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We provide a complete first-principles based discussion of quantum tunneling out of initial states
carrying a conserved Noether charge. Our main result is a simple, unambiguous Euclidean-time
prescription for the calculation of tunneling rates out of such states. By relying on a combination of
the direct approach and the steadyon framework for the evaluation of real-time path integrals, our derivation
offers full transparency of its underlying assumptions, and is independent of any ad hoc generalizations.
This strategy also offers a simple explanation for the emergence of complex saddle points for such systems,
justifying techniques postulated by earlier works. Our analysis furthermore offers the first results for initial
states with both a conserved Noether charge and a nontrivial energy. We first illustrate the main conceptual
points of our analysis for the simple example of a point particle in two spatial dimensions carrying a
conserved angular momentum. Then, we generalize our results to the case of multiple dimensions and an
arbitrary conserved Noether charge, providing an easy-to-implement prescription for the calculation of the
tunneling rate. We furthermore apply our results to the example of a complex scalar field subject to a global
Uð1Þ-symmetry with associated charge. These results provide a reliable foundation for the calculation of
tunneling rates in applications in finite-density and charge-asymmetric systems.
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I. INTRODUCTION

Quantum tunneling is one of the most characteristic
nonperturbative phenomena in all quantum theories. In
quantum mechanics, tunneling describes the exponentially
suppressed propagation of a particle through a classically
forbidden region, providing the basic mechanism behind
phenomena such as α decay and the splitting of quasi-
degenerate levels in double-well potentials [1–4]. In field
theory, it underlies metastable vacuum decay and false-
vacuum transitions, with applications ranging from particle
physics to cosmology [3–6]. These processes have been
extensively studied in the literature, leading to a robust
theoretical understanding of tunneling out of the simplest
false vacuum states in terms of a Euclidean-time picture [7].
However, in a broad range of applications, one is

interested in decay processes occurring at finite energies
or fixed values of conserved quantities, such as angular
momentum in quantum mechanics or Noether charges
associated with a continuous symmetry in quantum field

theory [8–11]. As noted in several of these earlier works, a
generalization of the familiar Euclidean-time picture that
properly incorporates a nonzero Noether charge appears to
necessitate complex saddle points, in contrast with the
strictly real instantons encountered in the usual treatment of
false-vacuum tunneling [8,10–13].
This behavior can be traced back to the properties of the

Noether charges themselves. In contrast to the energy,
conserved charges of this kind generically become complex
after Wick rotation, and therefore cannot be implemented in
a Euclidean description built solely from strictly real
degrees of freedom [8,12–17]. Consider, for instance, a
conserved Noether charge C associated with a symmetry
along some generalized coordinate θ. Following Noether’s
theorem, C can be obtained from the Lagrange function L
through the simple relation

C ¼ ∂L

∂θ̇
∝ θ̇: ð1Þ

Thus, C transforms under a Wick rotation t → −iτ
as Cðθ̇Þ → iCðdθ=dτÞ.
Crucially, this generally requires a genuine complex-

ification of the relevant degrees of freedom, rather than a
mere small complex deformation. In particular, these works
have found that the presence of a conserved Noether charge
forces the instanton component along the cyclic variable to
be strictly imaginary [8,10,11]. Beyond the formal questions

*Contact author: giulio.barni@ift.csic.es
†Contact author: thomas.steingasser@uam.es

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 114, 056003 (2026)

2470-0010=2026=114(5)=056003(23) 056003-1 Published by the American Physical Society

https://orcid.org/0000-0001-9630-3767
https://orcid.org/0000-0002-1726-2117
https://ror.org/022r8mj40
https://ror.org/01cby8j38
https://crossmark.crossref.org/dialog/?doi=10.1103/b3z7-t8m9&domain=pdf&date_stamp=2026-09-02
https://doi.org/10.1103/b3z7-t8m9
https://doi.org/10.1103/b3z7-t8m9
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


this raises, such a complexification also introduces the
possibility of additional saddle points. If, a priori, any
complex saddle point were allowed to contribute to the
relevant path integrals, this could lead to a large proliferation
of new solutions, potentially with a significant impact on the
tunneling rate.
A natural framework to understand the emergence of

complex saddle points is offered by the recently developed
steadyon picture [18–21] in combination with the direct
approach to tunneling [7,22]. In combination, these
advances enable us to derive a semiclassical expression
for the tunneling rate from first principles. They allow, in
particular, to evaluate the relevant path integrals directly in
physical time, from which the familiar Euclidean-time
quantities can be obtained through clear, transparent steps.
This is made possible through the introduction of a new
class of complexified solutions to the (regularized) real-
time equations of motion dubbed steadyons. This picture
thus offers a natural setup to develop a reliable under-
standing of the role that complex saddle points seem to play
in the description of tunneling processes in the presence of
conserved Noether charges. Thus, the main purpose of this
article is the application of this picture to develop a
complete first-principles understanding of quantum tunnel-
ing in the presence of such charges, providing a more
robust foundation for results that were previously obtained
through generalization or conjecture.
For concreteness, we discuss two particularly illustrative

examples. First, we consider a point particle in two spatial
dimensions moving in a rotationally invariant potential at
fixed angular momentum. This system captures the struc-
tural mechanism in its simplest form, with angular momen-
tum playing the role of the conserved Noether charge and
the angular variable playing the role of the symmetry
direction. Using this simple example, we will demonstrate
in great detail how the angular momentum of the system’s
initial state propagates through to the complex steadyon,
ultimately leading to a Euclidean-time description with an
imaginary angular variable. Our argument also establishes
that this particular saddle point indeed dominates the
tunneling rate, rather than hypothetical other saddle points
made feasible through the complexification. We then
generalize the emerging Euclidean-time procedure to arbi-
trary dimensions and present step-by-step instructions for
its implementation. Next, we consider the simplest field-
theoretic example with a conserved charge, namely a
complex scalar theory with global Uð1Þ symmetry, for
which we perform a similar analysis. We show that the
appearance of complex Euclidean saddles is not a pecu-
liarity of the mechanical example, but a completely general
consequence of imposing a nonzero conserved charge in
the tunneling problem. Finally, we discuss the generaliza-
tion of these insights to arbitrary tunneling processes
involving conserved Noether charges. This opens the
way to applications in dense relativistic matter with one

or more conserved charges, including quark-matter nucle-
ation and phase conversion in neutron stars and proto-
neutron stars, as well as possible gravitational-wave sig-
natures from first-order QCD phase transitions in core-
collapse supernovae and neutron-star mergers [23–31].
This work is organized as follows. In Sec. II, we provide

a detailed first-principles based derivation of the tunneling
rate and the probability flux determining it to leading order.
For simplicity, we focus on the illustrative example of a
point particle in two spatial dimensions, subject to a
rotational symmetry giving rise to a conserved angular
momentum. This leads us to a compact expression for the
tunneling rate in terms of the theory’s propagator. Then, in
Sec. III, we evaluate this expression in the semiclassical
limit using the steadyon picture. We show, in particular,
how the relevant quantities can be obtained directly through
a simplified Euclidean-time calculation. We summarize our
results in Sec. III C, providing step-by-step instructions for
the leading-order calculation. We furthermore illustrate this
procedure, as well as important steps of our derivation, for a
concrete example. Next, in Sec. IV, we discuss the
generalization of our discussion to quantum field theory.
For concreteness, we focus on the simplest example of
a complex scalar field subject to a global Uð1Þ symmetry.
For the readers’ convenience, we furthermore include
two Appendixes reviewing the WKB approximation
(Appendix A) and important concepts of the wave func-
tional formulation of quantum field theory (Appendix B).

II. TUNNELING RATE AND PROBABILITY FLUX

We consider a point particle moving in a rotationally
invariant potential in two spatial dimensions, V ¼ VðrÞ. To
allow for quantum tunneling, we assume that this potential
has a false vacuum at r ¼ rFV and a lower-lying vacuum at
r ¼ rTV. For simplicity, we let rFV < rTV. We will denote
the funnel surrounding the false vacuum circle byF, and its
counterpart surrounding the true vacuum byR.1 See Fig. 1.
We can now assume the particle to have a definite energy

E and angular momentum J and be localized predomi-
nantly within the funnelF . This corresponds to a resonance
state jẼ; Ji, where the complex eigenvalue Ẽ can be
rewritten in terms of a real energy E and tunneling rate
Γ as Ẽ ¼ E − iΓ=2. The wave function of such a state is
generally of the form hxjẼ; Ji≡ΨẼ;Jðr;φÞ ¼ eiJφψ Ẽ;JðrÞ.
Moving forward we will focus on the semiclassical limit in
which Γ ≪ E, allowing us to drop Γ from our state labels.

A. First-principles derivation

To calculate Γ directly, we observe that the probability to
find the particle within F changes with time as

1Note that we will find that the tunneling rate depends to
leading order only on the properties of the barrier between these
two regions, and is well defined even for unbounded potentials.
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PF ðtÞ ¼
Z
F
d2xjhxje−iHtjẼ; Jij2

≃
Z
F
d2xjhxjẼ; Jij2e−Γt ¼ e−ΓtPF ð0Þ: ð2Þ

Using conservation of probability, this implies that

Γ ¼ −
ṖF ðtÞ
PF ðtÞ

¼ ṖRðtÞ
PF ðtÞ

: ð3Þ

For both Ω∈ fF ;Rg, we can now rewrite these proba-
bilities as

PΩðtÞ ¼
Z
Ω
d2xhxje−iHtjE; JihE; JjeiHtjxi

¼
Z
Ω
d2x

Z
dx1

Z
dx2ΨE;Jðx1ÞΨ�

E;Jðx2Þ

× hxje−iHtjr1;φ1ihr2;φ2jeiHtjxi

¼
Z

dx1

Z
dx2ΨE;Jðx1ÞΨ�

E;Jðx2Þ

×
Z
Ω
d2xDFðx; tjx1ÞD�

Fðx; tjx2Þ: ð4Þ

Here, as in the remainder of this article, propagators with no
explicit time label are to be understood as evaluated
at t ¼ 0.

To evaluate ṖR, we can further generalize the strategy
first presented in Ref. [22] and recently extended to
resonance states in Refs. [20,21]. For the final result, see
Eq. (21). Following these works, we define the entrance
radius r� as well as the emergence radius rs via the
conditions

Vðr�Þ ¼ E ¼ VðrsÞ; r� ∈F ; rs ∈R: ð5Þ

Moving forward, we denote the submanifolds with r ¼ r�
and r ¼ rs by Σ� and Σs, respectively.
To allow for a straightforward generalization later on, we

first separate the wave functions encoding the initial state
from the time-dependent propagators,

PRðtÞ ¼
Z

d2x1

Z
d2x2 ΨE;Jðx1ÞΨ�

E;Jðx2Þ

×
Z
R
d2xf DFðxf; tjx1ÞD�

Fðxf; tjx2Þ

≡
Z

d2x1

Z
d2x2 ΨE;Jðx1ÞΨ�

E;Jðx2ÞpRðx1; x2; tÞ:

ð6Þ

To evaluate pR, we furthermore introduce the auxiliary
propagators D̄F, DF and D̄F as

FIG. 1. Illustration of the mechanical model. A point particle moves in a rotationally invariant potential VðrÞ with a false-vacuum
circle at r ¼ rFV and a lower-lying true-vacuum circle at r ¼ rTV, with rFV < rTV. The left panel shows the corresponding two-
dimensional potential landscape, together with the false-vacuum region F and the true-vacuum region R. The right panel shows the
radial potential VðrÞ (solid black) and the effective potential VeffðrÞ at fixed angular momentum (dashed black). The points r� and rs
denote the turning points of the reduced radial motion relevant for the fixed-angular-momentum tunneling problem. The blue oscillatory
curves are a schematic representation of the semiclassical wave function: oscillatory in the classically allowed regions and exponentially
suppressed under the barrier. They are meant only as an illustration of the semiclassical support of the state, and should not be interpreted
as the literal time evolution of the particle during tunneling.
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D̄Fðxs; tsjxiÞ≡
Z

xðtsÞ¼xs

xð0Þ¼xi

Dx eiS½x�δðFΣs
½x� − tsÞ for xs ∈Σs and xi ∈F : ð7Þ

DFðxf; tfjx�; t�Þ≡
Z

xðtfÞ¼xf

xðt�Þ¼x�
Dx eiS½x�δðGΣ� ½x� − t�Þ for xf ∈R and xs ∈Σ�; ð8Þ

D̄Fðxs; tsjx�; t�Þ≡
Z

xðtsÞ¼xs

xðt�Þ¼x�
Dx eiS½x�δðGΣ� ½x� − t�ÞδðFΣs

½x� − tsÞ for xs ∈Σs and x� ∈Σ�: ð9Þ

The functional FΣs
is defined as mapping any path onto the time it first crosses Σs, whileGΣ� maps any path onto the time

it last crosses Σ�.
These propagators and the original Feynman propagator DF are related to one another through the decompositions

DFðxf; tjxiÞ ¼
Z

2π

0

dφs

Z
t

0

dts DFðxf; tjxs; tsÞD̄Fðxs; tsjxiÞ ð10Þ

DFðxs; tjxiÞ ¼
Z

2π

0

dφ�

Z
t

0

dt�DFðxs; tjx�; t�ÞDFðx�; t�jxiÞ ð11Þ

D̄Fðxs;tsjxiÞ¼
Z

2π

0

dφ�

Z
ts

0

dt�D̄Fðxs;tjx�;t�ÞDFðx�;t�jxiÞ; ð12Þ

where again xi ∈F and xf ∈R. This form has a clear interpretation: for the particle to move from its initial position xi ∈F
to some xf ∈R, it first needs to cross the submanifold Σ� at some time t�, and then Σs at some ts.
Closely following Ref. [20], we can now apply this decomposition to pR,

pRðx1; x2; tÞ ¼
Z
R
d2xf DFðxf; tjx1ÞD�

Fðxf; tjx2Þ

¼
Z
R
d2xf

Z
t

0

dts

Z
2π

0

dφs DFðxf; tjxs; tsÞD̄Fðxs; tsjx1Þ
Z

t

0

dt0s

Z
2π

0

dφ0
s D�

Fðxf; tjx0s; t0sÞD̄�
Fðx0s; t0sjx2Þ

≃
Z

t

0

dts

Z
2π

0

dφs D̄Fðxs; tsjx1Þ
Z

t

0

dt0s

Z
2π

0

dφ0
s D̄�

Fðx0s; t0sjx2ÞDFðx0s; t0sjxs; tsÞ; ð13Þ

where xs ¼ frs;φsg and x0s ¼ frs;φ0
sg. In the last line, we have performed the integral over xf by assuming back-tunneling

to be subdominant,

Z
R
d2xfDFðxf; tjxs; tsÞD�

Fðxf; tjx0s; t0sÞ ≃DFðx0s; t0sjxs; tsÞ: ð14Þ

In order to perform the time derivative, we may use the standard identity

Z
t

0

dts

Z
t

0

dt0s ¼
Z

t

0

dts

Z
ts

0

dt0s þ
Z

t

0

dt0s

Z
t0s

0

dts: ð15Þ

We then find

ṗRðx1; x2; tÞ ≃
Z

2π

0

dφsD̄Fðxs; tjx1Þ
Z

t

0

dt0s

Z
2π

0

dφ0
sD�

Fðxs; tjx0s; t0sÞD̄�
Fðx0s; t0sjx2Þ

þ
Z

2π

0

dφ0
sD̄�

Fðx0s; tjx2Þ
Z

t

0

dts

Z
2π

0

dφsDFðx0s; tjxs; tsÞD̄Fðxs; tsjx1Þ

¼
Z

2π

0

dφsD̄Fðxs; tjx1ÞD�
Fðxs; tjx2Þ þ

Z
2π

0

dφsD̄�
Fðxs; tjx2ÞDFðxs; tjx1Þ: ð16Þ

We can further decompose the remaining propagators using Eqs. (10)–(12),
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ṗR ≃
Z

2π

0

dφs

�Z
2π

0

dφ�

Z
t

0

dt�D̄Fðxs; tjx�; t�ÞDFðx�; t�jx1Þ
��Z

2π

0

dφ0�

Z
t

0

dt�D�
Fðxs; tjx0�; t�ÞD�

Fðx0�; t�jx2Þ
�

þ
Z

2π

0

dφs

�Z
2π

0

dφ�

Z
t

0

dt� D̄ �
Fðxs; tjx�; t�ÞD�

Fðx�; t�jx2Þ
��Z

2π

0

dφ0�

Z
t

0

dt� DFðxs; tjx0�; t�ÞDFðx0�; t�jx1Þ
�
: ð17Þ

We can now perform the x1 and x2 integrals in Eq. (6) using another standard identity,Z
dxiΨE;JðxiÞDFðx�; t�jxiÞ ¼ ΨE;Jðx�; t�Þ: ð18Þ

This gives

ṖR ≃
Z

2π

0

dφs

�Z
2π

0

dφ�

Z
t

0

dt� D̄Fðxs; tjx�; t�ÞΨE;Jðx�; t�Þ
��Z

2π

0

dφ0�

Z
t

0

dt�D�
Fðxs; tjx0�; t�ÞΨ�

E;Jðx0�; t�Þ
�

þ
Z

2π

0

dφs

�Z
2π

0

dφ�

Z
t

0

dt� D̄ �
Fðxs; tjx�; t�ÞΨ�

E;Jðx�; t�Þ
��Z

2π

0

dφ0�

Z
t

0

dt�DFðxs; tjx0�; t�ÞΨE;Jðx0�; t�Þ
�
; ð19Þ

allowing us to identify the second term as the complex conjugate of the first.
The underlying symmetry of the system can now be made explicit by using the form of the wave function,

ΨE;JðxÞ ¼ ψE;JðrÞeiJφ, and introducing the angular-integrated propagator

AJðxf; tjriÞ≡
Z

dφieiJφiDFðxf; tjxiÞ: ð20Þ

The propagators AJ and ĀJ meanwhile are defined through an analogous relation with DF replaced by DF and D̄F,
respectively. In terms of these functions, we can express the probability flux as

ṖR ≃
Z

2π

0

dφs

�Z
t

0

dt� ĀJðxs; tjr�; t�ÞψE;Jðr�; t�Þ
��Z

t

0

dt�A�
Jðxs; tjr�; t�Þψ�

E;Jðr�; t�Þ
�
þ c:c:

¼
Z

2π

0

dφs

�Z
t

0

dΔt ĀJðxs;Δtjr�ÞψE;Jðr�; t − ΔtÞ
��Z

t

0

dΔt A�
Jðxs;Δtjr�Þψ�

E;Jðr�; t − ΔtÞ
�
þ c:c: ð21Þ

This result is nonperturbative in the sense that it does not
directly rely on the semiclassical expansion. We have,
however, made several physical assumptions in its deriva-
tion. First, in order to define the radii r� and rs (or,
equivalently, the submanifolds Σ� and Σs), we have
assumed that the wave function is sharply localized within
a region r < r�. For our example of a resonance state, this
localization can be deduced from the WKB form of the
wave function (A11). Second, in Eq. (14), we had assumed
the absence of back-tunneling. For a bounded potential, this
assumption would be violated once a significant fraction of
the probability distribution has been transferred from F to
R, implying an upper bound on the physical time [22]. At
the same time, we have made the fourth assumption that
the resonance state acts as an approximate eigenstate of the
Hamiltonian. This assumption is also only justified for
relatively small physical times before it is violated by
nonlinear effects [20]. Together, this implies that Eq. (21) is
only valid for t < tNL [22]. Our fifth assumption on the
other hand requires that t ≫ tsys, as necessary for the
steadyon to approximately satisfy the relevant boundary
conditions [18]. Thus, the applicability of Eq. (21) can be

summarized through the condition tsys < t < tNL, with the
existence of such a regime posing a nontrivial condition in
itself. The latter is, however, generally satisfied in the
semiclassical limit invoked in the next section.

III. SEMICLASSICAL EVALUATION

In this section, we discuss the implications of Eq. (21) in
the semiclassical limit. In Sec. III A, we evaluate the
tunneling rate to leading order using the steadyon frame-
work. Then, in Sec. III B we show that our results can be
rephrased in terms of Euclidean-time quantities, thereby
significantly simplifying calculations. For the readers’
convenience, we summarize our results together with
step-by-step instructions for the calculation of the tunneling
rate in Sec. III C. Finally, we provide a detailed discussion
of a full example in Sec. III D.

A. Real-time calculation

In Eq. (21), we have found for the probability flux
controlling the tunneling rate
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ṖR ≃
Z

2π

0

dφs

�Z
t

0

dΔt ĀJðxs;Δtjr�ÞψE;Jðr�; t − ΔtÞ
�

×

�Z
t

0

dΔt A�
Jðxs;Δtjr�Þψ�

E;Jðr�; t − ΔtÞ
�
þ c:c:;

ð22Þ

where

AJðxs;Δtjr�Þ ¼
Z

dφ�eiJφ�DFðxs;Δtjx�Þ

¼
Z

dφ�eiJφ�

Z
xðΔtÞ¼xs

xð0Þ¼x�
Dx eiS½x�; ð23Þ

and similarly for ĀJ and ĀJ. The time dependence of
ψE;Jðx�Þ, meanwhile, is determined by our initial
assumption of a resonance state,

ψE;Jðr�; tÞ ≃ ψE;Jðr�; 0Þ · e−iEt: ð24Þ
The real-time path integral in Eq. (23) can now be evaluated
using the steadyon picture developed in Refs. [18–21]. This

technique is based on a regularization of the theory through
the introduction of an infinitesimal imaginary part for the
Hamiltonian,

H → ð1 − iϵÞH; ð25Þ

with ϵ being some arbitrary but small constant. This
regularization then also manifests in a complexification
of the action,

Sϵ ¼ ð1þ iϵÞ
Z

Δt

0

dt
m
2
ðṙ2 þ r2φ̇2Þ − ð1 − 2iϵÞVðrÞ:

ð26Þ

The complexification also affects the time evolution of the
wave function, which is now given by [20]

ψE;Jðr�; t − ΔtÞ ≃ ψE;Jðr�; 0Þ · e−iEðt−ΔtÞ−ϵEðt−ΔtÞ: ð27Þ

Thus, in this regularized theory each of the factors in
Eq. (21) takes the form

F≡
Z

t

0

dΔt
Z

dφ�

Z
xðΔtÞ¼xs

xð0Þ¼x�
Dx eiSϵ½x�þiJφ�−iEðt−ΔtÞ−ϵEðt−ΔtÞψE;Jðr�; 0Þ

¼ e−iEt−ϵEt
Z

t

0

dΔt
Z

dφ�

Z
xðΔtÞ¼xs

xð0Þ¼x�
Dx eiSϵ½x�þiJφ�þið1−iϵÞEΔtψE;Jðr�; 0Þ: ð28Þ

To leading order, this expression can be evaluated in the
semiclassical regime through a saddle point approximation
for the three integrals.2 In polar coordinates, extremizing
the exponent with respect to the particle’s trajectory, initial
angle, and Δt amounts to the conditions

0 ¼ δS½r̄; φ̄�
δr̄ðtÞ ¼ m̈r̄ðtÞ −mr̄ðtÞ ˙̄φ 2ðtÞ þ ð1 − 2iϵÞV 0ðr̄ðtÞÞ;

ð29Þ

0 ¼ δS½r̄; φ̄�
δφ̄ðtÞ ¼ 2 ˙̄rðtÞ ˙̄φðtÞ þ r̄ðtÞ ̈φ̄ðtÞ; ð30Þ

0 ¼ d
dφ�

Sϵ½r̄; φ̄� þ J; ð31Þ

0 ¼ d
dΔt

Sϵ½r̄; φ̄� þ ð1 − iϵÞE; ð32Þ

with the steadyon fr̄ðtÞ; φ̄ðtÞg. Note that, in addition to
these relations, the steadyon is also subject to the crossing
conditions we introduced around Eqs. (7)–(9).

We can now first integrate Eq. (30), which gives the
usual conservation of angular momentum,

J̄ ¼ mr̄ 2ðtÞ ˙̄φðtÞ ¼ const; ð33Þ

with some yet to be determined constant J̄. Using this
relation, Eq. (29) can be converted to a closed equation for
r̄ðtÞ,

0 ¼ m̈r̄ðtÞ −mr̄ðtÞ ˙̄φ 2ðtÞ þ ð1 − 2iϵÞV 0ðr̄ðtÞÞ

¼ m̈r̄ðtÞ − J̄ 2

mr̄ 3ðtÞ þ ð1 − 2iϵÞV 0ðr̄ðtÞÞ

¼ m̈r̄ðtÞ þ ð1 − 2iϵÞV 0
effðr̄ðtÞÞ; ð34Þ

where

VeffðrÞ ¼ VðrÞ þ ð1þ 2iϵÞJ̄ 2

2mr2
: ð35Þ

To determine the remaining integration constant J̄, we
can now evaluate Eq. (31). As a first step, we consider a
steadyon fr̄; φ̄g with a fixed final and initial points xs and
x�, respectively. We then introduce an infinitesimal per-
turbation in the initial angle, φ� → φ� þ δφ�, which in turn
induces an infinitesimal perturbation in the steadyon,

2For notational simplicity, we do not distinguish between the
stationary phase and saddle point approximations throughout this
article.
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fr̄; φ̄g → fr̄þ δr; φ̄þ δφg: ð36Þ

This then causes a change in the action,

Sϵ½r̄þ δr; φ̄þ δφ� ≃ Sϵ½r̄; φ̄� þ
Z �

∂L
∂r

δrþ ∂L
∂ṙ

δṙþ ∂L
∂φ

δφþ ∂L
∂φ̇

δφ̇

�
dt

¼ Sϵ½r̄; φ̄� þ
Z ��

∂L
∂r

−
d
dt
∂L
∂ṙ

�
δrþ

�
∂L
∂φ

−
d
dt
∂L
∂φ̇

�
δφ

�
dtþ ∂L

∂ṙ
δr

����rs
r�

þ ∂L
∂φ̇

δφ

����φs

φ�

¼ ½ð1þ iϵÞðmr̄ 2 ˙̄φÞδφ�φs
φ� ¼ −ð1þ iϵÞJ̄ · δφ�: ð37Þ

This now allows us to relate the steadyon’s angular
momentum to that of the initial state:

dSϵ
dφ�

¼ −ð1þ iϵÞJ̄ ⇒
ð31Þð1þ iϵÞJ̄ ¼ J⇒

ð33Þ
˙̄φðtÞ ¼ ð1 − iϵÞJ

mr̄2ðtÞ :

ð38Þ
Thus, we find for the action of the steadyon

Sϵ½r̄; φ̄� ¼ ð1þ iϵÞ
Z

Δt

0

dt
m
2
ð ˙̄r 2 þ r̄ 2 ˙̄φ 2Þ− ð1− 2iϵÞVðr̄Þ

¼ ð1þ iϵÞ
Z

Δt

0

dt
m
2
˙̄r 2 þ ð1− 2iϵÞ

�
J2

2mr̄ 2
−Vðr̄Þ

�
;

ð39Þ
where r̄ðtÞ is the solution of Eq. (34).
To evaluate Eq. (32), we first recall that the initial

velocity in angular direction is fixed by Eq. (38),

˙̄φð0Þ ¼ ð1 − iϵÞ J
mr2�

: ð40Þ

Next, we can evaluate Eq. (32) using the results of
Ref. [21], which imply that Eq. (32) amounts to setting
the steadyon’s initial velocity through

ð1− 2iϵÞ½E− Vðr�Þ� ¼
m
2
˙̄x 2ð0Þ

¼ m
2
˙̄r 2ð0Þ þm

2
r̄ 2ð0Þ ˙̄φ 2ð0Þ

¼ m
2
˙̄r 2ð0Þ þ ð1− 2iϵÞJ2

2mr2�

⇒
m
2
˙̄r 2ð0Þ ¼ ð1− 2iϵÞ½E− Veffðr�Þ�

¼ 0: ð41Þ
Together, these equations unambiguously determine the
relevant steadyon and thus its action.
So far, we have focused on evaluating the modified

propagator AJ together with its associated integral over Δt.
To understand the dependence of our result on φs, as
necessary to perform the remaining integral, we first

observe that the saddle point equation for φ� was equivalent
to setting the angular momentum of the steadyon, whose
conservation followed from the equation for the steadyon’s
corresponding component φ̄. Together, these imply that φ�
depends on φs. This can be made manifest through

φ̄� ¼ −ðφs − φ̄�Þ þ φs ¼ −
Z

Δtper

0

˙̄φdtþ φs

¼ −
Z

Δtper

0

J̄
mr̄ 2

dtþ φs; ð42Þ

where J̄ ¼ ð1 − iϵÞJ, as in Eq. (33). The system’s under-
lying symmetry meanwhile implies that the action Sϵ, as well
as the integral term in Eq. (42), are invariant under a shift in
φs, as the latter would be compensated for by a shift in φ�.
As r̄ is complex, Eq. (42) implies that a real φ̄� generally

corresponds to a complex φs and conversely. And indeed,
the periodic features of the steadyon together with the
symmetry underlying the problem suggest that we are free
to shift φ by a constant in such a way that either of the two
variable is real. We confirm this explicitly for a concrete
example in Sec. III D. As our arguments so far did not rely
on any assumption on φ�, we may select φs to be real,
reducing the φs dependence to a phase. This allows us to
further simplify our expression for F, as given in Eq. (28), as

F ¼
Z

t

0

dΔt AJðxs;Δtjr�ÞψE;Jðr�; t − ΔtÞ

∼ e−iEt−ϵEteiSϵ½r̄;φ̄�þiJφ̄�þið1−iϵÞEΔtperψE;Jðr�; 0Þ
¼ e−iEðt−ΔtperÞþiJφse−ϵEtþEϵΔtper exp

×

�
i

�
Sϵ½r̄; φ̄� − ð1 − iϵÞ

Z
Δtper

0

J2

mr̄2
dt

��

× ψE;Jðr�; 0Þ: ð43Þ
This expression can now be brought to a more compact

form in terms of the Routhian action SR;ϵ.
3 We define this

3The integrand of the Routhian action, dubbed the Routhian, is
defined as the partial Legendre transform of the Lagrange
function with respect to a cyclic variable. For more detailed
discussions, see, e.g., Refs. [32–34].
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quantity for the regularized theory through

SR;ϵ½r; J�≡
Z

Δt

0

dt Rϵðr; ṙ; JÞ≡ Sϵ½r; φ̄ðr; J̄Þ�

−
Z

Δt

0

dt J ˙̄φðr; J̄Þ; ð44Þ

with φ̄ðr; JÞ as in Eq. (38). For our mechanical system, this
transformation amounts to transitioning to an effective
action for the radial variable constructed using the effective
potential,

SR;ϵ½r; J� ¼ ð1þ iϵÞ
Z

Δt

0

dt
m
2
ṙ 2 − ð1 − 2iϵÞVeffðrÞ;

ð45Þ

where

VeffðrÞ ¼ VðrÞ þ J2

2mr2
: ð46Þ

Just as for the purely classical theory, the effective equation
for r̄ can be obtained through the variation of this func-
tional, rather than the original action Sϵ.
In the overall expression for ṖR the phases cancel,

leading to the more compact expression

ṖR ∼ e−2ϵtEe−2 ImðSR;ϵ½r̄�Þþ2EϵΔtper jψE;Jðr�; 0Þj2: ð47Þ

To evaluate the expression for Γ, it now only remains to
calculate the denominator PF ðtÞ. Taking into account the
deformed Hamiltonian and the resulting time dependence
in Eq. (24), we find

PF ðtÞ ¼
Z
F
d2xjΨE;Jðx; tÞj2

¼ e−2ϵtE
Z
F
d2xjΨE;Jðx; 0Þj2 ∼ e−2ϵtE: ð48Þ

The denominator therefore cancels precisely with the first
factor in Eq. (47), removing the dependence on physical
time and leading us to the final leading-order expression

Γ ∼ e−2 ImðSR;ϵ½x̄�Þþ2EϵΔtper jψE;Jðr�; 0Þj2: ð49Þ

B. Euclidean-time picture

One of the most important features of the steadyon
picture is its ability to yield more easily solvable Euclidean-
time equations in the relevant limits of a vanishing
regulator, ϵ ≪ 1, and a large tunneling time relative to
the system’s typical timescale, t ≫ tsys. This connection
can be made transparent by observing that the regulariza-
tion (25) can equivalently be assigned to the time variable

rather than the Hamiltonian,

UðtÞ ¼ expð−iHtÞ → expð−iHð1 − iϵÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
regularization

· tÞ

¼ expð−iH · ð1 − iϵÞt|fflfflfflfflffl{zfflfflfflfflffl}
Wick rotation

Þ: ð50Þ

Thus, the regularization can equivalently be understood
as an infinitesimal Wick rotation, t → e−iϵt, as shown
in Fig. 2.
This interpretation is also consistent with the deformed

action and resulting equations of motion, which can
similarly be understood as those of the usual theory
analytically extended onto the diagonal contour γϵ with
z ¼ e−iϵt. Thus, the steadyon can be analytically extended
to the complex-time plane. In the following, we will show
how this observation can be used to map the tunneling rate
onto a familiar, and computationally simpler, Euclidean-
time problem. To do so, we will consider two complex-time
contours besides γϵ, as depicted in Fig. 2.
First, we consider a contour γt, which can be para-

metrized through zðtÞ ¼ t with t∈ ½0;Δtper�, which implies
that furthermore dz ¼ dt and d=dz ¼ d=dt. We will high-
light the projection of the steadyon onto this contour with
an index “cl,” i.e.,

r̄clðtÞ≡ r̄ðz ¼ tÞ and φ̄clðtÞ≡ φ̄ðz ¼ tÞ: ð51Þ

Next, we will consider a contour parallel to the Euclidean-
time axis γτ, which we parametrize through zðτÞ ¼
Δtper − iτ, with τ∈ ½0;Δτper�, where Δτper ≃ ϵ · Δt. Along
this contour, dz ¼ −idτ and d

dz ¼ i d
dτ. In anticipation of our

later results, we will denote the projection of the steadyon
onto this contour with a label I,

r̄IðτÞ≡ r̄ðz ¼ Δtper − iτÞ; ð52Þ

φ̄IðτÞ≡ φ̄ðz ¼ Δtper − iτÞ: ð53Þ

To arrive at the Euclidean-time picture, we will now consider
two equivalent approaches: first, we will consider the
effective theory obtained by integrating out the angular
motion using the conservation of angular momentum;
second, discuss the full two-dimensional model, with a
particular focus on the properties of the full instanton
solution.

1. Effective one-dimensional description

In Eq. (49), we found that the tunneling rate is, to leading
order, controlled by the Routhian action, whose variation
yields the equation of motion for the radial component of
steadyon. Starting from Eqs. (45) and (46) it is straightfor-
ward to identify the regularized Routhian action with the
integral of the corresponding Routhian along γϵ,
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SR;ϵ½r; J� ¼
Z
γϵ

dz
m
2

�
dr
dz

�
2

− VeffðrðzÞÞ: ð54Þ

The equation for r̄ and its boundary conditions can be
similarly recast in terms of a complex-time variable z,

m
d2r̄
dz2

¼ −V 0
effðr̄Þ;

r̄ð0Þ ¼ r�; ˙̄rð0Þ ¼ 0;

r̄ðΔzÞ ¼ rs; ˙̄rðΔzÞ ¼ 0; ð55Þ

with Δz ¼ ð1 − iϵÞΔt.4 Note that r̄ðzÞ is defined along the
diagonal contour γϵ, and that these boundary conditions are
thus to be understood as defined along this contour. See
Fig. 2. This allows for an immediate projection of the
steadyon onto the two contours parallel to the real and

Euclidean time axes, respectively, as well as the evaluation
of the Routhian action along these contours.
In Ref. [18], it was argued that the projection of the

periodic steadyon onto the real-time contour γt coincides
with the solution of the classical equations of motion
describing a periodic motion within the false vacuum basin
F with turning point r�. This solution satisfies r̄clð0Þ ¼
r� ¼ r̄clðΔtperÞ. Moreover, as it emerges as a solution to the
classical equations of motion, its contribution to the overall
action satisfies ImðSγtÞ ¼ 0, corresponding to a vanishing
contribution to the tunneling rate.
To understand the dynamics along γτ, we first note that

Δtper is defined by requiring that r̄clð0Þ ¼ r� ¼ r̄clðΔtperÞ,
up to a correction controlled by ϵ, which may be neglected
in the limit ϵ → 0. Thus, we find that the projection of the
steadyon onto γτ, r̄IðτÞ, is subject to the equation of motion
and boundary conditions

m
d2r̄I
dτ2

¼ V0
effðr̄IÞ; ð56Þ

r̄Ið0Þ ¼ r�; r̄IðΔτperÞ ¼ rs;
dr̄I
dτ

ð0Þ ¼ 0: ð57Þ

FIG. 2. Sketch of the complex-time contour deformation and of the corresponding radial profiles. The upper-left panel shows the
complex-time plane and the three contours relevant for the argument. For a system without explicit time dependence, the regularization
of the Hamiltonian underlying the steadyon construction can equivalently be interpreted as an infinitesimal Wick rotation, leading to the
tilted contour γϵ (green). For fixed ϵ, the period Δtper is fixed by extremizing the Δt integral in Eq. (28); the corresponding end point
determines the Euclidean extent Δτper. The tilted contour can then be deformed into a segment along the real-time axis, γt (blue),
followed by a segment along the Euclidean-time axis, γτ (orange). The remaining panels show the associated radial profiles: the classical
real-time evolution r̄clðtÞ along γt (upper right), the Euclidean profile r̄IðτÞ along γτ (lower right), and the full, complex steadyon profile
r̄ðϵtÞ along γϵ (lower left). The reference values r⋆ and rs are indicated in each radial panel.

4Recall that the steadyon, as constructed in Sec. II, generically
only satisfies the boundary condition at Δz up to an offset of
OðϵÞ. We moreover found the condition Δtper · ϵ ≃ Δτper. Thus,
these conditions are only satisfied in the combined limit ϵ ≪ 1
and t > Δtper ≳ Δτper=ϵ.
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We can now immediately recognize this as an equation of
motion and boundary conditions of a familiar (periodic)
instanton in the potential Veff , while the crossing condition
allows us to identify Δτper with the Euclidean-time interval
necessary for the instanton to move exactly once from r� to
rs. For the purpose of efficiently calculating the tunneling
rate, this relation can be used as a definition of Δτper
directly within the Euclidean-time picture. See Fig. 3. The
complex Routhian action of this solution along γτ mean-
while can be identified with the strictly Euclidean action of
this instanton up to a factor of i from the line element. Thus,

SR;γτ ½r̄I; J� ¼
Z
γτ

dz

�
m
2

�
dr̄I
dz

�
2

− Veffðr̄IÞ
�

¼
Z

Δτper

0

ð−idτÞ
�
m
2

�
i
dr̄I
dτ

�
2

− Veffðr̄IÞ
�

¼ i
Z

Δτper

0

dτ

�
m
2

�
dr̄
dτ

�
2

þ Veffðr̄IÞ
�

¼ iSR;E½r̄I�: ð58Þ

To relate to the existing literature, we can now also
introduce the bounce solution r̄bðτÞ as the instanton
followed by the particle rolling back from rs to r�, as
shown in Fig. 3. Together with Eq. (49), this allows us to
rewrite the exponent of the tunneling rate as

logΓ ≃ −2 ImðSR;ϵ½r̄�Þ þ 2EΔτper
¼ −2SR;E½r̄I� þ 2EΔτper
¼ −SR;E½r̄b� þ 2EΔτper: ð59Þ

This one-dimensional description is, in fact, sufficient to
understand the full two-dimensional description, also tak-
ing into account the angular coordinate. This can be made
manifest by considering the full Euclidean action,

SE½r� ¼
Z

dτ
m
2

�
dr
dτ

�
2

þm
2
r2
�
dφ
dτ

�
2

þ VðrÞ: ð60Þ

This action implies an analogous relation for the conserved
angular momentum as in real time,

mr̄ 2ðτÞ dφ̄
dτ

ðτÞ ¼ JE ¼ const:; ð61Þ

which in turn gives rise to a potential barrier of the form

VeffðrÞ ¼ VðrÞ − J2E
2mr2

: ð62Þ

This, however, is only consistent with the result obtained
from the projection of the steadyon if JE ¼ �iJ.

2. Two-dimensional description

To understand the transition from real to Euclidean time
in the full theory, we observe that the regularized action can
also be identified with an integral of an analytic function
along γϵ,

Sγϵ ½r� ¼
Z
γϵ

dz

�
m
2

�
dr
dz

�
2

þm
2
r2
�
dφ
dz

�
2

− VðrÞ
�
: ð63Þ

It is again straightforward to obtain the analytic continu-
ation of this expression, whose corresponding equations of
motion can be identified with the continuation of the
steadyon equations,

m
d2r̄
dz2

−mr̄

�
dφ̄
dz

�
2

þ V 0ðr̄Þ ¼ 0; ð64Þ

d
dz

�
mr̄ 2

dφ̄
dz

�
¼ 0: ð65Þ

The second of these equations implies a constant angular
momentum throughout the complex-time plane, thus fully

FIG. 3. Euclidean radial motion in the inverted effective potential −VeffðrÞ. Left: the instanton branch crossing once from r� to rs in
Euclidean time Δτper. Right: the corresponding periodic bounce obtained by continuing the motion back to r�, with total period 2Δτper.
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determining φ̄ðzÞ as a function of r̄ up to a constant. The
latter is again determined by the angular momentum of the
initial state through Eq. (40),

dφ̄
dz

ð0Þ ¼ J
mr2�

: ð66Þ

Along the real- and Euclidean-time contours, γt and γτ,
respectively, this implies

z ¼ t ⇒
dφ̄cl

dt
ð0Þ ¼ J

mr2�
; ð67Þ

z ¼ −iτ ⇒
dφ̄I

dτ
ð0Þ ¼ −i

J
mr2�

¼! JE
mr2�

: ð68Þ

The Routhian action controlling the tunneling rate, mean-
while, is

SR;γϵ ½r̄;J� ¼
Z
γϵ

dz
m
2

�
dr̄
dz

�
2

þm
2
r̄2
�
dφ̄
dz

�
2

−Vðr̄Þ− J
dφ̄
dz

:

ð69Þ

As for the previous case, we first consider the projection of
the steadyon onto γt. Along this contour, Eqs. (64) and (65)
again reproduce the classical dynamics, thus leading to a
strictly real action, ImðSγtÞ ¼ 0.
Along the Euclidean-time contour γτ, Eqs. (64) and (65)

simply reproduce the Euclidean-time equations of motion,

m
d2r̄I
dτ2

−mr̄I

�
dφ̄I

dτ

�
2

− V 0ðr̄IÞ ¼ 0; ð70Þ

d
dτ

�
mr̄ 2

I
dφ̄I

dτ

�
¼ 0⇒

ð68Þ
mr̄ 2

I
dφ̄I

dτ
¼ JE ¼ −iJ: ð71Þ

The Routhian action along this contour similarly reprodu-
ces the Euclidean action up to a factor of i,

SR;γτ ½r̄I; J� ¼
Z
γτ

dz

�
m
2

�
dr̄I
dz

�
2

þm
2
r̄ 2
I

�
dφ̄I

dz

�
2

− Vðr̄IÞ − J
dφ̄
dz

�

¼
Z

Δτper

0

ð−idτÞ
�
m
2

�
i
dr̄I
dτ

�
2

þm
2
r̄ 2
I

�
i
dφ̄I

dτ

�
2

− Vðr̄IÞ − J

�
i
dφ̄I

dτ

��

¼ i
Z

Δτper

0

dτ
�
m
2

�
dr̄I
dτ

�
2

þm
2
r̄ 2
I

�
dφ̄I

dτ

�
2

þ Vðr̄IÞ − J
dφ̄I

dτ

�
¼ iSR;E½r̄I ; φ̄I; J�: ð72Þ

Altogether, this now again implies that in the appropriate
limits, −2 ImðSR;ϵ½r̄; φ̄�Þ ¼ −2SR;E½r̄I; φ̄I� ¼ −SR;E½r̄b; φ̄b�.
Crucially, this allows us to directly evaluate the projection
of the steadyon onto γτ without the need to solve for the
generically more complicated form along γϵ.
Before generalizing these results, we want to highlight an

important technical aspect of our discussion: we found that
an initial state with a nonvanishing angular momentum
inevitably leads to an instanton whose associated cyclical
variable, the angle φ, is strictly imaginary. This is the
mechanical realization of the general fixed-charge pre-
scription previously used in the field-theory literature, e.g.,
in Refs. [8,10–13]. From the point of view of our
discussion, this result is indeed not surprising. In the
steadyon picture, semiclassical solutions are complex by
default. The description in terms of Euclidean-time instan-
tons only arises through a projection, which can indeed lead
to an imaginary solution.

C. Summary and Euclidean-time procedure

Our discussion so far allows us to directly calculate, to
leading order, the tunneling rate out of a state of non-
vanishing but fixed energy and angular momentum. We

have shown that the resulting expression can be directly
evaluated within the familiar Euclidean-time picture, where
it takes the form

Γ ∼ e−2ðSR;E½r̄I ;J�þEΔτperÞjψðr�; t ¼ 0Þj2: ð73Þ

If the conserved Noether charge can be easily integrated
out, Eq. (73) can be evaluated through the following steps.
In the following, we denote by φ any cyclic variable of an
arbitrary mechanical system and by J its corresponding
Noether charge, while r≡ fr1;…; rNg represents all non-
cyclical coordinates.
(1) Integrate out the cyclic variable by inverting the

defining equation of its associated Noether
charge, J ≡ ∂L=∂φ̇.

(2) Absorb the Noether charge-dependent term into the
potential, VðrÞ → VeffðrÞ.

(3) Construct the Euclidean-time Routhian action SR;E
as

SR;E½r; J� ¼
Z

Δτper

0

dτ
m
2
gijṙ iṙ j þ VeffðrÞ; ð74Þ
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where the Noether charge is identical to that in the
initial state, and gij denotes the metric in the
submanifold spanned by the noncyclical variables r.

(4) Identify the submanifolds Σ� and Σs through the
initial state’s energy E using the conditions

Veffðr�Þ ¼ E ¼ VeffðrsÞ ∀ r� ∈F ; rs ∈R:

ð75Þ

Recall that F was defined as the basin of attraction
of the false vacuum, whileR denotes the region into
which the particle tunnels. See Fig. 1.

(5) Solve the Euclidean equation of motion for r with
vanishing initial velocity,

d2gijr̄
j
I

dτ2
¼ ∂Veffðr̄IÞ

∂ri
; r̄Ið0Þ∈Σ�

dr̄I
dτ

ð0Þ ¼ 0:

ð76Þ

(6) Read offΔτper as the Euclidean time when r̄I reaches
rs for the first time.

(7) Evaluate S̄E in Eq. (74) as the Euclidean-time
Routhian action SR;E of r̄I .

D. Detailed example

To make the general discussion fully explicit, we now
consider the simplest nontrivial model: a particle of unit
mass in two dimensions, subject to the rotationally invari-
ant potential

VðrÞ ¼ 1

2
mω2r2 −

λ

4
r4; VeffðrÞ ¼ VðrÞ þ J2

2mr2
;

ð77Þ

where, for simplicity, in the explicit examples below we
choose the parameters such that ω=m ¼ λ=m5 ¼ 1 so that

energies are measured in units of m, while distances and
times are measured in units of m−1. In the same con-
ventions, the angular momentum is dimensionless, since
J ¼ mr2α̇ and therefore ½J� ¼ 1 in natural units, where α
itself is dimensionless. As in the previous sections, it is
convenient to work in polar coordinates ðr; αÞ, so that the
conserved quantity is the momentum conjugate to the
symmetry direction α. To allow for a numerical treatment
of the steadyons, we furthermore choose the particle’s
energy and angular momentum in these dimensionless units
as J ¼ 0.1 and E ¼ 0.101m (for which mr� ¼ 0.375), i.e.,
only slightly above the value of the effective potential in the
false vacuum. This corresponds to well-separated entrance
and emergence radii and will ultimately give rise to a
numerically well-controlled finite Euclidean time interval.
Following the structure of our discussions so far, we now

first construct the relevant steadyon solutions explicitly,
keeping track of both variables. We then demonstrate the
evaluation of the tunneling rate directly in Euclidean time.
In order to obtain a concrete solution for the steadyon,

we first make the additional choice ϵ ¼ 1
100

. For our
concrete potential, the steadyon then emerges as solution
to the equations of motion and initial conditions

0 ¼ ̈r̄ðtÞ − r̄ðtÞ ˙̄φ 2ðtÞ þ ð1 − 2iϵÞðm2r̄ðtÞ −m4r̄3ðtÞÞ;
r̄ð0Þ ¼ r�; ˙̄rð0Þ ¼ 0

φ̇ðtÞ ¼ ð1 − iϵÞ · J
mr̄2ðtÞ ; φ̄ðΔtperÞ ¼ 0; ð78Þ

where the last choice is made possible by the rotational
invariance of the system. It is now straightforward to solve
these equations numerically, leading to the solutions
depicted in Fig. 4. We furthermore determine Δtper as
the time when the steadyon first satisfies jr̄ðtÞ − rsj2 < ϵ,
yielding mΔtper ¼ 333.6. Using these solutions, we find
the exponent of the tunneling rate

FIG. 4. The steadyon solution and the Euclidean instanton for the same fixed angular momentum J. Left: the radial degree of freedom
r̄ðtÞ, to be compared with the instanton obtained from Eq. (81), shown in the red solid line. Right: the angular degree of freedom φ̄ðtÞ,
together with the Euclidean-time instanton obtained from Eq. (82).
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logðΓÞ ≃ −2 ImðSR;ϵ½r̄; φ̄; J�Þ þ 2EϵΔtper
¼ −1.452þ 0.673 ¼ −0.779: ð79Þ

Having a concrete solution available, it is also straight-
forward to represent it in terms of the Cartesian coordinates

x ¼ r cosðφÞ; y ¼ r sinðφÞ: ð80Þ

We present the corresponding trajectories in Fig. 5. This
representation also highlights an important subtlety of the
semiclassical solutions dominating the tunneling. Neither
the steadyon, nor its corresponding instanton describe an
actual physical motion. In particular, the final position
ðrs;φsÞ is not to be understood as the position where the
particle appears at the time t. Instead, these solutions are
merely an unphysical technical tool for the evaluation of the
path integrals determining the tunneling rate. The appa-
rently large excursion in Cartesian variables is therefore not
a pathology, but simply a reflection of the nature of the
semiclassical solutions.
We can now repeat the same calculation directly in

Euclidean time, again keeping track of both variables. We
can first solve the effective equation of motion for the
angular degree of freedom, for which we recover the familiar
Euclidean instanton equations in the effective potential,

m
d2r̄I
dτ2

¼ V 0
effðr̄IÞ ¼ m3r̄I −m5r̄ 3

I −
J2

mr̄ 3
I
;

dr̄I
dτ

ð0Þ ¼ 0: ð81Þ

The angular variable is then reconstructed from the fixed-J
condition,

dφ̄I

dτ
ðτÞ ¼ −i

J
r̄IðτÞ2

; ð82Þ

which again highlights the general statement that the variable
conjugate to the conserved quantity becomes imaginary in
Euclidean time.
The resulting Euclidean instanton is shown in Fig. 6. The

top left panel displays the radial profile r̄ðτÞ, obtained from
the reduced one-dimensional problem (81). The top right
panel shows the corresponding angular variable recon-
structed from (82). As anticipated by the general discus-
sion, the radial degree of freedom behaves as an ordinary
bounce in the effective potential (77), while the angular
variable is purely imaginary. This is the most direct
manifestation, in the present model, of the fact that the
fixed-J Euclidean saddle does not lie on the naive real slice.
As for the steadyon, we determine mΔτper ¼ 3.329 as the
Euclidean time when the instanton r̄IðτÞ first reaches rs.
From these Euclidean-time solutions, it is now straight-

forward to again calculate the exponent of the tunneling
rate. We indeed find agreement with the value obtained
through the real-time computation up to a deviation of
order ϵ:

logðΓÞ ≃ −2SR;E½r̄I ; φ̄I; J� þ 2EΔτper
¼ −1.451þ 0.672 ¼ −0.779: ð83Þ

FIG. 5. Projection of the steadyon onto the original two-dimensional plane using the Cartesian parametrization (80). Left: the real part
of the trajectory. Right: the imaginary part. These panels are not to be interpreted as literal particle motion in real space; rather, they
visualize how a regular saddle in adapted variables becomes a complex configuration when expressed in the original coordinates.
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IV. GENERALIZATION TO FIELD THEORY

In the following, we generalize our earlier arguments to
the simple field-theoretic example of a complex scalar field
ϕ subject to a global Uð1Þ symmetry, described by the
action

S½ϕ;ϕ�� ¼
Z

d4x½∂μϕ�
∂
μϕ − Vðϕ�ϕÞ�: ð84Þ

The symmetry becomes manifest in the local polar para-
metrization

ϕðxÞ ¼ 1ffiffiffi
2

p ρðxÞeiαðxÞ; ð85Þ

in terms of which the action reads

S½ρ; α� ¼
Z

d4x

�
1

2
∂μρ∂

μρþ ρ2

2
∂μα∂

μα − V

�
ρ2

2

��
: ð86Þ

The associated Noether current is

jμ ¼ ∂L
∂ð∂μαÞ

¼ ρ2∂μα; ∂μjμ ¼ 0; ð87Þ

and the conserved charge is

Q ¼
Z

d3x j0ðxÞ: ð88Þ

FIG. 6. Euclidean fixed-J instanton for the illustrative quartic potential (77) at J ¼ 0.1. Upper left: radial profile mrðτÞ, interpolating
from r� to rs. Upper right: Euclidean angular variable φðτÞ, whose real part vanishes while the imaginary part evolves nontrivially, as
implied by the fixed-angular-momentum condition (82). Lower panels: projection of the same solution onto Cartesian variables,
showing the real and imaginary parts separately. The dashed circles indicate the radii r� and rs.
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In the remainder of this section, we first discuss how our
earlier derivation can be generalized to the case of quantum
fields in the language of wave functionals. Then, in
Sec. IV B, we focus on the semiclassical evaluation of
the tunneling rate.

A. Field wave functional

Starting from an initial state of definite charge Q, the
relevant amplitude may be written schematically as

AQ½ϕs;ΔtjΣ�� ¼
Z
Σ�
DϕiΨQ½ϕi�DF½ϕs;Δtjϕi�; ð89Þ

where ΨQ½ϕi� is the initial wave functional, DF the usual
real-time propagator and Σ� the field-theoretic generaliza-
tion of its mechanical counterpart. The exact analog of the
mechanical angular coordinate is not the local phase field
αðxÞ, but rather the global coordinate Θ along the Uð1Þ
orbit in the full space of field configurations. Locally, one
may therefore introduce adapted coordinates on configu-
ration space of the form

ϕiðxÞ ¼ eiΘiχiðx;YÞ; ð90Þ
where Θi parametrizes the global Uð1Þ orbit and YA

denotes the remaining coordinates transverse to it. This
decomposition is conceptually different from (85): the pair
ðρ; αÞ consists of local fields defined pointwise in physical
space, whereas ðΘ; YAÞ are coordinates on the infinite-
dimensional space of field configurations. Since the con-
served charge Q̂ is the generator of the global Uð1Þ
symmetry, a finite rotation of the field configuration by
Θi acts on the state through UðΘiÞ ¼ eiΘiQ̂. For an initial
state in a fixed-charge sector, Q̂jΨQi ¼ QjΨQi, this
immediately implies

ΨQ½ϕi� ¼ ΨQ½eiΘiχi� ¼ eiQΘiψQ½Yi�: ð91Þ
Thus, in complete analogy with the factor eiJϕ� in quantum
mechanics, the exponent acquires a boundary term propor-
tional to QΘi, and the corresponding fixed-charge func-
tional is the configuration-space Routhian

SR ¼ S −
Z

dtQ Θ̇: ð92Þ

At this abstract level, the analogy with the mechanical
problem is exact. The transverse coordinates YA are,
however, highly nonlocal functionals of the fields, which
can in general not be constructed explicitly. More details
can be found in Appendix B.
An essential feature of the semi-classical approach is that it

allows for leading-order calculations without detailed knowl-
edge of the wave functional. While in this section, we only
focus on the most straightforward case in which the charge is
directly encoded in the initial state, it is important to keep in

mind that this scenario is not necessarily universal. In finite-
temperature systems, for instance, the initial state would be
described by a density matrix, while the charge would be
enforced through an additional projector involving a Lagrange
multiplier [10,11,13]. Towards the end of this section, we
briefly discuss the connection between our prescription and
such a Lagrange-multiplier based formulation.

B. Tunneling at fixed Q in QFT

To highlight the effects of the Noether charge, we restrict
ourselves to tunneling out of a state with minimal energy
but non-vanishing chargeQ. This is the direct analogue of a
local minimum in a fixed-Q sector, and allows us to set

E ¼ 0; Δτper → ∞: ð93Þ

The choice E ¼ 0 ensures that the Euclidean action remains
finite in the infinite-period limit.5

A natural example of such an initial state is a metastable
Q ball. Its stationary form is

ϕðt;xÞ ¼ ρðrÞffiffiffi
2

p eiωt; ð94Þ

where ω plays the role of the quantity conjugate to the
conserved charge. The corresponding fixed-charge energy
functional may be written as

Eω ¼ Eþ ω

�
Q −

Z
d3x j0ðxÞ

�
: ð95Þ

Extremizing Eω is equivalent to extremizing the usual
three-dimensional reduced functional

S3½ρ;ω� ¼
Z

d3x
1

2
ð∇ρÞ2 þ V

�
ρ2

2

�
−
ω2

2
ρ2; ð96Þ

whose equation of motion is

ρ00 þ 2

r
ρ0 −

∂

∂ρ

�
V
�
ρ2

2

�
−
ω2

2
ρ2
�
¼ 0;

ρ0ð0Þ ¼ 0; ρðr → ∞Þ → 0: ð97Þ

We denote the corresponding solution by ρ�. For our
purposes, this configuration plays the same role as r� in
the mechanical problem. The target set Σs is now replaced
by a submanifold of field configurations whose reduced
energy functional vanishes,

0 ¼ U½φs� ¼
Z
R3

dxj∇φsj2 þ Vðjφsj2Þ ∀ φs ∈Σs: ð98Þ

5For discussions of the direct approach and its generalization
to field theory, see Refs. [7,22,35].

QUANTUM TUNNELING IN THE PRESENCE OF NOETHER … PHYS. REV. D 114, 056003 (2026)

056003-15



The initial charge density is then

jμ¼̇ðωρ2�ðrÞ; 0; 0; 0Þ; ð99Þ

exactly mirroring the role of the fixed angular momentum
density in the mechanical example.
For practical calculations, it is convenient to replace the

abstract configuration-space Routhian by an equivalent
local formulation in terms of the fields ρ and α. This is
achieved by introducing the quantity conjugate to the fixed
charge as a Lagrange multiplier directly in the path integral.
In other words, the local field-theory version of the fixed-Q
Routhian is nothing but the constrained action obtained by
enforcing the charge condition

Q ¼
Z

d3x ρ2α̇; ð100Þ

with a Lagrange multiplier ω. In the present context, ω
plays the same role as in the mechanical discussion: it is the
variable conjugate to the conserved charge, and for the
stationary Q-ball background it coincides with the fre-
quency appearing in (94).
Starting from the regulated real-time action

Sϵ½ρ; α� ¼
Z

dt d3x
1

2
ρ̇ 2 þ ρ2

2
α̇ 2

− ð1 − 2iϵÞ
�
1

2
ð∇ρÞ2 þ ρ2

2
ð∇αÞ2 þ V

�
ρ2

2

��
;

ð101Þ

a convenient local implementation of the fixed-charge
condition is obtained by introducing the quantity conjugate
to Q as a Lagrange multiplier directly in the path integral.
In this representation, one works with the constrained
functional

SR;ϵ½ρ; α;ω� ¼ Sϵ½ρ; α� þ
Z

dtω

�
Q −

Z
d3xρ2α̇

�
: ð102Þ

Thus, the local field-theory version of the fixed-Q Routhian
is nothing but the regulated action supplemented by the
Lagrange multiplier term imposing the charge constraint.
Explicitly, after completing the square in the time derivative
of the phase,

SR;ϵ½ρ;α;ω� ¼
Z

d4x

�
1

2
ρ̇2þ ρ2

2
ðα̇−ωÞ2− ρ2

2
ω2

− ð1− 2iϵÞ
�
1

2
ð∇ρÞ2þ ρ2

2
ð∇αÞ2þV

�
ρ2

2

���

þ
Z

dtωQ: ð103Þ

Varying with respect to ω reproduces the fixed-charge
condition. Varying with respect to ρ and α then yields the
local steadyon equations

0 ¼ ̈ρ̄ðxÞ − ρ̄ðxÞð ˙̄αðxÞ − ωÞ2 þ ρ̄ðxÞω2 þ ð1 − 2iϵÞ

×

�
−Δρ̄ðxÞ þ ρ̄ðxÞð∇ᾱÞ2 þ ρ̄ðxÞV 0

�
ρ̄ 2ðxÞ
2

��
; ð104Þ

0 ¼ ∂t½ρ̄ 2ðxÞð ˙̄αðxÞ − ωÞ� − ð1 − 2iϵÞ∇ · ½ρ̄ 2ðxÞ∇ᾱðxÞ�;
ð105Þ

ωρ2�ðrÞ ¼ ð1þ iϵÞ½ ˙̄αðxÞρ̄ 2ðxÞ�t¼0; ð106Þ

together with

ρ̄ðxÞjt¼0 ¼ ρ�ðxÞ; ˙̄ρðxÞjt¼0 ¼ 0; ρ̄ðxÞjt→∞ ∈Σs:

ð107Þ

To leading order, the tunneling rate is controlled by the
imaginary part of the corresponding complex Routhian
action,

Γ ∼ exp ½−2 Im SR;ϵ½ρ̄; ᾱ;ω��: ð108Þ

Exactly as in the mechanical problem, the same quantity
may be evaluated more directly in Euclidean time by
projecting the steadyon onto the contour γτ, see
Sec. III B. In the fixed-charge representation, the corre-
sponding Euclidean Routhian action is

SE;R½ρ; β;ω� ¼ SE½ρ; β� þ
Z

dτ ω

�
Q −

Z
d3x ρ2∂τβ

�
;

ð109Þ

with

SE½ρ; β� ¼
Z

dτ d3x
1

2
ð∂τρÞ2 þ

1

2
ð∇ρÞ2 þ ρ2

2
ð∂τβÞ2

þ ρ2

2
ð∇βÞ2 þ V

�
ρ2

2

�
: ð110Þ

After completing the square,

V

�
ρ2

2

�
→ V

�
ρ2

2

�
−
ω2

2
ρ2: ð111Þ

Varying with respect to ω gives

Q ¼
Z

d3x ρ2 ∂τβ: ð112Þ

The Euclidean equations are then
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0 ¼ −∂2τρ −∇2ρþ ρð∂τβ − ωÞ2 − ρω2

þ ρð∇βÞ2 þ ρV0
�
ρ2

2

�
; ð113Þ

0 ¼ ∂τ½ρ2ð∂τβ − ωÞ� þ∇ · ðρ2∇βÞ; ð114Þ

with boundary conditions

ρðr → ∞Þ → 0; ρ0ð0Þ ¼ 0;

∂τβð0Þ ¼ ω; βð0Þ ¼ β�: ð115Þ
In the notation of the original complex phase, this corre-
sponds to

ᾱIðτ;xÞ ¼ iβ̄Iðτ;xÞ; ∂τᾱIð0Þ ¼ −iω: ð116Þ

The Euclidean twist is

η ¼ ΔβI ¼ βIðþ∞Þ − βIð−∞Þ; ð117Þ
so that the Euclidean Routhian may also be written as

SE;R½ρI; βI� ¼ SE½ρI; βI� þ ηQ: ð118Þ

The leading semiclassical exponent, therefore, takes the
form

Γ ∼ exp ½−2SE;R½ρI; βI�� ¼ exp ½−2ðSE½ρI; βI� þ ηQÞ�:
ð119Þ

To connect with the notation commonly used in the fixed-
charge literature, we introduce the operator ⍟ as

ϕ̄IðxÞ ¼
ρ̄IðxÞffiffiffi

2
p eβ̄IðxÞ; ϕ̄⍟

I ðxÞ ¼
ρ̄IðxÞffiffiffi

2
p e−β̄IðxÞ: ð120Þ

In terms of these fields, the Euclidean action takes the
compact form

SE ¼
Z

dτ d3x½∂μϕ̄I∂μϕ̄
⍟
I þ Vðϕ̄⍟

I ϕ̄IÞ�: ð121Þ

Accounting for differences in notation, this reproduces the
same complex Euclidean ansatz encountered in earlier
fixed-charge analyses such as Refs. [8,10,11].
Although we have used a metastable Q ball as our

reference example, the same construction appliesmuchmore
generally. In particular, one may equally well start from a
homogeneous charged background, or from any other
metastable configuration carrying a fixed global charge,
and study the nucleation of a charged bubble under the same
constraint. See, for example, [8,11]. Crucially, all these
examples are captured by our formalism, differing exclu-
sively through the form of the initial profile ρ� and the target
set Σs.

V. CONCLUSIONS

We have studied tunneling out of initial states carrying a
conserved Noether charge in both quantum mechanics and
quantum field theory. By relying on the steadyon picture
based on the direct approach, we were able to derive the
tunneling rate entirely from first principles and evaluate the
resulting real-time path integrals. Our derivation makes
fully transparent the regimes of validity of our result as well
as the underlying assumptions. Moreover, it offers a clear
understanding of the emergence of complex saddle points
found by earlier works. We find, in particular, that this is a
generic feature of tunneling out of charged states.
We first performed the complete calculation in full detail

for the simplest suitable mechanical system, a point particle
in two spatial dimensions carrying a conserved angular
momentum. On a formal level, this amounts to a rotation-
ally invariant potential and an initial wave function which
depends on the angular variable exclusively through a
phase. When integrating over the suitable starting points of
semi-classical tunneling process, this phase manifests
through an initial condition on the steadyon’s angular
velocity, allowing us to relate its angular momentum to
the corresponding quantum number of the initial state.
When performing the integral over the suitable end points
of the semiclassical dynamics, the same factor can be recast
as a correction to the potential, allowing us to recover the
familiar angular momentum barrier and corresponding
effective potential. Crucially, by evaluating the relevant
path integrals through this real-time technique, we were
able to simultaneously account for the initial angular
momentum and allow for energies elevated above the false
vacuum of the effective potential. Following earlier works
on the steadyon picture, we have shown that our result can
be rephrased in familiar Euclidean-time language. We
found that on this level, the tunneling process can be
described entirely in terms of the radial motion upon
replacement of the Euclidean action by its Routhian
counterpart, which arises naturally from our earlier dis-
cussions. This leads to a simple prescription for the
calculation of tunneling rates which can be easily applied
to many systems.
In field theory, the conserved quantity is not a local

mechanical momentum, but a spatially integrated Noether
charge of the form

C ¼
Z

dd−1x j0ðxÞ: ð122Þ

Using the language of wave functionals, we have shown
that many of our calculations can nevertheless be applied in
a straightforward manner in this new context. The main
difference occurs only during the semi-classical evaluation
of the relevant path integrals, where the nonlocal form
of the conserved charge prevents a direct elimination of
the cyclical degree of freedom in favour of this charge.
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We have shown that this problem can be circumvented
through the use of an integral constraint. Finally, just as for
the quantum mechanical case, we have shown that the
tunneling rate can equivalently be understood in the
familiar Euclidean-time picture.
Our results point towards several natural applications of

significant phenomenological relevance. Our discussion in
Sec. IV, for instance, can be immediately applied to the
analysis of vacuum decay in the presence of metastable
charge solitons such as Q balls [10]. It moreover offers a
path towards the detailed understanding of phase transitions
in dense relativistic matter, where conserved charges can be
expected to have a significant impact [11]. In systems such
as neutron stars, proto-neutron stars, or merger remnants,
one expects nucleation and phase conversion to occur in
media characterized by conserved baryon number, lepton
number, or other approximately conserved composition
variables on the relevant time scales. In such situations, the
appropriate semiclassical problem is precisely of the type
studied here, rather than the standard neutral false-vacuum
bounce.
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APPENDIX A: WKB APPROXIMATION FOR THE
WAVE FUNCTION

Our derivation of the tunneling rate in Sec. II relied on
the condition that the wave function of the considered
particle is localized within the false vacuum basin F
through r < r�. In this appendix, we use the WKB
approximation to show that for a resonance state with
energy E and angular momentum J · ℏ, this point can be

defined through the condition Veffðr�Þ ¼ E. To make fully
transparent the importance of the semiclassical limit, we
will restore ℏ throughout this discussion.
As established in Sec. II, the wave function of the state

jE; Ji is of the form

ΨE;Jðr;φÞ ¼ eiJφψE;JðrÞ: ðA1Þ

The radial part of the wave function, ψE;JðrÞ, is an
approximate eigenfunction of the dimensionally reduced
Hamiltonian

ĤJ ¼ −
ℏ2

2m
Δr þ

ℏ2J2

2mr2
þ VðrÞ≡ −

ℏ2

2m
Δr þ VeffðrÞ;

ðA2Þ

where the radial component of the Laplace operator is given
by

Δr ¼ ∂
2
r þ

1

r
∂r; ðA3Þ

so that the (approximate) Schrödinger equation for the
wave function ψE;JðrÞ becomes

−
ℏ2

2m

�
ψ 00
E;J þ

1

r
ψ 0
E;J

�
þ VeffðrÞ · ψE;J ≃ E · ψE;J: ðA4Þ

This equation can be further simplified by introducing a
rescaled wave function ρE;JðrÞ≡ ffiffiffi

r
p

· ψE;JðrÞ. In terms of
this new function, Eq. (A4) can be rewritten as

−
ℏ2

2m
ρ00E;J þ

�
VðrÞ þ ℏ2ðJ2 − 1=4Þ

2mr2

�
· ρE;J ¼ E · ρE;J:

ðA5Þ

This equation can now be identified with the Schrödinger
equation for a resonance state in one spatial dimension,
subject to the modified potential

ṼðrÞ ¼ VðrÞ þ ℏ2ðJ2 − 1=4Þ
2mr2

¼ VeffðrÞ −
ℏ2

8mr2
: ðA6Þ

In the semiclassical limit of interest for our purpose, we can
now neglect the last term, leading us to recover the one-
dimensional WKB picture for the rescaled wave function
ρE;J. Equation (A5) can therefore be solved through the
usual technique, which we review for completeness.
We start by choosing the ansatz

ρE;JðrÞ ¼ N E;JeiαE;JðrÞ=ℏ; ðA7Þ

with some normalization constant N E;J. Through this
ansatz, Eq. (A5) can be rephrased as an equation for the
phase function αðrÞ,
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iℏα00E;J − ðα0E;JÞ2 ¼ 2mðVeffðrÞ − EÞ: ðA8Þ

The semiclassical limit then suggests to expand αE;J as a
series in ℏ, αE;J ¼ α0E;J þ ℏα1E;J þ…. Doing so allows us
to translate Eq. (A8) to a straightforward-to-solve differ-
ential equation for α0,

ðα0E;JÞ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VeffðrÞÞ

p
ðA9Þ

⇒ α0E;JðrÞ ¼ �
Z

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VeffðrÞÞ

p

¼ �i
Z

dr
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðVeffðrÞ − EÞ

p
: ðA10Þ

Together with Eq. (A7), this is sufficient to determine the
leading-order behaviour of the wave function,

ψE;JðrÞ ∼

8>>>>>><
>>>>>>:

C1 exp
h
i
ℏ

R
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VeffðrÞÞ

p i
þ C2 exp

h
− i

ℏ

R
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VeffðrÞÞ

p i
0 < r < r�

C3 exp
h
− 1

ℏ

R
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðVeffðrÞ − EÞp i

r� < r < rs

C4 exp
h
i
ℏ

R
dr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mðE − VeffðrÞÞ

p i
rs < r

; ðA11Þ

where we have neglected next-to-leading terms as well as
corrections to this form near the turning points r� and rs.
Equation (A11) is indeed sufficient to understand the
localization of the wave function: for r < r�, the lead-
ing-order radius dependence of the wave function is
restricted to its phase, allowing for a large probability
within this region. For r� < r < rs, the wave function
decays exponentially, with the semiclassical limit corre-
sponding to a parametrically large exponent. Thus, the
wave function can, again in the semiclassical limit, be
considered to be localized within the region r < r�.

APPENDIX B: FIXED-CHARGE TUNNELING IN
CONFIGURATION-SPACE COORDINATES

In this appendix, we reformulate the fixed-charge tun-
neling problem on a more abstract and geometric level,
making fully explicit its analogy with the quantum-
mechanical discussion. The basic idea is to view a
relativistic field theory as a mechanical system on an
infinite-dimensional configuration space. From this per-
spective, the treatment of a fixed conserved charge follows
the same structural logic as the treatment of a fixed angular
momentum in ordinary mechanics. In particular, one may
locally introduce coordinates on configuration space
adapted to the symmetry orbits, separating the direction
generated by the symmetry from the transverse directions.
This perspective is standard in geometric formulations of
field theory and is closely related, in a more physics-
oriented language, to the use of collective coordinates and
moduli-space variables. For general discussions along these
lines, see Refs. [36,37].
Throughout this appendix, we assume that the initial

state is already in a sector of fixed conserved charge Q.
Thus, unlike the projector-based or constrained-functional

derivations used in the main text, the fixed-Q condition is
now encoded directly in the wave functional of the initial
state. We will show in the following that this naturally leads
to the emergence of the analogue of the Routhian, in
complete parallel with the quantum-mechanical case.

1. Amplitude in terms of the initial wave functional

We consider a complex scalar field with action

S½ϕ;ϕ�� ¼
Z

d4x ∂μϕ�
∂
μϕ − Vðϕ�ϕÞ: ðB1Þ

The transition amplitude from an initial state of fixed
charge Q to a final field configuration ϕs at time Δt can be
written as

AQ½ϕs;ΔtjΣ�� ¼
Z
Σ�
DϕiΨQ½ϕi�DF½ϕs;Δtjϕi�; ðB2Þ

where ΨQ½ϕi� is the initial wave functional and

DF½ϕs;Δtjϕi� ¼
Z

ϕðδt;xÞ¼ϕsðxÞ

ϕð0;xÞ¼ϕiðxÞ
Dϕ exp ðiS½ϕ�Þ ðB3Þ

is the usual real-time kernel.
The fixed-charge assumption means that ΨQ transforms

as an eigenfunctional of the global Uð1Þ generator. If the
initial configuration is rotated globally as

ϕiðxÞ → eiθϕiðxÞ; ðB4Þ

the wave functional transforms as

ΨQ½eiθϕi� ¼ eiQθΨQ½ϕi�: ðB5Þ
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This is the field-theory analog of the factor eiJφ� in the
mechanical problem.
The global Uð1Þ symmetry acts on the full field

configuration, not pointwise on an independent mechanical
coordinate. Therefore, the natural coordinate conjugate to
the total charge Q is not the local phase field αðxÞ, but a
global coordinate on configuration space.
To make this explicit, we regard the field theory as a

mechanical system on the infinite-dimensional configura-
tion space C of field profiles ϕðxÞ. The Uð1Þ symmetry
generates one-dimensional orbits in C,

ϕðxÞ ↦ eiΘϕðxÞ: ðB6Þ
Locally on C, we may introduce coordinates adapted to
these orbits:

ϕðxÞ ¼ eiΘχðx;YÞ; ðB7Þ

where Θ parametrizes the global Uð1Þ orbit and YA denotes
a complete set of coordinates transverse to it. The label A is
generally infinite dimensional.
It is important to distinguish this decomposition from the

local polar parametrization

ϕðxÞ ¼ ρðxÞffiffiffi
2

p eiαðxÞ: ðB8Þ

The pair ðρ; αÞ consists of local fields defined pointwise in
physical space. By contrast, ðΘ; YAÞ are coordinates on the
space of full field configurations. In particular, Θ is a single
global coordinate, whereas αðxÞ is a local field.
Using (B7), the measure over initial configurations can

be written locally as

Dϕi ¼ dΘiDYiJ½Yi�; ðB9Þ

where J½Yi� is the Jacobian associated with the change of
coordinates on configuration space. Equation (B5) then
implies that

ΨQ½Θi; Yi� ¼ eiQΘiψQ½Yi�: ðB10Þ
The amplitude (B2) thus becomes

AQ½ϕs;ΔtjΣ��

¼
Z
Σi

dΘiDYiJ½Yi�eiQΘiψQ½Yi�DF½ϕs;ΔtjΘi; Yi�: ðB11Þ

2. Semiclassical exponent and boundary contribution

In the semiclassical approximation,

DF½ϕs;ΔtjΘi; Yi� ∼ exp ðiS½Θ; Y�Þ; ðB12Þ

where S½Θ; Y� denotes the action evaluated on the relevant
saddle connecting the initial configuration labeled by
ðΘi; YiÞ to the chosen final configuration. The amplitude
then takes the form

AQ½ϕs;ΔtjΣ�� ∼
Z

dΘiDYi expðiS½Θ; Y� þ iQΘi

þ logψQ½Yi� þ log J½Yi�Þ: ðB13Þ

The variation with respect to Θi yields

0 ¼ ∂

∂Θi
ðS½Θ; Y� þQΘiÞ ¼

∂S
∂Θi

þQ: ðB14Þ

Since Θ is the coordinate along the global symmetry orbit,
its canonically conjugate momentum is the total Noether
charge. Thus,

∂S
∂Θi

¼ −Qsadd; ðB15Þ

and the saddle condition enforces

Qsadd ¼ Q: ðB16Þ

Exactly as in the mechanical problem, the term QΘi is a
boundary contribution associated with the cyclic coordi-
nate. Up to a final-state phase that cancels in the tunneling
rate, it may be rewritten as

QΘi ¼ −
Z

Δt

0

dtQ Θ̇; ðB17Þ

so that the relevant semiclassical exponent is governed by

SR½Θ; Y;Q� ¼ S½Θ; Y� −
Z

Δt

0

dtQ Θ̇: ðB18Þ

This is the exact analogue of the mechanical Routhian
action.

3. Configuration-space Lagrangian and
reduced Routhian

We now derive the explicit configuration-space form of
the action. Using

ϕðxÞ ¼ eiΘχðx;YÞ; ϕ̇ ¼ eiΘðiΘ̇χ þ χ̇Þ; ðB19Þ

we find

jϕ̇j2 ¼ Θ̇ 2jχj2 þ iΘ̇ðχ�χ̇ − χ̇ �χÞ þ jχ̇j2: ðB20Þ

The spatial gradient does not depend on Θ,
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j∇ϕj2 ¼ j∇χj2; ðB21Þ

and similarly Vðϕ�ϕÞ ¼ Vðχ�χÞ.
The full Lagrangian can therefore be written as

LðΘ; Y; Θ̇; ẎÞ ¼ 1

2
I ½Y�Θ̇ 2 þAA½Y�Ẏ AΘ̇

þ 1

2
GAB½Y�Ẏ AẎ B −U½Y�; ðB22Þ

where

I ½Y� ¼ 2

Z
d3x χ�χ; ðB23Þ

AA½Y�ẎA ¼ i
Z

d3xðχ�χ̇ − χ̇ �χÞ; ðB24Þ

1

2
GAB½Y�Ẏ AẎ B ¼

Z
d3xχ̇ �χ̇; ðB25Þ

U½Y� ¼
Z

d3xðj∇χj2 þ Vðχ�χÞÞ: ðB26Þ

Here, U½Y� is the static energy functional, while I ½Y�,
AA½Y�, and GAB½Y� are the natural geometric data on the
reduced configuration space.
SinceΘ is cyclic, the conjugate momentum is conserved,

∂L
∂Θ

¼ 0; ⇒ PΘ ¼ ∂L

∂Θ̇
¼ I ½Y�Θ̇þAA½Y�Ẏ A: ðB27Þ

This momentum is precisely the total Noether charge,

PΘ ¼ Q: ðB28Þ

At fixed charge, the semiclassical exponent contains the
boundary contribution QΘi inherited from the transforma-
tion of the initial wave functional. Up to an analogous final-
state term, which is irrelevant for the present discussion,
this can be rewritten as

QΘi ⟶ −
Z

Δt

0

dtQΘ̇: ðB29Þ

The stationary-phase problem is therefore governed not by
the original configuration-space Lagrangian L, but by its
partial Legendre transform with respect to the cyclic
coordinate Θ, namely the fixed-Q Routhian

RðY; Ẏ;QÞ ¼ LðΘ; Y; Θ̇; ẎÞ −QΘ̇; ðB30Þ

where Θ̇ is eliminated using Eq. (B27). Solving Eq. (B27)
then leads to

Θ̇ ¼ Q −AA½Y�ẎA

I ½Y� : ðB31Þ

Substituting into Eq. (B30), we obtain

RðY; Ẏ;QÞ ¼ 1

2
GAB½Y�ẎAẎB − U½Y�

−
1

2I ½Y� ðQ −AA½Y�ẎAÞ2: ðB32Þ

This is the exact field-theory counterpart of the reduced
fixed-J Routhian in quantum mechanics.

4. Equations of motion at fixed charge

The reduced action is

SR½Y;Q� ¼
Z

Δt

0

dt RðY; Ẏ;QÞ: ðB33Þ

The fixed-charge equations of motion are therefore the
Euler-Lagrange equations for the transverse configuration-
space coordinates,

d
dt

δR
δẎ A −

δR
δYA ¼ 0: ðB34Þ

Using Eq. (B32), this becomes

0 ¼ d
dt

�
GABẎ B þAA

I
ðQ −ACẎ CÞ

�
−
1

2
∂AGBCẎ BẎ C

þ ∂AU þ 1

2
∂A

�
1

I

�
ðQ −ACẎ CÞ2

−
1

I
ðQ −ACẎCÞ∂AABẎB; ðB35Þ

where ∂A ≡ δ=δYA. This is the reduced equation of motion
for the fixed-Q tunneling problem in configuration-space
coordinates. The corresponding evolution of the cyclic
coordinate is obtained from Eq. (B31).

5. Steadyon and Euclidean formulations

Up to this point, the discussion in this appendix is
independent of the chosen time variable. In the steadyon
formulation, the original action is replaced by its regulated
version Sϵ,

SR;ϵ½Y;Q� ¼
Z

dtRϵðY; Ẏ;QÞ; ðB36Þ

with the regulated Routhian Rϵ (102).
The steadyon equations are then the Euler-Lagrange

equations associated with Rϵ,
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d
dt

δRϵ

δẎA −
δRϵ

δYA ¼ 0; ðB37Þ

together with the fixed-charge relation obtained from the
analog of Eq. (B27).
The leading tunneling exponent is controlled by the

imaginary part of the regulated Routhian action evaluated
on the relevant steadyon saddle,

logΓ ∼ −2 Im SR;ϵ½Yst;Q�: ðB38Þ

If the initial state carries a nonvanishing energy E, the usual
additional term proportional to the Euclidean traversal time
is recovered exactly as in the mechanical discussion.
Upon analytic continuation to Euclidean time, the same

construction yields the Euclidean Routhian action,

SE;R½Y;Q� ¼
Z

dτREðY; ∂τY;QÞ: ðB39Þ

If ΘE denotes the Euclidean continuation of the cyclic
coordinate, then

SE;R ¼ SE þ
Z

dτQ ∂τΘE: ðB40Þ

For a configuration with total Euclidean twist

η ¼ ΔΘE; ðB41Þ

this becomes

SE;R ¼ SE þ ηQ: ðB42Þ

The Euclidean equations of motion are the Euler-Lagrange
equations associated with RE, namely

d
dτ

δRE

δð∂τYAÞ −
δRE

δYA ¼ 0; ðB43Þ

and the leading tunneling exponent takes the form

logΓ ∼ −2SE;R½YI;Q�: ðB44Þ

6. Relation to the mechanical case

The above construction is completely identical to the
quantum-mechanical one. The only difference is that, in
ordinary mechanics, the reduced coordinates YA are finite
in number, while in field theory they label an infinite-
dimensional configuration space. In this sense, quantum
mechanics is simply the 0þ 1-dimensional version of the
same structure.
For instance, in 0þ 1 dimensions, a single complex

scalar reduces to an ordinary particle in two real dimen-
sions,

ϕðtÞ ¼ rðtÞffiffiffi
2

p eiφðtÞ; ðB45Þ

with

L ¼ 1

2
ṙ 2 þ r2

2
φ̇ 2 − Vðr2=2Þ; J ¼ ∂L

∂φ̇
¼ r2φ̇: ðB46Þ

The reduced fixed-J Routhian is then obtained exactly as
above by eliminating φ̇ in favor of J. The field-theory
construction presented here is therefore not merely analo-
gous to the mechanical one, but its exact infinite-dimen-
sional generalization.
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