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We investigate the dynamics of asymmetric binaries in extensions of general relativity (GR) featuring a
massless scalar field nonminimally coupled to gravity, focusing on the interplay between eccentricity and
inclination in fully generic bound orbits. Building on an effective field theory framework tailored to
extreme- and intermediate-mass-ratio inspirals, we compute scalar-field perturbations using a new
arbitrary-precision C++ code capable of evolving perturbations along generic Kerr geodesics, STORM.
We investigate the complete set of scalar fluxes at infinity and through the horizon across the relevant
parameter space and analyze their harmonic structure as a function of orbital geometry and black-hole spin.
Our results advance ongoing efforts to construct accurate waveform models for asymmetric binaries
beyond GR and lay the groundwork for precision tests of fundamental physics with next-generation
gravitational-wave detectors.
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I. INTRODUCTION

We are now more than a decade into the gravitational-
wave (GW) era. Laser Interferometer Gravitational-Wave
Observatory (LIGO), Virgo, and Kamioka Gravitational
Wave Detector (KAGRA) (LVK) have detected more than
200 events, reshaping our view of the Universe and
revealing the dynamics of black holes (BHs) in the highly
dynamical, strong-field regime of compact binary coales-
cences [1]. These observations have transformed GW

sources into unparalleled laboratories for fundamental
physics [2]. Ground-based interferometers have also
enabled searches for new physics beyond general relativity
(GR) or the Standard Model using comparable-mass
binaries with mass ratios up to ϵ ¼ m2=m1 ∼ 1=10 [3,4],
and have already placed stringent constraints on deviations
from GR [5–7].
The coming decade—driven by the advent of next-gen-

eration detectors on the ground [8,9] and in space [10–12],
together with the ambitious science goals of facilities
such as the Einstein Telescope and Laser Interferometer
Space Antenna (LISA) [13–17]—promises a transformative
leap in GW astronomy. These instruments will detect
sources across a far broader mass spectrum, including
populations that remain dim to current interferometers.
Among the most compelling targets are asymmetric

binaries with mass ratios ϵ ∼ 10−7 − 10−2, such as extreme-
and intermediate-mass-ratio inspirals (EMRIs/IMRIs).
Composed of stellar-mass compact objects inspiraling into
massive BHs, these systems can be tracked for hundreds of
thousands of orbital cycles—often on highly relativistic,
inclined, and eccentric trajectories—within the LISA band.
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Their rich harmonic structure and extended signal duration
enable subpercent precision in parameter estimation [18,19].
While asymmetric binaries are exceptionally promising

for fundamental-physics tests [15,20–34], modeling them
remains a substantial challenge.
Robust tests of gravity require accurate theoretical

predictions of BH dynamics and their GW emission both
within GR and in extensions beyond GR. The self-force
(SF) framework provides the leading methodology for
modeling asymmetric binaries in GR, leveraging the small
mass ratio as an expansion parameter within relativistic
perturbation theory [35–38]. Extending these models
beyond GR is considerably more demanding, owing to
additional fields, new couplings, and the absence of a Kerr-
like solution that could serve as the background spacetime
for perturbative analyses. Progress in this direction has
been made recently, with Refs. [39,40] developing a
formalism that generalizes Teukolsky’s equation to modi-
fied theories of gravity.
Effective field theory (EFT) methods have emerged as a

powerful toolkit for studying BH dynamics in extensions of
GR. Recent work [41] has applied this approach to
asymmetric binaries, exploiting their intrinsic mass hier-
archy to model their evolution in a broad class of theories
featuring massless scalar fields nonminimally coupled to
gravity, and showing that deviations from the Kerr geom-
etry of the primary are negligible at leading order in the
mass ratio, while the scalar charge of the secondary fully
determines the departure from GR. This enables the
construction of adiabatic-order waveforms that remain
modularly adaptable to existing GR templates and intro-
duce only one new parameter, the scalar charge d of the
secondary BH. The same framework has been embedded
within a genuine SF formalism to compute postadiabatic
corrections to the binary dynamics [42].
This analysis—which for brevity we shall call the EFT

approach—has been extended to a variety of orbital
configurations, including equatorial eccentric [43,44] and
spherical inclined [45] trajectories, as well as to fully
generic bound inspirals in recent analyses focused on the
evolution of EMRIs on arbitrary orbits [46]. In parallel, a
complementary line of work has applied SF methods to
model not only the inspiral but also the merger and
ringdown in theories beyond GR, under the small-mass-
ratio approximation [47]. Additional theoretical progress
has explored the impact of massive scalar fields using the
EFT approach in the context of circular orbits [48], time-
dependent scalar charges [49], and has further extended the
framework to vector fields, for circular and eccentric
[50–52] trajectories. The EFT approach has also been
exploited to show that the scalar charge of the secondary
can imprint strong, detectable signatures on EMRI wave-
forms [53,54]. Finally, scalar self-force studies were also
carried out for equatorial circular [55], equatorial eccentric
[56], spherical inclined [57], and generic orbits [58].

In this paper, we take a step further by generalizing the
framework introduced in Ref. [41] to describe the dynamics
of asymmetric binaries on fully generic orbits, simulta-
neously incorporating eccentricity and inclination in the
presence of massless scalar fields. To achieve this, we
integrate the scalar-field perturbation equations using Scalar

Tensor Orbital Radiation from EMRIs (STORM) [59], a new C++

code which computes perturbations along generic bound
geodesics with arbitrary-precision numerics. We character-
ize, for the first time within this framework, the full
spectrum of scalar fluxes emitted at the horizon and at
infinity as a function of the orbital parameters and the BH
spin. We examine in detail the structure and properties of
their harmonic content, analyzing the relative weight of
each mode in the overall flux emitted by the binary.
These developments complement ongoing efforts to

model compact-binary dynamics and waveforms beyond
GR and contribute to a broader program aimed at enabling
precision tests of fundamental physics with asymmetric
binaries. The present work is intended as a foundational
element of this program, providing both the theoretical
framework and numerical infrastructure upon which more
complete beyond-GR waveform models can be built.
In Sec. II, we review the theoretical framework. In

Sec. III, we discuss our results. Finally, in Sec. IV, we
draw our conclusions. Throughout the paper we use geo-
metric G ¼ c ¼ 1 units.

II. THEORETICAL SETUP

In this section, we detail the theoretical formalism used to
compute the scalar-led and gravitational-led fluxes along
generic orbits. We begin by describing the classes of beyond-
GR models we consider, discussing then how to determine
the equations of perturbations at the adiabatic order.

A. Scalar fields and EMRIs

We consider a general action describing a nonminimally
coupled, real, and massless scalar field ψ [42], as follows:

S½g;ψ ;Ψ� ¼ S0½g;ψ � þαSc½g;ψ � þSm½g;ψ ;Ψ�; ð1Þ
where g denotes the spacetime metric, S0 is the GR action

S0 ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π

�
R −

1

2
∂μψ∂

μψ

�
; ð2Þ

and R is the Ricci scalar. The nonminimal coupling
between the scalar field and the metric is encoded in the
term αSc, where the coupling constant α has dimensions, in
geometrized units, ðmassÞN . Matter fields, denoted by Ψ,
are described by the action Sm. In our setup, we assume that
either α ¼ 0, i.e., the contribution αSc vanishes, or α has
dimensions N > 1, defining in physical units a character-
istic energy scale above which interactions are suppressed.
This choice includes the vast majority of scalar-tensor
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gravity theories that are currently of interest, including
Bergmann-Wagoner theories (for which α ¼ 0), all shift-
symmetric Horndeski theories that admit Minkowski as a
solution [60], as well as all known scalarization models
[61–66].1
Varying the action (1) with respect to the field content

yields the equations of motion:

Gμν ¼ 8πTscal
μν þ αTc

μν þ Tm
μν; □ψ ¼ αTc þ Tm; ð3Þ

where □ ¼ ∇μ∇μ, Tscal
μν ¼ 1

16π ½∂μψ∂νψ − 1
2
gμνð∂ψÞ2�, and

Tc
μν ¼ −

16πffiffiffiffiffiffi−gp δSc
δgμν

; Tm ¼ −
16πffiffiffiffiffiffi−gp δSm

δψ
: ð4Þ

Solving for the metric and scalar field requires addressing
the coupled system (3). However, the mass asymmetry
characteristic of EMRIs naturally simplifies the problem,
allowing tensor and scalar perturbations to decouple at
leading dissipative order in the mass ratio. A rigorous
treatment of this decoupling within an SF framework,
including postadiabatic corrections, was developed in
Ref. [42], to which we refer for details. Here, we present
the fundamental equations governing the leading-order
perturbations and their application to generic orbits.
We consider binaries in which the primary is a BH of

mass M, and the secondary a compact object of mass
mp ≪ M. Thus, the field equations (3) can be solved
perturbative in the mass ratio ϵ ¼ mp=M ≪ 1. Moreover,
this choice leads to a hierarchy of scales, in which the
secondary body, with a typical length-scale ∼mp, moves in
the “exterior” spacetime of the primary, with the larger
length-scale ∼M. We can then use an EFT (or “skeleton-
ized”) approach [69–71], in which the matter action is
replaced by the particle action

Sp ¼ −
Z
γ
mðψÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gμν

dyμp
dτ

dyνp
dτ

r
dτ; ð5Þ

where γ: τ → yμpðτÞ is the worldline of the secondary body,
in a coordinate system fyμg. In the length-scale of the
exterior spacetime, the secondary body is treated as a
pointlike object, and the function mðψÞ—encoding the
coupling of the body with the scalar field—is evaluated at
its location.
When α ¼ 0, the exterior spacetime is solution to the

Einstein-Klein-Gordon field equations and thus, due to no-
hair theorems [72–76] is described by the Kerr metric with
a constant scalar field. When α ≠ 0, assuming that for
α → 0 the solutions of Eq. (3) are continuously connected

to GR, any corrections to the Kerr metric must depend on
the dimensionless parameter

ζ ¼ α

MN ¼ ϵN
α

mN
p
; ð6Þ

where, as discussed above, we are assuming N > 1.
Astrophysical observations in both GW and electromag-
netic spectra for stellar-mass sources constrain α=mN

p ≲
Oð1Þ [6,7,77–80]. Therefore, ζ ≲ ϵN ≪ 1, implying that
deviations from the Kerr background can be safely
neglected at leading adiabatic order, and the background
scalar field is constant due to no-hair theorems. Crucially,
Eq. (6) also allows us to use ϵ as a single bookkeeping
parameter to describe both metric and scalar perturbations,
as in the gravitational SF formalism in GR:

gμν¼ gð0Þμν þ ϵhð1Þμν þ…; ψ ¼ψ ð0Þ þ ϵψ ð1Þ þ…: ð7Þ

At zeroth order in the mass ratio, the background spacetime

gð0Þμν is the Kerr metric, and the scalar field ψ ð0Þ, arising from
S0, is constant and can be set to zero without loss of
generality.
The first-order perturbations, hð1Þμν and ψ ð1Þ, correspond-

ing to the leading dissipative SF contribution, are sourced
by the secondary object. In the field equations (3), the
contributions of Tscal

μν and δSc=δψ , which are at least
quadratic in ϵ, can be neglected. Since mp ≪ M, there
exists a buffer region inside the world tube of the secondary
object where the scalar field admits a multipolar decom-
position. In a local coordinate frame fx̃μg centered on the
secondary, this region is determined by the condition
mp ≪ r̃ ≪ M, where r̃ is the spatial distance from the
worldline of the secondary. Within this region, the scalar
field solution is

ψ ð1Þ ¼ mpd

r̃
þOðm2

p=r̃2Þ; ð8Þ

where the dimensionless constant d is called the scalar
charge of the secondary body, and measures the leading
monopole term in the scalar multipolar expansion. Note
that d is not a conserved, Noether charge.
Substituting the expansion (8) into the scalar field

equation yields the matching conditions, as follows:

mp ¼ mðψÞjψ¼0; d ¼ −4
m0ðψÞ
mp

����
ψ¼0

: ð9Þ

Expanding the field equations (3) at linear order in ϵ, with
the source term given by Sp, yields decoupled equations for
the metric and scalar perturbations, as follows:

1Chern-Simons gravity [67] is also formally covered by our
action if one takes ϕ to be a pseudoscalar. However, in that case,
the scalar charge is dipolar [68], which will not be covered by our
analysis of the particle action below.
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Gαβ½hð1Þαβ � ¼ 8πmp

Z
δð4Þðx − ypðτÞÞffiffiffiffiffiffi−gp dyαp

dτ
dyβp
dτ

dτ; ð10Þ

□ψ ð1Þ ¼ −4πdmp

Z
δð4Þðx − ypðτÞÞffiffiffiffiffiffi−gp dτ; ð11Þ

where

Gμν½hð1Þαβ � ¼
d
dλ

Gμν½gð0Þαβ þ λhð1Þαβ �
���
λ¼0

ð12Þ

is the linearized Einstein operator acting on hαβ.
Equations (10) coincide with those of GR, leading to the
Teukolsky equations for Kerr perturbations. The scalar field
equation, by contrast, contains an integral encoding the
orbital dynamics of the secondary and depends on the
scalar charge d, which sets the overall amplitude of ψ ð1Þ.
The field equations (10)–(11) show that at leading order

in the mass ratio ϵ, the dynamics depend on the underlying
modified theory of gravity only through the scalar charge d
appearing in the source term of Eq. (11). Any dependence
on the fundamental coupling α entering the interaction
sector Sc is therefore encoded implicitly in the relation
between the coupling α and the scalar charge d. As
discussed in Ref. [41], this property makes the framework
completely agnostic with respect to the expression of the
interaction terms included in Sc.
This observation has important practical consequences.

At leading order in the mass ratio, waveform modeling and
data analysis can be performed directly in terms of the
phenomenological parameter d, without specifying a par-
ticular modified theory of gravity. In the remainder of this
work, we therefore treat d as the fundamental parameter
controlling beyond-GR effects.
Once a specific theory is selected, measurements or

constraints on d can be translated into measurements or
constraints on the corresponding fundamental coupling
through the theory-dependent relation d ¼ dðαÞ. For exam-
ple, in shift-symmetric scalar Gauss-Bonnet gravity, for
BHs regularity, conditions at the horizon fix d to depend on
the BH mass and on the fundamental coupling as
d ∝ α=M2

BH, with a proportionality coefficient of order
unity [81–83]. Therefore, any observational bound on d can
be immediately reinterpreted as a bound on α. Analogous
mappings can be constructed for other theories once the
corresponding relation between the scalar charge and the
fundamental couplings is known.

B. Orbital motion

At adiabatic order, the trajectory of a small compact
object during inspiral follows a sequence of geodesics
around the primary, described by the Kerr metric. In Boyer-
Lindquist coordinates xμ ¼ ðt; r; z ¼ cos θ;ϕÞ, the line
element reads

ds2 ¼ −
�
1 −

2Mr
Σ

�
dt2 −

4Marð1 − z2Þ
Σ

dtdϕ

þ Σ
Δ
dr2 þ Σ

1 − z2
dz2 þ 1 − z2

Σ
½2Ma2rð1 − z2Þ

þ ða2 þ r2ÞΣ�dϕ2; ð13Þ

where j ¼ aM is the BH angular momentum, and

Δ ¼ r2 − 2Mrþ a2 ¼ ðr − rþÞðr − r−Þ;
Σ ¼ r2 þ a2z2;

with r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
, and � denoting the inner and

outer horizons.
Geodesics in Kerr spacetime admit four conserved

quantities: the normalization of the four-velocity uμ ¼
dxμ=dτ (uμuμ ¼ −1), the specific energy E, the azimuthal
angular momentum L, and the Carter constant Q, the latter
arising from the Killing tensor Kμν [84], as follows:

E ¼ −gttṫ − gtϕϕ̇ ð14Þ

L ¼ gϕtṫþ gϕϕϕ̇; ð15Þ

Q ¼ uμKμνuν − ðL − aEÞ2: ð16Þ

With these conserved quantities, the geodesic equations
take the form [85]

�
dr
dλ

�
2

¼ RðrÞ

¼ ½Eðr2 þ a2Þ − aL�2 ð17Þ

−Δ½r2 þ ðL − aEÞ2 þQ�; ð18Þ
�
dz
dλ

�
2

¼ ΘðzÞ

¼ Q − z2½a2ð1 − E2Þð1 − z2Þ þ L2 þQ�; ð19Þ

dt
dλ

¼ Tðr; zÞ

¼ E
�ðr2 þ a2Þ2

Δ
− a2ð1 − z2Þ

�

þ aL
�
1 −

r2 þ a2

Δ

�
; ð20Þ

dϕ
dλ

¼ Φðr; zÞ

¼ L
1 − z2

þ aE
�
r2 þ a2

Δ
− 1

�
−
a2L
Δ

; ð21Þ
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where τ is the proper time and λ the Mino time [86], defined
by dλ ¼ dτ=Σ. We focus on bound orbits, characterized by
0 ≤ E < 1 and Q ≥ 0 [87].
The radial potential RðrÞ is a quartic polynomial that

factorizes as

RðrÞ ¼ ð1 − E2Þðr1 − rÞðr − r2Þðr − r3Þðr − r4Þ; ð22Þ

with roots r4 ≤ r3 ≤ r2 ≤ r1. The radial motion is confined
between the turning points r2 ≤ r ≤ r1. Similarly, the polar
potential can be written as

ΘðzÞ ¼ ðz2 − z21Þ½a2ð1 − E2Þz2 − z22�; ð23Þ

so that the motion in z is bounded between �z1, corre-
sponding to polar angles θmin ¼ arccos jz1j and
θmax ¼ π − θmin. Both radial and polar motions are peri-
odic, with fundamental periods Λr and Λz in Mino time
such that

yiðλþ ΛiÞ ¼ yiðλÞ; i∈ fr; zg: ð24Þ

Introducing angle variables2

qr ¼ λϒr; qz ¼ λϒz þ π=2; ð25Þ

the radial and polar coordinates become 2π-periodic
functions of ðqr; qzÞ, with ϒr and ϒz denoting the radial
and polar frequencies in Mino time.
Explicit solutions can be written in terms of Jacobi

elliptic functions [88]:

rðqrÞ ¼
r3ðr1 − r2Þsn2ðKðkrÞπ qrjkrÞ − r2ðr1 − r3Þ
ðr1 − r2Þsn2ðKðkrÞπ qrjkrÞ − ðr1 − r3Þ

; ð26Þ

zðqzÞ ¼ z1sn

�
KðkzÞ

2qz
π

����kz
�
; ð27Þ

where KðkÞ is the complete elliptic integral of the first kind
and snðujkÞ the Jacobi elliptic sine. Their definitions and
conventions are summarized in Appendix A.
The additional roots r3, r4 and constant z2 relate to r1,

r2, z1 as

r3 ¼
1

1 − E2
−
r1 þ r2

2

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
r1 þ r2

2
−

1

1 − E2

�
2

−
a2Q

r1r2ð1 − E2Þ

s
; ð28Þ

r4 ¼
a2Q

r1r2r3ð1 − E2Þ ; ð29Þ

z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2ð1 − E2Þ þ L2

1 − z21

s
; ð30Þ

with elliptic moduli

kr ¼
ðr1 − r2Þðr3 − r4Þ
ðr1 − r3Þðr2 − r4Þ

; kz ¼ a2ð1 − E2Þ z
2
1

z22
: ð31Þ

From these solutions, the frequencies are

ϒr ¼
π

2KðkrÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − E2Þðr1 − r3Þðr2 − r4Þ

q
; ð32Þ

ϒz ¼
πz2

2KðkzÞ
: ð33Þ

The geodesic equations for t and ϕ can be solved
analogously. Equation (20) can be decomposed as

Tðr; zÞ ¼ Tt þ TrðrÞ þ TzðzÞ; ð34Þ
where Tt is independent of r and z. Integrating Tðr; zÞ
yields

tðλÞ ¼
Z

TrðrÞ
dr=dλ

drþ
Z

TzðzÞ
dz=dλ

dzþ Ttλ; ð35Þ

leading to the solution

tðqt; qr; qzÞ ¼ qt þ trðqrÞ þ tzðqzÞ; ð36Þ

with tr and tz expressed in terms of elliptic integrals, as
follows:

trðqrÞ ¼ t̃r

�
am

�
KðkrÞ

qr
π

����kr
��

−
t̃rðπÞ
2π

qr; ð37aÞ

tzðqzÞ ¼ t̃z

�
am

�
KðkzÞ

qz
π

����kz
��

−
t̃zðπÞ
2π

qz; ð37bÞ

where am is the Jacobi amplitude function. Applying the
same procedure to ϕ, we find

ϕðqϕ; qr; qzÞ ¼ qϕ þ ϕrðqrÞ þ ϕzðqzÞ; ð38Þ
where

ϕrðqrÞ ¼ ϕ̃r

�
am

�
KðkrÞ

qr
π

����kr
��

−
ϕ̃rðπÞ
2π

qr; ð39aÞ

ϕzðqzÞ ¼ ϕ̃z

�
am

�
KðkzÞ

qz
π

����kz
��

−
ϕ̃zðπÞ
2π

qz: ð39bÞ

2These quantities can be shifted by arbitrary initial phases. We
choose zð0Þ ¼ z1, zðπÞ ¼ −z1, rð0Þ ¼ r2, and rðπÞ ¼ r1,
allowing consistent integration over qr ∈ ½0; π� in the computation
of adiabatic fluxes.
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The phases qt and qϕ represent the secularly growing linear
parts of the motion,

qi ¼ ϒiλ; ϒi ¼ ϒ̃i;r þ ϒ̃i;z; i ¼ t;ϕ; ð40Þ

where the functions t̃r; t̃z; ϕ̃r; ϕ̃z; ϒ̃i;r; ϒ̃i;z are listed in
Appendix B.
So far, we have discussed geodesic motion in terms of

fE;L;Qg. It is convenient to parametrize geodesics using
orbital parameters p, e, and θinc, namely the semilatus
rectum, the eccentricity, and the inclination angle measured
with respect to the equatorial plane. In terms of these
quantities, the radial and polar turning points r1, r2, and
z1 are

r1 ¼
p

1 − e
; r2 ¼

p
1þ e

; z1 ¼ sin θinc: ð41Þ

Given the orbital elements r1, r2, and z1, the constants of
motion fE;L;Qg can be computed as

E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κρþ 2ϵσ − 2a

ffiffiffiffiσ
a2

p ðσϵ2 þ ρϵκ − ηκ2Þ
ρ2 þ 4ησ

s
; ð42Þ

L ¼ −
gðr2ÞE
hðr2Þ

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðgðr2Þ2 þ hðr2Þfðr2ÞÞE2 − hðr2Þdðr2Þ

p
hðr2Þ

; ð43Þ

Q ¼ z21

�
a2ð1 − E2Þ þ L2

1 − z21

�
; ð44Þ

where the auxiliary coefficients are defined as

κ ¼ dðr2Þhðr1Þ − dðr1Þhðr2Þ; ð45Þ

ϵ ¼ dðr2Þgðr1Þ − dðr1Þgðr2Þ; ð46Þ

ρ ¼ fðr2Þhðr1Þ − fðr1Þhðr2Þ; ð47Þ

η ¼ fðr2Þgðr1Þ − fðr1Þgðr2Þ; ð48Þ

σ ¼ gðr2Þhðr1Þ − gðr1Þhðr2Þ; ð49Þ

and the functions dðrÞ, fðrÞ, gðrÞ, and hðrÞ read

dðrÞ ¼ ΔðrÞðr2 þ a2z21Þ; ð50Þ

fðrÞ ¼ r4 þ a2ðrðrþ 2Þ þ z21ΔðrÞÞ; ð51Þ

gðrÞ ¼ 2ar; ð52Þ

hðrÞ ¼ rðr − 2Þ þ z21ΔðrÞ
1 − z21

: ð53Þ

C. Scalar field perturbations

Since the equations governing the metric perturbations
coincide with those of GR, we focus here on the compu-
tation of scalar field perturbations sourced by the secondary
charged BH orbiting the massive primary. We emphasize,
however, that our numerical framework is fully capable of
treating both scalar and tensor modes, as discussed in
Sec. III.
The equation for ψ ð1Þ, Eq. (11), can be written explicitly

in Boyer-Lindquist coordinates as [89]

�ðr2 þ a2Þ2
Δ

− a2sin2θ

�
∂
2ψ ð1Þ

∂t2
þ 4Mar

Δ
∂
2ψ ð1Þ

∂t∂ϕ

þ
�
a2

Δ
−

1

sin2θ

�
∂
2ψ ð1Þ

∂ϕ2
−

∂

∂r

�
Δ
∂ψ ð1Þ

∂r

�

−
1

sin θ
∂

∂θ

�
sin θ

∂ψ ð1Þ

∂θ

�
¼ −4πΣT: ð54Þ

The scalar field ψ ð1Þðt; r; θ;ϕÞ and the source term
Tðt; r; θ;ϕÞ admit expansions in spin-weighted spheroidal
harmonics. In the frequency domain, after a Fourier trans-
form, they read

ψ ð1ÞðxμÞ ¼
Z

dω
X
lm

R̃lmðω; rÞSlmðω; θÞeimϕe−iωt; ð55Þ

JðxμÞ ¼ 4πΣTðxμÞ

¼
Z

dω
X
lm

J̃lmðω; rÞSlmðω; θÞeimϕe−iωt: ð56Þ

Here l ¼ 0;…;∞ and −l ≤ m ≤ l. The decomposition
(55)–(56) decouples the Teukolsky equation into angular
and radial parts. The angular equation is

�
1

sin θ
d
dθ

�
sin θ

d
dθ

�
− γ2sin2θ −

m2

sin2θ

þ 2mγ þ λlm

�
Slm ¼ 0; ð57Þ

where γ ¼ aω, and λlm is the angular eigenvalue. The
solutions Slmðω; θÞ are spin-weighted spheroidal harmon-
ics, satisfying the orthogonality relationZ

dΩSlmðω; θÞeimϕS�l0m0 ðω; θÞe−im0ϕ ¼ δll0δmm0 : ð58Þ

The radial functions R̃lmðω; rÞ satisfy the inhomogeneous
equation
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d
dr

�
Δ
dR̃lm

dr

�
þ
�
K2

Δ
− λlm

�
R̃lm ¼ J̃lm; ð59Þ

where Kðω; rÞ ¼ ðr2 þ a2Þω − am. The solution to
Eq. (59) can be found with the standard Green’s function
method:

R̃lm ¼ R̃þ
lm

Z
r

rþ
dr0

R̃−
lmJ̃lm
WlmΔ

þ R̃−
lm

Z
∞

r
dr0

R̃þ
lmJ̃lm
WlmΔ

; ð60Þ

where R̃−
lm (R̃þ

lm) denote the purely ingoing (outgoing)
solution at the horizon (infinity) of the homogeneous
equation and the Wronskian is

Wlm ¼ dR̃þ
lm

dr
R̃−
lm − R̃þ

lm
dR̃−

lm

dr
: ð61Þ

The asymptotic behavior of the solutions R̃�
lm are easier to

find if we introduce the auxiliary functions:

Ỹ�
lmðω; rÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ a2

p
R̃�
lmðω; rÞ; ð62Þ

which satisfies the homogeneous equation

d2

dr2⋆
Ỹ�
lm þ VỸ�

lm ¼ 0; ð63Þ

where r⋆ is the tortoise coordinate defined by

dr⋆
dr

¼ r2 þ a2

Δ
; ð64Þ

and the effective potential is

Vðω; rÞ ¼ Kðω; rÞ2 − λlmΔðrÞ
ðr2 þ a2Þ2 −GðrÞ2 − dGðrÞ

dr⋆
; ð65Þ

with G ¼ rΔ
ðr2þa2Þ2.

At spatial infinity (r → ∞, r⋆ → ∞) and near the
horizon (r → rþ, r⋆ → −∞), Eq. (63) reduces to

d2

dr2⋆
Ỹ�
lm þ ω2Ỹ�

lm ¼ 0 ðr⋆ → þ∞Þ; ð66aÞ

d2

dr2⋆
Ỹ�
lm þ k2Ỹ�

lm ¼ 0 ðr⋆ → −∞Þ; ð66bÞ

where k ¼ ω −mωþ and ωþ ¼ a=ð2MrþÞ.
From Eq. (66), we find the asymptotic behavior of the

functions Ỹ�
lm, i.e., Ỹ

−
lm ∼ e−ikr⋆ for r → −∞ and Ỹþ

lm ∼
eþiωr⋆ for r → þ∞. From these, using Eq. (62), we find the
asymptotic behavior of the functions R̃�

lm. We choose their
normalizations such that

R̃−
lm → e−ikr⋆ ðr⋆ → −∞Þ; ð67aÞ

R̃−
lm → Ain

lm
e−iωr⋆

r
þ Aout

lm
eiωr⋆

r
ðr⋆ → þ∞Þ; ð67bÞ

and

R̃þ
lm → Bin

lme
−ikr⋆ þ Bout

lme
ikr⋆ ðr⋆ → −∞Þ; ð68aÞ

R̃þ
lm →

eiωr⋆

r
ðr⋆ → þ∞Þ: ð68bÞ

The radial solution R̃lm in Eq. (60) is ingoing (outgoing) at
the horizon (infinity) by construction and its asymptotic
amplitude δψ̃−

lm (δψ̃þ
lm), i.e.,

δψ̃∓
lmðωÞ ¼

Z þ∞

rþ
dr

R̃�
lmðω; rÞJ̃lmðω; rÞ
Wlmðω; rÞΔðrÞ

; ð69Þ

is the physical relevant quantity for computing GW fluxes.
In Eq. (69), the productWΔ is independent of r; evaluating
it as r → ∞ gives

wlmðωÞ ¼ Wlmðω; rÞΔðrÞjr→∞ ¼ 2iωAin
lmðωÞ: ð70Þ

D. The source term

We now turn our attention on the frequency-domain
components, J̃lmðω; rÞ, that appear as source terms of the
scalar field equation (59),

J̃lmðω; rÞ ¼
1

2π

Z þ∞

−∞
dt
Z

sin θ dθ dϕ Slmðω; θÞ

× eiωt−imϕJðt; r; θ;ϕÞ; ð71Þ

where the time-domain source reads [see Eq. (11)]

J ¼ 4πmpd
δðr − rpÞδðθ − θpÞδðϕ − ϕpÞ

j sin θjṫ ; ð72Þ

with ṫ ¼ dt=dτ. The functions rp, θp, and ϕp denote the
coordinates of the secondary, and depend on the coordinate
time, e.g., rp ¼ rpðtÞ. Swapping the order of the time and
spatial integrals, replacing Eq. (72) into Eq. (71), and
performing the angular integrals, we get

J̃lm ¼ 2mpd
Z þ∞

−∞

dt
ṫ
Slmeiðωt−mϕÞδðr − rpÞ

����ϕ¼ϕp
θ¼θp

; ð73Þ

where we used j sinðθÞj ¼ sin θ since θ∈ ½0; π�.
Plugging Eq. (73) in Eq. (69) and performing the

integration over r, we get the explicit expression of the
mode amplitudes δφ̃�

lm, as follows:
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δψ̃∓
lm ¼ 2mpd

wlm

Z þ∞

−∞

dt
ṫ
eiðωt−mϕÞR̃�

lmSlm

����ϕ¼ϕp
θ¼θp
r¼rp

: ð74Þ

Writing the t and ϕ particles’ coordinates in terms of the
Mino time λ, we obtain

tðλÞ ¼ ϒtλþ trðrðλÞÞ þ tθðθðλÞÞ;
ϕðλÞ ¼ ϒϕλþ ϕrðrðλÞÞ þ ϕθðθðλÞÞ; ð75Þ

where ϒi are the Mino frequencies; the mode coefficients
read

δψ̃∓
lm ¼ 2mpd

wlm

Z þ∞

−∞
dλeiðωϒt−mϒϕÞλI�

lm; ð76Þ

with

I�
lmðω; rðλÞ; θðλÞÞ ¼ ei½ωðtrðrÞþtθðθÞÞ−mðϕrðrÞþϕθðθÞÞ�

× Σðr; θÞR̃�
lmðω; rÞSlmðω; θÞ

���r¼rpðλÞ
θ¼θpðλÞ

:

ð77Þ

Since I� is a periodic function of λ, it admits a Fourier
expansion

I�
lm ¼

X
kn

Î�
lmkne−iðkϒθþnϒrÞλ; ð78Þ

where k and n are the angular and radial harmonic index
respectively, with coefficients

Î�
lmknðωÞ ¼

1

ð2πÞ2
Z

2π

0

dqθ

Z
2π

0

dqreiðkqθþnqrÞ

× I�
lm½ω; rðqrÞ; θðqθÞ�; ð79Þ

where we used the angle variables qr and qθ defined in
Eq. (25). Inserting Eq. (77) into Eq. (76), we obtain:

δψ̃�
lmðωÞ ¼

X
kn

δψ̂�
lmknδðω − ωmknÞ; ð80Þ

with

ωmkn ¼ kΩθ þ nΩr þmΩϕ; Ωi ¼
ϒi

ϒt
; ð81Þ

and

δψ̂∓
lmkn ¼

mpd

πwϒt

Z
2π

0

dqθ

Z
2π

0

dqreiðkqθþnqrÞ

× I�
lmðωmkn; rðqrÞ; θðqθÞÞ: ð82Þ

Noting that (with i ¼ r, θ), we obtain

rðqiÞ ¼ rð−qiÞ;
tiðqiÞ ¼ −tið−qiÞ;
ϕiðqiÞ ¼ −ϕið−qiÞ; ð83Þ

we can further simplify the domain of integration. Indeed,
applying these symmetries to the integrand in Eq. (82), the
amplitudes of the radial Teukolsky function become

δψ̂∓
lmkn¼

4mpd

wπϒt

Z
π

0

dqθ

Z
π

0

dqrΣR̃�
lmðω;rpðqrÞÞSlmðθpðqθÞ;ωÞcos½nqrþωtrðqrÞ−mϕrðqrÞ�cos½nqθþωtθðqθÞ−mϕθðqθÞ�

¼ 4mpd

wπϒt
ðIð1Þθ I�ð2Þ

r þ Ið2Þθ I�ð1Þ
r Þ; ð84Þ

where

Ið1Þθ ¼
Z

π

0

dqθ SlmðθpðqθÞ;ωÞ cos½kqθ þ ωtθðqθÞ −mϕθðqθÞ�;

Ið2Þθ ¼
Z

π

0

dqθ a2cos2ðθpðqθÞÞSlmðθpðqθÞ;ωÞ cos½kqθ þ ωtθðqθÞ −mϕθðqθÞ�;

I�ð1Þ
r ¼

Z
π

0

dqr R̃�
lmðω; rpðqrÞÞ cos½nqr þ ωtrðqrÞ −mϕrðqrÞ�;

I�ð2Þ
r ¼

Z
π

0

dqr r2pðqrÞR̃�
lmðω; rpðqrÞÞ cos½nqr þ ωtrðqrÞ −mϕrðqrÞ�: ð85Þ
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E. Energy and angular momentum scalar fluxes

The energy and angular momentum fluxes associated to
the scalar field perturbation, carried away at the horizon (−)
and at infinity (þ), can be computed as

Ė� ¼∓Δ
Z

Tscal
tr dΩ; L̇� ¼∓Δ

Z
Tscal
ϕr dΩ; ð86Þ

where the components of the stress-energy tensor needed to
determine Ė� and L̇� are

Tscal
jr ¼ 1

16π
∂jψ∂rψ ¼ 1

16π
∂jψð∂rψÞ�; j¼ft;ϕg; ð87Þ

since the scalar field is real. From the spheroidal harmonics
expansion (55), and the asymptotic behavior of the radial
function R̃lmðω; rÞ at the horizon and at spatial infinity,
Eqs. (67) and (68), we find

ψlm ∼ e−iωte−ikr⋆Slmeimϕ r → rþ

ψlm ∼ e−iωt
eiωr⋆

r
Slmeimϕ r → þ∞: ð88Þ

From this, we find the t and ϕ derivatives of the scalar field
in both limits r → rþ, r → þ∞, as follows:

∂tψ ¼ −iωψ ; ∂ϕψ ¼ imψ ; ð89Þ

while the derivative respect to the radial coordinate shows
different asymptotic behaviors, as follows:

ð∂rψÞ� ∼ eiωt
r2 þ a2

Δ
ð−ikÞeikr⋆Slme−imϕ r → rþ;

ð∂rψÞ� ∼ eiωtð−iωÞ e
−iωr⋆

r
Slme−imϕ r → þ∞: ð90Þ

Using the orthogonality properties of the spheroidal har-
monics, Eq. (58), we obtain the final expressions for the
energy fluxes at infinity and at the horizon3:

Ėþ ¼
X
lmnk

Ėþ
lmnk

¼ 1

16π

X
lmnk

ω2
mnkjδψþ

lmnkj2;

Ė− ¼
X
lmnk

Ė−
lmnk

¼ 1

16π

X
lmnk

ωmnkkmnkjδψ−
lmnkj2ðr2þ þ a2Þ; ð91Þ

and for the angular momentum fluxes at infinity and at
horizon:

L̇þ ¼
X
lmnk

L̇þ
lmnk

¼ 1

16π

X
lmnk

mωmnkjδψþ
lmnkj2;

L̇− ¼
X
lmnk

L̇−
lmnk

¼ 1

16π

X
lmnk

mkmnkjδψ−
lmnkj2ðr2þ þ a2Þ; ð92Þ

with kmnk ¼ ωmnk −mωþ. Note that since each flux mode
satisfies L̇�

lmnk ¼ ðm=ωmnkÞĖ�
lmnk, the angular momentum

fluxes can be straightforwardly obtained from the energy
fluxes (and vice versa). The same applies to the rate of
change of the Carter constant, which can be obtained from
the energy and angular momentum fluxes [46,90,91].
In Eqs. (91) and (92), we have neglected possible

couplings among different ðn; kÞ modes. Indeed, some
harmonics can give rise to resonances [92]: their averaged
crossing term is not vanishing and it contributes to the
energy and angular momentum fluxes. It occurs if

∃ k; n∈Z∶ kΩϕ þ nΩθ ¼ 0: ð93Þ

Resonances contribute at order ϵ−1=2 in the waveform
frequency, and they can be consistently neglected at leading
order ϵ [93]. In this regard, a resonant scalar self-force
model was presented in Ref. [94].

III. RESULTS

To compute scalar fluxes we use STORM, a new C++

framework designed to model the evolution of asymmetric
binaries in generic extensions of GR [59]. The code
supports arbitrary-precision arithmetic through the
Boost multiprecision library [95], and implements all
numerical ingredients required to evaluate perturbations of
spinning BHs. Its structure is organized into seven main
modules:

(i) SpinWeightedSpheroidalHarmonics eval-
uates the homogeneous solutions of the angular
Teukolsky equation for arbitrary spin weight s,
providing the angular basis functions used in the
mode decomposition;

(ii) RadialHomogeneousSolution computes the
solutions of the homogeneous radial Teukolsky
equation for arbitrary field spin s, which are required
to construct the radial Green’s function;

(iii) GeodesicOrbitalMotion integrates the geo-
desic motion of the secondary along eccentric and
inclined Kerr orbits (see Sec. II B), supplying the
source trajectories for the perturbation equations;

3Notice that the expression for the horizon flux differs from
that in Ref. [53] due to a different normalization of the ingoing
solution for the homogeneous equation that was adopted there.
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(iv) ScalarFluxMode evaluates the energy flux of
individual scalar modes [c.f., Eq. (91)];

(v) GravitationalFluxMode evaluates the energy
flux of individual gravitational modes;

(vi) special_functions provides high-accuracy
implementations of complex special functions, in-
cluding the Γ function and hypergeometric func-
tions, which appear in the analytic solutions of the
Teukolsky equations; and

(vii) config: a configuration file which allows the user
to select the numerical data type (e.g., double or
multiprecision) and to set the tolerance parameters
controlling all iterative procedures. In this way, the
user can balance computational cost and numerical
accuracy according to the requirements of the
specific application.

A detailed description of the numerical methods used
to solve the angular and radial Teukolsky equations is
provided in Appendix C.
With this computational infrastructure in hand, we carry

out a systematic exploration of the scalar radiation emitted
by generic binaries, mapping out the full four-index mode
structure ðl; m; n; kÞ associated with general trajectories,
both inclined and eccentric.
Spectra of the scalar fluxes shown hereafter are gen-

erated by fixing the orbital parameters ða; e; p; θincÞ and the
angular mode numbers ðl; mÞ, while performing a system-
atic scan in the ðk; nÞ harmonic plane.
For a given value of k, the Fourier index n is first set to

n ¼ 0 and then scanned toward both positive and negative
values. All mode contributions to the energy flux with

jĖ�
lmknj < ¯̇E�

lmkn ¼ 10−30 are set to zero. Here we take the
absolute value, since Ė−

lmkn can take negative values. The
scan in a given direction is terminated once three
consecutive values of n yield vanishing contributions.
This procedure is repeated for successive values of k,
starting from k ¼ 0 and scanning toward both positive
and negative k. In each direction, the scan over k is
stopped when the sum over n of the corresponding
modes falls below the numerical threshold,P

n Ė
�
lmkn <

¯̇E�
lmkn, for three consecutive values of k.

The scan over k can be simplified by observing that, for
a fixed value of lþm, only k-modes with matching
parity contribute. Specifically, when lþm is even
(odd), only even (odd) values of k appear in the
sum. This selection rule follows from the parity proper-
ties of the angular functions and is discussed in
Appendix B of Ref. [45] for the case of inclined,
circular orbits. We apply the same criterion to fluxes
of angular momentum, finding that the sum over n and
k saturates the threshold at the same values as for the
energy fluxes (see Tables III–IV and discussion below).
Figure1showsarepresentativeexampleof thescalarenergy

and angular momentum fluxes at the horizon and at infinity
for a binary configuration with ða=M; e; p=M; θincÞ ¼
ð0.5; 0.2; 25; 5°Þ. Each panel displays a two-dimensional

FIG. 1. Spectrum of the scalar energy (top panels) and angular momentum
(bottom panels) fluxes emitted at the horizon (left panels) and at infinity (right
panels) for the ðl; mÞ ¼ ð1; 1Þ harmonic, corresponding to a binary configu-
rationwith ða=M; e; p=M; θincÞ ¼ ð0.5; 0.2; 25; 5°Þ. The central panel in each
plot shows the mode contributions in the ðn; kÞ plane, with the color scale
indicating themagnitudeof the single-mode flux.The top (right)panelsdisplay
the marginalized energy flux contributions, obtained for a given k (n) by
summing over the index n (k). (a) Energy scalar flux at the horizon, (b) energy
scalar flux at infinity, (c) angular momentum scalar flux at horizon, and (d)
angular momentum scalar flux at infinity.
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distribution ofmode contributions in the ðn; kÞ plane, together
with the corresponding marginal distributions, which are
constructed by summing the computed mode contributions
over n or k, respectively. Finally, the color scale indicates the
magnitude of the single-mode flux.

A. Mode hierarchy across l and m

We begin by analyzing the dependence of the scalar
flux on the harmonic indices ðl; mÞ. To this end, we fix
the orbital configuration to ða=M; e; p=M; θincÞ ¼
ð0.3; 0.5; 7; 30°Þ, and have verified that the qualitative
features described below persist across different setups.
Figure 2 presents bar plots of the energy and angular

momentum fluxes, summed over the harmonic indices
n and k, for selected ðl; mÞ modes. The corresponding
numerical values are listed in Tables I–II. Representative
spectra for these modes are shown in Figs. 9, 10, 15, and 16
of Appendix D.
The fluxes for ðl; mÞ and ðl;−mÞ are identical, as a

consequence of the invariance under the transformation
[96]

ðl; m; n; kÞ ⟶ ðl;−m;−n;−kÞ; ð94Þ

which ensures symmetry under m → −m after summation
over n and k. Accordingly, Table I includes only modes
with m ≥ 0.
The total flux decreases with increasing multipole order

l, with the dominant contribution arising from l ¼ 1.

Modes with m ¼ 0 do not carry angular momentum, and
therefore satisfy L̇�

lmnk ¼ 0.
Consistent with the behavior observed for eccentric

orbits in Ref. [43], we find that for dominant modes with
l ¼ m the location of the spectral peak depends strongly on
l. The peak in the k spectrum occurs at k ¼ 0, while the

FIG. 2. Bar plot of the energy (top panel) and angular
momentum (bottom panel) fluxes at infinity and at the horizon,
for scalar modes with different angular indices ðl; mÞ, summed
over the ðn; kÞ harmonics. Darker (lighter) shades denote modes
with l ¼ m (l ≠ m), respectively.

TABLE I. Scalar energy flux at infinity and at the horizon
summed over n and k for different ðl; mÞ modes. Orbital
parameters are fixed to a=M ¼ 0.3, e ¼ 0.5, p=M ¼ 7, and
θinc ¼ 30°.

ðl; mÞ P
n;k Ė

þ
lmnk

P
n;k Ė

−
lmnk

(0, 0) 1.519 × 10−6 6.829 × 10−7

(1, 0) 1.851 × 10−6 2.236 × 10−7

(1, 1) 7.682 × 10−6 2.119 × 10−7

(2, 0) 1.810 × 10−7 4.789 × 10−9

(2, 1) 9.658 × 10−7 9.943 × 10−9

(2, 2) 3.836 × 10−6 1.071 × 10−8

(3, 0) 1.572 × 10−8 1.418 × 10−10

(3, 1) 9.291 × 10−8 2.363 × 10−10

(3, 2) 5.832 × 10−7 5.216 × 10−10

(3, 3) 1.531 × 10−6 4.312 × 10−10

(4, 4) 5.689 × 10−7 1.543 × 10−11

(5, 5) 2.045 × 10−7 5.195 × 10−13

(6, 6) 7.218 × 10−8 1.695 × 10−14

(7, 7) 2.518 × 10−8 5.444 × 10−16

(8, 8) 8.720 × 10−9 1.739 × 10−17

(9, 9) 3.027 × 10−9 8.686 × 10−19

(10, 10) 1.031 × 10−9 1.938 × 10−20

TABLE II. Scalar angular momentum flux at infinity and at the
horizon summed over n and k for different ðl; mÞ modes. Orbital
parameters are fixed to a=M ¼ 0.3, e ¼ 0.5, p=M ¼ 7, and
θinc ¼ 30°.

ðl; mÞ P
n;k L̇

þ
lmnk

P
n;k L̇

−
lmnk

(0, 0) 0 0
(1, 0) 0 0
(1, 1) 1.237 × 10−4 2.201 × 10−6

(2, 0) 0 0
(2, 1) 6.793 × 10−6 6.014 × 10−8

(2, 2) 5.205 × 10−5 1.059 × 10−8

(3, 0) 0 0
(3, 1) 4.019 × 10−7 9.244 × 10−10

(3, 2) 4.926 × 10−6 3.616 × 10−9

(3, 3) 1.895 × 10−5 4.149 × 10−9

(4, 4) 6.688 × 10−6 1.468 × 10−10

(5, 5) 2.330 × 10−6 4.905 × 10−12

(6, 6) 8.055 × 10−7 1.591 × 10−13

(7, 7) 2.770 × 10−7 5.091 × 10−15

(8, 8) 9.487 × 10−8 1.621 × 10−16

(9, 9) 3.255 × 10−8 7.222 × 10−18

(10, 10) 1.105 × 10−8 1.762 × 10−19
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peak in the n spectrum shifts toward higher values as l
increases. For clarity, we define n�peak and k�peak as the

harmonic indices at which Ė�
lmnk (and equivalently L̇�

lmnk)
attain their maximum values. Table III lists the harmonic
index n corresponding to the maximum flux for
l ¼ m ¼ 0; 1;…; 10, at both infinity and the horizon.
For subdominant modes with l ≠ m, the spectral struc-

ture is more intricate. Table IV summarizes the peak
locations of Ė�

lmnk and L̇�
lmnk. The maximum along n is

primarily determined by l and depends only weakly on m,
whereas the peak along k is controlled by m. For all ðl; mÞ
pairs analyzed, the maximum in k occurs at k ¼ l −m,
providing a practical guideline for selecting the initial k
range when constructing scalar-flux grids for waveform
generation.
Finally, the values of n�peak are nearly identical for the

energy and angular momentum fluxes, for both l ¼ m and
l ≠ m, across all configurations analyzed.

B. Systematic exploration of the orbital-parameter
dependence

As we have verified that the radiation is predominantly
dipolar, we begin by constructing two-dimensional mode
grids in the ðn; kÞ plane for the ðl; mÞ ¼ ð1; 1Þ harmonic
across a representative set of orbital configurations. We
extract the scalar spectra for all possible combinations of
the following orbital parameters:

a=M ¼ f0.1; 0.5; 0.9g; e ¼ f0.2; 0.4; 0.8g;
θinc ¼ f5°; 40°; 85°g; p=M ¼ f8; 25g: ð95Þ

For illustrative purposes, we present in the main text figures
corresponding to a subset of these configurations, focusing
in particular on the impact of variations in inclination and
eccentricity on the resulting flux spectra. The trends
discussed below are observed throughout the entire param-
eter space explored (see Appendix D). The behavior of the
energy and angular momentum spectra is also remarkably
similar (cf., top and bottom rows of Fig. 1). For this reason,
hereafter we only discuss the dependence of Ė on the
binary parameters:

(i) Inclination angle. By comparing Figs. 1 and 3, we
observe that increasing the inclination angle θinc
leads to a broadening of the distribution in the k
direction, reflecting the richer harmonic structure of
strongly inclined orbits. Despite this broadening, the

TABLE III. Location of the maximum in the n spectrum for
dominant modes with l ¼ m at k ¼ 0, for fluxes of energy at
infinity (nþpeak) and at horizon (n−peak). Values in parentheses
correspond to the location of maxima for the fluxes of angular
momentum. We assume a binary system with a=M ¼ 0.3,
e ¼ 0.5, p=M ¼ 7, and θinc ¼ 30°.

l ¼ m nþpeak n−peak

0 1 1
1 1(1) 4(3)
2 4(4) 6(6)
3 6(6) 10(9)
4 9(9) 13(12)
5 12(12) 16(16)
6 15(14) 19(19)
7 17(17) 22(22)
8 20(20) 26(25)
9 23(23) 49(49)
10 26(25) 32(32)

TABLE IV. Peak locations ðk�peak; n�peakÞ of modes with l ≠ m
for fluxes of energy at infinity and at the horizon. Values in
parentheses refer to peaks for fluxes of angular momentum.
Binary parameters are fixed to a=M ¼ 0.3, e ¼ 0.5, p=M ¼ 7,
and θinc ¼ 30°.

Infinity flux Horizon flux

l m kþpeak nþpeak k−peak n−peak

1 0 1 1 1 3
2 0 2 3 2 5
2 1 1(1) 4(3) 1(1) 6(5)
3 0 3 6 3 8
3 1 2(2) 6(6) 2(2) 9(8)
3 2 1(1) 6(6) 1(1) 9(9) FIG. 3. Same as Figs. 1(a) and 1(b), but for θinc ¼ 85°. (a) Energy

scalar flux at the horizon and (b) energy scalar flux at infinity.
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flux remains strongly peaked at k ¼ 0, with only a
narrow range of k modes contributing significantly.

(ii) Eccentricity. Increasing the eccentricity e substan-
tially broadens the spectrum along the n direction
(see Fig. 4). For low eccentricity, the dominant
contribution arises from the n ¼ 0 mode, whereas
at high eccentricity the peak shifts to jnj ≠ 0, often
accompanied by secondary maxima. This behavior
becomes increasingly pronounced in relativistically
strong-field configurations, namely for smaller
orbital separations or highly inclined orbits.

(iii) Orbital radius. For larger values of p, the total flux
summed over ðn; kÞ decreases, as expected for orbits
located further from the primary BH. This trend is
quantified in Table V, which reports the total fluxes
Ė� for all configurations analyzed.

As discussed in previous studies [43,45], the structure of
the scalar flux spectra becomes progressively richer as the
complexity of the orbital motion increases. Overall, the
simultaneous presence of orbital inclination and eccentric-
ity does not qualitatively alter the main spectral features
reported in the literature for eccentric equatorial orbits and
circular inclined orbits.
For instance, at a=M ¼ 0.5, the dominant harmonic

in k is k ¼ 0 for all values of n when θinc ¼ 5° and 40°.FIG. 4. Same as Figs. 1(a) and 1(b), but for e ¼ 0.8. (a) Energy
scalar flux at the horizon and (b) energy scalar flux at infinity.

TABLE V. Values of the scalar flux at infinity (horizon) summed over the n and k harmonics for the ðl; mÞ ¼ ð1; 1Þ mode. For each
spin, we consider different values of the binary semilatus rectum p=M, inclination θinc, and eccentricity e.

a=M ¼ 0.1

p=M θinc e ¼ 0.2 e ¼ 0.4 e ¼ 0.8

8 5° 6.090 × 10−6 (7.374 × 10−8) 5.804 × 10−6 (1.710 × 10−7) 3.087 × 10−6 (3.944 × 10−7)
40° 4.911 × 10−6 (6.131 × 10−8) 4.711 × 10−6 (1.406 × 10−7) 2.583 × 10−6 (3.277 × 10−7)
85° 3.159 × 10−6 (7.040 × 10−8) 3.083 × 10−6 (1.377 × 10−7) 1.870 × 10−6 (3.020 × 10−7)

25 5° 8.592 × 10−8 (5.985 × 10−11) 7.473 × 10−8 (5.243 × 10−11) 2.639 × 10−8 (3.159 × 10−11)
40° 6.858 × 10−8 (4.877 × 10−11) 5.969 × 10−8 (4.352 × 10−11) 2.113 × 10−8 (2.693 × 10−11)
85° 4.362 × 10−8 (4.689 × 10−11) 3.800 × 10−8 (5.321 × 10−11) 1.349 × 10−8 (4.292 × 10−11)

a=M ¼ 0.5

8 5° 5.610 × 10−6 (1.626 × 10−7) 5.014 × 10−6 (1.577 × 10−7) 2.049 × 10−6 (9.286 × 10−8)
40° 4.698 × 10−6 (1.535 × 10−7) 4.275 × 10−6 (1.363 × 10−7) 1.856 × 10−6 (8.634 × 10−8)
85° 3.159 × 10−6 (1.659 × 10−7) 3.038 × 10−6 (2.326 × 10−7) 1.653 × 10−6 (2.877 × 10−7)

25 5° 8.472 × 10−8 (4.352 × 10−10) 7.328 × 10−8 (4.683 × 10−10) 2.537 × 10−8 (2.663 × 10−10)
40° 6.815 × 10−8 (3.490 × 10−10) 5.912 × 10−8 (3.768 × 10−10) 2.067 × 10−8 (2.165 × 10−10)
85° 4.364 × 10−8 (2.460 × 10−10) 3.801 × 10−8 (2.795 × 10−10) 1.349 × 10−8 (1.872 × 10−10)

a=M ¼ 0.9

8 5° 5.242 × 10−6 (3.108 × 10−7) 4.509 × 10−6 (3.171 × 10−7) 1.605 × 10−6 (1.673 × 10−7)
40° 4.498 × 10−6 (2.570 × 10−7) 3.954 × 10−6 (2.691 × 10−7) 1.509 × 10−6 (1.548 × 10−7)
85° 3.145 × 10−6 (2.784 × 10−7) 2.967 × 10−6 (3.706 × 10−7) 1.455 × 10−6 (3.746 × 10−7)

25 5° 8.360 × 10−8 (7.850 × 10−10) 7.193 × 10−8 (8.461 × 10−10) 2.444 × 10−8 (4.846 × 10−10)
40° 6.769 × 10−8 (6.302 × 10−10) 5.852 × 10−8 (6.816 × 10−10) 2.021 × 10−8 (3.946 × 10−10)
85° 4.361 × 10−8 (4.416 × 10−10) 3.798 × 10−8 (5.012 × 10−10) 1.347 × 10−8 (3.345 × 10−10)
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For highly inclined orbits (θinc ¼ 85°), the dominant con-
tribution shifts to k ¼ 2 for n≲ 30.
At fixed k, the location of the peak in the n spectrum

exhibits only a weak dependence on inclination. At a=M ¼
0.5 and moderate eccentricity (e ¼ 0.2), the dominant
contribution to the energy flux at infinity always arises
from the ðn; kÞ ¼ ð0; 0Þ mode, independently of the incli-
nation angle. At higher eccentricity (e ¼ 0.8), the position
of the dominant peak depends on inclination, with the
leadingcontributioncorrespondingtok ¼ 0 andn ¼ 5, 6,and
9 for θinc ¼ 5°, 40°, and 85°, respectively. For the k ¼ 2
harmonic at e ¼ 0.8, the dominant contribution in n varies
only mildly—from n ¼ 34 to n ¼ 36—despite the large
change in inclination. A similar weak dependence on incli-
nation is observed for the energy flux absorbed at the horizon.
These features can be exploited in the construction of

flux grids for the evolution of asymmetric binaries, provid-
ing practical guidance for the choice of summation strat-
egies over the harmonic indices.

C. Dependence on black-hole spin

To characterize the dependence of the energy flux on the
BH spin, we compare scalar energy spectra computed at
different values of a=M, while keeping ðp=M; e; θincÞ

fixed. We find that the modal structure is remarkably
insensitive to the spin. As a general feature, the distribution
in n remains nearly unchanged across the sampled values of
a, while the width of the spectrum in k increases only
mildly at high spin.
As a representative example, Fig. 5 shows the flux at

infinity for ðp=M; e; θincÞ ¼ ð8; 0.4; 40°Þ and two values of
the spin, a=M ¼ 0.1 and a=M ¼ 0.9. In both cases, the
emission is dominated by the k ¼ 0 modes with n ¼ 0, 1,
while all other contributions are suppressed by at least 1
order of magnitude.
A broader exploration of the parameter space (see

Appendix D) indicates that the spin can induce a modest
shift in the location of the spectral peak at higher eccentricity.
For instance, at ðp=M; e; θincÞ ¼ ð8; 0.8; 40°Þ, the dominant
contribution corresponds to ðk; nÞ ¼ ð0; 8Þ for a=M ¼ 0.1,
while it shifts to ðk; nÞ ¼ ð0; 5Þ for a=M ¼ 0.9.
Overall, the harmonic content of the scalar flux is far

more strongly influenced by the orbital eccentricity and
inclination than by the BH spin.

IV. CONCLUSION AND OUTLOOK

In this study, we have taken a concrete step toward the
systematic modeling of asymmetric binaries in theories of
gravity endowed with a massless scalar degree of freedom.
Considering fully generic bound orbits, we have computed
the scalar energy and angular-momentum fluxes both at
infinity and across the horizon, resolving their complete
harmonic structure over a broad region of parameter space.
By decomposing the scalar field into frequency-domain

modes labeled by the indices ðl; m; n; kÞ, we have char-
acterized the distribution of power across the scalar
spectrum and identified the hierarchy of contributions that
governs the emission. The radiation is predominantly
dipolar, with the l ¼ m ¼ 1 mode providing the leading
contribution to the total flux. Higher multipoles are pro-
gressively suppressed with increasing l, yet they remain
non-negligible, especially for eccentric and inclined con-
figurations where the spectral content broadens and sub-
dominant harmonics become comparatively enhanced.
Accurate flux modeling therefore requires retaining these
additional modes, as illustrated in Fig. 2.
Focusing on the l ¼ m ¼ 1 component, we have

mapped the structure of the spectrum in the ðn; kÞ plane.
Eccentricity leads to a broadening of the distribution of the
radial harmonic index n in the flux, shifting the spectral
peak away from n ¼ 0 at high e, while inclination affects
the distribution in the polar index k, increasing the number
of contributing harmonics without qualitatively altering the
dominance of low-k modes. The BH spin, by contrast,
affects the harmonic structure only mildly, inducing at most
modest shifts in the location of the dominant peaks. These
systematic trends provide practical guidance for construct-
ing flux grids and optimizing harmonic summations in
waveform models.

FIG. 5. Spectrum of the scalar energy flux emitted at infinity
for the ðl; mÞ ¼ ð1; 1Þ harmonic. The binary parameters are
ðe; p=M; θincÞ ¼ ð0.4; 8; 40°Þ. The left and right panels corre-
spond to primary spins a=M ¼ 0.1 and a=M ¼ 0.9, respectively.
The layout of the panels follows the same format as Fig. 4. (a)
Scalar flux at infinity and (b) scalar flux at infinity.
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Figure 6 offers a global view of the total scalar energy
flux emitted at infinity for p=M ¼ 8, as a function of
eccentricity, inclination, and spin. As also quantified in
Table V, the overall magnitude of the flux varies only
moderately across the sampled configurations. While the
detailed spectral distribution is significantly affected even
by small changes in the orbital geometry, the total emitted
power remains within a relatively narrow range, and the
same qualitative behavior is observed in the fluxes
absorbed at the horizon.
Since the instantaneous flux at a given orbital radius

exhibits limited variation across the geometric parameter
space, the impact of scalar charge constraints on the
binary geometry will then depend on the cumulative effect
of scalar radiation over the full inspiral, and on the
coupled evolution of eccentricity, inclination, and orbital
radius.
The results presented here provide the essential build-

ing blocks for investigating the long-term evolution and
waveform generation of scalar-charged EMRIs and
IMRIs. In our framework, the resulting waveforms are
exact at the adiabatic order, i.e., at first order in the
perturbative expansion. Achieving this level of accuracy
requires the construction of dense grids of scalar ampli-
tudes and fluxes as functions of the orbital parameters, in
close analogy with the infrastructure underlying state-of-
the-art models in GR. The analysis carried out in this work
delivers precisely the information needed to build such
grids in the scalar sector.
More broadly, although our primary motivation is

precision modeling of asymmetric binaries beyond GR,
the numerical framework developed here can also serve as a
validated tool for high-accuracy flux computations within
GR itself, thereby contributing to the refinement of per-
turbative modeling in both contexts.

The next stage of our research program using EMRIs and
IMRIs to probe fundamental physics is the incorporation
of the scalar amplitude and flux grids into inspiral and
waveform-generation frameworks, such as FEW [97–99]. In
a forthcoming companion work, we will implement the
grids within an adiabatic inspiral scheme, enabling con-
sistent orbital evolution and parameter-estimation studies
for scalar-charged EMRIs and IMRIs.
While the fluxes computed here capture the instanta-

neous emission for given orbital configurations, assessing
in full LISA’s ability to constrain the scalar charge requires
modeling the cumulative effect of scalar radiation over the
complete inspiral. Embedding these results into an inspiral
framework will allow us to explore the parameter space of
asymmetric binaries and identify configurations that maxi-
mize sensitivity to scalar charge, including potential
“golden” systems arising from specific combinations of
spin, eccentricity, and inclination. Extending this analysis
to larger mass ratios will also be of interest, particularly to
assess whether the merger phase may contribute non-
negligibly to the observable signal [47].
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FIG. 6. Scalar energy flux (in units of 10−6) emitted at infinity by binaries at fixed orbital radius, p=M ¼ 8 shown as a function of
eccentricity e (horizontal axis) and inclination θinc (vertical axis), for three values of the spin parameter a=M, for l ¼ m ¼ 1. Each panel
corresponds to a different spin. The color scale indicates the magnitude of the flux, with a common normalization across all panels to
allow direct comparison.
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APPENDIX A: ELLIPTIC INTEGRALS

We show here the form of the elliptic integrals used in
Sec. II B to determine a solution for Kerr geodesics. The
integral of the first kind is given by

FðϕjmÞ ¼
Z

ϕ

0

ð1 −m sin2 θÞ−1=2dθ; ðA1Þ

for real m, −π=2 < ϕ < π=2 <, m sin2 ϕ < 1. This func-
tion is the inverse of the Jacobi amplitude

ϕ ¼ amðujϕÞ with u ¼ FðϕjmÞ; m < 1: ðA2Þ

When ϕ ¼ π=2, we get the complete elliptic integral of the
first kind,

KðmÞ ¼ Fðπ=2jmÞ: ðA3Þ

The elliptic integral of the second kind is

EðϕjmÞ ¼
Z

ϕ

0

ð1 −m sin2 θÞ1=2dθ; ðA4Þ

form < 1, −π=2 < ϕ < π=2 <. When ϕ ¼ π=2, we get the
complete elliptic integral of the second kind,

EðmÞ ¼ Eðπ=2jmÞ: ðA5Þ

Finally, the elliptic integral of the third kind is

Πðn;ϕjmÞ ¼
Z

ϕ

0

ð1 − n sin2 θÞ−1ð1 −m sin2 θÞ−1=2dθ;

ðA6Þ

for real m, n, −π=2 < ϕ < π=2 < and m sin2 ϕ < 1. When
ϕ ¼ π=2, we get the complete elliptic integral of the third
kind,

ΠðnjmÞ ¼ Πðn; π=2jmÞ: ðA7Þ

APPENDIX B: FUNCTIONS DESCRIBING THE
ORBITAL MOTION

We collect here the explicit expressions for the orbital
motion functions introduced in Sec. II B. The expressions
defined in Eq. (37) are

t̃rðξrÞ ¼
Eðr2 − r3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − E2Þðr1 − r3Þðr2 − r4Þ
p
×

(
ð4þ r1 þ r2 þ r3 þ r4ÞΠðhr; ξrjkrÞ

−
4

rþ − r−

�
rþð4 − aL=EÞ − 2a2

ðr2 − rþÞðr3 − rþÞ

× Πðhþ; ξrjkrÞ − ðþ ↔ −Þ
�
þ ðr1 − r3Þðr2 − r4Þ

r2 − r3

×

 
EðξrjkrÞ − hr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − krsin2ξr

p
sin ξr cos ξr

1 − hrsin2ξr

!)
;

ðB1Þ

t̃zðξzÞ ¼ −
E

1 − E2
z2EðξzjkzÞ; ðB2Þ

The expressions defined in Eq. (39) are

ϕ̃rðξrÞ ¼−
2aEðr2 − r3Þ

ðrþ− r−Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1−E2Þðr1− r3Þðr2− r4Þ

p
×

�
2rþ −aL=E

ðr2 − rþÞðr3 − rþÞ
Πðhþ;ξrjkrÞ− ðþ↔−Þ

�
;

ðB3Þ

ϕ̃zðξzÞ ¼
L
z2
Πðz21; ξzjkzÞ; ðB4Þ

where

hr ¼
r1 − r2
r1 − r3

; h� ¼ hr
r3 − r�
r2 − r�

: ðB5Þ

The expressions defined in Eq. (40) are

ϒ̃ϕ;r ¼
a

rþ − r−

 
2Erþ − aL
r3 − rþ

×

�
1 −

r2 − r3
r2 − rþ

ΠðhþjkrÞ
KðkrÞ

�
− ðþ ↔ −Þ

!
; ðB6Þ

ϒ̃ϕ;z ¼
L

KðkzÞ
Πðz21jkzÞ; ðB7Þ
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ϒ̃t;r ¼ ð4þ a2ÞE þ E

 
1

2

�
ð4þ r1 þ r2 þ r3Þr3

− r1r2 þ ðr1 − r3Þðr2 − r4Þ
EðkrÞ
KðkrÞ

þ ð4þ r1

þ r2 þ r3 þ r4Þðr2 − r3Þ
ΠðhrjkrÞ
KðkrÞ

�

þ 2

rþ − r−

�ð4 − aL=EÞrþ − 2a2

r3 − rþ

×

�
1 −

r2 − r3
r2 − rþ

ΠðhþjkrÞ
KðkrÞ

�
− ðþ ↔ −Þ

�!
; ðB8Þ

ϒ̃t;z ¼ −a2E þ EQ
ð1 − E2Þz21

�
1 −

EðkzÞ
KðkrÞ

�
: ðB9Þ

Here, E and Π are the elliptic functions defined in
Appendix A.

APPENDIX C: NUMERICAL IMPLEMENTATION
OF THE CODE

We describe the mathematical techniques implemented
in STORM [59] to solve the angular and radial Teukolsky
equations.

1. Spin-weighted spheroidal harmonics

The computation of the spin-weighted spheroidal har-
monics

Slmðω; θ;ϕÞ ¼ Slmðω; θÞeimϕ;

is implemented in the SpinWeightedSpheroidal-
Harmonics class. These functions satisfy the angular
Teukolsky equation for a generic spin weight s, as follows:

�
1

sinθ
d
dθ

�
sinθ

d
dθ

�
þ ζ2cos2θ− 2sζ cosθ−

ðmþ scosθÞ2
sin2θ

þElmðζÞ− s2
�
Slmðω;θÞ ¼ 0; ðC1Þ

where ζ ¼ aω is the oblateness parameter. In our imple-
mentation, the continued-fraction procedure determines the
angular separation constant λlm, which is related to the
quantity ElmðζÞ appearing in Eq. (C1) through

ElmðζÞ ¼ λlm þ sðsþ 1Þ − ζ2 þ 2mζ: ðC2Þ

The class therefore solves Eq. (C1) by computing the
separation constant λlm and constructing the corresponding
eigenfunctions for arbitrary spin weight s, multipole
indices ðl; mÞ, and oblateness parameter ζ ¼ aω.

a. Eigenvalue computation

To determine the eigenvalue, the class employs a
continued-fraction approach, following Ref. [100]. The
solution of the angular Teukolsky equation is expanded in
terms of Jacobi polynomials, leading to a three-term
recurrence relation for the series coefficients an, as follows:

αnanþ1 þ βnan þ γnan−1 ¼ 0; ðC3Þ

where the coefficients αn, βn, and γn depend on ðs;l; m; ζÞ
and on the eigenvalue sElmðζÞ (we refer the reader to
Ref. [100] for their explicit expressions). Defining the
ratios

Rn ¼
an
an−1

; Ln ¼
an
anþ1

; ðC4Þ

the recurrence relation can be recast as a continued-fraction
condition,

βn þ αnRnþ1 þ γnLn−1 ¼ 0; ðC5Þ

which is solved using a root-finding algorithm, yielding the
eigenvalue

λlm ¼ ElmðζÞ − sðsþ 1Þ þ ζ2 − 2mζ; ðC6Þ

to the desired precision.
In the limits of low and high oblateness, i.e., ζ ≪ 1 and

ζ ≫ 1, respectively, perturbative analytic expansions pro-
vide sufficiently accurate initial guesses [100,101].
However, these expansions lose accuracy in the intermedi-
ate regime. In contrast, the spectral method based on
spherical-harmonic expansions provides a robust initial
estimate at any ζ [102]. In this approach, the spin-weighted
spheroidal harmonics are expanded in a truncated basis of
spin-weighted spherical harmonics, and the angular
Teukolsky equation is projected onto this basis, yielding
a finite-dimensional symmetric matrix eigenvalue problem.
The eigenvalues of this matrix are computed using the
classical Jacobi rotation method for symmetric matrices
(see, e.g., Ref. [103]). The eigenvalue corresponding to the
desired l is then selected as an accurate initial guess [102].
Finally, a Newton-Raphson algorithm is used to refine the
eigenvalue iteratively to the target precision.

b. Angular function evaluation

Once the eigenvalue ElmðζÞ is determined, the spin-
weighted spheroidal harmonic is constructed using
Leaver’s method [104]. In this approach, the recurrence
relation is expressed in powers of ð1þ cos θÞ rather than
Jacobi polynomials, so that the recurrence coefficients α̃n,
β̃n, and γ̃n differ from those in the continued-fraction
method [104].

ADIABATIC EVOLUTION OF ASYMMETRIC BINARIES ON … PHYS. REV. D 114, 064003 (2026)

064003-17



The spheroidal harmonic is then given by

Slmðω; θÞ ¼ N eaω cos θð1þ cos θÞk1ð1 − cos θÞk2

×
XNmax

n¼0

ãnð1þ cos θÞn; ðC7Þ

where k1 ¼ jm − sj=2, k2 ¼ jmþ sj=2, and N is a nor-
malization constant.
In practice, the coefficients ãn are generated iteratively

using the three-term recurrence relation. The normalization
constant is then determined by enforcing the orthonormal-
ity condition in Eq. (58), and the overall sign is fixed to
ensure continuity with the spherical-harmonic limit. This
class also computes the first and second derivatives of
Slmðω; θ;ϕÞ with respect to θ, needed for gravitational
energy-flux calculations. This procedure yields a fully
normalized, numerically stable representation of the
spin-weighted spheroidal harmonics, suitable for both
scalar and gravitational perturbations.

2. Homogeneous radial function

The class RadialHomogeneousSolution com-
putes the two linearly independent homogeneous solutions
of the radial Teukolsky equation, which are required to
construct the corresponding Green’s function solution and
to evaluate the fluxes at the horizon and at infinity for
arbitrary spin weight s, as follows:

Δ−s d
dr

�
Δsþ1

dRlm

dr

�
þ VRlm ¼ 0; ðC8Þ

with potential

V ¼ K2 − 2isðr −MÞK
Δ

þ 4isωr − λlm; ðC9Þ

where

K ¼ ðr2 þ a2Þω − am; ðC10Þ

and λlm is the angular separation constant defined
in Eq. (C2).
The class computes the purely ingoing (outgoing)

solution R̃−
lm (R̃þ

lm) at the horizon (infinity) using a hybrid
numerical-analytical scheme based on the Mano-Suzuki-
Takasugi (MST) formalism [105]. In this work, we adopt
the normalization convention defined in Eqs. (67) and (68),
such that R̃−

lm is purely ingoing at the horizon with unit
amplitude, while R̃þ

lm is purely outgoing at infinity with
unit amplitude.
With this choice, the normalized solutions R̃�

lm are
related to the standard MST solutions Rin

lm and Rup
lm

via [106]

R̃þ ¼ Rν
up

Ctrans ; R̃− ¼ Rν
in

Btrans ; ðC11Þ

where Ctrans and Btrans are normalization constants and ν is
the so-called renormalized angular momentum [105], i.e.,
the extra parameter introduced in the MST method to allow
for a convergent series representation of the functions
Rin;up. Here and thereafter, we suppress the ðl; mÞ indices
when no ambiguity arises.
The class also provides a routine to compute the

Wronskian defined in Eq. (70) via

Ain ¼ Binc

Btrans ; ðC12Þ

where Binc is the incident amplitude at spatial infinity of
Rin [106].
The class also provides routines to compute the first and

second radial derivatives of R�. These derivatives are
obtained analytically from the MST series representations,
using the known derivative relations of the hypergeometric
and confluent hypergeometric functions. They are required
for the evaluation of gravitational fluxes at the horizon and
at infinity, ensuring that the fluxes are computed with the
same high accuracy as the radial functions themselves.

a. MST method

The MST method provides a series representation of the
amplitudes Btrans, Ctrans, and Binc, i.e., Ref. [106], as
follows:

Btrans ¼
�
ϵκ

ω

�
2s
eiκϵþð1þ

2 ln κ
1þκ Þ

X∞
n¼−∞

fνn;

Ctrans ¼ ω−1−2se−iðϵ ln ϵ−1−κ
2
ϵÞAν

−;

Binc ¼ ω−1
�
Kν − ie−iπν

sin πðν − sþ iϵÞ
sin πðνþ s − iϵÞK−ν−1

�

× Aνþe−iðϵ ln ϵ−
1−κ
2
ϵÞ; ðC13Þ

and the solutions Rν
up and Rν

in as

Rν
up ¼ 2νe−πϵe−iπðνþ1þsÞeiẑẑνþiϵþðẑ− ϵκÞ−s−iϵþ

×
X∞
n¼−∞

in
ðνþ 1þ s− iϵÞn
ðνþ 1− sþ iϵÞn

fνnð2ẑÞn

×Ψðnþ νþ 1þ s− iϵ;2nþ 2νþ 2;−2iẑÞ; ðC14Þ

and

Rν
in ¼ Rν

0 þ R−ν−1
0 ; ðC15Þ

with
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Rν
0 ¼ eiϵκxð−xÞ−s−i

2
ðϵþτÞð1 − xÞi2ðϵþτÞþν

×
X∞
n¼−∞

fνn
Γð1 − s − iϵ − iτÞΓð2nþ 2νþ 1Þ

Γðnþ νþ 1 − iτÞΓðnþ νþ 1 − s − iϵÞ

× F

�
−n − ν − iτ;−n − ν − s − iϵ;−2n − 2ν;

1

1 − x

�
× ð1 − xÞn: ðC16Þ

Here, Ψ is the irregular confluent hypergeometric function,
F is regular hypergeometric function, and

x ¼ ωðrþ − rÞ
ϵκ

; ϵ ¼ 2Mω;

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
a
M

�
2

s
; τ ¼ ϵ −mða=MÞ

κ
;

ẑ ¼ ωðr − r−Þ; ϵþ ¼ ðϵþ τÞ=2; ðC17Þ

Aν
− ¼ 2−1−sþiϵe−

π
2
iðνþ1þsÞe−π

2
ϵ

×
X∞
n¼−∞

ð−1Þn ðνþ 1þ s − iϵÞn
ðνþ 1 − sþ iϵÞn

fνn; ðC18Þ

Aνþ ¼ e−
π
2
ϵe

π
2
iðνþ1−sÞ2−1þs−iϵ

×
Γðνþ 1 − sþ iϵÞ
Γðνþ 1þ s − iϵÞ

X∞
n¼−∞

fνn; ðC19Þ

Kν ¼
eiϵκð2ϵκÞs−ν−r2−sirΓð1 − s − 2iϵþÞ

Γðrþ νþ 1 − sþ iϵÞΓðrþ νþ 1þ iτÞ

×
Γðrþ 2νþ 2Þ

Γðrþ νþ 1þ sþ iϵÞ

×

 X∞
n¼r

ð−1Þn Γðnþ rþ 2νþ 1Þ
ðn − rÞ!

×
Γðnþ νþ 1þ sþ iϵÞ
Γðnþ νþ 1 − s − iϵÞ

Γðnþ νþ 1þ iτÞ
Γðnþ νþ 1 − iτÞ f

ν
n

!

×

 X∞
n¼−∞

r
ð−1Þn

ðr − nÞ!ðrþ 2νþ 2Þn

×
ðνþ 1þ s − iϵÞn
ðνþ 1 − sþ iϵÞn

fνn

!−1

: ðC20Þ

Finally, the coefficients fνn are determined by the three-
term recurrence relation

ανnfνnþ1 þ βνnfνn þ γνnfνn−1 ¼ 0; ðC21Þ

where the coefficients ανn, βνn, and γνn depend on the mode
parameters ðl; m;ω; sÞ and are given explicitly in
Ref. [106].

The physically relevant sequence ffνng corresponds to
the minimal solution of the recurrence relation in both the
n → þ∞ and n → −∞ directions. This requirement
ensures convergence of the hypergeometric and
Coulomb series representations. The condition for mini-
mality can be written as

gnðνÞ ¼ βνn þ ανnRnþ1 þ γνnLn−1 ¼ 0; ðC22Þ

where Rn ¼ fn=fn−1 and Ln ¼ fn=fnþ1 are expressed as
continued fractions derived from the recurrence relation.
Since the choice of n is arbitrary, we set n ¼ 0 in practice.
The continued fractions entering Rn and Ln are evaluated
using the continued-fraction routines provided by the Boost

C++ library.
The class RadialHomogeneousSolution provides

two strategies for computing ν:
(1) A Newton-Raphson iteration in the complex plane

applied to the function gnðνÞ defined in Eq. (C22).
(2) The monodromy method [107], which expresses ν in

terms of the monodromy data of the Teukolsky
radial solution.

The Newton-Raphson approach is generally more efficient
at low frequencies, whereas the monodromy method is
required at high frequencies. In both cases, the iterative
procedures are controlled by user-defined tolerance param-
eters, allowing the desired numerical accuracy to be
specified at runtime. This ensures convergence of the
continued-fraction solution and gives the user full control
over the trade-off between accuracy and computa-
tional cost.
After determining the renormalized angular momentum,

the coefficients fνn can be computed.
From a technical standpoint, all infinite sums over n

appearing in the MST series representations are evaluated
using a symmetric truncation strategy about n ¼ 0. At each
iteration, the contributions from the positive and negative
indicesþn and −n are computed simultaneously and added
to the partial sum.
The summation is terminated once the relative magni-

tude of the newly added terms, measured with respect to the
accumulated sum, falls below a prescribed numerical
tolerance for a fixed number of consecutive iterations.
Requiring several consecutive subthreshold contributions
prevents premature termination due to accidental cancella-
tions or oscillatory behavior of the series.
This procedure ensures controlled convergence and

uniform accuracy across the parameter space, providing
analytically accurate boundary data that are subsequently
used in the hybrid numerical-analytical integration scheme
described below.

b. Hybrid numerical-analytical scheme

Although the MST series provides an exact analytic
representation, its direct evaluation at every radial point is
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computationally expensive. To improve efficiency, the class
implements a hybrid numerical-analytical scheme follow-
ing Ref. [108]: the MST formalism is used only to set
accurate boundary conditions near the horizon and at
infinity, while the radial Teukolsky equation is integrated
numerically in the interior region.
To ensure that this numerical integration remains stable

and efficient across the full domain between the horizon
and infinity, it is convenient to introduce a new radial
function φ, related to the Teukolsky solution R by

φ ¼ rΔ−se−imϕ̃e−iωhR; ðC23Þ

and to redefine the angular variable ϕ via

dϕ̃ ¼ dϕþ a
r2 þ a2

dr⋆: ðC24Þ

These transformations cast the Teukolsky equation into a
form with a short-ranged effective potential, as follows:

ðr2 þ a2Þ2
r4

d2φ
dr2⋆

−
2G̃
r5

dφ
dr⋆

þ Ũ
r6
φ ¼ 0; ðC25Þ

where

G̃¼ a2Δþðr2þa2Þfrsðr−MÞ− ir½ðr2þa2ÞωHþma�g;
ðC26Þ

and

Ũ ¼ 2isωr2ðrΔð1 −HÞ −Mðr2 − a2Þð1þHÞÞ
− 2iarΔðmþ aωHÞ þ Δð2a2 − r2λ − 2Mrðsþ 1ÞÞ
− 2maωr2ðr2 þ a2Þð1þHÞ
þ r2ðr2 þ a2Þ2ðω2ð1 −H2Þ þ iωH0Þ: ðC27Þ

Here, H ¼ dh=dr⋆ satisfies

jHj≤ 1; lim
r⋆→�∞

H¼�1; lim
r⋆→�∞

dH
dr⋆

¼ 0: ðC28Þ

In practice, the numerical integration is performed with
user-controlled tolerance parameters that determine the step
size and convergence criteria. This allows the user to
balance numerical accuracy and computational efficiency,
ensuring that the solution remains stable across the full
radial domain while retaining high precision near the
boundaries set by the MST series.

APPENDIX D: FLUXES

In this Appendix, we present the scalar spectra analyzed
in Sec. III.
Figures 7, 8, 13, and 14 present the scalar spectra

at the horizon and at infinity for different values of
ðl; mÞ, for a fixed orbital configuration with parame-
ters ða=M; p=M; e; θincÞ ¼ ð0.3; 0.5; 7; 30°Þ.
Figures 9, 10, 15, and 16 display 18 scalar spectra for the

energy and angular momentum flux at the horizon and at
infinity, respectively, illustrating how the ðn; kÞ mode
structure depends on ðp=M; e; θincÞ for fixed ðl; mÞ ¼
ð1; 1Þ and black-hole spin a=M ¼ 0.9. Each figure is
organized into two 3 × 3 blocks: the upper block corre-
sponds to p=M ¼ 8, while the lower block corresponds to
p=M ¼ 25. Within each block, the rows represent eccen-
tricities e ¼ 0.2; 0.4, 0.8, and the columns represent orbital
inclinations θinc ¼ 5°; 40°; 85°.
Finally, Figs. 11, 12, 17, and 18 illustrate the dependence

of the scalar spectra on the spin a of the primary BH. In
these figures, we fix ðe; θincÞ ¼ ð0.4; 40°Þ and consider two
orbital radii, p=M ¼ 8, 25. The rows correspond to the two
values of p=M, while the three columns show results for
spins a=M ¼ 0.1; 0.5, 0.9.
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FIG. 7. Multipolar ðn; kÞ components of the scalar spectra, Ė−
lmnk, at the horizon for varying l and m, with fixed a=M ¼ 0.3,

p=M ¼ 7, e ¼ 0.5, and θinc ¼ 30°. The color scale indicates the magnitude of the single-mode flux.
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FIG. 8. Multipolar ðn; kÞ components of the scalar spectra, Ėþ
lmnk, at infinity for varying l and m, with fixed a=M ¼ 0.3, p=M ¼ 7,

e ¼ 0.5, and θinc ¼ 30°. The color scale indicates the magnitude of the single-mode flux.
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FIG. 9. Multipolar ðn; kÞ components of the scalar spectra, Ė−
lmnk, at the horizon for varying p=M, e, and θinc, with fixed a=M ¼ 0.9

and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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FIG. 10. Multipolar ðn; kÞ components of the scalar spectra, Ėþ
lmnk, at infinity for varying p=M, e, and θinc, with fixed a=M ¼ 0.9 and

l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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FIG. 11. Multipolar ðn; kÞ components of the scalar spectra, Ė−
lmnk, at the horizon for varying a=M and p=M, with fixed e ¼ 0.4,

θinc ¼ 40°, and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.

FIG. 12. Multipolar ðn; kÞ components of the scalar spectra, Ėþ
lmnk, at infinity for varying a=M and p=M, with fixed e ¼ 0.4,

θinc ¼ 40°, and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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FIG. 13. Multipolar ðn; kÞ components of the scalar spectra, L̇−
lmnk, at the horizon for varying l and m, with fixed a=M ¼ 0.3,

p=M ¼ 7, e ¼ 0.5, and θinc ¼ 30°. The color scale indicates the magnitude of the single-mode flux.
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FIG. 14. Multipolar ðn; kÞ components of the scalar spectra, L̇þ
lmnk, at infinity for varying l and m, with fixed a=M ¼ 0.3, p=M ¼ 7,

e ¼ 0.5, and θinc ¼ 30°. The color scale indicates the magnitude of the single-mode flux.
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FIG. 15. Multipolar ðn; kÞ components of the scalar spectra, L̇−
lmnk, at the horizon for varying p=M, e, and θinc, with fixed a=M ¼ 0.9

and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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FIG. 16. Multipolar ðn; kÞ components of the scalar spectra, L̇þ
lmnk, at infinity for varying p=M, e, and θinc, with fixed a=M ¼ 0.9 and

l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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FIG. 17. Multipolar ðn; kÞ components of the scalar spectra, L̇−
lmnk, at the horizon for varying a=M and p=M, with fixed e ¼ 0.4,

θinc ¼ 40°, and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.

FIG. 18. Multipolar ðn; kÞ components of the scalar spectra, L̇þ
lmnk, at infinity for varying a=M and p=M, with fixed e ¼ 0.4,

θinc ¼ 40°, and l ¼ m ¼ 1. The color scale indicates the magnitude of the single-mode flux.
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