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We show that flying-focus fields can be obtained from complex conformal transformation of plane
waves, and that solutions of the massless wave equation in the so-obtained fields are, correspondingly,
conformal transformations of the Volkov solutions. This leads to the result that photon emission amplitudes
in a totally depleting flying-focus beam may be computed directly from the corresponding plane-wave
amplitudes by taking a simple Gaussian average over certain momentum variables. In effect, this gives a
way of introducing focusing effects into strong-field QED calculations “for free.” The extension of these
results to scattering amplitudes including only partial depletion is discussed and some first results presented
in the anti-self-dual limit.

DOI: 10.1103/b3gf-ls99

I. INTRODUCTION

Modern lasers produce light of such intensity that they
access the quantum and relativistic regime of light-matter
interactions [1–3]. Furthermore, the effective laser-matter
coupling exceeds unity, demanding a nonperturbative treat-
ment. The appropriate theory framework for laser-particle
scattering is then “strong-field quantum electrodynamics
(QED),” which employs background-field quantum field
theory (QFT) methods to account for the strong laser
coupling; for reviews see [4,5].
Performing analytic calculations in strong-field QED

requires two main ingredients: solutions of Maxwell’s
equations which model the strong background field, and
explicit electron wavefunctions which are exact in that
background. Of course, there is the additional practical
requirement that these objects (the background and its
associated wavefunctions) are amenable to calculation—that
is, that scattering amplitudes and associated observables can
actually be computed to reasonable levels of precision within
the Furry expansion [6]. This is one of the main bottlenecks
to making analytic progress in strong-field QED, since there
are few backgrounds which allow this.

For these reasons, plane waves provide one of the most
ubiquitous examples of strong QED backgrounds, as the
required charged particle wavefunctions (the Volkov solu-
tions) are known for arbitrary plane waves as well as particle
spin and charge [7,8]. However, intense electromagnetic
fields created in the laboratory, or nature, typically feature
spatial inhomogeneity, one example being the focusing
geometry of ultraintense lasers. Plane waves, though, are
completely unfocused, and will therefore miss physics
resulting from focusing effects, see e.g. [9–16]. This has
motivated interest in exact solutions of Maxwell’s equations
which go beyond the plane-wave approximation by includ-
ing focusing behaviour. Prominent examples are flying-focus
fields, part of a wide class of solutions of Maxwell’s
equations with a focal spot that moves with or against the
beam, see [17–20] for some of the original investigations of
such solutions, [21–24] for experiments, and [14,25–27] for
recent applications to strong-field QED processes.
However, it is not possible to obtain exact solutions for the

wavefunctions of charged fields in general flying-focus
backgrounds, meaning that most studies have utilized
numerics or perturbative approximations of the background.
Nevertheless, it was recently shown that for certain complex-
valued flying-focus solutions it is possible to obtain exact,
analytic expressions for massless scalar/ultrarelativistic elec-
tron wavefunctions [27]. Furthermore, scattering amplitudes
in these complex backgrounds have a real physical inter-
pretation, encoding the total depletion of an initial flying-
focus field (viewed as an incoming coherent state) during a
scattering process [28–30]. We will here tie these ideas
together, showing first that a flying-focus beam can be
obtained by applying a complex conformal transformation to
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a real plane wave. That the resulting field is complex is not
an issue at this level—one simply takes the real part to obtain
the fields of a real flying focus. Next, we will show that the
same conformal transformation turns Volkov wavefunctions
(exact solutions of the wave equation for charged particles in
plane-wave backgrounds [7]) into the exact wavefunctions
for charged particles in the flying-focus background.
There are two caveats here—first, this result holds only for

massless charges, due to the transformation being conformal.
Second, the operation of taking real parts and solving the
Klein-Gordon (or Dirac) equations do not commute, mean-
ing that we can only find wavefunctions in the complex
flying-focus background. This restricts us to considering
amplitudes for processes in which the flying-focus beam,
again viewed as an incoming coherent state of photons, is
completely absorbed during scattering. Despite this, we will
be able to find all-multiplicity results relating scattering in
focused fields to scattering in plane-wave backgrounds.
While an interesting theory challenge, the case of

complete depletion is not phenomenologically relevant
for current experiments [31]. This prompts us to ask
how to account for only partial depletion, and we will
provide some initial results in the latter part of this paper.
Restricting now to anti-self-dual flying-focus beams, we
find a set of exact charged particle wavefunctions which
allow for arbitrary levels of depletion (staying within the
anti-self-dual sector) and discuss their properties. Although
only a first step, these results offer an interesting look into
the depth of complexities one might expect to appear in
wavefunctions for realistic, and real, focused backgrounds.
This paper is organized as follows. In Sec. II we provide a

short review of relevant results on scattering amplitudes
involving coherent states, the relation of such amplitudes to
scattering on backgrounds (real and complex), and essential
properties of the Volkov wavefuntions describing charged
particles scattering on plane-wave backgrounds. In Sec. III
we show that a flying-focus beam can be constructed by
taking a complex special conformal transformation of a
plane wave, and that the same transformation turns Volkov
solutions into wavefunctions for charged particles in flying-
focus backgrounds. We proceed to the computation of
amplitudes in Sec. IV, beginning with the simplest case
of nonlinear Compton scattering (with complete absorption).
This will set the scene for our main all-multiplicity result:
knowing the plane-wave N-photon emission amplitude
gives—almost automatically—the corresponding amplitude
in a flying-focus background. In Sec. V we begin the in-
vestigation of partial depletion amplitudes, restricting here to
the case of anti-self-dual backgrounds, where we are able to
determine an exact set of wavefunctions for which we expect
an extra degree of simplicity. We conclude in Sec. VI.

A. Notation and conventions

We choose units such that ℏ ¼ c ¼ 1. The metric is
mostly minus. We absorb factors of 2π into measures and

delta functions, writing d̂p ≔ dp=ð2πÞ and δ̂ðpÞ ≔ 2πδðpÞ.
The positive-frequency, on-shell phase space measure over
massless particle momenta lμ is denoted

Z
l
≡
Z

d̂4lδ̂ðl2ÞΘðl0Þ: ð1Þ

II. REVIEW: COHERENT STATES,
BACKGROUNDS, AND PLANE WAVES

In this section, we briefly review some familiar structures
of strong-field QED in plane-wave backgrounds, and recall
that strong-field scattering amplitudes in complex-valued
electromagnetic fields encode real depletion/backreaction
effects in scattering between coherent states.

A. Background fields and coherent states

Our focus throughout will be on massless scalar QED,
viewed as an ultrarelativistic approximation for QED
proper. In the presence of a fixed, classical back-
ground A, the Lagrangian governing the Furry expansion
of this theory is [6]

L ¼ ðDμϕÞ�Dμϕ − ieAμðϕ�Dμϕ − ϕðDμϕÞ�Þ

þ e2A2jϕj2 − 1

4
F μνF μν; ð2Þ

in which ϕ is the complex, charged scalar, Dμ ¼ ∂μ þ ieAμ

is the covariant derivative associated with the background,
and Aμ is the fluctuating photon field, with field
strength F μν ¼ ∂μAν − ∂νAμ.
We denote the S-matrix of this theory by S½A�, high-

lighting the dependence on the background. Then scatter-
ing amplitudes in the Furry picture correspond to matrix
elements houtjS½A�jini, where the initial state jini and final
state jouti are composed of scalars and free photons. Now,
suppose the background is a vacuum solution of Maxwell’s
equations which can be written in terms of on-shell photon
modes as

AμðxÞ ¼
Z
l
½εðhÞμ ðlÞαhðlÞe−il·x þ εð−hÞμ ðlÞα�hðlÞeil·x�; ð3Þ

where εðhÞμ ðlÞ are helicity state polarization vectors with
h ¼ �1 (repeated helicity labels are implicitly summed

over), obeying l · εðhÞðlÞ ¼ 0 and ½εðhÞμ ðlÞ�� ¼ εð−hÞμ ðlÞ;
and αhðlÞ are (as we will see) occupation numbers for
photons of helicity h and momentum l.
It is a long-known result that scattering amplitudes

calculated in the presence of a vacuum solution (3)
are closely and precisely related to scattering of coherent
states [32,33], defined as follows. Let a†hðlÞ denote the
creation operator for a photon of helicity h and momentum l,
and ahðlÞ denote the corresponding annihilation operator.
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Then a coherent state jαi is given by acting on the vacuum
with the displacement operator DðαÞ, so jαi ¼ DðαÞj0i
where

DðαÞ ¼ exp

�Z
l
ða†hðlÞαhðlÞ − ahðlÞα�hðlÞÞ

�
; ð4Þ

and the αhðlÞ are, again, two freely chosen functions of
momentum and helicity. The choice of notation here is
deliberate, because in terms of the classical field (3), it is a
remarkable fact that the displacement operator can be used
to translate the vacuum S-matrix, S (i.e., with no back-
ground field) to the strong-field S-matrix S½A� via

S½A� ¼ D†ðαÞSDðαÞ: ð5Þ

In terms of scattering amplitudes, this has the consequence
that

houtjS½A�jini ¼ houtjD†ðαÞSDðαÞjini
¼ hout; αjSjin; αi: ð6Þ

In other words, the background field amplitude houtjS½A�jini
is equal to the vacuum probability amplitude to evolve from
an incoming state jini to an outgoing state jouti in the
presence of a given coherent state of photons, jαi.

B. Complex backgrounds and depletion amplitudes

One expects that scattering off an initial coherent state
should result, in realistic settings, in a different final coherent
state, due to e.g. depletion or backreaction effects. Scattering
amplitudes for such processes are given by

hout; βjSjin;αi; ð7Þ

with jαi the incoming coherent state and jβi the outgoing
coherent state. (Independent of the physical interpretation,
these are in any case sensible amplitudes to consider as, for
example, coherent states provide an overcomplete basis of
all states.) Using basic properties of the displacement
operator (4) and restricting attention to incoming/outgoing
number states which have zero kinematic overlap with the
outgoing/incoming coherent states,1 it follows that

hout; βjSjin; αi ¼ exp

�
−
1

2

Z
l
ðjαhðlÞj2 þ jβhðlÞj2

− 2αhðlÞβ�hðlÞÞ
�
houtjS½A�jini; ð8Þ

where the classical potential Aμ defining the background
field S-matrix S½A� is now complex:

AμðxÞ ¼
Z
l
½εðhÞμ ðlÞαhðlÞe−il·x þ εð−hÞμ ðlÞβ�hðlÞeil·x�: ð9Þ

In other words, amplitudes with different coherent pieces in
the initial and final states are equivalent (up to an overall
exponential factor which is not a phase) to amplitudes in a
complex-valued background (9), whose positive and neg-
ative frequency modes are given by the incoming and
outgoing coherent state profiles, respectively. This observa-
tion provides a theoretical framework to compute depletion
amplitudes (i.e. scattering between distinct asymptotic
coherent states) in terms of background field amplitudes
where the background is complex. For example, a total
depletion process, whereby the incoming coherent state is
totally absorbed during the scattering process, is modeled by
a complex background (9) with αhðlÞ ≠ 0, βhðlÞ ¼ 0.
Note that despite the appearance of a complex back-

ground in the Furry picture, the initial transition amplitude
between coherent states is defined with respect to the
ordinary S-matrix of (scalar) QED, so unitarity is
preserved.

C. Plane waves and Volkov wavefunctions

It is illustrative and useful to consider the example of
plane-wave backgrounds, and the Volkov solutions of the
Klein-Gordon equation in them. Let the Minkowski line
element in light-front coordinates ðxþ; x−; x1; x2Þ be

ds2 ¼ 2dxþdx− − jdx⊥j2; x⊥ ¼ ðx1; x2Þ; ð10Þ

with jx⊥j2 ≡ ðx1Þ2 þ ðx2Þ2. Then plane-wave Maxwell
fields may be described by gauge potentials

ApwðxÞ ¼ −x⊥ḟ⊥ðx−Þdx−; ḟðx−Þ≡ dfðx−Þ
dx−

; ð11Þ

where ḟ⊥ðx−Þ are two freely chosen functions of light-front
time x−. Minus signs and derivative are for convenience. It
is easy to see that (11) solves the vacuum Maxwell
equations for any choice of f⊥ðx−Þ, real or complex,
though physical considerations can be used to place some
restrictions on their form. For instance, demanding that ḟ⊥
be compactly supported in x− gives rise to “sandwich”
plane waves which have well-defined asymptotic in and out
regions for charged particle scattering, and for which the
potential conveniently vanishes asymptotically [34].
Furthermore, it is a fact that any electromagnetic field in

Minkowski spacetime is well approximated by a plane
wave in the neighborhood of a null geodesic [35], and the
high degree of symmetry preserved by plane waves—a
five-dimensional Heisenberg algebra whose center is gen-
erated by translations in the xþ direction [12,36–39]—
means that wave equations for charged fields on plane-
wave backgrounds are exactly solvable. For the simple
example of a massless charged scalar ϕðxÞ, viewed as an1See [29] for extensions.
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approximation to an ultrarelativistic electron, the appro-
priate equation is Klein-Gordon:

D2
pwϕ≡ ð∂þ ieApwÞ2ϕ ¼ 0: ð12Þ

The solutions of this equation are the well-known Volkov
wavefunctions [7] given by, writing fμ ≡ δ⊥μ f⊥,

ϕðxÞ ¼ e−iSpðxÞ;

SpðxÞ ¼ −efðx−Þ · xþ p · x

þ 1

2pþ

Z
x−

−∞
dsð2efðsÞ · p − e2f2ðsÞÞ; ð13Þ

where pμ is an on-shell 4-momentum obeying p2 ¼ 0.
Similar solutions exist for massive fields with arbitrary
spin [8].
The exact Volkov solutions and the symmetry properties

of the plane-wave background mean that scattering ampli-
tudes computed in the Furry expansion can be obtained
fairly explicitly, even for generic wave profiles f⊥ðx−Þ,
although for every vertex there is an integral over light-front
time x− which typically cannot be performed exactly. (See
e.g. [4,5] for reviews of various approximation schemes.)
Notable exceptions are constant fields [40], and the impul-
sive limit, for which closed-form, exact expressions for
scattering probabilities have been obtained for nonlinear
Compton and pair creation at tree level [41,42], as well as
spin/helicity-flip at one loop [43,44].

III. FOCUSED FIELDS AND WAVEFUNCTIONS
FROM CONFORMAL TRANSFORMATIONS

In this section, we show that the origin of the flying-
focus field and its associated wavefunctions can be under-
stood as a complex-valued conformal transformation of
familiar structures in plane-wave backgrounds. Of course,
the method of generating new solutions to massless wave
and Maxwell equations via conformal transformations goes
back to Bateman [45], and the observation that flying-focus
fields can be generated from complex conformal trans-
formations has also been made (using somewhat different
terminology) previously [20]. However, the fact that these
conformal transformations can also be used to generate
exact solutions for massless wavefunctions on flying-focus
backgrounds corresponding to total depletion processes is
new. (For applications of conformal transformations to
radiation reaction see e.g. [46,47].)

A. Flying focus from a conformal transformation

Conformal transformations of Minkowski spacetime
rescale the metric (10) by an overall positive factor, ds2 →
Ω2ðxÞds2, which preserves angles but not scales. These
transformations form the group SO(2, 4), which is gen-
erated by Poincaré translations, Lorentz transformations,

dilatations (or scale transformations) and the special
conformal transformations, which act as

xμ →
xμ − bμx2

1 − 2b · xþ b2x2
; ð14Þ

for some 4-vector bμ. When considering physical theories
which are conformally invariant, conformal transforma-
tions can be used to generate interesting new solutions to
equations of motion from known ones. Now, the vacuum
Maxwell equations are famously conformally invariant
[48,49], so the transformation (14) will send, for example,
a plane-wave Maxwell field to a new solution of the
vacuum Maxwell equations, with spatial inhomogeneity.
Consider the specific case of a special conformal trans-

formation (14) in which bμ is chosen to be a null vector
such that 2b · x ¼ κxþ with κ∈R. This special conformal
transformation defines a new set of coordinates

xμ → σμ; σ− ¼ x− þ κ

2

jx⊥j2
1 − κxþ

;

σ⊥ ¼ x⊥
1 − κxþ

; σþ ¼ xþ

1 − κxþ
: ð15Þ

Suppose we apply this special conformal transformation to
a plane wave. Before giving any details, let us first consider
some broad features of the newMaxwell field. The solution
will have the attractive feature of introducing spatial
inhomogeneity: whereas the initial plane wave was totally
homogeneous in the transverse plane (being a function of
light-front time x− only), the new solution depends on the
x⊥ coordinates through the combination σ− given in (15).
Unfortunately, the resulting field will almost inevitably be
singular, blowing up along the light-front where xþ ¼ κ−1.
This can be interpreted as a sort of focusing caustic induced
by the conformal transformation.
This singular behavior can be avoided if we allow

ourselves to consider complex conformal transformations.
Indeed, replacing κ in (15) with −ik for some real number
k ≥ 0 leads to

xμ → σμ; σ− ¼ x− −
ik
2

jx⊥j2
1þ ikxþ

;

σ⊥ ¼ x⊥
1þ ikxþ

; σþ ¼ xþ

1þ ikxþ
: ð16Þ

The apparent downside of such a choice is that the
conformal transformation of a real Maxwell field will
inevitably become complex. However, we have already
seen in Sec. II B how to interpret such fields, and so we will
now apply (16) to the plane wave (11) and explore the
newly generated field. The special conformal transforma-
tion of (11) is

TIM ADAMO, ANTON ILDERTON, and ADAM NOBLE PHYS. REV. D 114, 056022 (2026)

056022-4



AðxÞ¼−σ⊥ḟ⊥ðσ−Þdσ−

¼−x⊥ḟ⊥ðσ−Þ
1þ ikxþ

�
dx−−

ikx⊥dx⊥
1þ ikxþ

−
k2

2

jx⊥j2
ð1þ ikxþÞ2dx

þ
�
:

ð17Þ

This is easily confirmed to be a vacuum solution of
Maxwell’s equations, but we need to do some work to
clarify its physical behaviour. Let us consider first the
functions ḟ⊥ðσ−Þ, which we write in terms of their Fourier
modes as

ḟ⊥ðσ−Þ ¼
Z

∞

0

dω
2π

ð−iωÞf⊥ðωÞe−iω½x
−−ik

2

jx⊥ j2
1þikxþ�

þ
Z

∞

0

dω
2π

ðþiωÞf⊥ð−ωÞeiω½x
−−ik

2

jx⊥ j2
1þikxþ�: ð18Þ

We have deliberately separated the field into positive
energy/incoming and negative energy/outgoing modes to
highlight the following: the exponent is not a pure phase,
there is a real part equal to

∓ ωk
2

jx⊥j2
1þ k2ðxþÞ2 ; ð19Þ

representing either an exponential damping or exponential
increase. Thus, the Maxwell field (17) resulting from the
conformal transformation (16) is only physically sensible
(i.e., the Fourier integrals do not diverge due to exponen-
tially increasing contributions) for purely positive-fre-
quency, i.e. incoming, profiles f⊥.
We therefore restrict to this case. With this we have a

sensibly defined, albeit still complex, background. From
Sec. II B we know, though, that this is equivalent to the
presence of an initial coherent state, and therefore an initially
present (real) field in our scattering process. The associated
field is just the real part of (17). To establish the corre-
sponding coherent state profile, we first observe that the
transformed gauge potential may be written

A ¼ −dðσ⊥f⊥ðσ−ÞÞ þ
f⊥ðσ−Þ
1þ ikxþ

�
dx⊥ −

ikx⊥
1þ ikxþ

dxþ
�
;

ð20Þ

in which the first term is pure gauge. The second term may
easily be verified to admit a Fourier transform of the form (9)
with (β ¼ 0 and)

αhðlÞ ¼
4π

k
exp

�
−
jl⊥j2
2kl−

�
fhðl−Þ; ð21Þ

in which fh ≔ ðf1 − ihf2Þ=
ffiffiffi
2

p
, and where we work in

(anti-)light-front gauge εðhÞ− ¼ 0, in which case the

polarizations have the explicit form2

εðhÞμ ðlÞ ¼ 1ffiffiffi
2

p
�
l1 þ ihl2

l−
; 0; 1; ih

�
: ð22Þ

The coherent state profile (21) is easily understood; the
Gaussian momentum distribution has variance proportional
to k, which in the limit k → 0 recovers a transverse delta
function in l⊥, which is the Fourier profile (occupation
number distribution) of a plane wave. In other words, our
conformally transformed field is obtained from a plane wave
by broadening the spread of transverse photon momenta—
this is, as previously observed [18], precisely how one
constructs a flying-focus beam from a plane wave (see
also [51,52] for applications).
To be concrete, let us take

f⊥ðx−Þ ¼ ϵ⊥e−iωx
− ð23Þ

in which ϵ⊥ is a (possibly complex) constant vector, while
ω is a fixed positive frequency. The critical factor appearing
in the resulting Aμ and Fμν is

e−iωσ
−ðxÞ

1þ ikxþ
; ð24Þ

and it is enough to analyze this. Taking the real part of this
factor we find

e
−ωk

2

jx⊥ j2
ð1þk2ðxþÞ2Þ

1þ k2ðxþÞ2
�
cos

�
ω

�
x− −

k2xþjx⊥j2
2ð1þ k2ðxþÞ2Þ

��

− kxþ sin

�
ω

�
x− −

k2xþjx⊥j2
2ð1þ k2ðxþÞ2Þ

���
: ð25Þ

The gauge field thus describes a Gaussian peak counter-
propagating against a wave of frequency ω at the speed of
light. [In fact (25) is itself a solution of the scalar wave
equation.]
In analogy to the case of Gaussian beams3 we can read off

the waist radius of the Gaussian peak w0 and its Rayleigh
length zR in terms of ω and k as

w0 ¼
ffiffiffiffiffiffi
2

ωk

r
; zR ¼ 1

k
: ð26Þ

2To be clear, inserting (22) and (21) into (9) and performing the
Fourier transform recovers the second, nontrivial term in (20).
The first term in (20) represents a large gauge transformation; it
can, along with the equivalent potential (17), be accommodated in
the coherent state picture but this requires more complicated
polarizations—see [50] for a recent discussion.

3We remind the reader that standard Gaussian beam expres-
sions are approximate (paraxial) solutions of Maxwell’s equa-
tions, whereas the solutions here are exact.
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The spot size wðxþÞ and curvature RðxþÞ are given by

wðxþÞ ¼ w0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

�
xþ

zR

�
2

s
;

RðxþÞ ¼ xþ
�
1þ

�
zR
xþ

�
2
�
; ð27Þ

which again are the standard expressions for a Gaussian
beam, except they now depend on xþ rather than x3. The
fields are illustrated in Fig. 1.
This solution of Maxwell’s equations, which follows

from the choice (24) of a monochromatic profile, is called
the flying-focus beam solution of Maxwell’s equations.
It is the simplest example in a broad class of flying-focus
solutions—for other examples with e.g. angular momentum
and different focal velocities see [53,54]. For choices of
profile function f⊥ other than (25) the resulting fields have
been referred to as “focus waves” [18]. We will, for
simplicity, continue to refer to the general solution (17)
obtained by conformal transformation as a flying-focus
solution, although the physical properties of the field
naturally depend on the choice of f⊥ðx−Þ.

B. Massless wavefunctions from a conformal
transformation

The complex flying-focus solutions above present an
opportunity to analytically compute scattering amplitudes
which include the effects of both depletion and spatial
inhomogeneity. However, to do so requires solutions of

the charged wave equations in this complex background.
In generic flying-focus Maxwell fields, there are no known
exact solutions; however, it is possible to write down exact
wavefunctions in the flying focus (17), by again using the
complex conformal transformation (16), as follows. We
again consider a massless, complex charged scalar Φ,
viewed as an ultrarelativistic description of electrons/
positrons. If we act with (16) then the Klein-Gordon
equation on a plane-wave background becomes, up to a
conformal factor, the wave equation on a complex flying-
focus background, that is

D2ðxÞ ¼ Ω−3D2
pwðσÞΩ; ð28Þ

in which Dμ
pw is the plane-wave covariant derivative and

the “conformal factor” Ω is defined by ΩðxÞ ¼ 1þ ikxþ,
equivalently ΩðσÞ ¼ 1=ð1 − ikσþÞ.
It follows that if Φ is a solution of the Klein-Gordon

equation in a plane-wave background, then after the
conformal transformation (16) Φ̂≡Ω−1Φ is a solution
of the wave equation in the complex flying-focus gauge
field. (In other words the scalar has conformal weight −1.)
Even more simply, the latter is solved by simply taking the
conformal transformation of the Volkov solutions (13);

D2ðxÞΩ−1ΦðσðxÞÞ ¼ Ω−3D2
pwðσÞΦðσÞ ¼ 0: ð29Þ

We can thus write down the solutions of the wave equation
in the complex flying-focus background (17) as

Φ̂pðxÞ ¼ Ω−1ðxÞe−iSpðσðxÞÞ

¼ 1

1þ ikxþ
exp

�
iefðσ−Þ · σ − ip · σ −

i
2pþ

Z
σ−

dsð2efðsÞ · p − e2f2ðsÞÞ
�����

σ≡σðxÞ

¼ 1

1þ ikxþ
exp

�
i
efðσ−ðxÞÞ · x
1þ ikxþ

− i
pþxþ þ p⊥x⊥

1þ ikxþ
− ip−σ

−ðxÞ − i
2pþ

Z
σ−ðxÞ

dsð2efðsÞ · p − e2f2ðsÞÞ
�
; ð30Þ
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FIG. 1. Left: sketch of the “seed” plane-wave electric fields corresponding to (23), plotted as a function of x−, equivalently at fixed t
and as a function of z. Middle: electric field component of the flying-focus beam at x⊥ ¼ 0—a Gaussian peak (illustrated by the dashed
yellow line) now counterpropagates with the wave. Right: density plot of the electric field strength jEj in the flying-focus beam, at t ¼ 0,
as a function of z and jx⊥j. The spot size wðxþÞ from (27) is marked by the dashed line.
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in which we have not written out σ−ðxÞ explicitly for
brevity.
These solutions preserve several features from the

plane-wave case. For example, despite clearly depending
nontrivially on all spacetime coordinates, they are still
semiclassical/WKB exact, in that the exponent is exactly of
order 1=ℏ. (The conformal prefactor essentially takes the
place of an ℏ0 term.) The exponent continues to obey

ð∂Sp − eAÞ2 ¼ 0; ð31Þ

that is, it solves the charged Hamilton-Jacobi equations on
the complex flying-focus background.
Let us comment on boundary conditions. For pulsed

plane-wave fields we may always choose fðx−Þ → 0 as
x− → −∞, in which case (13) has incoming boundary
conditions—it describes a free electron of momentum pμ

in the asymptotic past. The wavefunction for an outgoing
electron, momentum q in the future, is obtained by
replacing p → q, setting the integral limit to þ∞, and
replacing [33,55]

fðx−Þ → foutðx−Þ ≔ fðx−Þ − f∞; f∞ ≔ lim
x−→∞

fðx−Þ:
ð32Þ

Finally, we take the conjugate, as this is how the wave-
function appears in S-matrix elements. Performing the
conformal transformation one obtains the corresponding
outgoing flying-focus wavefunction (dropping the hat—
from hereon all our wavefunctions are those in flying-
focus backgrounds)

Φ̄qðxÞ ¼
1

1þ ikxþ
exp

�
−iefoutðσ−Þ · σ þ iq · σ

þ i
2qþ

Z
σ−

∞
dsð2efoutðsÞ · q − e2f2outðsÞÞ

�����
σ≡σðxÞ

:

ð33Þ

One might hope to obtain similar Volkov-like solutions for
massive scalars and Dirac spinors. However, the equations
of motion obeyed by these fields are not conformally
invariant, due to the scale set by their masses. As such, it
is not possible to generate exact solutions for their
wavefunctions using the same conformal transformation.
Nevertheless, we are now armed with the exact, ultra-
relativistic wavefunctions (30) on an incoming flying-
focus field, and can thus turn to the computation of total
depletion amplitudes in these backgrounds.

IV. TOTAL DEPLETION AMPLITUDES
IN FOCUSED FIELDS

We have now seen that applying a conformal trans-
formation to a plane-wave electromagnetic field turns it

into a flying focus, and that the same transformation turns
Volkov solutions into solutions of the Klein-Gordon equa-
tion in the flying-focus background. The next question to
address is what happens if we apply the same transformation
to scattering amplitudes in plane-wave backgrounds. We
will do this in Sec. IV B. As a warmup, wewill first consider
nonlinear Compton scattering, and calculate its amplitude
following the method of [27].

A. Warmup: Nonlinear Compton scattering

We consider the tree-level scattering of an electron on the
flying-focus background. The electron scatters frommomen-
tum p to momentum q, and emits a photon of momentum l

and polarization εðhÞμ ðlÞ. This is nonlinear Compton (NLC)
scattering with total depletion.
To calculate the amplitude, let Φp and Φ̄q be, respec-

tively, incoming and outgoing wavefunctions (30) and (33)
for electrons of momentum p and q. It is easily checked
that the current

jμðxÞ ¼ Φ̄qDμΦp −ΦpD̄μΦ̄q; ð34Þ

with D̄μ ≔ ∂μ − ieAμ, is conserved as expected,
∂μjμðxÞ ¼ 0. In terms of this current, the S-matrix element
for NLC scattering is

Sfi ¼ eeW½α�
Z

d4xeil·xεð−hÞμ ðlÞjμðxÞ; ð35Þ

which takes the same form as in a real background, aside
from the factor eW½α�, which is shorthand for the exponential
in (8). We will perform the integrals over xμ in (35) by
deforming them in the complex plane, following [27]; an
alternative method will also be described below. We first
displace the x− contour from the real axis by the nontrivial
part of σ−,

x− → x− þ ik
2

jx⊥j2
1þ ikxþ

; ð36Þ

and integrate along a real slice of x−. This change of variable
causes a shift in the exponent of the photon wavefunction,
and as a result the x⊥–integrals become Gaussian. We rotate
the x⊥ contours in the complex plane, effectively changing
variable to σ⊥ ¼ x⊥=ð1þ ikxþÞ. Performing the integrals
generates the factor Δ⊥ðqþ lþ ef∞ − pÞ where

Δ⊥ðpÞ ≔
ð2πÞ2
2kl−

exp

�
−
jp⊥j2
2kl−

�
ð37Þ

is a k-regulated delta function in the transverse (momentum)
plane obeying

lim
k→0

Δ⊥ðpÞ ¼ δ̂2ðp⊥Þ: ð38Þ
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This should be contrasted with the plane-wave calculation—
the exponent appearing in the integrand of the amplitude is
there linear in x⊥, which generates an exact delta function
conserving overall transverse momenta.
The next step is to perform the xþ integral. Changing

variable once more from xþ to σþ ¼ xþ=ð1þ ikxþÞ, and
integrating along real σþ, we obtain a delta function setting

qþ ¼ q⋆þ ≔ pþ −
jp⊥ − q⊥j2

2l−
: ð39Þ

(We pause here to comment that the contour deformations
used above are valid provided they do not cross any
singularities of the integrand, in particular of the back-
ground profile fðσÞ. This is certainly the case for the flying-
focus beam (23), see also [27]. For more general fðσÞ, we
observe that no obvious pathologies have been encountered
—if, for example, the sign of the exponent in (37) had been
positive or ambiguous, it would be a clear warning sign, but
this is not the case. Similarly, the change of variable from
xþ to σþ leads to a real phase and therefore a delta function,
and not an unphysical positive exponential. Below, we will
give an alternative method of calculating amplitudes which
does not rely on contour deformation arguments.)

Only the integral over σ− remains, and cannot be
evaluated in general, just as for the integral over x− in a
general plane-wave background. We can however simplify
by dropping any term which is a total derivative with respect
to σ− [55,56], which allows us to tidy the final expression
somewhat. The amplitude is conveniently expressed in terms
of the “dressed” on-shell momenta

πμpðsÞ ≔ pμ − efμðsÞ þ nμ
2efðsÞ · p − e2fðsÞ2

2pþ
;

πμqðsÞ ≔ qμ − efμoutðsÞ þ nμ
2efoutðsÞ · q − e2foutðsÞ2

2qþ
;

ð40Þ

which are functionally identical to those appearing in plane-
wave backgrounds. They inherit the boundary conditions of
the corresponding in and out modes, that is πpð−∞Þ ¼ p
and πqðþ∞Þ ¼ q. We will write, for the transverse compo-

nents of these momenta, πðsÞ≡ ðπ1ðsÞ þ iπ2ðsÞÞ=
ffiffiffi
2

p
;

these are just the projections onto the transverse photon
polarization vectors, see (22).
Finally then, the amplitude is

Sfi ¼ 2iel−δ̂ðqþ − q⋆þÞeW½α�Δ⊥ðlþ qþ ef∞ − pÞ

×
Z

dσ

�
δþ1
h

qþπpðσÞ − pþπqðσÞ
ðπqðσÞ − πpðσÞÞ2

þ δ−1h
qþπ̄pðσÞ − pþπ̄qðσÞ
ðπ̄qðσÞ − π̄pðσÞÞ2

�
exp

�
i
2

Z
σ
ds

ðπqðsÞ − πpðsÞÞ2
qþ − pþ

�
: ð41Þ

In the second line, we have written the preexponential
factor as the sum of two terms, one for each possible
emitted photon helicity. Everything in the second line can
be mapped directly to what would be obtained in a plane-
wave background—it may not look familiar when compar-
ing to the literature because in the plane-wave case one
usually eliminates qμ in favor of lμ, whereas here we have
lost conservation of transverse momentum. Recall that this
is encoded in the Gaussian factor △⊥, which also contains
the usual “memory” [55,57] term coming from f∞. [The
argument of △⊥ may equivalently be written
ðlþ πq − πpÞ⊥.] The lack of transverse momentum con-
servation also impacts longitudinal momentum conserva-
tion through (39)—in the plane-wave case the delta
function would instead set ðlþ q − pÞþ ¼ 0.

B. All-multiplicity results

It is clear that the contour deformations used in the
amplitude calculation above are effectively undoing the

conformal transformation from xμ to σμ. This brings the
amplitude into a form which is very closely related to that
in a plane-wave background but not, crucially, equal to it—
there are focusing effects. In this section we therefore use
the conformal transformation to reduce amplitudes for an
arbitrary number of photon emissions to what are essen-
tially plane-wave calculations. We first present the ampli-
tude, then consider how its constituent parts behave under
conformal transformation, before combining those parts
and obtaining the result.

1. Amplitude

We again consider the tree-level scattering of an electron,
momentum p to momentum q, on the flying-focus back-
ground with total depletion, but now with the emission ofN
photons, momenta lj and polarizations εj ≡ εðhjÞðljÞ. The
amplitude is constructed from the sum over all possible
permutations of the three-point and four-point vertices. A
general term in this sum has the form
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AN ¼ ð−ieÞNeW½α�
Z

d4x1 � � � d4xNΦ̄qðxnÞeiln·xn � � � eil1·x1

� � �Gðxjþ1; xjÞεj ·D
↔ðxjÞGðxj; xj−1Þ � � �Gðxrþ1; xrÞεr · εr−1Gðxr; xr−1Þ � � �Φpðx1Þ; ð42Þ

in which we have chosen some set of labels for the photons,
Gðx; yÞ is the scalar propagator in the flying-focus back-
ground, and each three- and four-point vertex may be
repeated multiple times. (These vertices may also appear
next to the incoming and outgoing electron wavefunctions.)
We take the amplitude and perform the complex conformal
transformation x → σ as defined in (16). Recalling the
definition of the conformal weight Ω ¼ 1þ ikxþ ¼
1=ð1 − ikσþÞ, the integration measures transform as

d4xi ¼ d4σiΩ4ðσiÞ; ð43Þ

and we can now consider the transformation of the various
other components in (42).

2. Wavefunctions and propagator

As established in Sec. III B, the scalar wavefunc-
tion obeys

ΦðxÞ ¼ Ω−1ϕðσÞ ð44Þ

in which ϕ is the Volkov solution in a plane-wave back-
ground. The new ingredient we must consider in (42) is the
(scalar) electron propagator in the flying-focus background.
A massless Volkov solution can easily be extended off shell
by replacing the massless 4-momentum pμ with a massive
4-momentum (i.e., p2 ≠ 0); a propagator is then easily
constructed by stitching together these off-shell solutions.
However, this strategy does not immediately extend to the
flying-focus background: the mass scale introduced in this
way breaks conformal invariance and the resulting wave-
functions are not off shell in a controlled way. Nevertheless,
the conformal transformation linking plane-wave and fly-
ing-focus backgrounds can still be exploited to arrive at a
propagator as follows.
We know that the propagator obeys, for an arbitrary

function JðxÞ,

D2ðxÞ
Z

d4x0Gðx; x0ÞJðx0Þ ¼ JðxÞ; ð45Þ

and that under conformal transformation the covariant
derivative obeys (28), which we repeat here:

D2ðxÞ ¼ Ω−3D2
pwðσÞΩ: ð46Þ

Using (46) in (45), and also performing the conformal change
of variable in the integral, x0 → σ0, we quickly land on

D2
pwðσÞ

Z
d4σ0

�
Gðσ; σ0Þ

ð1 − ikσþÞð1 − ikσ0þÞ
�
jðσ0Þ ¼ jðσÞ; ð47Þ

in which we havewritten jðσÞ≡ JðσÞ=ð1 − ikσþÞ3, which is
still arbitrary. It follows that the object in square brackets
above is the Green’s function in a (totally depleting) plane
wave, call it Gpw, which is, of course, known exactly. Hence,
as long as the propagator G appears under at least one
integral, which it always does in the amplitude (42), then we
may write it in terms of the plane-wave propagator as

Gðxi; xjÞ ¼ ð1 − ikσþi ÞGpwðσi; σjÞð1 − ikσþj Þ
¼ Ω−1ðσiÞGpwðσi; σjÞΩ−1ðσjÞ: ð48Þ

As a consistency check, observe that the propagator trans-
forms as a product of wavefunctions, as expected.

3. Vertices

We begin with the three-point vertex. Spatial derivatives
in the vertex always appear coupled to an external photon
polarization; changing variables we have, for an arbitrary
scalar function FðxÞ,

ε ·
∂

∂x
1

1þ ikxþ
FðxÞ ¼ εν

∂σμ

∂xν
∂

∂σμ
ð1 − ikσþÞFðσÞ: ð49Þ

Now, since we use (anti)-light-front gauge εþ ¼ 0, see (22),
there is no ∂=∂σþ term in the above, hence the final
σþ–dependent factor passes through the derivative. From
here it is easily checked that, for the full covariant derivative,

ε ·DðxÞΩ−1ðxÞFðxÞ ¼Ω−3ðσÞEðl;σÞ ·DpwðσÞFðσÞ; ð50Þ

in which we have defined

Eμðl; σÞ ≔ Ω2ðσÞενðlÞ ∂σ
μ

∂xν
¼ 1ffiffiffi

2
p ð1 − ikσþÞ

×

�
l1 þ ihl2 þ ikl−ðσ1 þ ihσ2Þ

l−ð1 − ikσþÞ ; 0; 1; ih

�
:

ð51Þ

The reason for this definition will become clear in a moment
[but compare (22)]. As for the contribution from four-point
vertices, observe that, in terms of (51), we may write

εi · εj ¼ Ω−1ðσÞEðli; σÞ · Eðlj; σÞΩ−1ðσÞ; ð52Þ
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in which σ is the appropriate vertex position [labeled σr in
the example contribution (42)]. We will use this result
immediately below.

4. Assembly

Putting everything together, our change of variables
turns wavefunctions, propagators, and covariant derivatives
into their plane-wave counterparts. Each wavefunction is
accompanied by a factor of Ω−1, each propagator by two

such factors (one for each argument). At each four-point
vertex (52), we generate two further such factors, for a total
of four. These are cancelled exactly by the factor of Ω4 in
the measure (43). At each three-point vertex we obtain
three powers of Ω−1 from the covariant derivative acting on
a propagator/wavefunction, see (50), and one power of Ω−1

from the propagator/wavefunction which multiplies this.
This is again cancelled by the measure at this vertex. Hence
all factors of Ω cancel from the amplitude and we arrive at

AN ¼ ð−ieÞNeW½α�
Z

d4σ1 � � � d4σNϕ̄qðσnÞeiln·xðσnÞ � � � eil1·xðσ1Þ

� � �Gpwðσjþ1; σjÞEðlj; σjÞ ·D
↔

pwðσjÞGpwðσj; σj−1Þ � � �Gpwðσrþ1; σrÞEðlr; σrÞ · Eðlr−1; σrÞGpwðσr; σr−1Þ � � �ϕpðσ1Þ;
ð53Þ

in which we note the transformed exponents in the emitted
photon wavefunctions, and the new functions E replacing
the usual photon polarizations.
We have thus reduced the N-photon emission amplitude

in a flying-focus background to, essentially, that in a
plane-wave background—all wavefunctions and scalar
propagators are given by the usual Volkov expressions,
the flying-focus field is replaced by its plane-wave
counterpart. The only difference compared to the plane-
wave amplitude is that the usual free wavefunctions for
emitted photons εμðlÞeil·x are replaced by new functions
Eμðl; σÞeil·xðσÞ—all the complexity of beam focusing has
been shifted into these functions. This is interesting in
itself, but there is an even simpler representation of this
result which also lends itself to explicit evaluation of
amplitudes, as we shall now see.

C. Focusing for free

It is straightforward to verify that the new functions
appearing in our amplitude obey

∂ · ðEðσÞeil·xðσÞÞ ¼ 0; and ∂
2ðEμðσÞeil·xðσÞÞ ¼ 0; ð54Þ

and so are solutions of the vacuum Maxwell equations. In
other words, the new functions are wavepackets of free
photons—performing the conformal transformation on the
flying-focus amplitude has in fact converted it into the
equivalent plane-wave amplitude, but with the usual (plane-
wave) asymptotic photon states replaced by photon wave-
packet states. We have genuinely reduced the flying-focus
calculation to one in a plane-wave background.
It will at this stage be unsurprising to learn that the wave-

packet in question is nothing but the same Gaussian
appearing in the definition of the flying-focus beam itself:

Eμðl; σÞeil·xðσÞ ¼
Z
q
2q−δ̂ðq− − l−Þ

�
2π

kl−
e−jq⊥−l⊥j2=ð2kl−Þ

�

× εμðqÞeiqμσμ

≕⟪εμðlÞeil·σ⟫; ð55Þ

which defines the Gaussian average ⟪·⟫. We therefore have
the remarkable final result that beam focusing effects can be
added to total depletion plane-wave tree-level amplitudes
simply by taking a Gaussian average over the emitted
photon momenta:

ANðp → qþ l1 þ � � � þ lNÞ
¼ eW½α�⟪Apw

N ðp → qþ l1 þ � � � þ lNÞ⟫; ð56Þ

in which there is an independent averaging for each photon.
We stress that this result holds at arbitrary multiplicity.

V. PARTIAL DEPLETION

Up to this point, we have concentrated on scattering in
complex backgrounds which correspond to total depletion
of an incoming coherent state. However, as reviewed in
Sec. II, partial depletion can also be modelled by scattering
on complex backgrounds which have both incoming and
outgoing parts. While this is trivial to accommodate for
plane-wave backgrounds, it is far more challenging in
flying-focus backgrounds—at least, as they have been
constructed here. This is because one needs to use different
conformal transformations for the incoming and outgoing
parts of the field, and it is not clear how to construct
massless wavefunctions in the resulting background.
To tackle this problem, we restrict our attention in this

section to the setting where both the initial and final coherent
states collectively give anti-self-dual (ASD) fields. This
corresponds to taking α− ¼ βþ ¼ 0, so that all incoming
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coherent state photons (encoded in αþ) are positive helicity
and all outgoing coherent state photons (encoded in β−) are
negative helicity. While ASD fields are certainly not
generic physical configurations for partial depletion, they
do allow for significant computational simplifications. For
instance, the ASD assumption has enabled the determi-
nation of exact wavefunctions, high-loop and high-multi-
plicity scattering amplitudes for backgrounds in both gauge
theory and gravity [58–73], and provided insights into the
double copy [74–76] between gauge theories and gravity,
β-functions [77], and loop-level scattering amplitudes in
QCD [78–82].
Below, we provide a brief overview of ASD backgrounds

which are totally or only partially depleting. We then
observe that in the case of total depletion, there is an
alternative basis of massless wavefunctions, compared to
those studied above. We show that these can be generalized
to ASD, partially depleting flying-focus backgrounds,
providing a toolkit to go beyond total depletion.

A. Anti-self-dual fields

An electromagnetic field Fμν is said to be ASD if it obeys

F̃μν ≡ 1

2
ϵμνρσFρσ ¼ −iFμν: ð57Þ

Anti-self-duality is a powerful feature: ASD field strengths
automatically solve the vacuum Maxwell equations (by
virtue of the Bianchi identity) and the ASD condition gives
a set of first-order partial differential equations for the
gauge potential which are classically integrable [83,84].
Thanks to the factor of i appearing in (57), all ASD fields

are inherently complex valued. Following the logic of
Sec. II B, these will still represent real scattering processes
when the ASD fields encode incoming and outgoing
coherent states of photons. These correspond to gauge
potentials of the form

AμðxÞ ¼
Z
l
εðþÞ
μ ½αþðlÞe−il·x þ β�−ðlÞeil·x�: ð58Þ

In other words, scattering in the ASD background (58)
encodes transitions from an incoming coherent state of
positive helicity photons αþ to an outgoing coherent state
of negative helicity photons β−.
When dealing with ASD plane waves and flying-focus

solutions, it is convenient to work in coordinates where the
transverse x⊥–plane is identified with the complex plane. If
ðz; z̄Þ are complex conjugate coordinates on the complex
plane, then the Minkowski metric becomes

z ¼ x1 þ ix2ffiffiffi
2

p ; z̄ ¼ x1 − ix2ffiffiffi
2

p ;

ds2 ¼ 2ðdx−dxþ − jdzj2Þ: ð59Þ

In these coordinates, the profile functions f⊥ðx−Þ can be
combined into complex functions

f≡ f1 − if2ffiffiffi
2

p ; f̄≡ f1 þ if2ffiffiffi
2

p ; ð60Þ

so that the plane-wave gauge potential (11) becomes

ApwðxÞ ¼ −½zḟðx−Þ þ z̄ ˙̄fðx−Þ�dx−: ð61Þ

For complex-valued fields, f and f̄ are not related by complex
conjugation, but are instead independent functions—an ASD
plane wave corresponds to f̄ ¼ 0 (or f1 ¼ −if2). In this
case, the gauge field has a single component in either of the
gauges used in Sec. III A, and we will work with:

Aasd ¼ fðx−Þdz ⇒ Fasd ¼ ḟðx−Þdx− ∧ dz; ð62Þ

which is easily seen to obey (57). In the correspondence with
coherent state scattering, the positive (negative) frequency
modes of the profile function f correspond to the incoming
(outgoing) coherent state αþ (β−).
Just as we obtained totally depleting flying-focus sol-

utions from a (complex) conformal transformation of a
totally depleting plane wave, one imagines that something
similar occurs in the ASD but partially depleting case.
However, this expectation is too naïve: after performing the
conformal transformation (16), the resulting gauge potential
will be proportional to fðσ−Þ. Since f has both positive and
negative frequency Fourier modes, the latter will produce
exponential growth in the transverse ðz; z̄Þ plane, rather than
the desired exponential decay, as discussed in Sec. III A.
One resolution to this problem is to use two distinct

conformal transformations: one on the incoming modes of f
and another on the outgoing modes. Specifically, let

fðx−Þ ¼
Z

∞

0

dω
2π

fþðωÞe−iωx− þ
Z

∞

0

dω
2π

f−ð−ωÞeiωx−

¼ fþðx−Þ þ f−ðx−Þ; ð63Þ

be the decomposition of f into its incoming/positive
frequency (fþ) and outgoing/negative frequency (f−) parts.
Then we act with the conformal transformation (16) on the
positive frequency part of the plane wave, while acting on
the negative frequency part with

xμ → σ̃μ; σ̃− ¼ x− þ ik̃
jzj2

1 − ik̃xþ
;

σ̃ ¼ z

1 − ik̃xþ
; σ̃þ ¼ xþ

1 − ik̃xþ
; ð64Þ

where k̃ ≥ 0. The resulting gauge potential is
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A ¼ fþðσ−Þ
1þ ikxþ

�
dz −

ikz
1þ ikxþ

dxþ
�

þ f−ðσ̃−Þ
1 − ik̃xþ

�
dzþ ik̃z

1 − ik̃xþ
dxþ

�
; ð65Þ

whose incoming Fourier modes decay as before, while the
outgoing Fourier modes now also decay exponentially due
to the sign change in (64). Thus (65) is a partially depleting
flying-focus field, where the focusing of the incoming field
is controlled by k, while the focusing of the outgoing field
is controlled by k̃. It is easy to check that the corresponding
field strength is ASD, as expected since the ASD condition
(57) is conformally invariant.

B. Alternative wavefunctions for anti-self-dual
total depletion

To build a toolkit for computing amplitudes on the partial
depleting ASD flying-focus background (65), we need
explicit wavefunctions for charged particles on the back-
ground. Recall that in the totally depleting case, we obtained
wavefunctions in the flying-focus background by applying
the conformal transformation (16) to the Volkov wave-
functions of the plane-wave background. In the partially
depleting case, we have two independent conformal trans-
formations—one for the incoming and one for the outgoing
field modes—and it is not clear which one to apply to the
Volkov solutions.
To resolve this problem, we first return to the setting of

total depletion: the incoming ASD flying-focus back-
ground is given by

A ¼ fþðσ−Þ
1þ ikxþ

�
dz −

ikz
1þ ikxþ

dxþ
�
; ð66Þ

with fþ having only positive frequency Fourier modes. In
this case, we can simply adapt our previous solutions for
massless charged scalar wavefunctions to the special case
of an ASD background:

ΦpðxÞ ¼
1

1þ ikxþ
exp

�
−ip · σþ iep

pþ

Z
σ−

dsfþðsÞ
�
; ð67Þ

where, here and below, p ≔ ðp1 þ ip2Þ=
ffiffiffi
2

p
.

As we have seen, these wavefunctions are well adapted
to performing explicit computations of amplitudes in totally
depleting flying-focus fields. Furthermore, when k → 0
they reduce to the Volkov solutions (13) in an ASD (totally
depleting) plane wave. However, their behavior in the free
limit is somewhat nonstandard: considering the e → 0 limit

where the scalar decouples from the background, the
wavefunction (67) goes to

lim
e→0

ΦpðxÞ ¼
1

1þ ikxþ
e−ip·σ

¼ 2π

kp−

Z
d̂2q⊥ exp

�
−
jq⊥ − p⊥j2

2kp−

− iq⊥x⊥ − i
jq⊥j2
2p−

xþ − ip−x−
�
: ð68Þ

In particular, we see thatΦp goes to a Gaussian wavepacket
of free plane waves as e → 0.
While there is nothing wrong with this (such Gaussian

wavepackets are simply an over-complete basis of sol-
utions in the free limit), one might have hoped that there
exist wavefunctions which reduce to a (single) free plane
wave in the e → 0 limit. Remarkably, such solutions can
be obtained by simply solving the Klein-Gordon equation
order-by-order in e starting from e−ip·x. The resulting
power series can be resummed to give the alternative
wavefunctions

ψpðxÞ¼ exp

�
−ip ·xþ iep

pþð1þ ikxþÞþ ikpz̄

Z
σ−

τ
dsfþðsÞ

�
;

ð69Þ

where the lower limit of integration appearing in the
exponential is

τ≡ τðxÞ ¼ p · x
p−

− i
pþ
kp−

: ð70Þ

Clearly, as e → 0, ψpðxÞ → e−ip·x, as desired. The appear-
ance of the quantity τðxÞ as a lower limit of integration may
seem surprising, but it plays two important roles. First, it
ensures that ψpðxÞ is nonsingular—when the denominator
in (69) vanishes, it can be checked that τ → σ−, pinching
the integral to zero such that the exponent remains finite.
Furthermore, the imaginary part of τðxÞ provides a
Gaussian damping factor in the k → 0 limit, ensuring that
we recover the Volkov solution.

C. Wavefunctions for partial depletion

The alternative, perturbative basis of wavefunctions ψp
can now be generalized to provide exact wavefunctions in
the ASD flying-focus background (65) with incoming and
outgoing parts. One simply takes

ψpðxÞ ¼ exp

�
−ip · xþ iep

pþð1þ ikxþÞ þ ikpz̄

Z
σ−

τ
dsfþðsÞ þ

iep

pþð1 − ik̃xþÞ − ik̃pz̄

Z
σ̃−

τ̃
dsf−ðsÞ

�
; ð71Þ

TIM ADAMO, ANTON ILDERTON, and ADAM NOBLE PHYS. REV. D 114, 056022 (2026)

056022-12



in which

σ̃ ¼ σjk→−k̃ and τ̃ ¼ τjk→−k̃: ð72Þ

This ψpðxÞ is essentially the product of solutions in each
of the positive and negative frequency fields. It can be
verified by direct calculation that (71) solves the massless
Klein-Gordon equation in the ASD flying-focus back-
ground (65)—see the Appendix for details. Furthermore,
these solutions reduce to free plane waves as e → 0, are
nonsingular, and produce Volkov solutions coupling to the
positive/negative frequency modes of the background
when focusing is turned off (k=k̃ → 0).
In principle, these wavefunctions provide us with

the tools needed to compute processes like nonlinear
Compton scattering in a partially depleted, focused back-
ground. Unfortunately, so far we have been unable to find
a way to analytically evaluate the integrals which arise in
amplitude calculations using the ψp wavefunctions. In
essence, our ability to perform calculations in the totally
depleting case followed from using the wavefunctions Φp

generated by a conformal transformation: the contour
prescriptions or Gaussian averaging used to evaluate the
resulting integrals essentially followed from this con-
formal transformation acting on the usual integrals in
plane-wave backgrounds. Of course, it may still prove to
be possible to perform analytic calculations with the
wavefunctions ψp. In any case, the integrals arising in
amplitudes evaluated on these wavefunctions should be
amenable to numerical integration.
We note, finally, an interesting consequence of the fact

that our partially depleting field model contains both
incoming and outgoing parts—the field is no longer null:

FμνFμν ¼ iFμνF̃μν ¼ −4
z2 ḟþðσ−Þḟ−ðσ̃−Þ

ð1þ ikxþÞ3ð1 − ik̃xþÞ3 ðkþ k̃Þ2:

ð73Þ

In a real field, nonzero invariants can signal e.g. the
possibility of spontaneous particle production from the
vacuum. The interpretation here, though, is not so clear.
Working perturbatively, one can easily check that the
leading contribution to the 0 → 2 process, which goes like
e2α2 for any initial coherent state with profile α, vanishes
because both incoming photons have the same helicity.
Similarly, the order e3α2β contribution vanishes. These are
of course examples of “all plus” (helicity) amplitudes
which vanish at all multiplicity [85], suggesting that
the perturbative contribution to the 0 → 2 amplitude in
an ASD flying focus is zero. It would be very interesting to
investigate particle creation processes in more detail,
potentially using the wavefunctions (71).

VI. CONCLUSIONS

We have investigated strong-field QED scattering proc-
esses in a class of highly inhomogeneous backgrounds
which includes flying-focus beams. We have shown that
these fields can be obtained from conformal transforma-
tions of plane waves, and that the corresponding wave-
functions describing massless scalars scattering on the
backgrounds are given by applying the same transformation
to the Volkov wavefunctions.
While the required conformal transformation, and result-

ing electromagnetic fields, were complex, the well-known
equivalence between backgrounds and coherent states
meant that we were still able to calculate sensible ampli-
tudes, namely those in which the flying-focus beam was
completely absorbed during some scattering process. We
considered the amplitudes for N-photon emission from an
electron scattering on the background and, by exploiting
the conformal transformation, showed that this was given
by a simple Gaussian average over the emitted photon
momenta in the corresponding plane-wave amplitude. This
is an elegant result which shows how much-sought-after
focusing effects can be included into plane-wave calcu-
lations with little additional effort, and furthermore adds to
the library of results which show how to use plane-wave
amplitudes to construct amplitudes in other backgrounds
[43,86–88].
Finally, we considered the extension of our results to

partial depletion amplitudes. In this case it is unclear how to
construct the corresponding massless charge wavefunctions
via a conformal transformation. To make progress, we made
the simplifying assumption that the flying-focus back-
ground was anti-self-dual; physically, this means that all
incoming coherent state photons are either absorbed or, if
not, flip helicity. In this setting, we were able to find a set of
charge wavefunctions with an intriguing structure, seem-
ingly quite different to that encountered earlier in the paper.
The continued investigation of these new solutions is a
natural target for future work, including their use in
calculating amplitudes and, if possible, extending the
solutions beyond the anti-self-dual sector.
It would also be interesting to see whether the connection

between amplitudes in plane-wave and flying-focus back-
grounds, summarized by the averaging result (56), can be
generalized to scattering in Yang-Mills and gravitational
backgrounds or, even in QED, to loop corrections.
Regarding the latter, we do not expect renormalization
effects to impact the averaging result, at least to one loop,
but it is possible that constraints may appear which limit the
result to e.g. special kinematics—this is what happens to
similar results linking scattering in shockwave and plane-
wave backgrounds when going from tree level to one
loop [43]. Finally, it would also be interesting to seek other,
nonconformal, transformations which allow us to “lift”
plane-wave results to other background fields of interest, as
we have done here for the flying focus.
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APPENDIX: PROPERTIES OF WAVEFUNCTIONS
FOR PARTIAL DEPLETION

In this appendix, we provide some further detail on the
wavefunctions (71) describing massless charged scalars in
the anti-self-dual, partially depleting flying-focus back-
ground (65). A direct, brute force calculation verifies that
these wavefunctions are indeed solutions, but here we give
a more illustrative explanation of this fact.
Let us denote the solutions by ψpðxÞ ¼ e−iSpðxÞ, where,

from (71) and using the notation in (70) and (72),

SpðxÞ≔ p · x−
ep

pþð1þ ikxþÞþ ikpz̄

×
Z

σ−

τ
dsfþðsÞ−

ep

pþð1− ik̃xþÞ− ik̃pz̄

Z
σ̃−

τ̃
dsf−ðsÞ:

ðA1Þ

We also define Πμ ≔ ∂μSp − eAμ, where Aμ is the back-
ground Maxwell field (65). With this notation, the massless
Klein-Gordon equation becomes

D2ψp ¼ −ψpðΠ2 þ i∂ · ΠÞ ¼ 0: ðA2Þ

In fact, each term here must vanish independently for the
equation to be solved (as can be seen by taking Sp → Sp=ℏ),
so solving the massless wave equation in the background is
equivalent to solving

Π2 ¼ 0 ¼ ∂ · Π; ðA3Þ

so that the wavefunction is WKB exact. In other words, we
must show that the ‘dressed momentum’ Πμ associated to ψp

is null, and has vanishing divergence.
The characterization of null vectors in four-dimensional

Minkowski spacetime is particularly transparent in the
2-spinor, or spinor helicity, formalism, where vector indices

are traded for a pair of SLð2;CÞ Weyl spinor indices
(cf. [89–93]). This formalism has been extensively used in
the study of massless scattering in trivial backgrounds, but
it also extends to scattering in the presence of background
fields [94,95]. The translation between standard vector
indices and 2-spinor indices is accomplished by contraction
with the Pauli matrices; if xμ ¼ ðx0; x1; x2; x3Þ is the
coordinate 4-vector then its 2-spinor representation is given
by the 2 × 2 matrix

xαα̇ ≔ xμσαα̇μ ¼
�
xþ z̄

z x−

�
; ðA4Þ

where α; α̇ ¼ 0, 1 are SLð2;CÞ Weyl spinor indices of
negative/positive chirality and σαα̇μ are the Pauli matrices.
The Minkowsi metric (59) becomes

ds2 ¼ ϵαβϵα̇ β̇dx
αα̇dxββ̇ ðA5Þ

in these variables, where

ϵαβ ¼
�

0 1

−1 0

�
¼ ϵα̇ β̇ ðA6Þ

are the 2-dimensional Levi-Civita symbols.
Two-spinor indices are raised and lowered using these

Levi-Civita symbols; we use the convention

aα ¼ ϵαβaβ; aα ¼ aβϵβα; ðA7Þ

and similarly for dotted spinors. It will also be useful to
adopt some widely used shorthand for Lorentz-invariant
spinor contractions of each chirality

habi ≔ aαbα; ½cd� ≔ cα̇dα̇: ðA8Þ

Finally, let oα ¼ ð1; 0Þ and ια ¼ ð0; 1Þ denote a spinor
dyad, normalized so that hιoi ¼ 1.
A particularly powerful consequence of working in this

2-spinor formalism is that a 4-vector is null if and only if its
2-spinor representation is simple—that is, it is the product
of two spinors of opposite chirality. For the null momen-
tum pμ associated to the wavefunction ψp, this means that

pαα̇ ¼ pμσαα̇μ ¼ κακ̃α̇ ðA9Þ

for some 2-spinors κα, κ̃α̇. For Lorentzian-real 4-momenta,
these spinors are related by complex conjugation, κ̃α̇ ¼ κα,
but the following discussion holds for generic complex null
momenta, so we will keep them independent.
We can then proceed to calculate Παα̇ directly, making

use of the 2-spinor identities pþ ¼ hκιi½κ̃ι�, p ¼ hκιi½oκ̃�,
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∂αα̇σ
− ¼ ιαια̇ −

ik
1þ ikxþ

ðoαια̇zþ ιαoα̇zÞ −
k2jzj2

ð1þ ikxþÞ2 oαoα̇; ∂αα̇τ ¼
κακ̃α̇

hκoi½κ̃o� ; ðA10Þ

where ∂αα̇ ≡ ∂

∂xαα̇, and the expression for the background field

Aαα̇ ¼
fþðσ−Þoα̇
1þ ikxþ

�
ια −

ikz
1þ ikxþ

oα

�
þ f−ðσ̃−Þoα̇

1 − ik̃xþ

�
ια þ

ik̃z

1 − ik̃xþ
oα

�
: ðA11Þ

A straightforward, if somewhat tedious calculation, then reveals that Παα̇ðxÞ ¼ KαðxÞκ̃α̇, for

KαðxÞ ¼ κα

�
1þ efþðτÞ

ð1þ ikxþÞ½κ̃ι� þ ik½oκ̃�z̄þ
ef−ðτ̃Þ

ð1 − ik̃xþÞ½κ̃ι� − ik̃½oκ̃�z̄

�

−
ike½oκ̃�oα

½ð1þ ikxþÞ½κ̃ι� þ ik½oκ̃�z̄�2
Z

σ−

τ
dsfþðsÞ þ

ik̃e½oκ̃�oα
½ð1 − ik̃xþÞ½κ̃ι� − ik̃½oκ̃�z̄�2

Z
σ̃−

τ̃
dsf−ðsÞ

þ efþðσ−Þ
ð1þ ikxþÞ½κ̃ι� þ ik½oκ̃�z̄

�
ια −

ikz
1þ ikxþ

oα

�
þ ef−ðσ̃−Þ
ð1 − ik̃xþÞ½κ̃ι� − ik̃½oκ̃�z̄

�
ια þ

ik̃z

1 − ik̃xþ
oα

�
; ðA12Þ

where the Schouten identity ια̇½oκ̃� þ oα̇½κ̃ι� ¼ −κ̃α̇ is re-
peatedly used. Of course, the expression for the spinor
KαðxÞ is quite complicated, but the crucial fact is thatΠαα̇ is
immediately seen to be null, as it is written as a product of
2-spinors. This establishes that Π2 ¼ 0, as required. Note
that only the negative chirality (i.e., undotted) part of Παα̇ is
dressed by the background; the positive chirality part
remains the undressed momentum spinor κ̃α̇. This is an
expected feature, reflecting the fact that the background is
anti-self-dual [61,62].
To complete the proof that ψp solves the wave equation,

we must still establish that ∂ · Π ¼ 0, which is equivalent to

κ̃α̇∂αα̇KαðxÞ ¼ 0: ðA13Þ

Using the identities (A10) and the fact that spinor con-
tractions are skew symmetric (so that haai ¼ 0 ¼ ½bb� for
any 2-spinors aα and bα̇), it follows that only a few terms in
the expression for Kα are nonvanishing on their own when

acted upon with the differential operator κ̃α̇∂αα̇. These come
from the action of the derivative on the third line of (A12)
as well as the upper limit of integration for terms in the
second line. These contributions are then seen to cancel
with each other: for the positive frequency terms one finds

ikefþðσ−Þ½κ̃o�
ð1þ ikxþÞ½ð1þ ikxþÞ½κ̃ι� þ ik½oκ̃�z̄�2

× ½ð1þ ikxþÞ½κ̃ι� þ ikz̄½oκ̃� − ð1þ ikxþÞ½κ̃ι� þ ikz̄½κ̃o��
¼ 0; ðA14Þ

with a similar cancellation occurring for the contributions
for negative frequency terms. Thus, ∂ · Π ¼ 0, and it
follows that ψpðxÞ ¼ e−iSpðxÞ is indeed an exact solution
to the wave equation in the anti-self-dual, partially deplet-
ing flying-focus background.
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Express 28, 4888 (2020).

[23] A. Kabacinski, E. Oliva, F. Tissandier, J. Gautier, M.
Kozlová, J.-P. Goddet, I. A. Andriyash, C. Thaury, P.
Zeitoun, and S. Sebban, Nat. Photonics 17, 354 (2023).

[24] S. Fu, B. Groussin, Y. Liu, A. Mysyrowicz, V. Tikhonchuk,
and A. Houard, Phys. Rev. Lett. 134, 045001 (2025).

[25] M. Formanek, D. Ramsey, J. P. Palastro, and A. Di Piazza,
Phys. Rev. A 105, L020203 (2022).

[26] M. Formanek, J. P. Palastro, D. Ramsey, S. Weber, and A. Di
Piazza, Phys. Rev. D 109, 056009 (2024).

[27] T. Adamo and A. Ilderton, Phys. Rev. D 111, 125005
(2025).

[28] S. Endlich and R. Penco, J. High Energy Phys. 05 (2017)
052.

[29] A. Ilderton and D. Seipt, Phys. Rev. D 97, 016007 (2018).
[30] R. Aoude and A. Ochirov, J. High Energy Phys. 12 (2023)

103.
[31] D. Seipt, T. Heinzl, M. Marklund, and S. S. Bulanov, Phys.

Rev. Lett. 118, 154803 (2017).
[32] L. M. Frantz, Phys. Rev. 139, B1326 (1965).
[33] T. W. B. Kibble, Phys. Rev. 138, B740 (1965).
[34] J. S. Schwinger, Phys. Rev. 82, 664 (1951).
[35] R. Penrose, Any geometry has a plane-wave limit, in

Differential Geometry and Relativity, edited by M. Cahen
and M. Flato (Reidel, Dordrecht, 1976), p. 271.

[36] P. G. Bergmann and E. J. Flaherty, J. Math. Phys. (N.Y.) 19,
212 (1978).

[37] A. Trautman, J. Phys. A 13, L1 (1980).
[38] T. Heinzl and A. Ilderton, J. Phys. A 50, 345204 (2017).
[39] T. Adamo, E. Casali, L. Mason, and S. Nekovar, Classical

Quantum Gravity 35, 015004 (2018).
[40] V. I. Ritus, J. Russ. Laser Res. 6, 497 (1985).
[41] A. M. Fedotov and A. A. Mironov, Phys. Rev. A 88, 062110

(2013).
[42] A. Ilderton, Phys. Rev. D 100, 125018 (2019).
[43] A. Ilderton and H. Kingham, Phys. Rev. D 110, 105022

(2024).
[44] A. J. MacLeod (private communication).
[45] H. Bateman, Proc. London Math. Soc. 2–7, 70 (1909).
[46] J. M. Hobbs, Ann. Phys. 47, 166 (1968).
[47] A. Noble, D. A. Burton, L. Docherty, and D. A. Jaroszynski,

New J. Phys. 23, 115007 (2021).
[48] E. Cunningham, Proc. London Math. Soc. 2–8, 77 (1910).
[49] H. Bateman, Proc. London Math. Soc. 2–8, 223 (1910).

[50] A. Cristofoli, A. Elkhidir, A. Ilderton, and D. O’Connell,
J. High Energy Phys. 06 (2023) 204.

[51] A. Di Piazza, M. Formanek, D. Ramsey, and J. P. Palastro,
Phys. Rev. D 110, 116010 (2024).

[52] D. Ramsey, J. McKeown, and J. P. Palastro, arXiv:2604
.11503.

[53] D. Ramsey, A. Di Piazza, M. Formanek, P. Franke, D. H.
Froula, B. Malaca, W. B. Mori, J. R. Pierce, T. T. Simpson,
J. Vieira, M. Vranic, K. Weichman, and J. P. Palastro, Phys.
Rev. A 107, 013513 (2023).

[54] M. Formanek, J. P. Palastro, M. Vranic, D. Ramsey, and A.
Di Piazza, Phys. Rev. E 107, 055213 (2023).

[55] V. Dinu, T. Heinzl, and A. Ilderton, Phys. Rev. D 86, 085037
(2012).

[56] M. Boca and V. Florescu, Phys. Rev. A 80, 053403
(2009).

[57] L. Bieri and D. Garfinkle, Classical Quantum Gravity 30,
195009 (2013).

[58] G. V. Dunne and C. Schubert, Phys. Lett. B 526, 55 (2002).
[59] G. V. Dunne and C. Schubert, J. High Energy Phys. 08

(2002) 053.
[60] G. V. Dunne and C. Schubert, J. High Energy Phys. 06

(2002) 042.
[61] T. Adamo, L. Mason, and A. Sharma, Phys. Rev. Lett. 125,

041602 (2020).
[62] T. Adamo, L. Mason, and A. Sharma, Commun. Math.

Phys. 399, 1731 (2023).
[63] T. Adamo, L. Mason, and A. Sharma, Classical Quantum

Gravity 40, 095002 (2023).
[64] K. Costello, N. M. Paquette, and A. Sharma, Phys. Rev.

Lett. 130, 061602 (2023).
[65] G. Bogna and L. Mason, J. High Energy Phys. 08 (2023)

165.
[66] T. Adamo, G. Bogna, L. Mason, and A. Sharma, Classical

Quantum Gravity 41, 015030 (2024).
[67] A. Guevara and U. Kol, arXiv:2311.07933.
[68] T. Adamo, G. Bogna, L. Mason, and A. Sharma, Lett. Math.

Phys. 115, 18 (2025).
[69] N. Garner and N.M. Paquette, J. High Energy Phys. 05

(2025) 228.
[70] A. Guevara, U. Kol, and H. Tran, arXiv:2412.19627.
[71] R. Bittleston, K. Costello, and K. Zeng, Commun. Math.

Phys. 407, 108 (2026).
[72] T. Adamo, G. Bogna, L. Mason, and A. Sharma, Classical

Quantum Gravity 43, 055005 (2026).
[73] R. Bittleston and K. Costello, arXiv:2602.17538.
[74] G. R. Brown, J. Gowdy, and B. Spence, Phys. Rev. D 109,

026009 (2024).
[75] J.-H. Kim, Phys. Rev. D 111, L021703 (2025).
[76] A. Ilderton and W. Lindved, J. High Energy Phys. 09 (2025)

156.
[77] R. Bittleston and K. Costello, arXiv:2510.26764.
[78] K. J. Costello, J. High Energy Phys. 08 (2025) 011.
[79] L. J. Dixon and A. Morales, J. High Energy Phys. 08 (2024)

129.
[80] L. J. Dixon and A. Morales, J. High Energy Phys. 03 (2025)

188.
[81] A. Morales, Phys. Rev. D 113, 105017 (2026).
[82] S. Badger, C. Biello, C. Brancaccio, and F. Ripani, J. High

Energy Phys. 03 (2026) 011.

TIM ADAMO, ANTON ILDERTON, and ADAM NOBLE PHYS. REV. D 114, 056022 (2026)

056022-16

https://doi.org/10.1103/PhysRevLett.123.091802
https://doi.org/10.1103/PhysRevLett.123.091802
https://doi.org/10.1103/PhysRevA.103.012215
https://doi.org/10.1103/PhysRevD.109.016013
https://doi.org/10.1103/PhysRevD.109.016013
https://doi.org/10.1103/129l-c43n
https://doi.org/10.1063/1.332196
https://doi.org/10.1063/1.334712
https://doi.org/10.1016/0165-2125(88)90039-X
https://doi.org/10.1063/1.529595
https://doi.org/10.1038/s41566-018-0121-8
https://doi.org/10.1038/s41566-018-0121-8
https://doi.org/10.1364/OE.384512
https://doi.org/10.1364/OE.384512
https://doi.org/10.1038/s41566-023-01165-5
https://doi.org/10.1103/PhysRevLett.134.045001
https://doi.org/10.1103/PhysRevA.105.L020203
https://doi.org/10.1103/PhysRevD.109.056009
https://doi.org/10.1103/dxl7-m68z
https://doi.org/10.1103/dxl7-m68z
https://doi.org/10.1007/JHEP05(2017)052
https://doi.org/10.1007/JHEP05(2017)052
https://doi.org/10.1103/PhysRevD.97.016007
https://doi.org/10.1007/JHEP12(2023)103
https://doi.org/10.1007/JHEP12(2023)103
https://doi.org/10.1103/PhysRevLett.118.154803
https://doi.org/10.1103/PhysRevLett.118.154803
https://doi.org/10.1103/PhysRev.139.B1326
https://doi.org/10.1103/PhysRev.138.B740
https://doi.org/10.1103/PhysRev.82.664
https://doi.org/10.1063/1.523540
https://doi.org/10.1063/1.523540
https://doi.org/10.1088/0305-4470/13/1/001
https://doi.org/10.1088/1751-8121/aa7fa3
https://doi.org/10.1088/1361-6382/aa9961
https://doi.org/10.1088/1361-6382/aa9961
https://doi.org/10.1007/BF01120220
https://doi.org/10.1103/PhysRevA.88.062110
https://doi.org/10.1103/PhysRevA.88.062110
https://doi.org/10.1103/PhysRevD.100.125018
https://doi.org/10.1103/PhysRevD.110.105022
https://doi.org/10.1103/PhysRevD.110.105022
https://doi.org/10.1112/plms/s2-7.1.70
https://doi.org/10.1016/0003-4916(68)90232-7
https://doi.org/10.1088/1367-2630/ac3262
https://doi.org/10.1112/plms/s2-8.1.77
https://doi.org/10.1112/plms/s2-8.1.223
https://doi.org/10.1007/JHEP06(2023)204
https://doi.org/10.1103/PhysRevD.110.116010
https://arXiv.org/abs/2604.11503
https://arXiv.org/abs/2604.11503
https://doi.org/10.1103/PhysRevA.107.013513
https://doi.org/10.1103/PhysRevA.107.013513
https://doi.org/10.1103/PhysRevE.107.055213
https://doi.org/10.1103/PhysRevD.86.085037
https://doi.org/10.1103/PhysRevD.86.085037
https://doi.org/10.1103/PhysRevA.80.053403
https://doi.org/10.1103/PhysRevA.80.053403
https://doi.org/10.1088/0264-9381/30/19/195009
https://doi.org/10.1088/0264-9381/30/19/195009
https://doi.org/10.1016/S0370-2693(01)01475-7
https://doi.org/10.1088/1126-6708/2002/08/053
https://doi.org/10.1088/1126-6708/2002/08/053
https://doi.org/10.1088/1126-6708/2002/06/042
https://doi.org/10.1088/1126-6708/2002/06/042
https://doi.org/10.1103/PhysRevLett.125.041602
https://doi.org/10.1103/PhysRevLett.125.041602
https://doi.org/10.1007/s00220-022-04582-9
https://doi.org/10.1007/s00220-022-04582-9
https://doi.org/10.1088/1361-6382/acc233
https://doi.org/10.1088/1361-6382/acc233
https://doi.org/10.1103/PhysRevLett.130.061602
https://doi.org/10.1103/PhysRevLett.130.061602
https://doi.org/10.1007/JHEP08(2023)165
https://doi.org/10.1007/JHEP08(2023)165
https://doi.org/10.1088/1361-6382/ad12ee
https://doi.org/10.1088/1361-6382/ad12ee
https://arXiv.org/abs/2311.07933
https://doi.org/10.1007/s11005-025-01907-2
https://doi.org/10.1007/s11005-025-01907-2
https://doi.org/10.1007/JHEP05(2025)228
https://doi.org/10.1007/JHEP05(2025)228
https://arXiv.org/abs/2412.19627
https://doi.org/10.1007/s00220-026-05606-4
https://doi.org/10.1007/s00220-026-05606-4
https://doi.org/10.1088/1361-6382/ae4a7a
https://doi.org/10.1088/1361-6382/ae4a7a
https://arXiv.org/abs/2602.17538
https://doi.org/10.1103/PhysRevD.109.026009
https://doi.org/10.1103/PhysRevD.109.026009
https://doi.org/10.1103/PhysRevD.111.L021703
https://doi.org/10.1007/JHEP09(2025)156
https://doi.org/10.1007/JHEP09(2025)156
https://arXiv.org/abs/2510.26764
https://doi.org/10.1007/JHEP08(2025)011
https://doi.org/10.1007/JHEP08(2024)129
https://doi.org/10.1007/JHEP08(2024)129
https://doi.org/10.1007/JHEP03(2025)188
https://doi.org/10.1007/JHEP03(2025)188
https://doi.org/10.1103/yk39-n6zq
https://doi.org/10.1007/JHEP03(2026)011
https://doi.org/10.1007/JHEP03(2026)011


[83] R. S. Ward, Phys. Lett. 61A, 81 (1977).
[84] A. A. Belavin and V. E. Zakharov, Phys. Lett. 73B, 53

(1978).
[85] R. Gastmans and T. T. Wu, The Ubiquitous Photon: Helicity

Method for QED and QCD, Vol. 80 (Oxford University
Press, New York, 1990).

[86] T. Adamo, A. Ilderton, and A. J. MacLeod, Phys. Rev. D
104, 116013 (2021).

[87] P. Copinger, J. P. Edwards, A. Ilderton, and K. Rajeev,
J. High Energy Phys. 09 (2024) 148.

[88] P. Copinger, J. P. Edwards, and K. Rajeev, Phys. Rev. D 114,
016015 (2026).

[89] R. Penrose and W. Rindler, Spinors and Space-Time, Vol. 1
(Cambridge University Press, Cambridge, England, 2011).

[90] M. Srednicki, Quantum Field Theory (Cambridge Univer-
sity Press, Cambridge, England, 2007).

[91] H. Elvang and Y.-t. Huang, arXiv:1308.1697.
[92] L. J. Dixon, in Theoretical Advanced Study Institute in

Elementary Particle Physics: Particle Physics: The Higgs
Boson and Beyond (CERN, Geneva, 2014), pp. 31–67.

[93] C. Cheung, in Theoretical Advanced Study Institute in
Elementary Particle Physics: Anticipating the Next Discov-
eries in Particle Physics (World Scientific, Singapore,
2018), pp. 571–623.

[94] T. Adamo and A. Ilderton, J. High Energy Phys. 06 (2019)
015.

[95] T. Adamo and A. Ilderton, J. High Energy Phys. 09 (2020)
200.

SCATTERING AND DEPLETION IN A FLYING FOCUS FROM … PHYS. REV. D 114, 056022 (2026)

056022-17

https://doi.org/10.1016/0375-9601(77)90842-8
https://doi.org/10.1016/0370-2693(78)90170-3
https://doi.org/10.1016/0370-2693(78)90170-3
https://doi.org/10.1103/PhysRevD.104.116013
https://doi.org/10.1103/PhysRevD.104.116013
https://doi.org/10.1007/JHEP09(2024)148
https://doi.org/10.1103/ggn1-3mnm
https://doi.org/10.1103/ggn1-3mnm
https://arXiv.org/abs/1308.1697
https://doi.org/10.1007/JHEP06(2019)015
https://doi.org/10.1007/JHEP06(2019)015
https://doi.org/10.1007/JHEP09(2020)200
https://doi.org/10.1007/JHEP09(2020)200

	Scattering and depletion in a flying focus from conformal transformations
	I. INTRODUCTION
	A. Notation and conventions

	II. REVIEW: COHERENT STATES, BACKGROUNDS, AND PLANE WAVES
	A. Background fields and coherent states
	B. Complex backgrounds and depletion amplitudes
	C. Plane waves and Volkov wavefunctions

	III. FOCUSED FIELDS AND WAVEFUNCTIONS FROM CONFORMAL TRANSFORMATIONS
	A. Flying focus from a conformal transformation
	B. Massless wavefunctions from a conformal transformation

	IV. TOTAL DEPLETION AMPLITUDES IN FOCUSED FIELDS
	A. Warmup: Nonlinear Compton scattering
	B. All-multiplicity results
	1. Amplitude
	2. Wavefunctions and propagator
	3. Vertices
	4. Assembly

	C. Focusing for free

	V. PARTIAL DEPLETION
	A. Anti-self-dual fields
	B. Alternative wavefunctions for anti-self-dual total depletion
	C. Wavefunctions for partial depletion

	VI. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX: PROPERTIES OF WAVEFUNCTIONS FOR PARTIAL DEPLETION
	References


