-
erties along distinct spatial directions [20].

(i) Spin and magnetic moment. The background mag-
netic field couples to the magnetic dipole moments
of the W bosons, orienting them along the magnetic-
field axis. The magnetic moments of W* and W~
bosons are arranged oppositely with respect to their
spins, implying that the total spin polarizations of
the W+ states and the W~ states in the condensate
are equal in magnitude and opposite in their direc-
tions. Thus, the net spin polarization of the con-
densate is zero. However, the W condensate carries a
nonzero magnetic moment density aligned with the
external field, thus making it somewhat similar to a
paramagnetic material [19].

(iii) Vortex lattice. Geometrically, the condensate repre-
sents a spatially inhomogeneous structure that in-
corporates a lattice of infinitely long parallel
vortices. The vortices form a hexagonal lattice in
the normal plane perpendicular to the direction of
the magnetic field. The numerical simulations in
Ref. [24] have revealed that the quantum fluctua-
tions destroy the hexagonal lattice order by forcing
the vortices to move/vibrate with a large amplitude
around their equilibrium positions (as demonstrated
by the video in Ref. [30]).

With all these observations, let us make an attempt to
determine the physical origin of the low-mass state (19) that
appears in the W channel.
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First of all, the lightest excitation cannot be related to a
Goldstone boson associated with the U(1),, symmetry.
This Goldstone boson is represented by the scalar phase
of the condensed transverse W field, which would stay
massless in the absence of the gauge field. In the electro-
weak model, however, this scalar particle is absorbed into
the longitudinal component of the vector photon field,
making the photon a massive particle in the superconduct-
ing phase via a (partial) Anderson-Higgs mechanism
(the longitudinal W components that do not enter the W
condensate remain massless) [22]. Therefore, the lightest
excitation coupled to the W field cannot be associated with
the electromagnetic U(1),,, subgroup and it cannot be a
photon.

The lightest excitation cannot be associated with the spin
of the condensed W state. Indeed, as we argued above, the
spin of the condensed state is vanishing, which excludes a
spin wave as a potential candidate.

On the other hand, the condensed W state acquires
a finite magnetization, indicating that the ground state
supports a nontrivial magnetic order. This observation
motivates a systematic investigation of its low-energy
collective spectrum, in particular, the possible emergence
of magnonlike excitations corresponding to coherent
fluctuations of the magnetization about the ordered back-
ground. However, a paramagnet does not host true mag-
nons because any paramagnet—contrary to a ferromagnetic
material [35,36]—has no long-range order and no sponta-
neously broken spin-rotation symmetry. Moreover, if the
magnons existed, the external magnetic field would fully
polarize the system, and the breaking of the rotation
symmetry, should it be the case, would lose its spontaneous
nature. Therefore, the symmetry considerations exclude the
presence of the magnonlike excitations in the spectrum of
the system.

Since the charge, spin, and magnetization characteristics
of the condensed W state cannot lead to a massless (or
small-mass) excitation, the only possibility that remains
should be associated with the dynamics of the vortices
themselves. The corresponding propagating modes do
indeed exist in the crystalline condensed matter environ-
ments. For example, a vortex lattice in a type-II super-
conductor is known to host the acoustic modes associated
with transverse and longitudinal vibrations of the vortices
about their equilibrium positions [26-28]. Since the vor-
tices are embedded into the W condensate, the vortex
oscillations should mediate the interaction between the W
fields in a form of a hybridization of the quantum
fluctuations of the W field and those induced by the vortex
vibrations.

In other words, the correlators of the W fields should get
a contribution from the phonon-exchange channel. The
displacements of vortices around the hexagonal equilib-
rium positions observed in numerical simulations of
Ref. [24] could, therefore, be associated with these acoustic
modes.

em

The existence of the acoustic modes in the vortex lattices
is a common phenomenon in type-II superconductors [28].
These modes become gapped and dissipative as the vortex
lattice melts [37]. To put this statement into the perspective
of our work, we recall that the vortex lattice in the
magnetized electroweak vacuum melts close to the tran-
sition points within the intermediate phase, at B — B and
B — B, [24]. In accordance with the observed vortex
melting, our data in Fig. 2 shows that the lightest W
excitation becomes more massive as we approach any of
these boundary points, thus supporting our interpretation of
the lightest W mode.

Thus, we conclude that the magnetized electroweak
vacuum literally conducts sound modes associated with
the elastic vibrations of the vortex lattice, in close similarity
with acoustic modes in ordinary crystalline materials and
superconducting/superfluid vortex lattices.

Before closing this section, it is worth mentioning
another outcome of our simulations. An analysis of the
classical ground state of the theory indicates that the
interaction of the condensed W field and the Z bosons
leads to an instability of the neutral Z bosons against their
condensation [22]. Moreover, it appears that both the
charged W condensate and the neutral Z condensate
support, respectively, charged and neutral dissipationless
currents along the direction of the magnetic field. The
currents are governed by anisotropic Londonlike equations
[22,38]. For the neutral condensate, these observations
imply the emergence of superfluidity and, in turn, the
inevitable presence of the phononlike modes, the long-
wavelength sound excitations of the superfluid.

Should the massless superfluid phonons exist, they
would not be left unnoticed in our simulations since the
mass of the s, = +1 state of the Z boson field would be
vanishing in the presence of a massless phonon mode. As it
is not the case, we conclude that the intermediate phase
does not possess a massless phonon associated with
superfluidity, and consequently, the superfluidity may be
absent in the strongly magnetized vacuum of the electro-
weak model. One could suggest that the superfluid state of
the Z bosons, which is supported by the classical analysis,
is destroyed by strong vibrations of the vortices in the
superconducting W condensate.

V. CONCLUSIONS

Using first-principle numerical simulations, we estab-
lished the mass spectrum of the bosonic sector of the
electroweak theory in the background of the strong (hyper)
magnetic field at zero temperature. In agreement with the
earlier theoretical analysis [14—17,23,39-43], supported by
our previously reported numerical simulations [24], the
evolution of the mass spectrum with the increase of
magnetic field confirms the existence of two crossover-
type transitions (3) between three distinct phases.
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The first phase is the standard broken electroweak phase.
The second phase is characterized by the inhomogeneous
W-boson condensate with embedded vortices parallel to the
background magnetic field. In the first two phases, the
electroweak symmetry is broken, and the hypermagnetic
field is related to the usual magnetic field. In the third,
symmetry-restored phase the magnetic field cannot be
defined and we use the hypermagnetic field as a control
parameter.

All simulations were performed at a single lattice
spacing a fixed via the Higgs boson mass, amy =
0.3815(6). Since the inverse lattice spacing 1/a~
330 GeV lies well above the studies mass scales, the
discretization artifacts are expected to contribute only at
subleading order, and the results are anticipated to be close
to the continuum limit.

The mass spectrum of the bosonic fields shows a
remarkable evolution as the strength of the field increases
(Fig. 1). Neither Higgs nor Z boson masses vanish across
all studied phases and crossover transitions. The mass
of the Higgs field stays largely constant in the broken
phase. It sharply drops at the first crossover transition by
almost a half, then slowly diminishes again in the mixed
(superconducting/vortex) phase, reaching about one-third
of the zero-field value at the second phase transition before
starting to rise rapidly in the restored phase.

The presence of the background magnetic field leads to
an anisotropy in the masses of the vector fields that acquire
the strong dependence on the value of the spin projection s,
onto the magnetic field axis B. The s, = 0 component of
the Z boson follows qualitatively the complicated evolution
of the Higgs mass, while the s, = +1 component grows
very slowly across the first and the second phases.

The mass of the s, = +1 state of the W-boson field
drops in the broken phase, stays (nearly) zero in the
superconducting phase (Fig. 2), and then grows again in
the restored phase. The mass of the s, = 0 component of
the W boson increases so rapidly that we can only confirm
its value in the first, symmetry-broken phase. Presumably
for the same reason, masses of all other vector fields
cannot be determined deeper in the third, symmetry-
restored phase.

We interpret the nearly vanishing mass of the s, = 41
state of the W boson as evidence of the existence of a
phononlike vector excitation associated with the mechani-
cal vibrations of the vortex lattice in the intermediate,
superconducting phase of the vacuum. We have excluded
the photonlike Goldstone modes from the candidate
list because those modes become massive via the

Anderson-Higgs mechanism. Also, the massless magnon-
like modes associated with the magnetization of vacuum
cannot appear in the spectrum because the direction of the
magnetic polarization in the system emerges as a result of
the explicit, as opposed to spontaneous, rotational sym-
metry breaking.

The phonon modes in the lattice of electroweak vortices
are expected to be similar to the phonons that appear in the
flux-line lattice of Abrikosov vortices in type-1I super-
conductors: these are the Goldstone modes associated with
the breaking of translational and rotational transverse
symmetries by the lattice of vortices. We expect that these
phonon modes hybridize with quantum fluctuations over
the condensed W field and reveal themselves in the W
boson spectrum.
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