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We show that flying-focus fields can be obtained from complex conformal transformation of plane
waves, and that solutions of the massless wave equation in the so-obtained fields are, correspondingly,
conformal transformations of the Volkov solutions. This leads to the result that photon emission amplitudes
in a totally depleting flying-focus beam may be computed directly from the corresponding plane-wave
amplitudes by taking a simple Gaussian average over certain momentum variables. In effect, this gives a
way of introducing focusing effects into strong-field QED calculations “for free.” The extension of these
results to scattering amplitudes including only partial depletion is discussed and some first results presented

in the anti-self-dual limit.
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I. INTRODUCTION

Modern lasers produce light of such intensity that they
access the quantum and relativistic regime of light-matter
interactions [1-3]. Furthermore, the effective laser-matter
coupling exceeds unity, demanding a nonperturbative treat-
ment. The appropriate theory framework for laser-particle
scattering is then “strong-field quantum electrodynamics
(QED),” which employs background-field quantum field
theory (QFT) methods to account for the strong laser
coupling; for reviews see [4,5].

Performing analytic calculations in strong-field QED
requires two main ingredients: solutions of Maxwell’s
equations which model the strong background field, and
explicit electron wavefunctions which are exact in that
background. Of course, there is the additional practical
requirement that these objects (the background and its
associated wavefunctions) are amenable to calculation—that
is, that scattering amplitudes and associated observables can
actually be computed to reasonable levels of precision within
the Furry expansion [6]. This is one of the main bottlenecks
to making analytic progress in strong-field QED, since there
are few backgrounds which allow this.
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For these reasons, plane waves provide one of the most
ubiquitous examples of strong QED backgrounds, as the
required charged particle wavefunctions (the Volkov solu-
tions) are known for arbitrary plane waves as well as particle
spin and charge [7,8]. However, intense electromagnetic
fields created in the laboratory, or nature, typically feature
spatial inhomogeneity, one example being the focusing
geometry of ultraintense lasers. Plane waves, though, are
completely unfocused, and will therefore miss physics
resulting from focusing effects, see e.g. [9-16]. This has
motivated interest in exact solutions of Maxwell’s equations
which go beyond the plane-wave approximation by includ-
ing focusing behaviour. Prominent examples are flying-focus
fields, part of a wide class of solutions of Maxwell’s
equations with a focal spot that moves with or against the
beam, see [17-20] for some of the original investigations of
such solutions, [21-24] for experiments, and [14,25-27] for
recent applications to strong-field QED processes.

However, it is not possible to obtain exact solutions for the
wavefunctions of charged fields in general flying-focus
backgrounds, meaning that most studies have utilized
numerics or perturbative approximations of the background.
Nevertheless, it was recently shown that for certain complex-
valued flying-focus solutions it is possible to obtain exact,
analytic expressions for massless scalar/ultrarelativistic elec-
tron wavefunctions [27]. Furthermore, scattering amplitudes
in these complex backgrounds have a real physical inter-
pretation, encoding the total depletion of an initial flying-
focus field (viewed as an incoming coherent state) during a
scattering process [28-30]. We will here tie these ideas
together, showing first that a flying-focus beam can be
obtained by applying a complex conformal transformation to
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a real plane wave. That the resulting field is complex is not
an issue at this level—one simply takes the real part to obtain
the fields of a real flying focus. Next, we will show that the
same conformal transformation turns Volkov wavefunctions
(exact solutions of the wave equation for charged particles in
plane-wave backgrounds [7]) into the exact wavefunctions
for charged particles in the flying-focus background.

There are two caveats here—first, this result holds only for
massless charges, due to the transformation being conformal.
Second, the operation of taking real parts and solving the
Klein-Gordon (or Dirac) equations do not commute, mean-
ing that we can only find wavefunctions in the complex
flying-focus background. This restricts us to considering
amplitudes for processes in which the flying-focus beam,
again viewed as an incoming coherent state of photons, is
completely absorbed during scattering. Despite this, we will
be able to find all-multiplicity results relating scattering in
focused fields to scattering in plane-wave backgrounds.

While an interesting theory challenge, the case of
complete depletion is not phenomenologically relevant
for current experiments [31]. This prompts us to ask
how to account for only partial depletion, and we will
provide some initial results in the latter part of this paper.
Restricting now to anti-self-dual flying-focus beams, we
find a set of exact charged particle wavefunctions which
allow for arbitrary levels of depletion (staying within the
anti-self-dual sector) and discuss their properties. Although
only a first step, these results offer an interesting look into
the depth of complexities one might expect to appear in
wavefunctions for realistic, and real, focused backgrounds.

This paper is organized as follows. In Sec. II we provide a
short review of relevant results on scattering amplitudes
involving coherent states, the relation of such amplitudes to
scattering on backgrounds (real and complex), and essential
properties of the Volkov wavefuntions describing charged
particles scattering on plane-wave backgrounds. In Sec. III
we show that a flying-focus beam can be constructed by
taking a complex special conformal transformation of a
plane wave, and that the same transformation turns Volkov
solutions into wavefunctions for charged particles in flying-
focus backgrounds. We proceed to the computation of
amplitudes in Sec. IV, beginning with the simplest case
of nonlinear Compton scattering (with complete absorption).
This will set the scene for our main all-multiplicity result:
knowing the plane-wave N-photon emission amplitude
gives—almost automatically—the corresponding amplitude
in a flying-focus background. In Sec. V we begin the in-
vestigation of partial depletion amplitudes, restricting here to
the case of anti-self-dual backgrounds, where we are able to
determine an exact set of wavefunctions for which we expect
an extra degree of simplicity. We conclude in Sec. VI.

A. Notation and conventions

We choose units such that 7 = ¢ = 1. The metric is
mostly minus. We absorb factors of 2z into measures and

delta functions, writing dp := dp/(2z) and 8(p) = 228(p).
The positive-frequency, on-shell phase space measure over
massless particle momenta ¢, is denoted

[fz/&“fS(fz)@(fo). (1)

II. REVIEW: COHERENT STATES,
BACKGROUNDS, AND PLANE WAVES

In this section, we briefly review some familiar structures
of strong-field QED in plane-wave backgrounds, and recall
that strong-field scattering amplitudes in complex-valued
electromagnetic fields encode real depletion/backreaction
effects in scattering between coherent states.

A. Background fields and coherent states

Our focus throughout will be on massless scalar QED,
viewed as an ultrarelativistic approximation for QED
proper. In the presence of a fixed, classical back-
ground A, the Lagrangian governing the Furry expansion
of this theory is [6]

L= (D'¢) Dy - ieA,(¢" D' — p(D"¢))
AP~ F W, 2)

in which ¢ is the complex, charged scalar, D, = 9, + ieA,,
is the covariant derivative associated with the background,
and A, is the fluctuating photon field, with field
strength 7, = 9,4, —9,/A,.

We denote the S-matrix of this theory by S[A], high-
lighting the dependence on the background. Then scatter-
ing amplitudes in the Furry picture correspond to matrix
elements (out|S[A]|in), where the initial state |in) and final
state |out) are composed of scalars and free photons. Now,
suppose the background is a vacuum solution of Maxwell’s
equations which can be written in terms of on-shell photon
modes as

A (x) = / e (£)ay(£)e > + 7" () (€)e]. (3)

where e,(,h)(f) are helicity state polarization vectors with

h = =£1 (repeated helicity labels are implicitly summed
over), obeying £ ™ (£) =0 and [} (£)]" = &5 (£);
and () are (as we will see) occupation numbers for
photons of helicity 2 and momentum Z.

It is a long-known result that scattering amplitudes
calculated in the presence of a vacuum solution (3)
are closely and precisely related to scattering of coherent
states [32,33], defined as follows. Let aZ(f) denote the
creation operator for a photon of helicity # and momentum ¢,
and a,(¢) denote the corresponding annihilation operator.
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Then a coherent state |@) is given by acting on the vacuum
with the displacement operator D(a), so |a) = D(«)|0)
where

D(a) = exp M (ap(O)an() = ap(O)a(€)) | (4)

and the a,(¢) are, again, two freely chosen functions of
momentum and helicity. The choice of notation here is
deliberate, because in terms of the classical field (3), it is a
remarkable fact that the displacement operator can be used
to translate the vacuum S-matrix, S (i.e., with no back-
ground field) to the strong-field S-matrix S[A] via

S[A] = D' ()SD(a). (5)

In terms of scattering amplitudes, this has the consequence
that

(out|S[A]|in) = (out|D" (a)SD(a)|in)
= (out; a|S|in; a). (6)
In other words, the background field amplitude (out|S[A]|in)
is equal to the vacuum probability amplitude to evolve from

an incoming state |in) to an outgoing state |out) in the
presence of a given coherent state of photons, |a).

B. Complex backgrounds and depletion amplitudes

One expects that scattering off an initial coherent state
should result, in realistic settings, in a different final coherent
state, due to e.g. depletion or backreaction effects. Scattering
amplitudes for such processes are given by

(out; B|S|in; a), (7)

with |a) the incoming coherent state and |f) the outgoing
coherent state. (Independent of the physical interpretation,
these are in any case sensible amplitudes to consider as, for
example, coherent states provide an overcomplete basis of
all states.) Using basic properties of the displacement
operator (4) and restricting attention to incoming/outgoing
number states which have zero kinematic overlap with the
outgoing/incoming coherent states,’ it follows that

fouspisinsa) = exp| -3 [ (an(O)P + ()7
—-2ah<fvﬂz<fv>]<ouqspa]hn>, ®)

where the classical potential A, defining the background
field S-matrix S[A] is now complex:

'See [29] for extensions.

Ay(x) = L e (£)an (€)™ + e (£)By (£)e ). (9)

In other words, amplitudes with different coherent pieces in
the initial and final states are equivalent (up to an overall
exponential factor which is not a phase) to amplitudes in a
complex-valued background (9), whose positive and neg-
ative frequency modes are given by the incoming and
outgoing coherent state profiles, respectively. This observa-
tion provides a theoretical framework to compute depletion
amplitudes (i.e. scattering between distinct asymptotic
coherent states) in terms of background field amplitudes
where the background is complex. For example, a fotal
depletion process, whereby the incoming coherent state is
totally absorbed during the scattering process, is modeled by
a complex background (9) with a,(¢) # 0, 3,(£) = 0.

Note that despite the appearance of a complex back-
ground in the Furry picture, the initial transition amplitude
between coherent states is defined with respect to the
ordinary S-matrix of (scalar) QED, so unitarity is
preserved.

C. Plane waves and Volkov wavefunctions

It is illustrative and useful to consider the example of
plane-wave backgrounds, and the Volkov solutions of the
Klein-Gordon equation in them. Let the Minkowski line
element in light-front coordinates (x*, x~, x!, x*) be

ds? = 2dxtdx™ — |dxt

2 xt = (x'x%), (10)

with [x1|> = (x')? + (x*)2. Then plane-wave Maxwell
fields may be described by gauge potentials

df(x7)

jor =,

Apw () = =x"f L (x7)dx™, (11)

where f | (x~) are two freely chosen functions of light-front
time x~. Minus signs and derivative are for convenience. It
is easy to see that (I11) solves the vacuum Maxwell
equations for any choice of f,(x7), real or complex,
though physical considerations can be used to place some
restrictions on their form. For instance, demanding that f |
be compactly supported in x~ gives rise to “sandwich”
plane waves which have well-defined asymptotic in and out
regions for charged particle scattering, and for which the
potential conveniently vanishes asymptotically [34].
Furthermore, it is a fact that any electromagnetic field in
Minkowski spacetime is well approximated by a plane
wave in the neighborhood of a null geodesic [35], and the
high degree of symmetry preserved by plane waves—a
five-dimensional Heisenberg algebra whose center is gen-
erated by translations in the x™ direction [12,36-39]—
means that wave equations for charged fields on plane-
wave backgrounds are exactly solvable. For the simple
example of a massless charged scalar ¢(x), viewed as an
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approximation to an ultrarelativistic electron, the appro-
priate equation is Klein-Gordon:

D3, = (0+ieAyy,)*p =0. (12)

The solutions of this equation are the well-known Volkov
wavefunctions [7] given by, writing f, =611,

Po) = e
S,(x) =—ef(x™) - x+p-x

+m _: ds(2ef(s) - p—e*f*(s)), (13)

where p, is an on-shell 4-momentum obeying p*=0.
Similar solutions exist for massive fields with arbitrary
spin [8].

The exact Volkov solutions and the symmetry properties
of the plane-wave background mean that scattering ampli-
tudes computed in the Furry expansion can be obtained
fairly explicitly, even for generic wave profiles f (x7),
although for every vertex there is an integral over light-front
time x~ which typically cannot be performed exactly. (See
e.g. [4,5] for reviews of various approximation schemes.)
Notable exceptions are constant fields [40], and the impul-
sive limit, for which closed-form, exact expressions for
scattering probabilities have been obtained for nonlinear
Compton and pair creation at tree level [41,42], as well as
spin/helicity-flip at one loop [43.44].

ITI. FOCUSED FIELDS AND WAVEFUNCTIONS
FROM CONFORMAL TRANSFORMATIONS

In this section, we show that the origin of the flying-
focus field and its associated wavefunctions can be under-
stood as a complex-valued conformal transformation of
familiar structures in plane-wave backgrounds. Of course,
the method of generating new solutions to massless wave
and Maxwell equations via conformal transformations goes
back to Bateman [45], and the observation that flying-focus
fields can be generated from complex conformal trans-
formations has also been made (using somewhat different
terminology) previously [20]. However, the fact that these
conformal transformations can also be used to generate
exact solutions for massless wavefunctions on flying-focus
backgrounds corresponding to total depletion processes is
new. (For applications of conformal transformations to
radiation reaction see e.g. [46,47].)

A. Flying focus from a conformal transformation

Conformal transformations of Minkowski spacetime
rescale the metric (10) by an overall positive factor, ds? —
Q?(x)ds?, which preserves angles but not scales. These
transformations form the group SO(2, 4), which is gen-
erated by Poincaré translations, Lorentz transformations,

dilatations (or scale transformations) and the special
conformal transformations, which act as

Xt — bHx?
_) 9,
1—=2b-x+ b2x?

x.u

(14)

for some 4-vector b*. When considering physical theories
which are conformally invariant, conformal transforma-
tions can be used to generate interesting new solutions to
equations of motion from known ones. Now, the vacuum
Maxwell equations are famously conformally invariant
[48,49], so the transformation (14) will send, for example,
a plane-wave Maxwell field to a new solution of the
vacuum Maxwell equations, with spatial inhomogeneity.
Consider the specific case of a special conformal trans-
formation (14) in which »* is chosen to be a null vector
such that 2b - x = kx™ with x € R. This special conformal
transformation defines a new set of coordinates

152
X = o, a‘:x”rE i |+,
21 —kx
1 +
X X
1 +_
A R (15)

Suppose we apply this special conformal transformation to
a plane wave. Before giving any details, let us first consider
some broad features of the new Maxwell field. The solution
will have the attractive feature of introducing spatial
inhomogeneity: whereas the initial plane wave was totally
homogeneous in the transverse plane (being a function of
light-front time x~ only), the new solution depends on the
x* coordinates through the combination ¢~ given in (15).
Unfortunately, the resulting field will almost inevitably be
singular, blowing up along the light-front where x* = x~!.
This can be interpreted as a sort of focusing caustic induced
by the conformal transformation.

This singular behavior can be avoided if we allow
ourselves to consider complex conformal transformations.
Indeed, replacing « in (15) with —ik for some real number
k > 0 leads to

. . B _ ik Xt
- =X —-——
7 21+ ikxt
1 +
L__* o 16
T l¥ik % Ttk (16)

The apparent downside of such a choice is that the
conformal transformation of a real Maxwell field will
inevitably become complex. However, we have already
seen in Sec. II B how to interpret such fields, and so we will
now apply (16) to the plane wave (11) and explore the
newly generated field. The special conformal transforma-
tion of (11) is
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A(x)==0"f1(07)do"

_—xlfl(ff_) _
o I4ikxt <dx

ikxtdxt k2 |xtP N
L+ikx™ 2 (1 +ikx™)?
(17)

This is easily confirmed to be a vacuum solution of
Maxwell’s equations, but we need to do some work to
clarify its physical behaviour. Let us consider first the
functions f | (6~), which we write in terms of their Fourier
modes as

2
it |2

f ©d —iw[x™—
fi(e™) = A g(—iwm(w)e ]

ik It 2

ood Iw|x™—
+ [ i (e L
0 2

We have deliberately separated the field into positive
energy/incoming and negative energy/outgoing modes to
highlight the following: the exponent is not a pure phase,
there is a real part equal to
12
“’—k—|x2 i (19)
2 1+ K (xh)?
representing either an exponential damping or exponential
increase. Thus, the Maxwell field (17) resulting from the
conformal transformation (16) is only physically sensible
(i.e., the Fourier integrals do not diverge due to exponen-
tially increasing contributions) for purely positive-fre-
quency, i.e. incoming, profiles f .

We therefore restrict to this case. With this we have a
sensibly defined, albeit still complex, background. From
Sec. I B we know, though, that this is equivalent to the
presence of an initial coherent state, and therefore an initially
present (real) field in our scattering process. The associated
field is just the real part of (17). To establish the corre-
sponding coherent state profile, we first observe that the
transformed gauge potential may be written

B fi(e™) ikxt
A =—d(ct e [ iy P
(0°f1lo >)+1+ikx+ 1t ikt

(20)

in which the first term is pure gauge. The second term may
easily be verified to admit a Fourier transform of the form (9)
with (f = 0 and)

47

a(¢) = —exp (

in which f}, == (f; —ihf,)/V/2, and where we work in
(anti-)light-front gauge e =0, in which case the

2
S e e

polarizations have the explicit form®

1 int
eP(g) = - (% 0,1, ih> . (22)

The coherent state profile (21) is easily understood; the
Gaussian momentum distribution has variance proportional
to k, which in the limit X — O recovers a transverse delta
function in ¢, which is the Fourier profile (occupation
number distribution) of a plane wave. In other words, our
conformally transformed field is obtained from a plane wave
by broadening the spread of transverse photon momenta—
this is, as previously observed [18], precisely how one
constructs a flying-focus beam from a plane wave (see
also [51,52] for applications).

To be concrete, let us take

fi(xm) =epe™ (23)

in which € is a (possibly complex) constant vector, while
w is a fixed positive frequency. The critical factor appearing
in the resulting A, and F, is

e—ia)a’(x) y
1+ ikx™’ (24)

and it is enough to analyze this. Taking the real part of this
factor we find

ok P

e 2042677 B k2x+|xJ-|2
1+ 202 “P\?F 20120
K2xt k2

67|

The gauge field thus describes a Gaussian peak counter-
propagating against a wave of frequency w at the speed of
light. [In fact (25) is itself a solution of the scalar wave
equation.]

In analogy to the case of Gaussian beams’ we can read off
the waist radius of the Gaussian peak w and its Rayleigh
length zp in terms of @ and k as

[ 2 1
woy = J, R — % . (26)

>To be clear, inserting (22) and (21) into (9) and performing the
Fourier transform recovers the second, nontrivial term in (20).
The first term in (20) represents a large gauge transformation; it
can, along with the equivalent potential (17), be accommodated in
the coherent state picture but this requires more complicated
polarizations—see [50] for a recent discussion.

*We remind the reader that standard Gaussian beam expres-
sions are approximate (paraxial) solutions of Maxwell’s equa-
tions, whereas the solutions here are exact.

— kx* sin (a) {x‘ - (25)
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S E—

x|

FIG. 1.

Left: sketch of the “seed” plane-wave electric fields corresponding to (23), plotted as a function of x~, equivalently at fixed ¢

and as a function of z. Middle: electric field component of the flying-focus beam at x* = 0—a Gaussian peak (illustrated by the dashed
yellow line) now counterpropagates with the wave. Right: density plot of the electric field strength |E| in the flying-focus beam, at r = 0,
as a function of z and |x*|. The spot size w(x™*) from (27) is marked by the dashed line.

The spot size w(x™) and curvature R(x") are given by

i =1+ (2.

<R

wer=e((2))

which again are the standard expressions for a Gaussian
beam, except they now depend on x* rather than x3. The
fields are illustrated in Fig. 1.

This solution of Maxwell’s equations, which follows
from the choice (24) of a monochromatic profile, is called
the flying-focus beam solution of Maxwell’s equations.
It is the simplest example in a broad class of flying-focus
solutions—for other examples with e.g. angular momentum
and different focal velocities see [53,54]. For choices of
profile function f | other than (25) the resulting fields have
been referred to as “focus waves” [18]. We will, for
simplicity, continue to refer to the general solution (17)
obtained by conformal transformation as a flying-focus
solution, although the physical properties of the field
naturally depend on the choice of f| (x7).

27)

B. Massless wavefunctions from a conformal
transformation

The complex flying-focus solutions above present an
opportunity to analytically compute scattering amplitudes
which include the effects of both depletion and spatial
inhomogeneity. However, to do so requires solutions of
|

b, (x) = Q' (x)eSlo)

1 i [
- = i N i ds(2 2
e ier o) o=t [T asers) p-er)]
0 el )xpt tpu
1+ ikxt 1+ ikx™ 1+ ikx™

the charged wave equations in this complex background.
In generic flying-focus Maxwell fields, there are no known
exact solutions; however, it is possible to write down exact
wavefunctions in the flying focus (17), by again using the
complex conformal transformation (16), as follows. We
again consider a massless, complex charged scalar @,
viewed as an ultrarelativistic description of electrons/
positrons. If we act with (16) then the Klein-Gordon
equation on a plane-wave background becomes, up to a
conformal factor, the wave equation on a complex flying-
focus background, that is

D?*(x) = Q‘3Dl§w(a)9, (28)
in which Df,, is the plane-wave covariant derivative and
the “conformal factor” Q is defined by Q(x) = 1 + ikx™,
equivalently Q(c) = 1/(1 — iko™).

It follows that if @ is a solution of the Klein-Gordon
equation in a plane-wave background, then after the
conformal transformation (16) ® = Q~'® is a solution
of the wave equation in the complex flying-focus gauge
field. (In other words the scalar has conformal weight —1.)
Even more simply, the latter is solved by simply taking the
conformal transformation of the Volkov solutions (13);

D*(x)Q'®(0(x)) = QD3 (0)@(c) =0.  (29)
We can thus write down the solutions of the wave equation
in the complex flying-focus background (17) as

o=0(x)
- ;’/“‘m ds(2ef(s) - p=e*f*(s))|. (30)

ip_o~(x) o
+
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in which we have not written out ¢~ (x) explicitly for
brevity.

These solutions preserve several features from the
plane-wave case. For example, despite clearly depending
nontrivially on all spacetime coordinates, they are still
semiclassical/WKB exact, in that the exponent is exactly of
order 1/A. (The conformal prefactor essentially takes the
place of an #° term.) The exponent continues to obey

(0S, — eA)? =0, (31)

that is, it solves the charged Hamilton-Jacobi equations on
the complex flying-focus background.

Let us comment on boundary conditions. For pulsed
plane-wave fields we may always choose f(x7) = 0 as
X~ — —oo, in which case (13) has incoming boundary
conditions—it describes a free electron of momentum p,
in the asymptotic past. The wavefunction for an outgoing
electron, momentum ¢ in the future, is obtained by
replacing p — ¢, setting the integral limit to +oco, and
replacing [33,55]

f(x_) - fout(x_) = f(x_) _foov foo = xliinoof(x_)'

(32)

Finally, we take the conjugate, as this is how the wave-
function appears in S-matrix elements. Performing the
conformal transformation one obtains the corresponding
outgoing flying-focus wavefunction (dropping the hat—
from hereon all our wavefunctions are those in flying-
focus backgrounds)

- 1

D, (x) = T ik OXP |:_lefout(6_) o+iq-o
b [ Cefnls) 0= @Al
4+ Joo o=0(x)
(33)

One might hope to obtain similar Volkov-like solutions for
massive scalars and Dirac spinors. However, the equations
of motion obeyed by these fields are not conformally
invariant, due to the scale set by their masses. As such, it
is not possible to generate exact solutions for their
wavefunctions using the same conformal transformation.
Nevertheless, we are now armed with the exact, ultra-
relativistic wavefunctions (30) on an incoming flying-
focus field, and can thus turn to the computation of total
depletion amplitudes in these backgrounds.

IV. TOTAL DEPLETION AMPLITUDES
IN FOCUSED FIELDS

We have now seen that applying a conformal trans-
formation to a plane-wave electromagnetic field turns it

into a flying focus, and that the same transformation turns
Volkov solutions into solutions of the Klein-Gordon equa-
tion in the flying-focus background. The next question to
address is what happens if we apply the same transformation
to scattering amplitudes in plane-wave backgrounds. We
will do this in Sec. IV B. As a warmup, we will first consider
nonlinear Compton scattering, and calculate its amplitude
following the method of [27].

A. Warmup: Nonlinear Compton scattering

We consider the tree-level scattering of an electron on the
flying-focus background. The electron scatters from momen-
tum p to momentum ¢, and emits a photon of momentum ¢
and polarization e,(,h)(f). This is nonlinear Compton (NLC)
scattering with total depletion.

To calculate the amplitude, let @, and (T)q be, respec-
tively, incoming and outgoing wavefunctions (30) and (33)
for electrons of momentum p and g¢. It is easily checked
that the current

Ju(x) =®,D,®@

P q)p _M(i)fl’ (34)

with l_)” = 0ﬂ - ieA,,, is conserved as expected,
0,j"(x) = 0. In terms of this current, the S-matrix element

for NLC scattering is
S = ee"ldl / déxeix e ()4 (x), (35)

which takes the same form as in a real background, aside
from the factor eW[“], which is shorthand for the exponential
in (8). We will perform the integrals over x* in (35) by
deforming them in the complex plane, following [27]; an
alternative method will also be described below. We first
displace the x~ contour from the real axis by the nontrivial
part of 67,

(36)

and integrate along a real slice of x~. This change of variable
causes a shift in the exponent of the photon wavefunction,
and as a result the x—integrals become Gaussian. We rotate
the x* contours in the complex plane, effectively changing
variable to 6+ = x1/(1 + ikx*). Performing the integrals
generates the factor A (¢ + £ + ef, — p) where

_|PL|T

)2
Ay(p) = (2r)

T2kt (37)

e"p{ 2kt

is a k-regulated delta function in the transverse (momentum)
plane obeying

limA, (p) = &(p.). (38)
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This should be contrasted with the plane-wave calculation—
the exponent appearing in the integrand of the amplitude is
there linear in x*, which generates an exact delta function
conserving overall transverse momenta.

The next step is to perform the x* integral. Changing
variable once more from x* to 6" = x*/(1 + ikx™), and
integrating along real 6", we obtain a delta function setting

|P¢ - CI¢|2

7 (39)

gy =4qr=p; -
(We pause here to comment that the contour deformations
used above are valid provided they do not cross any
singularities of the integrand, in particular of the back-
ground profile f (o). This is certainly the case for the flying-
focus beam (23), see also [27]. For more general f(c), we
observe that no obvious pathologies have been encountered
—if, for example, the sign of the exponent in (37) had been
positive or ambiguous, it would be a clear warning sign, but
this is not the case. Similarly, the change of variable from
xT to o leads to a real phase and therefore a delta function,
and not an unphysical positive exponential. Below, we will
give an alternative method of calculating amplitudes which
does not rely on contour deformation arguments.)

Sy = 2iet_5(q, — q%)eM A (£ + g+ efw—p)

Only the integral over ¢~ remains, and cannot be
evaluated in general, just as for the integral over x~ in a
general plane-wave background. We can however simplify
by dropping any term which is a total derivative with respect
to 6~ [55,56], which allows us to tidy the final expression
somewhat. The amplitude is conveniently expressed in terms
of the “dressed” on-shell momenta

wp(s) = p* —eft(s) + n* 2ef(s) 21’ - ezf(s)z’
P+
7(5) = g — eftls) + o 2L ould) 'fq: & fouls)*

(40)

which are functionally identical to those appearing in plane-
wave backgrounds. They inherit the boundary conditions of
the corresponding in and out modes, that is 7,(—o0) = p
and 7, (+c0) = q. We will write, for the transverse compo-
nents of these momenta, 7z(s)= (,(s)+ iz, (s))/V2;
these are just the projections onto the transverse photon
polarization vectors, see (22).
Finally then, the amplitude is

% /dU |:5h+1 qu”p(G) - p+ﬂq(6) + 5;1 Q+i_1'p

(m4(0) = 7,(0))?

In the second line, we have written the preexponential
factor as the sum of two terms, one for each possible
emitted photon helicity. Everything in the second line can
be mapped directly to what would be obtained in a plane-
wave background—it may not look familiar when compar-
ing to the literature because in the plane-wave case one
usually eliminates Gy in favor of £, whereas here we have
lost conservation of transverse momentum. Recall that this
is encoded in the Gaussian factor A\ |, which also contains
the usual “memory” [55,57] term coming from f. [The
argument of /A, may equivalently be written
(¢ +m,—n,),.] The lack of transverse momentum con-
servation also impacts longitudinal momentum conserva-
tion through (39)—in the plane-wave case the delta
function would instead set (£ + ¢ — p), = 0.

B. All-multiplicity results

It is clear that the contour deformations used in the
amplitude calculation above are effectively undoing the

() - p%(a)} oxp <z [ a <ﬂ<>——ﬂ<>>>

(7y(0) = 7,(0))?

(41)

2 9+ — P+

|

conformal transformation from x* to ¢*. This brings the
amplitude into a form which is very closely related to that
in a plane-wave background but not, crucially, equal to it—
there are focusing effects. In this section we therefore use
the conformal transformation to reduce amplitudes for an
arbitrary number of photon emissions to what are essen-
tially plane-wave calculations. We first present the ampli-
tude, then consider how its constituent parts behave under
conformal transformation, before combining those parts
and obtaining the result.

1. Amplitude

We again consider the tree-level scattering of an electron,
momentum p to momentum ¢, on the flying-focus back-
ground with total depletion, but now with the emission of N
photons, momenta #; and polarizations ¢; = el (¢ ;)- The
amplitude is constructed from the sum over all possible
permutations of the three-point and four-point vertices. A
general term in this sum has the form
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AN e (—ie)NeW[a] /d4_x1 e d4xNéq(_x”)eifn'xn .. .eif]'xl

e Gxjpnx))e - D(xj)G(xj.xjo1) -+ - G(xppy, x,) €0 - £, G Xy, X)) -

in which we have chosen some set of labels for the photons,
G(x,y) is the scalar propagator in the flying-focus back-
ground, and each three- and four-point vertex may be
repeated multiple times. (These vertices may also appear
next to the incoming and outgoing electron wavefunctions.)
We take the amplitude and perform the complex conformal
transformation x — ¢ as defined in (16). Recalling the
definition of the conformal weight Q =1+ ikx™ =
1/(1 — iko™), the integration measures transform as

d4xi = d46i94<0i>7 (43)

and we can now consider the transformation of the various
other components in (42).

2. Wavefunctions and propagator

As established in Sec. III B, the scalar wavefunc-
tion obeys

®(x) = Q7'¢(0) (44)

in which ¢ is the Volkov solution in a plane-wave back-
ground. The new ingredient we must consider in (42) is the
(scalar) electron propagator in the flying-focus background.
A massless Volkov solution can easily be extended off shell
by replacing the massless 4-momentum p, with a massive
4-momentum (i.e., p? # 0); a propagator is then easily
constructed by stitching together these off-shell solutions.
However, this strategy does not immediately extend to the
flying-focus background: the mass scale introduced in this
way breaks conformal invariance and the resulting wave-
functions are not off shell in a controlled way. Nevertheless,
the conformal transformation linking plane-wave and fly-
ing-focus backgrounds can still be exploited to arrive at a
propagator as follows.

We know that the propagator obeys, for an arbitrary
function J(x),

D(x) / VG )I() = I(x),  (45)

and that under conformal transformation the covariant
derivative obeys (28), which we repeat here:

D(x) = QD2 (0)Q. (46)

Using (46) in (45), and also performing the conformal change
of variable in the integral, x' — ¢/, we quickly land on

@, (x1), (42)

|
D‘Z’W(G)/ d'd [(1 —ikfft)y(’f ,z iko'™) 1) = o). (47)

in which we have written j(¢) = J(0)/(1 — ike")?, which is
still arbitrary. It follows that the object in square brackets
above is the Green’s function in a (totally depleting) plane
wave, call it G,,,, which is, of course, known exactly. Hence,
as long as the propagator G appears under at least one
integral, which it always does in the amplitude (42), then we
may write it in terms of the plane-wave propagator as

= Q_1(6i>GpW<O-i76j>Q_1(O-j>‘ (48)

G(x;,x;) = (1- iko’zﬂ—)Gpw(ai’G/)(l - ika}“)

As a consistency check, observe that the propagator trans-
forms as a product of wavefunctions, as expected.

3. Vertices

We begin with the three-point vertex. Spatial derivatives
in the vertex always appear coupled to an external photon
polarization; changing variables we have, for an arbitrary
scalar function F(x),

0 1

e PO = oo (1= ike ) (o). (49)

ox¥ do*

Now, since we use (anti)-light-front gauge ™ = 0, see (22),
there is no d/de* term in the above, hence the final
oT—dependent factor passes through the derivative. From
here it is easily checked that, for the full covariant derivative,

e-D(x)Q ' (x)F(x) =Q3(0)&(¢;0) Dy (0)F(0), (50)
in which we have defined

do" 1
ox’  \/2(1 —ike™)

. . 1 . 2

y £ +zhf2+1kfi_(6 + iho ),O,I,ih .
£_(1 —iko™)

EMt;0) = Q% (0)e (¢)

(51)

The reason for this definition will become clear in a moment

[but compare (22)]. As for the contribution from four-point

vertices, observe that, in terms of (51), we may write
€€ = QY 0)E(¢;0) - E(¢50)Q27 (6),  (52)

Jj
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in which ¢ is the appropriate vertex position [labeled o, in
the example contribution (42)]. We will use this result
immediately below.

4. Assembly

Putting everything together, our change of variables
turns wavefunctions, propagators, and covariant derivatives
into their plane-wave counterparts. Each wavefunction is
accompanied by a factor of Q~!, each propagator by two

|

AN frg (—ie)NeW[a] /d40] “e d4GN$q<6”)eifn'x(o-n) oo eifl'x(dl)

<>

such factors (one for each argument). At each four-point
vertex (52), we generate two further such factors, for a total
of four. These are cancelled exactly by the factor of Q* in
the measure (43). At each three-point vertex we obtain
three powers of Q! from the covariant derivative acting on
a propagator/wavefunction, see (50), and one power of Q™!
from the propagator/wavefunction which multiplies this.
This is again cancelled by the measure at this vertex. Hence
all factors of Q cancel from the amplitude and we arrive at

e Gpw(GjJrl s Gj)g(fj; Uj) : Dpw(o-j)Gpw(gjv O ) co Gpw(GrJr] s Gr)g(fr; Gr) : g(fr—] 5 Ur)Gpw(Gr’ Gr—l) co ¢p(01),

in which we note the transformed exponents in the emitted
photon wavefunctions, and the new functions £ replacing
the usual photon polarizations.

We have thus reduced the N-photon emission amplitude
in a flying-focus background to, essentially, that in a
plane-wave background—all wavefunctions and scalar
propagators are given by the usual Volkov expressions,
the flying-focus field is replaced by its plane-wave
counterpart. The only difference compared to the plane-
wave amplitude is that the usual free wavefunctions for
emitted photons & (¢)e”* are replaced by new functions
E"(¢; 0)e”*?)—all the complexity of beam focusing has
been shifted into these functions. This is interesting in
itself, but there is an even simpler representation of this
result which also lends itself to explicit evaluation of
amplitudes, as we shall now see.

C. Focusing for free

It is straightforward to verify that the new functions
appearing in our amplitude obey

0-(E(0)e”*)) =0, and (& (c)e’*?)) =0, (54)

and so are solutions of the vacuum Maxwell equations. In
other words, the new functions are wavepackets of free
photons—performing the conformal transformation on the
flying-focus amplitude has in fact converted it into the
equivalent plane-wave amplitude, but with the usual (plane-
wave) asymptotic photon states replaced by photon wave-
packet states. We have genuinely reduced the flying-focus
calculation to one in a plane-wave background.

It will at this stage be unsurprising to learn that the wave-
packet in question is nothing but the same Gaussian
appearing in the definition of the flying-focus beam itself:

(53)

(¢ G)Giﬁx(a) _ /2q_3(q_ 7)) [2_ﬂe—|qrﬁ|2/(2kf>
p k¢

X e(q)e'

= (e (£)e" ),

which defines the Gaussian average (-)). We therefore have
the remarkable final result that beam focusing effects can be
added to total depletion plane-wave tree-level amplitudes
simply by taking a Gaussian average over the emitted
photon momenta:

(55)

Av(p = q+¢1+-+2Cy)

=AM (p = g+ 61+ +Ey)). (56)
in which there is an independent averaging for each photon.
We stress that this result holds at arbitrary multiplicity.

V. PARTIAL DEPLETION

Up to this point, we have concentrated on scattering in
complex backgrounds which correspond to total depletion
of an incoming coherent state. However, as reviewed in
Sec. II, partial depletion can also be modelled by scattering
on complex backgrounds which have both incoming and
outgoing parts. While this is trivial to accommodate for
plane-wave backgrounds, it is far more challenging in
flying-focus backgrounds—at least, as they have been
constructed here. This is because one needs to use different
conformal transformations for the incoming and outgoing
parts of the field, and it is not clear how to construct
massless wavefunctions in the resulting background.

To tackle this problem, we restrict our attention in this
section to the setting where both the initial and final coherent
states collectively give anti-self-dual (ASD) fields. This
corresponds to taking a_ = ., = 0, so that all incoming
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coherent state photons (encoded in a, ) are positive helicity
and all outgoing coherent state photons (encoded in f_) are
negative helicity. While ASD fields are certainly not
generic physical configurations for partial depletion, they
do allow for significant computational simplifications. For
instance, the ASD assumption has enabled the determi-
nation of exact wavefunctions, high-loop and high-multi-
plicity scattering amplitudes for backgrounds in both gauge
theory and gravity [58-73], and provided insights into the
double copy [74-76] between gauge theories and gravity,
p-functions [77], and loop-level scattering amplitudes in
QCD [78-82].

Below, we provide a brief overview of ASD backgrounds
which are totally or only partially depleting. We then
observe that in the case of total depletion, there is an
alternative basis of massless wavefunctions, compared to
those studied above. We show that these can be generalized
to ASD, partially depleting flying-focus backgrounds,
providing a toolkit to go beyond total depletion.

A. Anti-self-dual fields
An electromagnetic field F,, is said to be ASD if it obeys

- 1
F =

o = 5 €upoF?” = —iF,

Hupc Hv* (57)
Anti-self-duality is a powerful feature: ASD field strengths
automatically solve the vacuum Maxwell equations (by
virtue of the Bianchi identity) and the ASD condition gives
a set of first-order partial differential equations for the
gauge potential which are classically integrable [83,84].

Thanks to the factor of i appearing in (57), all ASD fields
are inherently complex valued. Following the logic of
Sec. II B, these will still represent real scattering processes
when the ASD fields encode incoming and outgoing
coherent states of photons. These correspond to gauge
potentials of the form

Ay(x) = é e, (£)e™% + pr ()] (58)

In other words, scattering in the ASD background (58)
encodes transitions from an incoming coherent state of
positive helicity photons o, to an outgoing coherent state
of negative helicity photons f_.

When dealing with ASD plane waves and flying-focus
solutions, it is convenient to work in coordinates where the
transverse x—plane is identified with the complex plane. If
(z,7) are complex conjugate coordinates on the complex
plane, then the Minkowski metric becomes

x4 ix? o xb—ix?
= N = s
V2 V2
ds? = 2(dx~dx* — |dz]?). (59)

In these coordinates, the profile functions f (x~) can be
combined into complex functions

Si—if> fEferz (60)

fE\/E, \/z,

so that the plane-wave gauge potential (11) becomes
A (x) = =[ef(x) + 2(x))dx". (61)

For complex-valued fields, f and f are nor related by complex
conjugation, but are instead independent functions—an ASD
plane wave corresponds to f=0 (or f; = —if,). In this
case, the gauge field has a single component in either of the
gauges used in Sec. Il A, and we will work with:

Agg =f(x7)dz = Foq = f(x‘)dx‘ A dz, (62)

which is easily seen to obey (57). In the correspondence with
coherent state scattering, the positive (negative) frequency
modes of the profile function f correspond to the incoming
(outgoing) coherent state a, (f_).

Just as we obtained totally depleting flying-focus sol-
utions from a (complex) conformal transformation of a
totally depleting plane wave, one imagines that something
similar occurs in the ASD but partially depleting case.
However, this expectation is too naive: after performing the
conformal transformation (16), the resulting gauge potential
will be proportional to f(¢7). Since f has both positive and
negative frequency Fourier modes, the latter will produce
exponential growth in the transverse (z, Z) plane, rather than
the desired exponential decay, as discussed in Sec. I A.

One resolution to this problem is to use two distinct
conformal transformations: one on the incoming modes of f
and another on the outgoing modes. Specifically, let

f(x_) _ Amg_if+(w)e—iwx +AW§_Zf_(_w)eiwx
=f, (x) +f(x7), (63)

be the decomposition of f into its incoming/positive
frequency (f,) and outgoing/negative frequency (f_) parts.
Then we act with the conformal transformation (16) on the
positive frequency part of the plane wave, while acting on
the negative frequency part with

B e
x* — GH, 6” =X +ik——m0,
1 —ikx™
+
.z R
6=—+—, 6T =—rn—, 64
1 —ikxt 1 —ikxt (64)

where k > 0. The resulting gauge potential is
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f (o7) ikz
A=_= dz — dxt
1+ikx+<z 1+ikx+x>
f_(67) ( ikz )
+ =2 (dz4———dx" ), (65
— ik \ T T =i (65)

whose incoming Fourier modes decay as before, while the
outgoing Fourier modes now also decay exponentially due
to the sign change in (64). Thus (65) is a partially depleting
flying-focus field, where the focusing of the incoming field
is controlled by k, while the focusing of the outgoing field
is controlled by k. It is easy to check that the corresponding
field strength is ASD, as expected since the ASD condition
(57) is conformally invariant.

B. Alternative wavefunctions for anti-self-dual
total depletion

To build a toolkit for computing amplitudes on the partial
depleting ASD flying-focus background (65), we need
explicit wavefunctions for charged particles on the back-
ground. Recall that in the totally depleting case, we obtained
wavefunctions in the flying-focus background by applying
the conformal transformation (16) to the Volkov wave-
functions of the plane-wave background. In the partially
depleting case, we have rwo independent conformal trans-
formations—one for the incoming and one for the outgoing
field modes—and it is not clear which one to apply to the
Volkov solutions.

To resolve this problem, we first return to the setting of
total depletion: the incoming ASD flying-focus back-
ground is given by

ikz

f (o7) .
A=—" dz — dx*
1+ikx+<z 1+ ikxt )

with f, having only positive frequency Fourier modes. In
this case, we can simply adapt our previous solutions for
massless charged scalar wavefunctions to the special case
of an ASD background:

(66)

O (x)=—
PO =T

exp [—ip-6+ie—p / " dsf+(s)], (67)

P+

where, here and below, p := (p; + ip,)/V2.

As we have seen, these wavefunctions are well adapted
to performing explicit computations of amplitudes in totally
depleting flying-focus fields. Furthermore, when k — 0
they reduce to the Volkov solutions (13) in an ASD (totally
depleting) plane wave. However, their behavior in the free
limit is somewhat nonstandard: considering the e — 0 limit

|

iep
po(1+ ikx™) + ikpz J;

wp(x) =exp|—ip-x+

o iep a
dsf = = dsf_(s)],
/ R ikpZA ’ (S)}

where the scalar decouples from the background, the
wavefunction (67) goes to

1 .
lim®, (x) = —— "7
Im®, (%) = e ©
2z [~ lqL = pL)?
=14 AL AL
kp_/ 1 eXp[ 2kp_
—iq xl—iMer—ip X~ (68)
1 2 x|

In particular, we see that @, goes to a Gaussian wavepacket
of free plane waves as e — 0.

While there is nothing wrong with this (such Gaussian
wavepackets are simply an over-complete basis of sol-
utions in the free limit), one might have hoped that there
exist wavefunctions which reduce to a (single) free plane
wave in the e — 0 limit. Remarkably, such solutions can
be obtained by simply solving the Klein-Gordon equation
order-by-order in e starting from e~"”*. The resulting
power series can be resummed to give the alternative
wavefunctions

_ o iep o
‘//p(x)_exp p x+p+(l+lkx+)+lkp2[ de+<S):|,

(69)

where the lower limit of integration appearing in the
exponential is

. P+

7 =17(x) :Q—lk—.
P

P (70)

Clearly, as e — 0, y,(x) = e~'7*, as desired. The appear-
ance of the quantity z(x) as a lower limit of integration may
seem surprising, but it plays two important roles. First, it
ensures that y,(x) is nonsingular—when the denominator
in (69) vanishes, it can be checked that ¢ — ¢~, pinching
the integral to zero such that the exponent remains finite.
Furthermore, the imaginary part of z(x) provides a
Gaussian damping factor in the k£ — 0 limit, ensuring that
we recover the Volkov solution.

C. Wavefunctions for partial depletion

The alternative, perturbative basis of wavefunctions v,
can now be generalized to provide exact wavefunctions in
the ASD flying-focus background (65) with incoming and
outgoing parts. One simply takes

(71)
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in which

6=o0l_; and T=71|__;. (72)

——k

This w,(x) is essentially the product of solutions in each
of the positive and negative frequency fields. It can be
verified by direct calculation that (71) solves the massless
Klein-Gordon equation in the ASD flying-focus back-
ground (65)—see the Appendix for details. Furthermore,
these solutions reduce to free plane waves as e — 0, are
nonsingular, and produce Volkov solutions coupling to the
positive/negative frequency modes of the background
when focusing is turned off (k/k — 0).

In principle, these wavefunctions provide us with
the tools needed to compute processes like nonlinear
Compton scattering in a partially depleted, focused back-
ground. Unfortunately, so far we have been unable to find
a way to analytically evaluate the integrals which arise in
amplitude calculations using the y, wavefunctions. In
essence, our ability to perform calculations in the totally
depleting case followed from using the wavefunctions @,
generated by a conformal transformation: the contour
prescriptions or Gaussian averaging used to evaluate the
resulting integrals essentially followed from this con-
formal transformation acting on the usual integrals in
plane-wave backgrounds. Of course, it may still prove to
be possible to perform analytic calculations with the
wavefunctions . In any case, the integrals arising in
amplitudes evaluated on these wavefunctions should be
amenable to numerical integration.

We note, finally, an interesting consequence of the fact
that our partially depleting field model contains both
incoming and outgoing parts—the field is no longer null:

2t (67 (67)

F, F" = iF,F" = —4 =
g : (1 + ikx)3(1 — ikxt)?

(k+ k).

(73)

In a real field, nonzero invariants can signal e.g. the
possibility of spontaneous particle production from the
vacuum. The interpretation here, though, is not so clear.
Working perturbatively, one can easily check that the
leading contribution to the 0 — 2 process, which goes like
e?a? for any initial coherent state with profile @, vanishes
because both incoming photons have the same helicity.
Similarly, the order e’a?f contribution vanishes. These are
of course examples of “all plus” (helicity) amplitudes
which vanish at all multiplicity [85], suggesting that
the perturbative contribution to the 0 — 2 amplitude in
an ASD flying focus is zero. It would be very interesting to
investigate particle creation processes in more detail,
potentially using the wavefunctions (71).

VI. CONCLUSIONS

We have investigated strong-field QED scattering proc-
esses in a class of highly inhomogeneous backgrounds
which includes flying-focus beams. We have shown that
these fields can be obtained from conformal transforma-
tions of plane waves, and that the corresponding wave-
functions describing massless scalars scattering on the
backgrounds are given by applying the same transformation
to the Volkov wavefunctions.

While the required conformal transformation, and result-
ing electromagnetic fields, were complex, the well-known
equivalence between backgrounds and coherent states
meant that we were still able to calculate sensible ampli-
tudes, namely those in which the flying-focus beam was
completely absorbed during some scattering process. We
considered the amplitudes for N-photon emission from an
electron scattering on the background and, by exploiting
the conformal transformation, showed that this was given
by a simple Gaussian average over the emitted photon
momenta in the corresponding plane-wave amplitude. This
is an elegant result which shows how much-sought-after
focusing effects can be included into plane-wave calcu-
lations with little additional effort, and furthermore adds to
the library of results which show how to use plane-wave
amplitudes to construct amplitudes in other backgrounds
[43,86-88].

Finally, we considered the extension of our results to
partial depletion amplitudes. In this case it is unclear how to
construct the corresponding massless charge wavefunctions
via a conformal transformation. To make progress, we made
the simplifying assumption that the flying-focus back-
ground was anti-self-dual; physically, this means that all
incoming coherent state photons are either absorbed or, if
not, flip helicity. In this setting, we were able to find a set of
charge wavefunctions with an intriguing structure, seem-
ingly quite different to that encountered earlier in the paper.
The continued investigation of these new solutions is a
natural target for future work, including their use in
calculating amplitudes and, if possible, extending the
solutions beyond the anti-self-dual sector.

It would also be interesting to see whether the connection
between amplitudes in plane-wave and flying-focus back-
grounds, summarized by the averaging result (56), can be
generalized to scattering in Yang-Mills and gravitational
backgrounds or, even in QED, to loop corrections.
Regarding the latter, we do not expect renormalization
effects to impact the averaging result, at least to one loop,
but it is possible that constraints may appear which limit the
result to e.g. special kinematics—this is what happens to
similar results linking scattering in shockwave and plane-
wave backgrounds when going from tree level to one
loop [43]. Finally, it would also be interesting to seek other,
nonconformal, transformations which allow us to “lift”
plane-wave results to other background fields of interest, as
we have done here for the flying focus.
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APPENDIX: PROPERTIES OF WAVEFUNCTIONS
FOR PARTIAL DEPLETION

In this appendix, we provide some further detail on the
wavefunctions (71) describing massless charged scalars in
the anti-self-dual, partially depleting flying-focus back-
ground (65). A direct, brute force calculation verifies that
these wavefunctions are indeed solutions, but here we give
a more illustrative explanation of this fact.

Let us denote the solutions by y,(x) = e~Sr(%)_ where,
from (71) and using the notation in (70) and (72),

ep
po(1+ ikx™) + ikpz

o ep 6
dsf,(s)— - - dsf_(s).
) [ sti(s) po(l—ikx™)— ikle st-(s)

(A1)

S,(x)=p-x

We also define I1, := 9,5, — eA,, where A, is the back-
ground Maxwell field (65). With this notation, the massless
Klein-Gordon equation becomes
D%y, = —y (I +id-II) = 0. (A2)
In fact, each term here must vanish independently for the
equation to be solved (as can be seen by taking S, — S,/ h),
so solving the massless wave equation in the background is
equivalent to solving
M>’=0=o0-11, (A3)
so that the wavefunction is WKB exact. In other words, we
must show that the ‘dressed momentum’ I1,, associated to v,
is null, and has vanishing divergence.
The characterization of null vectors in four-dimensional

Minkowski spacetime is particularly transparent in the
2-spinor, or spinor helicity, formalism, where vector indices

are traded for a pair of SL(2,C) Weyl spinor indices
(cf. [89-93]). This formalism has been extensively used in
the study of massless scattering in trivial backgrounds, but
it also extends to scattering in the presence of background
fields [94,95]. The translation between standard vector
indices and 2-spinor indices is accomplished by contraction
with the Pauli matrices; if x* = (x°, x!,x?,x%) is the
coordinate 4-vector then its 2-spinor representation is given
by the 2 x 2 matrix

aa oo er z
XM= xloy = _ |
Z X

where a,a =0, 1 are SL(2,C) Weyl spinor indices of
negative/positive chirality and ¢3* are the Pauli matrices.
The Minkowsi metric (59) becomes

(A4)

ds? = €€, /,dx“adxﬂﬂ (AS)
in these variables, where
0 1
€ap = =€, A6
/ <—1 0> / (A6)

are the 2-dimensional Levi-Civita symbols.
Two-spinor indices are raised and lowered using these
Levi-Civita symbols; we use the convention

a

a® = €“ﬂaﬂ, a, = aﬂeﬁa, (A7)
and similarly for dotted spinors. It will also be useful to
adopt some widely used shorthand for Lorentz-invariant
spinor contractions of each chirality

(ab) = a®b,,, [cd] = c¥d,,. (A8)
Finally, let o, = (1,0) and 1, = (0,1) denote a spinor
dyad, normalized so that (10) = 1.

A particularly powerful consequence of working in this
2-spinor formalism is that a 4-vector is null if and only if its
2-spinor representation is simple—that is, it is the product
of two spinors of opposite chirality. For the null momen-
tum p* associated to the wavefunction y,, this means that

Pt = plol® = k"R (A9)
for some 2-spinors %, ¥%. For Lorentzian-real 4-momenta,
these spinors are related by complex conjugation, &% = &%,
but the following discussion holds for generic complex null
momenta, so we will keep them independent.

We can then proceed to calculate I, directly, making
use of the 2-spinor identities p, = (ki)[Ki|, p = (k1)[0K],
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Qac” = el T i

(04147 + 1,047) —

where d,;, = W"m, and the expression for the background field

A . :er(U_)Od lkz
aa 1+ ikx+ a

T ikt 00

K2|z|? KoKy
’aad — ata , AlO
(1 + ikxt)? Oa0a Gaa? (ko) [ko] (A10)
f_(67)o4 ikz
e (o ) (At

A straightforward, if somewhat tedious calculation, then reveals that IT,,(x) = K,(x)&,, for

et (7)

Ko(x) = Kq <1 + (1 + ikx™)[%1] + ik[o&|z

where the Schouten identity 1;[0k] 4 04[k1] = —&, is re-
peatedly used. Of course, the expression for the spinor
K ,(x) is quite complicated, but the crucial fact is that I1,, is
immediately seen to be null, as it is written as a product of
2-spinors. This establishes that IT> = 0, as required. Note
that only the negative chirality (i.e., undotted) part of I1,; is
dressed by the background; the positive chirality part
remains the undressed momentum spinor X, This is an
expected feature, reflecting the fact that the background is
anti-self-dual [61,62].
To complete the proof that y,, solves the wave equation,
we must still establish that 0 - [T = 0, which is equivalent to
K90,,K*(x) = 0. (A13)
Using the identities (A10) and the fact that spinor con-
tractions are skew symmetric (so that (aa) = 0 = [bb] for
any 2-spinors a, and b,), it follows that only a few terms in
the expression for K* are nonvanishing on their own when

ef_(7)
(1 — ikx*)[Re] — il}[orc]z>

ike[oR]0,

ik[ofc}z}zl dsf,(s) + 1

ikz
0 ik /1] + ik[oR]z (’“ Tt ik e

1 — ikxt)[Re] — il?[ok]z]zl ast-(s)

ef_(67) (z ikz

. R —— 04
(1 — ikx™)[k1] — ik[ok]Z 1 —ikx™

), (A12)

acted upon with the differential operator £%d,,. These come
from the action of the derivative on the third line of (A12)
as well as the upper limit of integration for terms in the
second line. These contributions are then seen to cancel
with each other: for the positive frequency terms one finds

ikef, (c7)[ko

(1 + ikxt)[(1 + ikxt)[Re] + ik[ok]Z]?
X [(1 + ikx™)[&1] + ikz[oR] — (1 + ikx™)[Ri] + ikz[Ro]]
—0, (A14)

with a similar cancellation occurring for the contributions
for negative frequency terms. Thus, d-11 =0, and it
follows that y,(x) = e~ is indeed an exact solution
to the wave equation in the anti-self-dual, partially deplet-
ing flying-focus background.
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