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We study the proposed integrable spin chain formulation of Jordanian deformations of the AdS5 × S5

superstring, realized via Drinfel’d twists. Among these models, we first identify a unique supergravity
deformation confined to an SLð2;RÞ sector and with constant dilaton. We then develop a general
framework for closed Drinfel’d twisted spin chains and construct an explicit map to undeformed models
with twisted-boundary conditions. Applied to the noncompact XXX−1=2 spin chain, the Jordanian twist
breaks the Cartan generator labeling magnon excitations, obstructing the standard Bethe methods. Instead,
using the twisted-boundary formulation, we initiate the spectral problem based on a residual root generator
both in the continuum limit and for short chains. We find that the ground state is nontrivially deformed, and
is in agreement with the classical string result, while our analysis does not capture higher-spin excited
states. We also study the asymptotics of the associated Q system, which is well behaved and compatible
with the boundary twist. While a full understanding of the spectrum remains open, our work provides
concrete steps toward a spectral description of non-Abelian twisted integrable models.
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I. INTRODUCTION

Integrable deformations of superstring theories provide a
rich setting for probing the structure of the holographic
correspondence beyond the well-established case of type
IIB strings on AdS5 × S5. The planar dilatation operator of
the N ¼ 4 Super Yang-Mills (SYM) dual acts as the
Hamiltonian of a quantum integrable spin chain, whose
excitations encode the spectrum of anomalous dimensions.
The same spectral problem appears on the string side,
where the world sheet theory is described by an integrable
sigma model. These two formulations overlap in the limit
of long (continuous) spin chains and semiclassical strings,
also called the Landau-Lifshitz regime, while their inte-
grability is underpinned by the same quantum group
structure and associated R matrices. See [1] for overviews.
Within this framework, homogeneous Yang-Baxter

(HYB) deformations [2] offer a controlled way of
deforming both the string geometry and the symmetry
algebra while preserving integrability. The resulting
deformed sigma model is defined by a classical R matrix,
which up to equivalence relations corresponds one-to-one

with Drinfel’d twists [3,4], inducing a twisted classical
Yangian symmetry structure [5]. When the R matrix
satisfies the additional unimodularity condition, the
deformed background continues to solve the type IIB
supergravity equations of motion [6]. HYB deformations
can also be understood as nonlocal canonical transforma-
tions on the world sheet [7], and therefore admit an
equivalent formulation (at least on shell) to an undeformed
string sigma model subject to twisted-boundary conditions
[7–11]. For explicit local expressions implementing the
twist, see [8,11,12]. Together, these features suggest the
existence of a holographic interpretation that is governed
by a Drinfel’d twisted integrable structure. On the gauge
theory side, the dual deformation is expected to manifest
via a (typically noncommutative) star product [13] induced
by the Drinfel’d twist [5,14], while the same twist acts on
the underlying symmetry algebra of the planar dilatation
operator, which then should yield a Drinfel’d-twisted spin
chain description. This correspondence has also been
illustrated through brane constructions involving succes-
sive T- and S-duality transformations [5].
The integrable structure of Abelian HYB deformations,

which correspond to T-duality-shift-T-duality (TsT) trans-
formations [15], is relatively well understood in the holo-
graphic context, see, e.g., [16–21] among many others.
Notable examples include the β deformation [22,23] and the
dipole deformation [24,25], which break internal and
spacetime symmetries, respectively. The twist in this case
is of Drinfel’d-Reshetikhin type [26], constructed from
commuting symmetry generators of psuð2; 2j4Þ, which
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affects the physics of the model only in their nonzero charge
sectors. Inclusion of such twists on the canonical XXX spin
chain has elucidated the completeness problem of the Bethe
root structure and the construction of Q-operators, see, e.g.,
[27], which are foundational to advanced integrable meth-
ods such as the quantum spectral curve.
By contrast, non-Abelian HYB deformations, particu-

larly those of Jordanian type, remain much less explored.
These deformations necessarily act on a noncompact
slð2;RÞ subalgebra of psuð2; 2j4Þ and are thus natural
candidates for studying symmetry-breaking effects in this
sector. In particular, they lead to new integrable systems
that are relevant for non-AdS holography. At present,
however, little is known about their explicit gauge theory
dual or spin chain formulation. An exception is the recent
work [28], which studied the spectrum of the Jordanian
Drinfel’d twisted [29,30] XXX−1=2 spin chain relevant to
the slð2;RÞ sector at one loop [31,32]. In [28], using an
organization in terms of slð2;RÞ Cartan states, the spec-
trum was found to be undeformed—a result that appears to
conflict with the classical string energy and its corrections
computed for one of the simplest deformed sigma-model
solutions [12]. Furthermore, on the string theory side, also
the integrable S-matrix framework remains elusive: recent
results point to particle production processes involving
massive asymptotic states [33], which appear incompatible
with Bethe Ansatz approaches based on factorized S
matrices.1 These features indicate substantial challenges
for the use of Drinfel’d twisted integrability in non-AdS
holography.
In this work, we revisit the spin chain description aligned

with Jordanian sigma models, aiming to clarify their
physical properties and integrable structure within the
context of AdS/CFT. Motivated by the conjectured
Drinfel’d twisted extension of the correspondence, we still
expect that the continuum (Landau-Lifshitz) limit of the
twisted spin chain reproduces the deformed semiclassical
string spectrum, in parallel with the undeformed case.
However, as the precise formulation of the gauge-theory
dual remains unclear, we do not attempt a direct identi-
fication of the corresponding spin chain from first principles
here. Instead, to make progress, we start directly from the
Jordanian-twisted chain and treat it as an integrable “avatar”
of the twisted dilatation operator, which we will use to test
and organize the spectral structure for holographic
Jordanian models. As we will show, this identification is
indeed supported in the Landau-Lifshitz regime.
We begin with a review of the sigma-model side, and

perform a systematic analysis of the dilaton profiles of all
unimodular Jordanian deformations of AdS5 × S5 that have
been classified in [35]. Among these, we identify a unique
Jordanian twist with constant dilaton and that is nontrivial
only in an slð2;RÞ subalgebra through a single deformation

parameter. In the context of holography, this model is
therefore the simplest Jordanian example with a valid
supergravity approximation at large ’t Hooft coupling. As
it turns out, this “minimal” example was already studied
from various angles: it can be obtained from combinations of
TsT and S dualities [36], allowing a brane construction [5],
its semiclassical energy corrections were derived from the
spectral curve in [12], and its scattering processes in light-
cone gauge was analyzed in [33]. It shares also several
important features with the (Abelian) dipole deformation
studied in [20,37], and wewill therefore compare to this case
where appropriate throughout this paper. We will discuss its
residual (Schrödinger-type) symmetry structure, and discuss
its simplest classical solution (a BMN-like string) both in the
deformed and twisted-boundary formulations.
In the rest of this paper, we consider the twisted spin

chain. Before specifying to the Jordanian case, we con-
struct a systematic framework for integrability studies of
closed Drinfel’d twisted spin chains without specifying
Hamiltonian or R matrix. Building on the Hopf-algebraic
formulation of Maillet and de Santos [38], we derive
universal expressions of the twisted monodromy and
transfer matrices, and propose a simple “gluing” prescrip-
tion that maps spin chains with deformed bulk interactions
under periodic boundary conditions to explicit boundary-
twist operators on an undeformed chain. This parallels the
on-shell equivalence of sigma models with Drinfel’d twists
and twisted boundary conditions [8,11].
We then apply our construction to the Jordanian Drinfel’d

twist of the slð2;RÞ-invariant XXX Heisenberg spin chain
in the noncompact s ¼ −1=2 representation. We examine
the modified symmetry structure: the twist breaks the full
slð2;RÞ algebra, leaving only a non-Cartan generator,
which we use to study the spectral problem (in contrast
to [28]). Notably, the boundary twist is also built from this
residual generator. Its eigenbasis departs from the conven-
tional Fock-space picture of magnonlike excitations.
Importantly, in this new eigenbasis, integrability techniques
such as the Algebraic Bethe ansatz (ABA) appear to be not
applicable in the standard way, because there is no suitable
pseudovacuum state with nonzero charge under the residual
symmetry to initiate it. However, we find that working
particularly in the twisted-boundary formulation does en-
able an initial and nontrivial spectral analysis.
In the continuum or thermodynamic limit (where the

spin chain length J → ∞), we derive the Landau-Lifshitz
theory via the coherent state representation and show that
the ground state energy shift matches the classical string
result. This not only confirms a nontrivial deformation but
also provides a first string-spin agreement in this over-
lapping regime. At finite length, we study the spectral
problem at J ¼ 2, by reducing the twisted transfer matrix
eigenvalue equation to a singular ordinary differential
equation (ODE) in the symmetry eigenbasis. Using
Frobenius-type methods, we compute the eigenvalue1See also [34] for a related model with soft production.
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perturbatively in the deformation parameter from recur-
rence relations. Importantly, this ODE analysis obscures
the higher-spin excitations by regularity conditions. Only
the ground state explicitly appears and is deformed, and we
compute its energy using Baxter’s TQ equation.
We further initiate the exact finite-length spectral analy-

sis by studying the asymptotic analytic structure of the TQ
and QQ system, providing additional support for the
twisted-boundary formulation and setting the first steps
to a full spectral curve description in this non-Abelian, non-
Cartan twisted context.
The paper is structured as follows. Section II reviews

HYB deformations of AdS5 × S5, introduces the minimal
Jordanian background, and describes its classical BMN-
like solution and associated Landau-Lifshitz limit.
Section III develops the Drinfel’d twisted framework,
including our gluing construction, and applies it to the
Jordanian-twisted slð2;RÞ chain. In Sec. IV we match the
energy of the spin chain to the classical string via coherent
states in the thermodynamic Landau-Lifshitz limit, while
Sec. V tackles the ground state spectrum of the length
J ¼ 2 spin chain via Baxter’s equation. Section VI studies
Q-function asymptotics at finite length and the structure of
the QQ system. We conclude in Sec. VII with a discussion
and future directions. Appendix A discusses the classical
limit of the twisted transfer matrix, and appendix B
describes the perturbative method to solve singular
ODEs used in the J ¼ 2 analysis.

II. JORDANIAN STRING SIGMA MODELS

Here we review the essential elements of HYB defor-
mations, and set the stage for a comparison with the
proposed spin chain formulation for its simplest relevant
Jordanian subclass.

A. Review of the action and twisted symmetries

The HYB deformations form a large family of integrable
deformations of symmetric and semi-symmetric space
sigma models. Their world sheet action takes the form [2]

SWS ¼ −
ffiffiffi
λ
p

4π

Z
dτdσ

 ffiffiffiffiffiffijhjp
hαβ − ϵαβ

2

!

× STrðJαd̂−ð1 − ηRgd̂−Þ−1JβÞ; ð2:1Þ

where
ffiffi
λ
p
4π is the string tension, h

αβ is the world sheet metric,
ϵαβ is the antisymmetric tensor with conventions ϵτσ ¼ −1,
and STr denotes the supertrace on a Z4-graded Lie super-
algebra g ¼ LieðGÞ, which we take in this paper to be
g ¼ psuð2; 2j4Þ. We introduced the Maurer-Cartan form
J ¼ g−1dg, with gðτ; σÞ∈G the world sheet embedding,
and the operators d̂� ¼ ∓ 1

2
Pð1Þ þ Pð2Þ � 1

2
Pð3Þ that act

with the projections PðiÞ, i ¼ 0, 1, 2, and 3, onto the

corresponding Z4-graded eigenspaces. Last but not
least, the key object inducing the deformation is
Rg ≔ Ad−1g RAdg, scaled by a real deformation parameter
η∈R, where AdgX ≔ gXg−1 for X∈ g, and R∶ g → g is a
linear operator satisfying two properties: R is antisymmet-
ric with respect to STr and it solves the classical Yang-
Baxter equation (CYBE), i.e., respectively,

STrðRX Y Þ ¼ −STrðX RY Þ;
½RX;RY� − Rð½RX; Y� þ ½X;RY�Þ ¼ 0; ð2:2Þ

for all X; Y ∈ g. Such objects are in one-to-one correspon-
dence (up to equivalence relations) with Drinfel’d twists
that are continuously connected to the identity [3,4]. In this
context, they explicitly ensure that the sigma model
remains classically Lax integrable [2,39]. We further
assume that the undeformed model (η ¼ 0) gives rise to
a solution of the type II supergravity equations, as is the
case for the AdS5 × S5 superstring that is realized from
g ¼ psuð2; 2j4Þ. A further condition on R is then needed
for the deformed model to remain a type II supergravity
solution, i.e., R must solve the linear “unimodularity”
constraint [6]

½TA; RTA� ¼ 0; ð2:3Þ

where fTAg and fTAg with A ¼ 1;…; dimðGÞ are dual
bases with respect to the supertrace.2

We can equivalently represent R via the twofold graded
wedge product r ¼ − 1

2
RABTA ∧ TB. Our focus in this

paper is on rank-2 unimodular Jordanian deformations,3

which are of the form [35,40,41]

rjor ¼ h ∧ e −
i
2
ðQ1 ∧ Q1 þQ2 ∧ Q2Þ; ð2:4Þ

where h; e are bosonic and Q1, Q2 fermionic generators in
g ¼ psuð2; 2j4Þ that are such that ½h; e� ¼ e, ½Qi; e� ¼ 0,
½h;Qi� ¼ 1

2
ðQi − ϵijaQjÞ, with a∈C a free parameter,

and fQi;Qjg ¼ −iδije, for i; j ¼ 1, 2. Note that e acts as
a raising operator with respect to h.4 Importantly,
for Jordanian models, the fermionic tail built from Qi is

2Given a basis of generators TA for g, with structure constants
defined by ½TA; TB� ¼ FAB

CTC, let the invariant metric be
KAB ¼ STrðTATBÞ, and its inverse KAB used to define the dual
basis TA ¼ KABTB. Writing RTA ¼ RB

ATB, the unimodularity
conditions become RABFAB

C ¼ 0, with RAB ¼ RA
CKCB.

3The rank denotes the number of bosonic generators in the
construction of the r wedge product.

4In order to preserve reality conditions, this requires that g
have a noncompact slð2;RÞ subalgebra.
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necessary to ensure unimodularity. For g ¼ psuð2; 2j4Þ,
the inequivalent Jordanian R-operators (including higher-
rank ones) admitting unimodular extensions have been
classified in [35]. More details can be found therein.
Another important subclass of HYB models is based on

the Abelian r matrices

rab ¼ t1 ∧ t2; ð2:5Þ

where t1; t2 are commuting generators of psuð2; 2j4Þ. These
deformations are equivalent to TsT transformations [23]
over the isometries generated by t1 and t2 [15] and they are
trivially unimodular. Their integrability in the context of
AdS5=CFT4 have been discussed for various examples. The
simplest case is the Lunin-Maldacena background [23]
obtained from an r wedge product over two Cartan charges
of SOð6Þ, and thus deforming the S5, dual to the β
deformation of N ¼ 4 SYM [22]. Other interesting
examples are the Hashimoto-Itzhaki-Maldacena-Russo
background [42], from two commuting generators in
SOð2; 4Þ, and the Schrödinger background [25,43], from
one (null) generator in SOð2; 4Þ and one Cartan in SOð6Þ,
both deforming AdS5 and thus introducing noncommuta-
tivity in the dual field theory [13] (for the latter in terms of a
dipole deformation, see [24,25]). Their integrability studies
are based on Abelian Drinfel’d-Reshetikhin (DR) twists
[26], see [16] and [20] for the β and dipole deformation,
respectively.

1. Manifest symmetries

The residual (manifest) symmetries of the deformed
sigma model (2.1) are generated by the subalgebra
k ¼ spanðTĀÞ ⊂ psuð2; 2j4Þ defined by

adTĀ
RðXÞ ¼ RadTĀ

ðXÞ; ∀ X∈ g; ð2:6Þ

with adX Y ≔ ½X; Y�. This guarantees invariance of the
action (2.1) under left multiplication

g → expðϵTĀÞg; ð2:7Þ

with ϵ a global symmetry parameter. For all Jordanian R
operators (2.4), it then follows that e always generates a
global symmetry.5 This fact will be important in several
parts of our analysis.

2. Classical integrability and twisted symmetries

Provided the conditions (2.2) are met, HYB deforma-
tions preserve classical world sheet integrability. This
means that their equations of motion can be represented
by a one-parameter family of flat Lax connection 1-forms

LðzÞ, which ensures the construction of an infinite family
of conserved charges, and that these charges Poisson
commute [2,39]. In conformal gauge, the Lax can be
written as6

L�ðzÞ ¼ Að0Þ� þ zAð1Þ� þ z�2Að2Þ� þ z−1Að3Þ� ; z∈C; ð2:8Þ

where AðiÞ ≔ PðiÞA and

A� ¼ ð1� ηRgd̂−Þ−1J�: ð2:9Þ

An interesting property of homogeneous Yang-Baxter
deformations is that, on shell, they are classically equiv-
alent to the undeformed sigma model up to a twist in the
boundary conditions [7–12] (see also [44] for early con-
siderations in the Jordanian context). This is due to the fact
that the deformation can be understood as a nonlocal
canonical transformation on the world sheet [7], which
is precisely realized as the map J� → A�. Formally, up to
gauge transformations generated by gð0Þ, one may therefore
identify

J̃� ≔ g̃−1∂�g̃≡ hA�h−1 − ∂�hh−1; ð2:10Þ

where g̃∈G represents the collection of fields of the
undeformed sigma model with twisted-boundary condi-
tions and h∈Gð0Þ ¼ SOð1; 4Þ × SOð5Þ. Periodic-boun-
dary solutions to the equations of motion of the fields g
of the deformed sigma model (2.1) are then mapped to
twisted-boundary solutions of the fields g̃ of the unde-
formed sigma model, i.e., (2.1) at η ¼ 0. We can translate
between the two formulations with the “twist field”
F ðτ; σÞ∈F as

g ¼ F g̃h; ð2:11Þ

with F ⊂ G the Lie group of f ¼ ImðRÞ. Explicitly, we can
write the twist of the boundary conditions of g̃ as [12]

G̃ðτ; σ ¼ 2πÞ ¼ WG̃ðτ; σ ¼ 0ÞWT; ð2:12Þ

where G̃ ¼ g̃Kg̃T is the gauge-invariant collection of
fields, with K the Gð0Þ ¼ SOð1; 4Þ × SOð5Þ invariant,
and W ¼ F−1ðτ; 2πÞF ðτ; 0Þ∈F the object that encodes
the twisting.

5It is straightforward to show this using RðXÞ ¼ STr2ðrð1 ⊗
XÞÞ for X∈ g as well as the above commutation relations.

6In the rest of this Section, we adapt conformal gauge to
keep notation light. One may, however, translate the formulas
back to prior gauge fixing by replacing one-form components

V� with Vþ → Pαβ
ðþÞVβ and V− → Pð−ÞαβVβ with Pαβ

ð�Þ ¼
1
2

� ffiffiffiffiffiffijhjp
hαβ � ϵαβ

�
while raising and lowering world sheet

indices with
ffiffiffiffiffiffijhjp

hαβ.
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For Jordanian models with R matrix (2.4), an explicit
local expression for W is given by [11,12]

Wjor¼ expðQðh−qeÞÞ;

F jor¼ exp

�
2πηffiffiffi
λ
p Yhe

�
exp

�
log

�
1−

2πηffiffiffi
λ
p Ye

�
h
�
; ð2:13Þ

with

Q≔ log

 
1− 2πηffiffi

λ
p Yeðτ;0Þ

1− 2πηffiffi
λ
p Yeðτ;2πÞ

!
; q≔

Yhðτ;2πÞ−Yhðτ;0Þ
Yeðτ;2πÞ−Yeðτ;0Þ

;

ð2:14Þ

and Ye ¼ STrðeYÞ, Yh ¼ STrðhYÞ projections of the Lie-
algebra value field7

Yðτ;σÞ≔
ffiffiffi
λ
p

2π
PT

�Z
σ

0

dσ0d̂g̃−1ð∂τg̃g̃−1Þðτ;σ0Þ

þ
Z

τ

0

dτ0d̂g̃−1ð∂σ g̃g̃−1Þðτ0;0Þ
�
þYð0;0Þ; ð2:15Þ

with d̂g̃−1 ≔ Adg̃d̂−Ad−1g̃ and PT a projector on f⋆, the dual
of f ¼ ImðRÞ. One may include additional contributions
from fermionic degrees of freedom associated to the
supercharges Qi, but it was shown in [12] that such twists
are equivalent, after field redefinitions, to (2.13) for
classical solutions (i.e., ones with trivial fermionic dynam-
ics). Furthermore, in on-shell sectors where Q ≠ 0 (which
will be the case for the solution that we will study in
Section II C), an additional field redefinition can actually
relate Wjor to W0jor ¼ expðQhÞ. Interestingly, we find
especially the latter expression at large λ to be consistent
with the spin chain formulation (cf. Sec. III D, VI and
Appendix A).
For Abelian models with R matrix (2.5), the local

expression for W is much simpler and given by [8,10,11]

Wab ¼ exp

�
−
2πηffiffiffi
λ
p ðQ1t2 −Q2t1Þ

�
;

F ab ¼ exp

�
2πηffiffiffi
λ
p ðY1t2 − Y2t1Þ

�
; ð2:16Þ

where Yi ¼ STrðtiYÞ and Q1;2 are the Noether charges
corresponding to the t1;2 isometries

Qi ¼ STrðtiðYðτ; 2πÞ − Yðτ; 0ÞÞ

¼
ffiffiffi
λ
p

2π

Z
2π

0

dσ STrðtiAdg̃J̃ð2Þτ Þ: ð2:17Þ

Importantly, both Wjor and Wab are constant and thus
encode conserved quantities (charges) of the respective
models. The Jordanian Q, q charges do not, however, have
an immediate interpretation as Noether charges for a
continuous symmetry, in contrast to the Q1;2 appearing
in the Abelian twists. Furthermore note that generally the
psuð2; 2j4Þ Noether symmetries of the undeformed model
are explicitly broken by the twist in the boundary con-
ditions. The subalgebra of residual symmetries t̃ ¼
spanðTÃÞ of the twisted-boundary model, which is deter-
mined by ½TÃ; f� ¼ 0, is itself a subalgebra of the residual
symmetries t of the deformed model, and their local Noether
charges coincide on the on-shell mapping [11,12].
Next to the subset of manifest residual Noether sym-

metries, HYB deformations have an infinite set of (hidden)
twisted classical Yangian symmetries [5]. The monodromy
matrix that generates the conserved charges can indeed be
written as8

T ðzÞ ¼ P exp
 ����

−
Z

2π

0

dσLg
σðzÞ

�
¼ F ðτ; 2πÞT η¼0ðzÞF−1ðτ; 0Þ

where LgðzÞ ¼ gLðzÞg−1 − dgg−1 and T η¼0ðzÞ is the
monodromy matrix of the undeformed sigma model built
from the (gauge-transformed) Lax connection in terms of
projections of the currents J�. We can thus understand the
original (η ¼ 0) classical Yangian symmetry to be twisted
by F. At large λ we get

F jor ¼ 1 −
2πηffiffiffi
λ
p ðYeh − YheÞ þOðλ−1Þ

¼ 1 −
2πηffiffiffi
λ
p ιYrjor þOðλ−1Þ; ð2:18Þ

F ab ¼ 1 −
2πηffiffiffi
λ
p ðY2t1 − Y1t2Þ þOðλ−1Þ

¼ 1 −
2πηffiffiffi
λ
p ιYrab þOðλ−1Þ; ð2:19Þ

with the contraction ιY defined as ιYr ≔ STr2ðrð1 ⊗ YÞÞ.
This precisely represents a classical Drinfel’d twist to
leading order [3,5] with ιY the action of the operators
(charges) on the classical fields g̃. We thus see explicitly
how the deformed sigma-model inherits a twisted

7Here we rescale Yðτ; σÞwith
ffiffi
λ
p
2π compared to [11,12] to match

with conventional expressions for conserved Noether charges [as
in, e.g., (2.17)].

8To show the second equality one can use the fact
that on-shell A� ≡ h−1J̃�hþ h−1∂�h ¼ GJ�G−1 − ∂�GG−1 with
G ¼ h−1g̃−1g ¼ g−1Fg.
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Hopf-algebra structure at the classical level. In a holo-
graphic interpretation, the twisting may be interpreted as a
1ffiffi
λ
p correction.

At various instances in this paper, we will absorb the
’t Hooft coupling λ in the (sigma-model) deformation
parameter η as

ξ ≔
2πηffiffiffi
λ
p : ð2:20Þ

In particular, ξ∈R will then denote the deformation
parameter in the Drinfel’d twist, which will be deforming
the relevant spin chain model, as we will discuss in Sec. III.

B. Singling out the “minimal” Jordanian model

In this Section, we briefly analyse the dilaton Φ
of all rank-2 unimodular Jordanian deformations of
g ¼ psuð2; 2j4Þ. We focus on identifying those back-
grounds for which Φ is a constant across target space,
motivated from the simple fact that this implies a constant
string coupling gs, such that the classical supergravity
approximation from the world sheet is valid.
For HYB models, the dilaton Φ is given by [6]

e−2Φ ¼ e−2Φ0 sdetð1þ ηRgd̂þÞ; ð2:21Þ

whereΦ0 is the constant dilaton of the undeformed AdS5 ×
S5 background. We will compute Φ for all rank-2 bosonic
Jordanian models of the soð2; 4Þ subalgebra that admit
unimodular extensions in psuð2; 2j4Þ, as listed in [35] (cf.
Table 2 or 6 therein for notation and definitions). For this
purpose, we will take the following (bosonic) coset
representatives: For R̄1; R̄10 ; R̄2; R̄20 ; R̄3; R̄4; R̄5; R̄50, we use

g ¼ ga · gs; ga ¼ eTHTþVHVþΘHΘePp1elogðZÞD; ð2:22Þ

where gs ∈ SOð6Þ parametrizes the round S5 sphere, and

HT ¼
1

2
ðp0 − k0 − p3 − k3Þ; HV ¼ e ¼ p0 þ p3;

HΘ ¼ J12; ð2:23Þ

are commuting generators of psuð2; 2j4Þ, with D, Jij, pi,
and ki, i ¼ 0, 1, 2, and 3, the standard dilatation, rotation,
translation, and special conformal generators of the con-
formal soð2; 4Þ subalgebra. For R̄6; R̄60, we instead take

g¼ g0a ·gs; g0a¼ eVH
0
VþΘHΘeP1p1þP2p3elogðZÞD; ð2:24Þ

with H0V ¼ e ¼ p0. Both ga and g0a are faithful represent-
atives of SOð2; 4Þ=SOð1; 4Þ, with local coordinates Xm ¼
ðT; V;Θ; P; ZÞ and Xm ¼ ðV;Θ; P1; P2; ZÞ, m ¼ 1;…; 5,
respectively. They are adapted in such a way that shifting
V is a manifest isometry (e) of the corresponding

backgrounds. We then obtain

R̄1; R̄10∶ e−2ðΦ−Φ0Þ ¼ 1 −
η2ð1þ 2bÞ2sin22T

Z4
; ð2:25Þ

R̄2; R̄20∶ e−2ðΦ−Φ0Þ ¼ 1 −
16η2cos4T

Z4
; ð2:26Þ

R̄3; R̄4∶ e−2ðΦ−Φ0Þ ¼ 1 −
η2sin22T

Z4
; ð2:27Þ

R̄5; R̄50∶ e−2ðΦ−Φ0Þ ¼ 1 −
16η2b2

Z4
; ð2:28Þ

R̄6∶ e−2ðΦ−Φ0Þ ¼
�
1 −

4η2ðð1þ a2ÞP2
1 þ P2

2 þ Z2Þ
Z4

�
D;

ð2:29Þ

R̄60∶ e−2ðΦ−Φ0Þ ¼
�
1 −

4η2ðP2
1 þ P2

2 þ Z2Þ
Z4

�
D; ð2:30Þ

where a, b are free, real parameters, andD is a complicated
function depending on the sphere parametrization, but that,
importantly, is independent of the coordinates P1, P2 as
well as the free parameter a entering the definition of the
Jordanian R̄6 matrix.
We thus conclude that only R̄1; R̄10 on b ¼ − 1

2
and

R̄5; R̄50 on b ¼ 0 yield constant dilatons. All of these share
the same bosonic h and e generator, namely h ¼ D−J03

2
þ

aJ12 and e ¼ p0 þ p3, with a ¼ 0 for R̄1; R̄5, and generic a
for R̄10 ; R̄50. Notably, turning on a corresponds to an
additional TsT deformation along the residual bosonic
isometries J12 and e of the a ¼ 0 deformed background,
see, e.g., [45] for more comments. Furthermore, the a ¼ 0
case preserves 12 supercharges, the maximal number found
in [35], while turning on a breaks all supersymmetry. Both
cases are precisely the ones for which the spectrum has
been studied semiclassically using spectral curve methods
in [12] and [45], respectively.
We therefore define the “minimal” Jordanian model to be

the unimodular rank-2 model with

h ¼ D − J03
2

; e ¼ p0 þ p3; ð2:31Þ

ensuring both a valid supergravity background with con-
stant dilaton, as well as maximal preserved supersymmetry.
For its unimodular extension, see [35]. Since we will focus
on a classical bosonic string solution in what follows, let us
give here the resulting deformed target space metric and B
field extracted from (2.1) with the above choice, and in the
coordinates (2.22). One gets
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ds2 ¼ dZ2 þ dP2 þ P2dΘ2 − 2dTdV
Z2

−
ð4Z4 þ η2ÞðZ2 þ P2Þ

4Z6
dT2 þ ds2

S5
;

B ¼ η
PdP ∧ dT

2Z4
− ηd

�
dT
4Z2

�
; ð2:32Þ

with ds2
S5

the metric of the round S5. The full type IIB
supergravity background is also supported by a nontrivial
F3 and F5 flux; see, e.g., Eq. 7 of [45], after sending a → 0

and η → η=
ffiffiffi
2
p

, for explicit expressions in these coordi-
nates and [36,41,46] for original constructions. The
spacetime was shown to be geodesically complete in
[12] and exhibits features of a Schrödinger Sch2 geometry
[47]. The residual AdS Noether symmetries of the
deformed model are

ta ¼ spanðDþ J03; k0 þ k3; p0 − p3; p0 þ p3; J12Þ
≅ slð2;RÞ ⊕ uð1Þ2; ð2:33Þ

where the slð2;RÞ subalgebra encodes the nonrelativistic
CFT characteristics of Schrödinger-invariant field theories
and is therefore a convenient language to describe the
residual symmetry structure [48,49]. The uð1Þ2 part are the
two central elements HV ¼ e ¼ p0 þ p3 and HΘ ¼ J12,
while HT ¼ 1

2
ðp0 − k0 − p3 − k3Þ∈ slð2;RÞ is the only

timelike Cartan element up to inner automorphisms.9 In the
deformed bulk spacetime, the isometric coordinate T thus
serves as global time (with conjugate energy E generated
by HT), while Θ is angular (associated to AdS spin) and V
is a noncompact null direction with conjugate null
momentum M (also “central mass” in the Schrödinger
language). Interestingly, in the nonrelativistic CFT setup,
Dþ J03 defines nonrelativistic scaling dimensions Δ. The
generator k0 þ k3 acts as a lowering operator and is used to
define nonrelativistic primary operators, while the gener-
ator p0 − p3 defines a state-operator map, relating eigen-
states of the global time Hamiltonian HT (bulk strings) to
operators diagonalized by Dþ J03 [48]. An important
takeaway for the holographic spectral problem is thus that
one should expect that the relevant symmetry generator to
be diagonalized is not the original dilatation operator D,
but rather the twisted dilatation Dþ J03.

10

1. Comments on extensions

Although it is outside the aim of this paper, one may also
consider rank-2 bosonic Jordanian models of the full
soð2; 4Þ ⊕ soð6Þ subalgebra admitting unimodular exten-
sions, as well as the higher-rank unimodular Jordanian
deformations given in [35].11 However, as explained in
[35], the extensions to soð6Þ can also be interpreted as
additional TsT deformations on top of the rank-2 bosonic
soð2; 4Þ solutions.12 For the higher-rank cases, we simply
find, by restricting to the bosonic sector, that the only rank-
4 ones that would give rise to a constant dilaton are R7 on
b ¼ − 1

2
and a ¼ 0 and R9 on dþ ¼ b− ¼ 0 and d− ¼ bþ

1þb2þ
with bþ ∈R free.13 The only rank-6 cases with constant
dilaton would be R13 on b ¼ − 1

2
but a∈R free and R14

without any further constraints on the parameters other
than those listed in Eq. (2.14) of [35]. Interestingly, all
cases are ultimately built on h ¼ D−J03

2
and e ¼ p0 þ p3,

which supports the universality of the minimal Jordanian R
operator defined in (2.31).

C. Classical solution in AdS3 × S1 and SLð2;RÞ
Landau-Lifshitz limit

After singling out the minimal Jordanian model (2.31), let
us now specify a pointlike string solution in the bosonic
target space background (2.32). The simplest case is already
nontrivial in an AdS3 × S1 subspace of AdS5 × S5 [12] (see
also [20])

T¼−κτ; V¼ η2

4
mτ; Z¼

ffiffiffiffi
κ

m

r
; ψ ¼ωτ; ð2:34Þ

where ψ is an angle parametrizing a big circle in S5

and κ, m, ω are constant parameters. The other coordi-
nates are trivial: in particular, X2 ≔ P cosΘ

Z ¼ 0 and X3 ≔
P sinΘ

Z ¼ 0 in addition to the vanishing of the other two
isometric angles (ψ1, ψ2) of S5. Hence this solution has
no AdS spin (S ¼ 0) in Θ and only one angular momentum
J ¼ J3 along ψ (with angular frequencyω), while the other

9On the other hand, the residual (AdS) Noether symmetries of
the twisted-boundary model t̃a share the same slð2;RÞ algebra
and central J12 with ta, but it does not contain the central
e ¼ p0 þ p3. We can instead understand the latter (at least to first
order in λ−1) as being manifested in the twist Wjor (2.13).

10Nevertheless, as emphasized in [20] and references therein,
in the related dipole model a genuine nonrelativistic field theory
interpretation arises only after dimensional reduction along
nonlocal directions of the deformed four-dimensional quantum
field theory dual, and the same should be expected for the
Jordanian case.

11For these cases, one cannot simply restrict to an
slð2;RÞ subsector and in general one would instead have
to match with calculations of the full Drinfel’d twisted
psuð2; 2j4Þ spin chain.

12A key example would be the Schrödinger/dipole deformation
considered in [20], which is obtained by a TsT along a null
generator e ¼ p0 þ p3 and a Cartan generator in SOð6Þ (the R
charge).

13Using an inner automorphism, R7 on b ¼ − 1
2
and a ¼ 0 can

be seen as a special case of R9 on dþ ¼ b− ¼ 0 and d− ¼ bþ
1þb2þ,

i.e., for bþ ¼ 0.
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momenta vanish (J1 ¼ J2 ¼ 0). The parameters are related
to the Cartan Noether charges as14

E ¼
ffiffiffi
λ
p

2π

Z
2π

0

dσ STrðHTAdgA
ð2Þ
τ Þ ¼

ffiffiffi
λ
p

κ;

M ¼
ffiffiffi
λ
p

2π

Z
2π

0

dσ STrðHVAdgA
ð2Þ
τ Þ ¼

ffiffiffi
λ
p

m;

S ¼
ffiffiffi
λ
p

2π

Z
2π

0

dσ STrðHΘAdgA
ð2Þ
τ Þ ¼ 0;

J ¼
ffiffiffi
λ
p

2π

Z
2π

0

dσ STrðHψAdgA
ð2Þ
τ Þ ¼

ffiffiffi
λ
p

ω; ð2:35Þ

with Hψ the generator of rotations along ψ . The Virasoro
constraint then relates them as

Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 þ η2M2

4

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 þ λ

ξ2M2

16π2

s
; ð2:36Þ

where we implemented Δ≡ E and (2.20), since we have in
mind the holographic interpretation discussed in the
previous Section, where Δ is the (twisted) conformal
dimension of the operator that should be dual to the
solution (2.34) with global energy E. Following [20] we
call this solution “BMN-like,” as it deforms the BMN
vacuum (BPS operator)Δ ¼ J. One may interpret it also as
a higher-order correction in λ.
On shell, the periodic BMN-like solution (2.34) is

equivalent to a solution of the undeformed model with
twisted-boundary conditions, as reviewed in Sec. II A,
propagating in the background (2.32) at η ¼ 0. For the
Jordanian deformation (2.31), the mapping is nontrivial
only in the AdS sector. Following the transformations
(2.10) and (2.11) in the parametrization (2.22) (with fields
Xm for ga and X̃m for g̃a) one then finds [12]

T̃¼−κτ; Ṽ¼ 0; Z̃¼
ffiffiffiffi
κ

m

r
exp

�
−
η

2
mσ

�
; ψ ¼ωτ;

ð2:37Þ

with all other fields still vanishing. This solution satisfies
the twisted-boundary conditions (2.12) with the twist
charges Q and q defining Wjor taking the values

Q ¼ −2πηm ¼ −ξM; q ¼ 0: ð2:38Þ

As in the deformed, periodic case, this solution is nontrivial
only in an AdS3 × S1 subspace. In this formulation the
Cartan Noether charges are Ẽ ¼ E ¼ ffiffiffi

λ
p

κ and S̃ ¼ S ¼ 0,
and the charge M appears in Q (cf. also footnote 9). The
angular momenta are still J1 ¼ J2 ¼ 0 and J ¼ J3 ¼

ffiffiffi
λ
p

ω
and the Virasoro constraint remains the same.

1. Landau-Lifshitz map

We now want to map the twisted-boundary model in the
S ¼ J1 ¼ J2 ¼ 0 sector to the SLð2;RÞ Landau-Lifshitz
(LL) Hamiltonian of [50] and evaluate it on the twisted
solution (2.37). For this purpose, we found it useful
to relate the global Jordanian-adapted coordinates
ðT; V;Θ; P; ZÞ for the AdS5 metric in (2.32) at η ¼ 0 (also
called Schrödinger coordinates) to the global cylindrical
coordinates of AdS5. This is most conveniently done
through their relation to the embedding coordinates in R2;4

−X2
0 þ X2

1 þ X2
2 þ X2

3 þ X2
4 − X2

5 ¼ −1; ð2:39Þ

which was worked out in Appendix A of [12], see
Eq. (A.2) therein. The standard cylindrical parametrization
is defined as

X0 þ iX5 ¼ cosh ρeit; X1 þ iX4 ¼ sinh ρ cos θeiϕ1 ;

X2 þ iX3 ¼ sinh ρ sin θeiϕ1 : ð2:40Þ

The SLð2;RÞ (or S ¼ J1 ¼ J2 ¼ 0) sector that we are
interested in is obtained by considering the consistent
truncation θ ¼ 0. Indeed, then X2 ¼ X3 ¼ 0, as is the
case for the BMN-like solution (2.34) or (2.37).
The SLð2;RÞ Landau-Lifshitz variables, which define
the two-dimensional elliptic hyperboloid ηijlilj ¼ −1
with ηij ¼ diagð−1;þ1;þ1Þ, i, j ¼ 0, 1, 2, are then

l0 ¼ cosh 2ρ ¼ X2
0 þ X2

1 þ X2
4 þ X2

5;

l1 ¼ sinh 2ρ cos 2φ ¼ 2X0X1 þ 2X4X5;

l2 ¼ sinh 2ρ sin 2φ ¼ 2X1X5 − 2X0X4; ð2:41Þ

where φ ≔ 1
2
ðt − ϕ1Þ. In terms of the Jordanian-adapted

variables (on the truncation P ¼ 0), they read

14In contrast to classical solutions in undeformed AdS5, which
are characterized by the energy E and two spins S1, S2, here the
solutions are characterized by energy E, momentum M, and one
spin S ¼ S2, as adapted to the Cartan subalgebra of the residual
isometries (2.33).
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l0 ¼
3ðZ4 þ 4V2 þ 2Þ þ ðZ4 − 4V2 − 2Þ cos 2T − 4VZ2 sin 2T

8Z2
;

l1 ¼
ðZ4 − 4V2 − 2Þ cos T sin T þ 2VZ2 cos 2Tffiffiffi

2
p

Z2
;

l2 ¼ −
ðZ4 þ 4V2 þ 2Þ þ 3ðZ4 − 4V2 − 2Þ cos 2T − 12VZ2 sin 2T

8Z2
: ð2:42Þ

The SLð2;RÞ LL theory is obtained by eliminating the
coordinate ψ associated to the (angular) momentum J from
the (undeformed) AdS3 × S1 sigma model by world sheet
gauge fixing, and taking the large charge J → ∞ limit
while keeping the effective coupling λ̃ ¼ λ

J2 fixed. In terms
of the li variables, the SLð2;RÞ LL Hamiltonian is [50,51]
(see also the review [52])

HS-LL ¼
λ̃J
8

Z
2π

0

dσ
2π

ηij∂σli∂σlj; ð2:43Þ

and on the twisted solution (2.37) it evaluates to

HS-LL ¼
η2M2

8J
¼ λ

32π2
ξ2M2

J
: ð2:44Þ

This expression matches with the shift Δð1Þ of the dimen-
sionΔ ¼ J þ Δð1Þ of this solution (2.36) when expanded to
first order in 1=J while keeping η and M fixed.

III. DRINFEL’D TWISTED SPIN CHAINS

A. Hopf algebra elements

We start this Section by recalling key elements of a
(quasitriangular) Hopf algebra as a quantum group that are
relevant for our construction. For more details we refer to
[53]. In the standard case, the Hopf algebra A ¼ UðgÞ is
the universal enveloping algebra associated with a Lie
algebra g. The Hopf structure extends the Lie algebra
symmetry to composite (multiparticle) systems via the
coproduct Δ∶ A → A ⊗ A, which in the canonical case
acts on elements X∈ g as

ΔðXÞ ¼ X ⊗ 1þ 1 ⊗ X; Δð1Þ ¼ 1 ⊗ 1; ð3:1Þ

and is comultiplicative

ΔðXYÞ ¼ ΔðXÞΔðYÞ; for X; Y ∈A: ð3:2Þ

Iterating the coproduct J − 1 times extends the action of
symmetries to the tensor product A⊗J

ΔJ−1ðXÞ¼
XJ
j¼1

Xj; Xj¼ 1⊗j−1⊗X⊗ 1⊗J−j; X∈g;

ð3:3Þ

which lends itself naturally to systems such as J-sited spin
chains. In addition, the Hopf algebra is equipped with a co-
unit ϵ∶ A → C and an antipode map s∶ A → A acting as

ϵð1Þ ¼ 1; ϵðXÞ ¼ 0;

ϵðXYÞ ¼ ϵðXÞϵðYÞ; sðXÞ ¼ −X: ð3:4Þ

One also defines the opposite coproduct Δop ≔ P ∘Δ,
where PðX ⊗ YÞ ¼ Y ⊗ X is a permutation of tensor
spaces.
In the quasitriangular case, the Hopf algebra is

further equipped with a universal R matrix, R∶ A ⊗
A → A ⊗ A, which is an invertible element satisfying
the quasicocommutativity condition

ΔopðXÞ ¼ RΔðXÞR−1; ð3:5Þ

as well as quasitriangularity relations with the standard
leg-ordering convention

ðΔ⊗ 1ÞðRÞ¼R13R23; ð1⊗ΔÞðRÞ¼R13R12: ð3:6Þ

These imply the famous Yang-Baxter equation (YBE)

RijRikRjk ¼ RjkRikRij; ð3:7Þ

in which the subscripts i, j, k label the factors in the J-fold
tensor product space A⊗J on which R acts. Upon choosing
a representation in which each copy of A acts on a vector
space V, the universal R-matrix becomes an operator R on
V ⊗ V, typically depending on a free spectral parameter
u∈C. This yields the familiar RijðuÞ and Lax operators of
integrable physical models, which play a central role in
solving such systems.

1. Drinfel’d twists

Starting from a solution R to the YBE, one may apply
certain transformations to generate new solutions. A key
solution-generating technique is applying a Drinfel’d
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twist15 F , which is an invertible element of EndðA ⊗ AÞ
that is normalized ðϵ ⊗ 1ÞF ¼ ð1 ⊗ ϵÞF ¼ 1 and satisfies
the cocycle condition [3]

ðF ⊗ 1ÞðΔ ⊗ 1ÞðF Þ ¼ ð1 ⊗ F Þð1 ⊗ ΔÞðF Þ: ð3:8Þ

The twisted quasitriangular Hopf algebra is then equipped
with a twisted coproduct

ΔF ðXÞ ¼ FΔðXÞF−1; ð3:9Þ

and twisted universal R matrix, which also satisfies the
YBE (3.7),

RF ¼ F opRF−1: ð3:10Þ

Here we introduced the notation Xop ≔ PXP for any
endomorphism X∶ A ⊗ A → A ⊗ A. It will be conven-
ient to further introduce

2X1���j−1;j ≔ ðΔj−2 ⊗ 1ÞðXÞ; X1;2���j ≔ ð1⊗ Δj−2ÞðXÞ;
Xop
1���j−1;j ≔ ðΔj−2 ⊗ 1ÞðXopÞ≕Xj;1���j−1;

Xop
1;2���j ≔ ð1 ⊗ Δj−2ÞðXopÞ≕X2���j;1 ð3:11Þ

for any X∈EndðA ⊗ AÞ. Iterating J − 1 times ΔF then
gives the expression [38]

ΔJ−1
F ðXÞ ¼ Ω1���JΔJ−1ðXÞΩ−1

1���J; ð3:12Þ

with the global intertwiner Ω1���J ∈EndðA⊗JÞ defined as

Ω1���J ≔ F 12F 12;3 � � �F 12���J−1;J: ð3:13Þ

The cocycle condition further implies that we can alter-
natively write [38]

Ω1���J ¼ F ðJ−1ÞJF ðJ−2Þ;ðJ−1ÞJ � � �F 1;23���J: ð3:14Þ

Useful identities for later finally are

Ω1���J ¼ Ω1���J−1F 12���J−1;J
¼ Ω2���JF 1;23���J; ð3:15Þ

which “strip off” intertwiners of certain lengths.
Having in mind deformations, we will consider twists

continuously connected to the identity

F ¼ 1 ⊗ 1þ ξF ð1Þ þOðξ2Þ; ð3:16Þ

with ξ∈R. The co-cycle condition (3.8) implies at OðξÞ
that F ð1Þ must satisfy a comptability condition with Δ. At
Oðξ2Þ, its antisymmetric part r12 ¼ 1

2
ðF ð1Þ12 − F ð1Þ21 Þ satis-

fies the CYBE ½r12; r13� þ ½r12; r23� þ ½r13; r23� ¼ 0 [4].
This matches the defining properties (2.2) of integrable
HYB deformations in tensor product form. As in Sec. II A,
we will consider two types of Drinfel’d twists. The Abelian,
or DR twists [26], are built from Abelian r matrices (2.5)

F ab ¼ exp ðξt1 ∧ t2Þ; ð3:17Þ

with t1, t2 commuting generators of g. These are arguably
well understood, including in the context of AdS/CFT,
particularly when t1;2 are compact Cartan generators, see,
e.g., [16–21,54]. The non-Abelian Jordanian twists can
instead be represented as [29,30]

F jor ¼ exp ðh ⊗ σÞ; σ ≔ logð1þ ξeÞ; ð3:18Þ

where h; e∈ g with ½h; e� ¼ e, as before. Jordanian twists
come in various forms [55], all of which are related by co-
boundary twists, which provide different representations of
the same (twisted) Hopf algebra. This includes r-symmetric

versions [4] for which F ð1Þ21 ¼ −F ð1Þ12 (as opposed to the
above non-r-symmetric form). Also further extended
Jordanian Drinfel’d twists exist [40,56]. We will however
not consider or need any of these different forms or
generalizations here.
Our main focus in this paper will be the understanding of

the spectrum of the simplest Jordanian-twisted spin chains
that should correspond to the string state sector laid out in
Sec. II C, i.e., the slð2;RÞ-invariant XXX−1=2 spin chain.
Before doing that, wewill give two essential aspects for this
study: General expressions for the deformed monodromy
and transfer matrix in Sec. III B, as well as an explicit and
general map of a Drinfel’d twisted system to an unde-
formed system with twisted-boundary conditions for the
one-site algebra operators in Sec. III C.

B. Transfer matrix after general twists

A central object underlying many of the techniques used
to solve integrable systems such as spin chains is the
transfer matrix. It is constructed by introducing an auxiliary
space, labeled “a,” in a representation Va of g, and taking
the iterated canonical coproduct of RajðuÞ, where j labels a
physical site in a representation Vj. Specifically, in the
ordering

Va ⊗ V1 ⊗ � � � ⊗ Vj ⊗ � � � ⊗ VJ; ð3:19Þ

one can define the monodromy matrix as

15Based on the conjecture of [5], we purposefully use the same
notation F as for the twist in Sec. II A, although here it will act on
Hilbert space states rather than classical fields.
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TaðuÞ ≔ ð1a ⊗ ΔJ−1ÞðRðuÞÞ ¼ RaJðuÞ � � �Ra2ðuÞRa1ðuÞ;
ð3:20Þ

where (3.6) was used. The transfer matrix is then obtained
by tracing over the auxiliary space

τ̂ðuÞ ≔ TraTaðuÞ; ð3:21Þ

and (by virtue of the RTT relations) it encodes a one-
parameter family of commuting operators, typically includ-
ing the momentum (shift) operator and Hamiltonian of
closed chains, at least when a is taken to be in the same
representation as the physical sites.
Let us now give a useful expression of the monodromy

and transfer matrix after applying a Drinfel’d twist. The
deformed monodromy matrix is then constructed by
iteratively applying ΔF to RF

TF
a ðuÞ≔ ð1a ⊗ΔJ−1

F ÞðRF ðuÞÞ¼RF
aJðuÞ � � �RF

a2ðuÞRF
a1ðuÞ:
ð3:22Þ

Using (3.12), we may rewrite this as a similarity trans-
formation in the physical space by the global intertwiner

TF
a ðuÞ ¼ Ω1���JT⋆

a ðuÞΩ−1
1���J; ð3:23Þ

where T⋆
a ðuÞ ≔ ð1a ⊗ ΔJ−1ÞðRF ðuÞÞ. We will call T⋆

a ðuÞ
the monodromy matrix in the twisted-boundary picture (for
more justification of this name, see the next Section) or just
“twisted monodromy.” Using the definition of RF , the
compatibility of the coproduct, as well as the notation of
(3.11), one can simply write16

T⋆
a ðuÞ ¼ ð1a ⊗ ΔJ−1ÞðF opÞð1a ⊗ ΔJ−1Þ

× ðRÞð1a ⊗ ΔJ−1ÞðF−1Þ
¼ F 1���J;aTaðuÞF−1

a;1���J; ð3:24Þ

so that ultimately for any Drinfel’d twist we have

TF
a ðuÞ ¼ Ω1���J F 1���J;a TaðuÞF−1

a;1���JΩ−1
1���J; ð3:25Þ

without additional assumptions. We are not aware of a
derivation as presented in this Section, although all the
ingredients are present in [38]. The formula (3.25) is
equivalent to Eq. (3.30) of [20] when specified to the case
of Abelian DR twists (see also [18,57] for alternative

derivations) and Eq. (3.33) of [28] for the case of Jordanian
twists of the type (3.18). In Sec. III D we will however
show that our (3.25) takes a particularly nice form in the
case of Jordanian twists.

C. Mapping to twisted-boundary conditions
of one-site operators

Closed Drinfel’d twisted spin chains are understood to
have two equivalent formulations: (i) a model of spins with
deformed interactions and periodic-boundary conditions
along a one-dimensional chain, or (ii) a model of spins
with undeformed interactions but with twisted-boundary
conditions. Indeed, consider, e.g., models with nearest-
neighbor interactions, such as the Heisenberg XXX spin
chain, for which the Hamiltonian density h∈EndðA ⊗ AÞ
is a two-sited operator and with

R12ðu¼ u0Þ¼P12; h12≔P12

�
d
du

R12ðuÞ
�

u¼u0
; ð3:26Þ

for some u0 ∈C. The deformed interactions are then
governed by

HF ≔
XJ
j¼1

hFj;jþ1; hFj;jþ1≔F j;jþ1hj;jþ1F−1
j;jþ1; ð3:27Þ

with periodic-boundary conditions hFJ;Jþ1 ≡ hFJ;1. Under a
similarity transformation Ω of the Hilbert space of states,
this is equivalent to an undeformed interacting Hamiltonian

H⋆ ≔ Ω−1HFΩ ¼
XJ−1
j¼1

hj;jþ1 þ S−1hJ;1S; ð3:28Þ

with twisted-boundary conditions hJ;Jþ1 ¼ S−1hJ;1S. In the
case of Abelian and Jordanian twists of the type (3.17) and
(3.18), one can show that S ¼ F−1

J1Ω and Ω ¼ Ω1���J, the
global intertwiner, see, e.g., [20,28].
In this Section, we will instead propose a general method

of deriving the twisted-boundary conditions for one-site
operators on A ¼ UðgÞ.17 On the one hand, we have the
deformed picture, where the action of one-site operators
X∈A is

ΔJ−1
F ðXÞ ¼

XJ
j¼1

Ω1���JXjΩ−1
1���J; ð3:29Þ

with periodic-boundary XJþi ≡ Xi. On the other hand, we
will have the twisted-boundary picture where

16Note that one should pay attention to the fact that we are
working over the tensor-product space (3.19) here.

17See [27] for obtaining twisted-boundary conditions of one-
site operators in the case of constant twists using the trans-
formation of the deformed to the undeformed Hamiltonian.
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ΔJ−1ðXÞ ¼
XJ
j¼1

Xj; ð3:30Þ

but with the price to pay that XJþi ≢ Xi. One may travel
between the two formulations using the nonlocal (all-site)
similarity transform Xj → X⋆

j ≡Ω−1
1���JXjΩ1���J.

The question that we want to answer now is: How do the
periodic-boundary conditions map to an explicit formula
for the twisted-boundary conditions?
In order to systematically implement the boundary twist

induced by the Drinfel’d twist, we begin by extending the
spin chain through the introduction of two auxiliary spaces:
one before and one after the physical chain, labeled a and
J þ a, respectively. That is, we consider the extended open
chain

Va ⊗ V1 ⊗ � � � ⊗ Vj ⊗ � � � ⊗ VJ ⊗ VJþa: ð3:31Þ

The purpose of this extension is to realize the eventual
twisted periodicity as an operator insertion localized at the
boundary site J þ a.18

Before explicitly performing the procedure, let us first
sketch the idea of each step, which we also illustrate in
Fig. 1. (i) We will deform the chain by applying the
Drinfel’d twist on the chain from a to J.19 Since the twistF
is a two-site operator, this will ensure (at the end of the
day) that every physical site contributes to the total
boundary deformation. In particular, the resulting boun-
dary twist will be composed from multiple F factors of
which one leg is consistently anchored at the auxiliary
space a and the other leg connects to each physical site j,
such that the entire physical chain contributes to its overall

expression. (ii) To isolate the physical effect of the
boundary twist, we then apply a similarity transformation
that removes the “internal” twist factors—those connect-
ing pairs of physical sites—and retains only the twist
components linking a to the physical chain. This will result
in a configuration where the twist is effectively localized at
J þ a. (iii) Finally, to recover the canonical operator action
up to a boundary twist, we glue together the auxiliary
spaces a and J þ a via a suitable projection IT . The
resulting space, denoted “0,” represents the defect site that
carries the entire effect of the twisted periodicity. See
(3.60) and (3.61) for explicit forms of the resulting
boundary operator.
Let us now explicitly apply the procedure as described

above. We consider twist the chain and consider the
deformed action

BF ðXÞ ≔ ðΔJ
F ⊗ 1JþaÞðX ⊗ 1Jþa þ 1 ⊗ XJþaÞ: ð3:32Þ

Using the definitions (3.3), (3.12) and the identities (3.15),
one can write

BF ðXÞ¼Ωa���J

�
Xaþ

XJ
j¼1

Xj

�
Ω−1

a���JþXJþa

¼Ω1���JβaðXaþΔJ−1ðXÞÞβ−1a Ω−1
1���JþXJþa; ð3:33Þ

where we lightened notation by introducing βa ≔ F a;1���J.
Now, we perform a similarity transformation by Ω1���JβJþa
as BF ðXÞ→ B⋆ðXÞ ¼ ðΩ1���JβJþaÞ−1BF ðXÞðΩ1���JβJþaÞ so
that

B⋆ðXÞ¼ β−1JþaβaðXaþΔJ−1ðXÞÞβ−1a βJþaþβ−1JþaXJþaβJþa;

ð3:34Þ

where βJþa ≔ F Jþa;1���J. This has removed the internal
physical twists present in Ω1���J.
We will now consider the gluing of the auxiliary spaces

Va and VJþa and projection onto the single defect space V0.

FIG. 1. Illustration of the gluing procedure leading to twisted-boundary conditions.

18We use the some notation a as in the previous Section to
make a simple comparison with the twisted transfer matrix
later on.

19Due to the (in general) non-Abelian nature of Drinfel’d
twists, the ordering in which we deform the chain (from a to J, or
from 1 to J þ a) and map the effect to the boundary (at J þ a, or
at a) is important. We will comment more on this point later for
the explicit example of Jordanian twists.
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For this purpose, let us introduce two maps20

I∶ V0 → Va ⊗ VJþa; IT∶ Va ⊗ VJþa → V0: ð3:36Þ

We then assume the following gluing condition

ITβa ¼ ITβJþa; βaI ¼ βJþaI: ð3:37Þ

Concretely, this ensures that when we project back to the
single defect space V0, the same overall twist βa ¼ F a;1���J
acts regardless of whether it was applied to the first or
second auxiliary leg. Performing the gluing on (3.34) we
then find the canonical coproduct up to the defect term

BðXÞ¼ ITB⋆ðXÞI
¼ ITXaIþ ITΔJ−1ðXÞIþ ITβ−1JþaXJþaβJþaI: ð3:38Þ

We thus have two copies of the operator algebra acting on
the 0 site: one un-twisted, appearing “before” site 1, and
one twisted, appearing “after” site J. This action can only
be consistent when we identify the twisted-boundary
condition

XJþa ≡ βaXaβ
−1
a : ð3:39Þ

In other words, the operator on the defect site is the
original generator conjugated by the total boundary-twist
βa ¼ F a;1���J. In the next Section, we will give an explicit
expression of (3.39) for the slð2;RÞ Jordanian twist (3.18),
and we will demonstrate that it passes several consistency
checks. Nonetheless, at this stage, let us already mention
two interesting observations: Firstly, the total Jordanian
boundary twist will be expressed in terms of a symmetry
operator of the resulting model, and the boundary con-
ditions will respect the slð2;RÞ algebra. This would not
have been the case if we (naively) pulled the twist from site
1 to J þ a and measured at a.21 We believe this difference is

rooted in the underlying (leg-ordering) axioms of the
quasitriangular Hopf algebra and in the fact that the twist
(3.18) is not r symmetric (unlike Abelian twists) such that
its tensor legs are on unequal footing. It would be interesting
to find a derivation that makes this distinction more explicit.
Secondly, we note that the above formula (3.39) is con-
sistent with the form of the twisted monodromy matrix
(3.24), obtained from the iterated coproduct of the twisted R
matrix (which encodes a permutation), after the similarity
transformation. In both cases, the object that first acts on the
Hilbert space is β−1a ¼ F−1

a;1…J.

D. Applied to the Jordanian-twisted slð2;RÞ spin chain

Given the BMN-like string solution of the Jordanian
sigma model presented in II C, which is nontrivial only in
an AdS3 × S1 subspace of AdS5 × S5, the relevant spin
chain we want to study and twist is the noncompact
slð2;RÞ-invariant XXX−1=2 spin chain [31,32,58] (see also
[59,60]). In this Section we will clarify the residual
symmetry of this model in both the deformed and
twisted-boundary picture, and we will give explicit for-
mulas for the twisted monodromy matrix and boundary
conditions of the one-site algebra generators.
We denote the generators of slð2;RÞ by X ¼ fh; e; fg,

with the commutation relations

½h; e� ¼ e; ½h; f� ¼ −f; ½e; f� ¼ −2h: ð3:40Þ

Here, h is the Cartan generator, while e and f are,
respectively, raising and lowering operators with respect
to the spectrum of h. Unless otherwise stated, from here on
out we will take F ≡ F jor as given in (3.18). The twisted
coproducts of the slð2;RÞ generators can then be com-
puted explicitly as

ΔF ðhÞ ¼ h ⊗ expð−σÞ þ 1 ⊗ h; ð3:41Þ

ΔF ðeÞ ¼ e⊗ expðσÞ þ 1⊗ e¼ e⊗ 1þ 1⊗ eþ ξe⊗ e;

ð3:42Þ

ΔF ðfÞ ¼ f ⊗ expð−σÞ þ 1 ⊗ f − 2ξh ⊗ h expð−σÞ
− ξðh − h2Þ ⊗ ðexpð−σÞ − expð−2σÞÞ: ð3:43Þ

From this, one finds on Uðslð2ÞÞ that

ΔF ðσÞ ¼ σ ⊗ 1þ 1 ⊗ σ; ð3:44Þ

meaning that σ is primitive (or canonical) with respect to
the twisted coproduct. It furthermore implies the following
factorization identities for Jordanian twists of the type
(3.18)

ðΔ ⊗ 1ÞðF Þ ¼ exp ðΔðhÞ ⊗ σÞ ¼ F 13F 23; ð3:45Þ

20In an orthonormal basis jeai of V, we can for instance define

I ≔
X
a

jeaia ⊗ jeaiJþaheaj0;

IT ≔
X
a

jeai0heaja ⊗ heajJþa: ð3:35Þ

In principle, one may also introduce coefficients λa in the
definition of I and IT to allow for a weighted identification.
By construction we have ITðjeaia ⊗ jebiJþaÞ ¼ δabjeai, imple-
menting the formal gluing identification by projecting onto the
(diagonal) subspace where the two auxiliary sites agree. The
opposite I embeds a defect space vector ψ0 ¼

P
aheajψijeai0 as

a diagonal tensor, Iðψ0Þ ¼
P

aheajψijeaia ⊗ jeaiJþa. We can
interpret the latter as an entangled state between Va and VJþa.

21We would however find the same (consistent) formulas as
given in (3.39) when pulling the twisting from J þ a to 1 by
means of the opposite coproduct and measuring at a.
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ð1 ⊗ ΔF ÞðF Þ ¼ exp ðh ⊗ ΔF ðσÞÞ ¼ F 12F 13; ð3:46Þ

Equation (3.45) allows us to simplify the global intertwiner
(3.13) and write

Ω1���J ¼ F 12ðF 13F 23Þ � � � ðF 1JF 2J � � �F ðJ−1ÞJÞ
¼ ðF 12F 13 � � �F 1JÞðF 23F 24 � � �F 2JÞ � � �F ðJ−1ÞJ:

ð3:47Þ

For Abelian DR twists, where ½F ij;F kl� ¼ 0 for all tensor
sites, the above of course simplifies even further, as the
ordering does not matter.

1. Residual symmetries

As mentioned earlier, the Hamiltonian of the Jordanian-
twisted spin chain admits two equivalent formulations. In
the deformed picture, one works with HF given in (3.27),
while in the twisted-boundary picture one works withH⋆ ¼
Ω−1HFΩ given in (3.28), with S ¼ F J1Ω and Ω ¼ Ω1���J,
see [28].22 Importantly, the universal enveloping Lie algebra
Uðslð2;RÞÞ is represented differently in these cases: In the
deformed picture, the action of Uðslð2;RÞÞ is twisted via
the twisted coproduct ΔF , while in the twisted-boundary
picture one uses the canonical coproduct Δ to define the
algebra action.
The residual slð2;RÞ symmetries of the models may be

derived following Sec. 3.3 of [28] and which we recap here.
The undeformed periodic XXX−1=2 spin chain Hamiltonian
is [58,61] (see also [59])

H¼
XJ
j¼1

hj;jþ1; hj;jþ1¼ψðJj;jþ1þ1Þ−ψð0Þ; ð3:48Þ

with ψðxÞ the digamma function and J a two-site operator
defined implicitly through JðJþ 1Þ ¼ ΔðXÞ · ΔðXÞ ¼ C2,
with C2 the two-site quadratic Casimir, and the dot product
defined through the Cartan-Killing form. This Hamiltonian
is slð2;RÞ invariant

½ΔJ−1ðXÞ;hj;jþ1� ¼ 0; ∀ X∈slð2;RÞ; j¼ 1; � � �J:
ð3:49Þ

For the deformed Hamiltonian HF one then finds

½ΔJ−1
F ðXÞ; HF � ¼

XJ−1
j¼1

Ω½ΔJ−1ðXÞ; hj;jþ1�Ω−1

þ ½ΔJ−1
F ðXÞ; hFJ;Jþ1�

¼ ½ΔJ−1
F ðXÞ; hFJ;Jþ1�; ð3:50Þ

since hFj;jþ1 ¼ Ωhj;jþ1Ω−1 for j ¼ 1;…; J − 1 [28]. Thus,
the only potential violation of slð2;RÞ symmetry arises at
the end of the chain. A generator X∈ slð2;RÞ survives as
an ordinary symmetry if there exists some X0 ∈ slð2;RÞ
such that, under the shift operator U ≔ P12 � � �PJ−1;J,
one has

U−1ΔJ−1
F ðXÞU ¼ ΔJ−1

F ðX0Þ: ð3:51Þ

Indeed, in that case ½ΔJ−1
F ðXÞ; hFJ;Jþ1� ¼ U½ΔJ−1

F ðX0Þ;
hFJ−1;J�U−1 ¼ 0 and so ΔJ−1

F ðXÞ commutes with the full
Hamiltonian.
Crucially, the operator σ ¼ logð1þ ξeÞ∈Uðslð2;RÞÞ is

primitive with respect to ΔF , and one can check immedi-
ately that it satisfies the shift-equivariance condition (3.51).
Although nonstandard, it is a residual symmetry of both
formulations

½ΔJ−1
F ðσÞ; HF � ¼ 0; and ½ΔJ−1ðσÞ; H⋆� ¼ 0: ð3:52Þ

Accordingly, in the deformed picture it would be natural to
diagonalize

Q̂ ≔ ΔJ−1
F ðσÞ ¼

XJ
j¼1

σj; ð3:53Þ

whereas in the twisted-boundary formulation, given the fact
that ΔJ−1ðσÞ ¼ log ð1þ ξΔJ−1ðeÞÞ, it would be convenient
to diagonalize the sum of raising operators

M̂ ≔ ΔJ−1ðeÞ ¼
XJ
j¼1

ej: ð3:54Þ

However, nontrivial eigenstates of the Q̂ operator turn out
to be involved to work with as they do not admit a regular
expansion in ξ, while M̂ eigenstates have simple expres-
sions. One may also verify explicitly that e is a residual
symmetry generator. In fact, Eq. (3.42) implies

UΔJ−1
F ðeÞU−1 ¼ U

 XJ
j¼1

ej þ ξ
XJ
j≠j0

ejej0

þ � � � ξJ−1e1e2 � � � eJ
!
U−1 ¼ ΔJ−1

F ðeÞ;

ð3:55Þ

22The two formulations are thus related by the same nonlocal
(all-site) similarity transform of the Hilbert space that relates also
the deformed TF

a ðuÞ and twisted-boundary T⋆
a ðuÞmonodromy, as

presented in Sec. III B, as well as the periodic and twisted-
boundary conditions of one-site operators (and states), as
presented in Sec. III C.
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such that e satisfies (3.51). While ΔF ðeÞ is again non-
standard, the spectrum of M̂ ¼ ΔJ−1ðeÞ defines an ordinary
conserved charge M in the twisted-boundary formulation.
Importantly, the other slð2;RÞ generators, the Cartan h and
the lowering f, do no satisfy (3.51). This is consistent with
the Jordanian sigma model with (2.4), which always has e
as a residual symmetry.
In the upcoming Sections, we will therefore abandon

diagonalizing the Cartan generator h. This will represent a
rather radical departure from more familiar spin chains,
where the energy spectrum can be organized by its
eigenvalues, i.e., in a Fock space of magnonlike excitations.
Instead, we will work in an eigenbasis of the raising
operator e. These e eigenstates can be interpreted as
(noncompact) coherent states with respect to the usual
Fock space at each site, see, e.g., [62] for such a con-
struction. The eigenbasis of M̂ is thus a tensor product of
such states across the chain. While it aligns naturally with
the residual symmetry structure, this basis is overcomplete
and continuous, rather than orthonormal and discrete. It will
thus be a significant change in how we label and organize
our spin chain states.23

2. Twisted transfer matrix and
twisted-boundary conditions

We can now evaluate the general expressions for the
twisted-monodromy matrix (3.24) and twisted-boundary
condition (3.39) explicitly for the Jordanian twist (3.18). In
particular, we have

F 1���J;a¼ð1a ⊗ΔJ−1ÞðF opÞ¼ expðσa ⊗ΔJ−1ðhÞÞ; ð3:56Þ

βa ¼ F a;1���J ¼ ð1a ⊗ ΔJ−1ÞðF Þ ¼ exp ðha ⊗ ΔJ−1ðσÞÞ:
ð3:57Þ

From the above discussion, it is then obvious that βa is
expressible in terms of the symmetry operator M̂, and thus
we can write24

T⋆
a ðuÞ ¼ exp ðσa ⊗ ΔJ−1ðhÞÞTaðuÞ

× exp ð−ha ⊗ logð1þ ξM̂ÞÞ; ð3:58Þ

and

XJþa ≡ exp ðha ⊗ logð1þ ξM̂ÞÞXa

× exp ð−ha ⊗ logð1þ ξM̂ÞÞ; ð3:59Þ

for X∈ slð2;RÞ. Note that here we see explicitly that the
inclusion of the “auxiliary” defect site in the derivation of
the boundary conditions is necessary such that the overall
twist can be expressed in terms of the total symmetry
operator M̂ on the full physical chain from site 1 to J.
Explicitly, the twisted-boundary conditions read

eJþa≡eað1þξM̂Þ; hJþa¼ha; fJþa≡ fað1þξM̂Þ−1;
ð3:60Þ

which can be shown using the identity AdeX ¼ eadX for
X∈A⊗J. An important check of (3.60) is that the XJþa
generators should satisfy the slð2;RÞ algebra (3.40). This
is indeed the case here. Note that when the physical spin
chain is in an eigenstate of the operator M̂ we can replace in
(3.60) its action with the corresponding eigenvalue M.
As per illustration, let us also compare to the DR

twist considered in [20]. In that case, one would find
F ab

a;1���J ¼ expðξeaR̂ − ξRaM̂Þ with R̂ ≔ ΔJ−1Rj the total R
charge. In the slð2;RÞ sector, this implies XJþa ¼
expðξR̂eaÞXa expð−ξR̂eaÞ because R acts as trivially (as
the identity) on a. The boundary conditions (3.39) then
become

eJþa ≡ ea; hJþa ≡ ha − ξR̂ea;

fJþa ≡ fa − 2ξR̂ha þ ξ2R̂2ea; ð3:61Þ

with R̂ ¼ J when evaluated on the physical spin chain,
which matches with [20].
Several consistency checks thus support our method

presented in Sec. III C to deriving twisted-boundary con-
ditions for Drinfel’d twisted spin chains. In particular, next
to consistency with the transfer matrix, the boundary
conditions (3.59) are given in terms of the residual
symmetry operator M̂ and respect the slð2;RÞ algebra.
In Appendix A, we also analyse the classical limit of the
twisted transfer matrix of (3.58). Its overall twisting
(denoted by W) is structurally analogous to the twist
appearing in the boundary conditions of the one-site
operators. In particular, we show that the eigenvalues of
the classical W depend only on the M̂ charge, with no
contribution from the ΔJ−1ðhÞ operator on the physical
sites, in analog to the form of the boundary conditions in
(3.59). We also comment in Appendix A on connections of
W and (3.60) to the classical sigma-model picture, where
similar simplifications of the twisted-boundary conditions
arise. Finally, in Sec. VI we find consistency with the large
u asymptotics of the Q functions of the underlying
integrable system, which generally are known to encode
the boundary conditions.

23Similar considerations were also needed in the dipole
deformation of [20], realized via an Abelian DR twist based
on a root generator e∈ slð2;RÞ, as well as a Cartan of the SOð6Þ
R symmetry.

24Note that we may also express the overall twist as F a;1���J ¼
Ad−1Ω1���J exp ðha ⊗ ΔJ−1

F ðσÞÞ ¼ Ω−1
1���Jð

Q
J
j¼1 F ajÞΩ1���J such that

the expression (3.58) clearly matches with Eq. (3.33) of [28].

JORDANIAN SPIN CHAINS FOR TWISTED STRINGS IN … PHYS. REV. D 112, 106001 (2025)

106001-15



IV. LANDAU-LIFSHITZ MODEL FROM THE
TWISTED SPIN CHAIN

In Sec. II C, we considered a classical twisted-string
solution of the Jordanian sigma model in the S ¼ J1 ¼
J2 ¼ 0 sector, and mapped it to the semiclassical SLð2; RÞ
LL Hamiltonian. Here, we will show how the same LL
Hamiltonian arises directly from the spin chain description
described in Sec. III D. We begin by reviewing how the
untwisted SLð2; RÞ LL model is obtained from the
classical continuum limit of the slð2; RÞ spin chain,
following [50,51] (generalizing the seminal work [63]).
Then, we show how the Jordanian Drinfel’d twist with
(3.60) leads to an LL model with corresponding twisted-
boundary conditions. Finally, we demonstrate that the
classical energy of the LL configuration from the twisted
spin chain matches that of the twisted-string solution on
the sigma-model side, thus providing a first direct link
between the two descriptions.

A. slð2;RÞ coherent states and Landau-Lifshitz limit

1. Review of the bulk model

The classical limit of the slð2;RÞ spin chain is typically
obtained via the coherent state formalism, which captures
semiclassical dynamics by associating to each site an
slð2;RÞ coherent state, defined as eigenstates of the
lowering operator f

jni¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− jϑj2

q
eϑej0i; hnj ¼ h0jeϑ̄f

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− jϑj2

q
; ð4:1Þ

with j0i the lowest-weight state with hj0i ¼ − 1
2
j0i and

fj0i ¼ 0. The parameter ϑ labels a point on a two-dimen-
sional elliptic hyperboloid.25 In fact, it is a key property of
these states that the expectation values of the slð2;RÞ
generators

n0≔−2hnjhjni; nþ≔−2hnjejni; n− ≔−2hnjfjni;
ð4:2Þ

which evaluate to

n0¼
1þjϑj2
1− jϑj2 ; nþ¼−

2ϑ

1− jϑj2 ; n−¼−
2ϑ̄

1− jϑj2 ; ð4:3Þ

satisfy the constraint

n⃗ · n⃗ ¼ ηijninj ¼ −n20 þ nþn− ¼ −1: ð4:4Þ

The vector n⃗ ≔ ðn0; n1; n2Þ with n� ¼ n1 � in2 is thus
constrained to the two-dimensional elliptic hyperboloid.

Importantly, these coherent states are normalized,
hnjni ¼ 1, but they are nonorthogonal and overcomplete,
see [51,62] for more details.
To construct the classical spin chain Hamiltonian, one

evaluates the quantum Hamiltonian density on a product of
neighboring coherent states, yielding [50,51]

hclj;jþ1 ≔ hnjnjþ1jhj;jþ1jnjnjþ1i

¼ log

�
1þ ðn⃗j − n⃗jþ1Þ · ðn⃗j − n⃗jþ1Þ

4

�
; ð4:5Þ

where n⃗j ¼ fn0; n1; n2gj and the dot product is defined as
in (4.4). In the following we will drop the vector notation.
To obtain the full classical action, however, one must use
the coherent state path integral with (4.5) as the time
evolution operator [51,64]. This involves discretizing total
time T into N intervals δt ¼ T=N and inserting resolutions
of the identity in terms of coherent states at each step.
Importantly, the overlap between (the nonorthogonal)
coherent states then introduces a nontrivial phase which
will give rise to a Wess-Zumino like term. In the time-
continuum (classical) limit δt → 0 one then arrives at
Z ¼ R ½dn�eiScl with

Scl ¼
Z

dt
XJ
j¼1

�
ihṅjjnji −

λ

8π2
hclj;jþ1

�
; ð4:6Þ

and λ
8π2

the (effective) spin chain coupling (which origi-
nally arises at one-loop from the planar dilatation operator
in N ¼ 4 SYM). At this point, the semiclassical coherent
states njðtÞ have become dynamical variables that remain
constrained to the hyperboloid.
Passing to the field theory (long chain) continuum limit

is achieved by letting the number of sites J → ∞, while
interpreting the site index j as the discretization of a spatial
coordinate σ ¼ 2πj

J ∈ ½0; 2π�. The spin vector then becomes
a field: njðtÞ → nðt; σÞ and njþ1 − nj →

2π
J ∂σn. This gives

hclj;jþ1 ¼ log

�
1þ ðnj − njþ1Þ · ðnj − njþ1Þ

4

�

¼ π2

J2
∂σn · ∂σnþOðJ−4Þ; ð4:7Þ

so that taking J → ∞ while keeping λ̃ ¼ λ=J2 fixed yields
the LL sigma model (for noncompact ferromagnets)
[50,64,65]

SC-LL¼
J
2π

Z
dt
Z

2π

0

dσ

�
LWZðnÞ−

λ̃

8
∂σn ·∂σnþOðJ−1Þ

�
;

ð4:8Þ

with the Wess-Zumino term

25In particular, in terms of the parametrization (2.41) it is
ϑ ¼ − tanhðρÞe2iφ.
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LWZðnÞ ¼ ih∂tnjni ¼ −
1

2

Z
1

0

dz εijkni∂znj∂tnk; ð4:9Þ

and total Hamiltonian

HC-LL ¼
Jλ̃
16π

Z
2π

0

dσ½−ð∂σn0Þ2 þ ∂σnþ∂σn−�; ð4:10Þ

which is equivalent to the effective Hamiltonian (2.43) of
the string sigma model in the SLð2;RÞ sector under the
identification li ¼ ni. The fields nðt; σÞ satisfy the Poisson
brackets

fn0ðσÞ; n�ðσ0Þg ¼ �2in�ðσÞδðσ − σ0Þ;
fnþðσÞ; n−ðσ0Þg ¼ −4in0ðσÞδðσ − σ0Þ; ð4:11Þ

which are the classical counterparts of the slð2;RÞ com-
mutation relations (3.40) for the spin operators fh; e; fg
under the relation (4.2) and f·; ·g → −i½·; ·�. The bulk
equations of motion of the LL model (4.8) finally read

∂tn0 ¼
iλ̃
4
ðnþ∂2σn− − n−∂2σnþÞ;

∂tn� ¼ �
iλ̃
2
ðn�∂2σn0 − n0∂2σn�Þ; ð4:12Þ

which must be solved under the constraint (4.4) and, in the
untwisted case, periodic boundary conditions, as directly
inherited from the periodic spin chain.

2. Jordanian twisted-boundary LL model

We will now take the LL limit of the noncompact
Jordanian slð2;RÞ spin chain. One could in principle
consider doing this both in the deformed or the twisted-
boundary picture. However, in the infinite-dimensional
s ¼ −1=2 representation of slð2;RÞ, the Jordanian
Drinfel’d twist (3.18) is an infinite series of differential
operators and correspondingly it will be highly cumbersome
to work with the overcomplete and nonorthonormal coher-
ent states.26 We therefore prefer to work with the twisted-
boundary picture, which in addition must also straightfor-
wardly connect to the twisted sigma model of Sec. II C. The
LL action from the bulk spin chain then remains unde-
formed, but we should instead take the classical continuous
limit of the twisted-boundary conditions (3.60). A similar
route was followed for the nondiagonal DR twist considered
in [20].

To evaluate the (quantum) twisted-boundary conditions
in the coherent state representation, we also assign a state
jnai to the defect space. We can then immediately evaluate
(3.60) in the product state jNi ≔ jnai ⊗⊗J

j¼1 jnji.
Defining

ðn0ÞJþa ≔−2hNjhJþajNi; ðnþÞJþa ≔−2hNjeJþajNi;
ðn−ÞJþa ≔−2hNjfJþajNi; ð4:13Þ

then gives

ðn0ÞJþa¼ðn0Þa; ðn�ÞJþa¼ðn�Það1þ ξMclÞ�1; ð4:14Þ

with the classical value Mcl of the symmetry operator M̂
defined as

Mcl ≔
XJ
j¼1
hnjjejjnji ¼ −

1

2

XJ
i¼1
ðnþÞj; ð4:15Þ

where we used that, by construction, the coherent states
satisfy hnjjesj ¼ ð− nþ

2
Þshnjj for any power s. Recall fur-

thermore that hnjni ¼ 1 at each site. In the classical and
(two-dimensional) field theory continuum limit this then
finally becomes

MC-LL ≔ −
J
4π

Z
2π

0

dσ0nþðt; σ0Þ; ð4:16Þ

so that the LL twisted-boundary conditions read

n0ðt;2πÞ¼ n0ðt;0Þ; n�ðt;2πÞ¼ n�ðt;0Þð1þξMC-LLÞ�1:
ð4:17Þ

Since M̂ was a residual symmetry of the spin chain [recall
Eq. (3.52) or (3.55)] and governs the twisted-boundary
conditions, it makes sense to also demand that solutions to
the LL equations of motion be such that MC-LL remains
conserved. This will in fact require one to study only a
subsector of solutions: demanding ∂tMC-LL ¼ 0 for
ξMC-LL ≠ 0 introduces the following additional constraint

n0ðt; 0Þ∂σnþðt; 0Þ − nþð0Þ∂σn0ð0Þ ¼ 0: ð4:18Þ

It seems that the continuum limit thus spoiled the manifest
M conservation of this charge. We believe it would be
interesting to understand how to restore it in the LL theory,
and expect this to be related to appropriate global treatment
of the hyperboloid fields and WZ term. This may also
provide an understanding for the apparent loss of e
symmetry of the Jordanian string sigma model in the
twisted picture, cf. footnote 9. We will however find that
for the simplest possible ground state deformations, (4.18)
is trivially satisfied.

26This is in contrast to the two-dimensional compact repre-
sentation, for which the Jordanian twist truncates at first order in
ξ, since then e2 ¼ 0. A deformed LL model obtained from a
Jordanian-type Drinfel’d twist in the compact representation was
studied in [34].
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B. Solutions and energy shift

We are now interested in twisted solutions of the
equations of motions (4.12), subject to the hyperbolic
constraint (4.4), with fixed (minimal) energy and momen-
tum MC-LL.
In the undeformed, periodic theory, the simplest ground

state is the constant configuration n0 ¼ 1 and n� ¼ 0,
which trivially has zero energy HC-LL ¼ 0 and momentum
MC-LL ¼ 0. However, we can also consider ground state
configurations carrying nonzero momentum MC-LL ¼ M.
To maintain vanishing energy while allowing nonzero M,
we take a constant configuration with nþ ¼ − 2M

J as
required by (4.16). Imposing the hyperbolic constraint
(4.4) then leads to two distinct possibilities (up to overall
factors). Firstly, we can have

n0 ¼ 1; nþ ¼ −
2M
J

; n− ¼ 0; ð4:19Þ

which has a smooth M → 0 limit to the trivial vacuum.
This is in contrast to a second solution with momentumM,
given by

n0 ¼ 0; nþ ¼ −
2M
J

; n− ¼
J
2M

: ð4:20Þ

As we will see, the solution (4.20) is the relevant unde-
formed solution in the case of the Jordanian deformation,
while (4.19) was the appropriate undeformed solution in
the dipole-deformed case [20]. In both cases, the fields n�
are generically complex-valued for realM, necessitating an
analytic continuation of the LL model in which nþ and n−
are treated as independent complex variables constrained to
lie on the complexified hyperboloid. Despite the presence
of complex fields, the energy and consequently anomalous
scaling dimensions remain real (zero in this case).
Now we turn to the Jordanian twisted LL model and look

for deformations of the ground state solutions with nonzero
momentumM, which are subjected to the twisted-boundary
conditions (4.17). For this purpose, we consider the ansatz
n0ðt; σÞ ¼ c∈R constant, which is justified by the sol-
utions (4.19) and (4.20) and the fact that n0 remains
periodic in the twisted model. Demanding nonzero momen-
tum, and thus nonzero nþ, we can furthermore use the
hyperboloid constraint (4.4) to remove n− from the system
of equations as n− ¼ c2−1

nþ
. The equation of motion for n0

(4.12) then becomes

ðc2 − 1Þðð∂σnþÞ2 − nþ∂2σnþÞ ¼ 0; ð4:21Þ
which is solved by c ¼ 1 or

nþðσ; tÞ ¼ eσα1ðtÞα2ðtÞ; ð4:22Þ

where α1;2ðtÞ are two a priori arbitrary functions of t. In the
case c ¼ 1 there is no consistent twisted solution of the full

system of equations of motion as well as (4.16) and the
constraint (4.18). We thus continue with (4.22). Imposing
the twisted-boundary conditions for nþ (4.17) then fixes

α1ðtÞ ¼
logð1þ ξMC-LLÞ

2π
þ im; m∈Z; ð4:23Þ

while requiring fixed MC-LL ¼ M for the momentum from
(4.16) imposes

α2ðtÞ ¼ −
2 logð1þ ξMÞ þ 4πim

ξJ
; ð4:24Þ

such that the solution for nþ has no t dependence. To have a
well-defined ξ → 0 limit in which we recover nþ ¼ − 2M

J as
above we furthermore need to demandm ¼ 0. Inserting the
resulting solution for nþ in the remaining equations of
motions (4.12) for nonzero ξ and M then demands c ¼ 0.
Ultimately we thus have

n0ðt;σÞ ¼ 0; nþðt;σÞ ¼ −
2 logð1þ ξMÞ

ξJ
ð1þ ξMÞσ=2π;

n−ðt;σÞ ¼ −
1

nþðt;σÞ
; ð4:25Þ

coinciding with (4.20) in the undeformed limit. The
constraint (4.18) and remaining twisted-boundary condi-
tions for n0 and n− are furthermore trivially satisfied.
Evaluating (4.10) on this solution then gives the following
nontrivial energy shift of the ground state

HC-LL ¼
Jλ̃
32π2

log ð1þ ξMÞ2 ¼ Jλ̃
32π2

log

�
1þ 2πη

λ̃1=2J
M

�
2

¼ η2M2

8J
þOðJ−2Þ; ð4:26Þ

where we employed the identification (2.20) and expanded
the result at large J but fixed η, M and λ̃. This matches
precisely the classical string theory result given in (2.44)
corresponding to the energy shift of the twisted scaling
dimension (2.36) expanded at large J but fixed η, M. Here
we thus have a nontrivial overlap between the energy of the
sigma-model BMN-like solution and the twisted-boundary
spin chain description in the coherent state and supergravity
approximation.
It is interesting to note that the undeformed ground state

configuration does not have a well-defined M → 0 limit.
Related observations have been found at the Jordanian
sigma-model side, where no solutions were found with
vanishing M. Furthermore, the corresponding spectral
curve of the BMN-like solution has two branch cuts whose
size is proportional to ξM [12], and attempts to find no-cut
but twisted solutions did not materialize.
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V. SPECTRUM OF THE J = 2 TWISTED
SPIN CHAIN

In this Section, we study the spectral problem of the
Jordanian-twisted slð2;RÞ spin chain at length J ¼ 2 by
directly diagonalizing the transfer matrix and using
Baxter’s TQ equation.
The traditional method to determine the spectrum is the

ABA [66], which involves constructing the monodromy
matrix using a two-dimensional (s ¼ þ1=2) auxiliary space
representation of slð2;RÞ. From its expression, one derives
the Bethe equations that encode the spectrum of the
corresponding transfer matrix. While the Hamiltonian of
the noncompact slð2;RÞ spin chain will not be included in
its spectral expansion, the eigenvectors of the transfer matrix
constructed from the ABA can still be shown to diagonalize
the Hamiltonian [59,67]. In addition, the transfer matrix
eigenvalues can be used as input to Baxter’s equation, from
which physical quantities such as the energy can be
extracted, see, e.g., [67].
In our case, however, we cannot directly apply the ABA.

A key aspect of this work is to take the noncompact spin
chain in an eigenstate of the residual M̂ symmetry operator.
In this basis, a suitable reference (or “pseudovacuum”) state
required for the ABA is not available. Without the ABA, we
will instead try to directly solve the eigenvalue problem of
the transfer matrix, aiming to uncover at least some of the
“integrable data.” For this purpose, we restrict to the small
J ¼ 2 chain: Since the physical sites are in a noncompact
representation, the slð2;RÞ generators act as differential
operators, and the eigenvalue problem becomes a PDE with
as many independent variables as the number of sites of the
spin chain. Although this rapidly becomes intractable for
longer chains,27 it remains manageable for J ¼ 2.
Working in an M̂ eigenbasis is in contrast to standard

approaches, where one works in an eigenstate of the Cartan
of slð2;RÞ. In this Section, we will therefore first show
how to obtain the transfer matrix eigenvalue of the
undeformed (J ¼ 2) chain in the M̂ basis instead of the
ΔðhÞ basis. This will provide useful structure and a
benchmark for the Jordanian-twisted case, to which we
then apply the identical procedure. Subsequently, we will
substitute its deformed transfer-eigenvalue into Baxter’s
expression for the ground state energy.
Finally, note that one might also consider a more hands-

on approach and directly diagonalize the deformed or
twisted-boundary Hamiltonian of. respectively, (3.27)
and (3.28). However, this is not immediately straightfor-
ward in the M̂ eigenbasis, since the ΔJ−1ðeÞ operator does
not explicitly appear in either Hamiltonian. We will report
more on this aspect elsewhere [68].

A. Eigenvalue problem of the undeformed chain

As usual, to construct the monodromy and transfer
matrix, we take the finite-dimensional s ¼ þ1=2 repre-
sentation of slð2;RÞ for the auxiliary space a. In this case,
the generators satisfying the commutation relations (3.40),
can be represented as in (A2). Consider then the J ¼ 2
monodromy matrix built from the R matrix (or Lax matrix)
defined as

RajðuÞ≔ u1ajþ2iXa ·Sj¼
�
uþ ihj −ifj
iej u− ihj

�
; ð5:1Þ

where the dot product is defined through the Cartan-Killing
form, the operators Xa ¼ fha;ea; fag are as in (A2), while
Sj ¼ fhj; ej; fjg are the physical spin operators at site j in
the s ¼ −1=2 representation, which we represent as28

ej¼−∂j; hj¼−zj∂j−
1

2
; fj¼−z2j∂j− zj; ð5:2Þ

with zj the representation space parameters at each site
j ¼ 1, 2. In general, one then writes

TaðuÞ ¼ Ra2ðuÞRa1ðuÞ ¼
�
AðuÞ BðuÞ
CðuÞ DðuÞ

�
;

τ̂ðuÞ ¼ TraðTaðuÞÞ ¼ AðuÞ þDðuÞ; ð5:3Þ

where A, B, C, D are built out of the differential spin S
operators. In the undeformed case, we have

τ̂ðuÞ ¼ 2u2 þ e2f1 þ f2e1 − 2h2h1: ð5:4Þ

The differential operator structure of the transfer matrix
implies that we should work within a functional represen-
tation of slð2; RÞ, where states are realized as functions of
the continuous site parameters z1 and z2. As per the
illustration, the undeformed case with s ¼ −1=2, where
one can use an eigenbasis of the total Cartan operator
ΔðhÞ ¼ h1 þ h2, there is a highest-weight module with
basis states

jk1; k2i ≔ zk11 z
k2
2 ; k1; k2 ∈N; ð5:5Þ

with eigenvalue −1 − k1 − k2 and with j0; 0i annihilated by
ΔðeÞ. These are thus regular polynomials in zj that have a
discrete spectrum under ΔðhÞ. Note that they are also easily
generalizable to longer chains. One can then straightfor-
wardly apply the ABA on the above basis. In fact for J ¼ 2,
the state j0; 0i is a suitable pseudovacuum, satisfying
CðuÞj0; 0i ¼ 0.29 Since τ̂ðuÞ commutes with ΔðhÞ, one
can diagonalize it sector by sector in ΔðhÞ eigenvalues [31].

27This difficulty was one of the motivations behind the
construction of the quantum separation of variables method
for noncompact slð2;RÞ spin chains [59].

28This representation has a quadratic Casimir (A1) equal to − 1
4
.

29Under automorphisms of the algebra, this is of course
equivalent to a BðuÞ annihilation.
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Under the Jordanian twist, however, this eigensystem
becomes nondiagonalizable [28], as ΔðhÞ is not a sym-
metry, and the weight structure is obscured in terms of
generalized eigenvectors. The above states (5.5) are obvi-
ously not eigenstates of M̂ ¼ e1 þ e2, which is a raising
operator with respect toΔðhÞ. In certain deformations (e.g.,
the Abelian dipole [20] or Jordanian twists), M̂ is the only
conserved quantity in the slð2;RÞ sector, making it natural
and advantageous to diagonalize the transfer matrix in an M̂
eigenbasis from the start.
Hence, we instead consider eigenfunctions of the (non-

compact) differential operator M̂ ¼ e1 þ e2 ¼ −∂1 − ∂2,
which take the form

ΨMðz1; z2Þ ≔ e−MxgðzÞ; with x ≔
z1 þ z2

2
;

and z ≔ z2 − z1; ð5:6Þ

and have eigenvalue M. As we will see, these functional
states will generally not be polynomial. Eigenstates of a
root generator such as here naturally arise in the discrete
series of slð2; RÞ, see, e.g., [62,69], but they can exist also
in the principal series.30

One can check that there are no consistent and nontrivial
solutions of CðuÞΨM ¼ 0 (or BðuÞΨM ¼ 0) in the Hilbert
space of eigenfunctions, so that the ABA is not straight-
forwardly applicable. Instead we aim to directly solve

τ̂ðuÞΨM ¼ τðuÞΨM; ð5:7Þ

with τðuÞ the eigenvalue of the transfer matrix. Since τ̂ðuÞ
is a polynomial in the spectral parameter u, we can rewrite
this as an eigenvalue equation for each term in the u
expansion (i.e., three equations at J ¼ 2). Writing τðuÞ ¼
αu2 þ βuþ χ we then immediately see from (5.4) that α ¼
2 and β ¼ 0, while the constant u0 term yields the
following ODE for gðzÞ

4z2g00ðzÞ þ 8zg0ðzÞ þ ð4χ þ 2 −M2z2ÞgðzÞ ¼ 0: ð5:8Þ

Its general solution is given by

gðzÞ ¼ c1SJ

�
−
1

2
ð1þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4χ

p
Þ;− i

2
Mz

�

þ c2SY

�
−
1

2
ð1þ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4χ

p
Þ;− i

2
Mz

�
; ð5:9Þ

where SJðn; yÞ and SYðn; yÞ are the spherical Bessel
functions of the first and second kind and c1;2 are

integration constants. To ensure the well definedness of
the eigenfunction ΨM and the action of spin operators, we
further impose regularity and single valuedness of ΨM
across the representation space. The solution involving SY
diverges at z ¼ 0 and we thus excluded it, setting c2 ¼ 0
(and effectively one can then also set c1 ¼ 1). The
remaining function SJðn; yÞ is regular at y ¼ 0, but it is
single valued only when n∈N. Imposing this condition
then leads to the quantization

χ ¼ −
1

2
− nðnþ 1Þ; n∈N: ð5:10Þ

Since the transfer matrix includes conserved charges in
its spectral expansion, the eigenvalue χ is a conserved
charge associated to the u0 operator in τ̂ðuÞ. Importantly,
this operator can be written as

q̂2 ≔ e2f1 þ f2e1 − 2h2h1 ¼ −
1

2
− C2; ð5:11Þ

where C2 ≔ ΔðS2Þ ¼ ΔðSÞ · ΔðSÞ is the two-site Casimir
and we used s ¼ −1=2. The integer n appearing in the
solution (5.10) is thus simply the quantization of total
spin, C2 ¼ nðnþ 1Þ. Recalling the expressions of the
Hamiltonian of the undeformed chain, given in (3.48),
and using the fact that on each module C2 ¼ JðJþ 1Þ ¼
nðnþ 1Þ one has J ¼ n, the ground state of the spin chain
clearly corresponds to n ¼ 0, for which χ ¼ − 1

2
. The

corresponding eigenfunction with nonvanishing M is

ΨGS;MðzÞ ¼ e−MxSJ

�
0;−

i
2
Mz

�
¼ 2

Mz
e−Mx sinh

�
Mz
2

�
:

ð5:12Þ

We can expand it around z ¼ 0 to find

ΨGS;MðzÞ¼ e−Mx

�
1þM2z2

24
þM4z4

1920
þ M6z6

322560
þOðz7Þ

�
;

ð5:13Þ

which will provide an important consistency check for the
Jordanian case that we discuss now.

B. Eigenvalue problem of Jordanian-twisted spin chain

We now proceed analogously for the Jordanian twisted
spin chain. It will be convenient to do so in the twisted-
boundary picture, where the nonlocal similarity transfor-
mation Ω1���J has been absorbed in a rotation of the Hilbert
space. The corresponding twisted monodromy is given in
(3.58), with importantly M̂ acting initially on the states.
We write

30For the eigenvalue problem, it will be enough to simply
consider (5.6), but it would be interesting to have a more
systematic identification of the underlying module structure to
clarify the spectral behavior of the twisted model.
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T⋆
a ðuÞ ¼

�
1 ξΔðhÞ
0 1

��
AðuÞ BðuÞ
CðuÞ DðuÞ

�� ð1þ ξM̂Þ−1=2 0

0 ð1þ ξM̂Þ1=2
�
; ð5:14Þ

and

τ̂ξðuÞ ≔ TrT⋆
a ðuÞ ¼ ðAðuÞ þ ξΔðhÞCðuÞÞð1þ ξM̂Þ−1=2 þDðuÞð1þ ξM̂Þ1=2; ð5:15Þ

with A, B, C, D as obtained from (5.1) for two sites, as
before. We then again consider the corresponding eigen-
value problem on the M̂ eigenstates ΨM defined in (5.6).
The initial action of ð1þ ξM̂Þ�1=2 can be immediately
replaced by the constants ð1þ ξMÞ�1=2. As before, we then
expand both the twisted transfer matrix and its eigenvalue
in the spectral parameter and solve the eigenvalue equation
order by order in u. Writing τξðuÞ ¼ αξu2 þ βξuþ χξ, one
then finds at Oðu2Þ an algebraic equation that immediately
sets

αξ ¼
2þ ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p : ð5:16Þ

The Oðu2Þ term of the transfer matrix eigenvalue thus
clearly gets a ξM correction. On the other hand, there is no
Oðu1Þ term, and thus βξ ¼ 0 as in the undeformed case.
Finally, the Oðu0Þ term yields a differential equation for
gðzÞ of the form

p1ðzÞgðzÞ þ p2ðzÞg0ðzÞ þ p3ðzÞg00ðzÞ − 8ξz2g000ðzÞ ¼ 0;

ð5:17Þ

where

p1ðzÞ ≔ 4þMð2ξ −Mzð−2ξþ zð2þ ξMÞÞÞ
þ 8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
χξ;

p2ðzÞ ≔ 2ð8zþ ð−4þMzð4þMzÞÞξÞ;
p3ðzÞ ≔ 4zðð2z − 6ξþMzξÞÞ: ð5:18Þ

For nonzero ξ, this differential equation is significantly
more complicated than in the undeformed case: it is now a
third-order ODE, rather than second-order, due to the
additional action of ΔðhÞ induced by the Jordanian twist.
The ODE has a singularity of the second kind at z ¼ 0 [that
is, a z2 coefficient in front of the g000ðzÞ term], and exhibits a
turning point behavior around ξ ¼ 0, where the order of the
ODE changes. In Appendix B, we give a general explan-
ation of how to “perturbatively” construct solutions to such
singular ODEs as formal series around z ¼ 0, using our
case as an illustrative example. As it turns out, the form of
the solution can be written as

gðzÞ ¼ g1ðzÞ þ logðzÞg2ðzÞ þ log2ðzÞg3ðzÞ; ð5:19Þ

with g1;2;3ðzÞ regular expansions around z ¼ 0, whose
coefficients are determined through recurrence relations
found from solving Eq. (B11) with (B12), and with the
values g1;2;3ð0Þ playing the role of integration constants. We
have computed the expansion coefficients explicitly until
Oðz8Þ in Mathematica. As in the undeformed case, we
again need to impose regularity and single-valuedness at
z ¼ 0, such that we have to set g2ð0Þ ¼ g3ð0Þ ¼ 0.
Recursively, we can then immediately conclude that this
imposes g2ðzÞ ¼ g3ðzÞ ¼ 0. We are thus left with a single
regular expansion around z ¼ 0, given by g1ðzÞ, to which
we can apply the usual Frobenius methods. We will set the
last integration constant to g1ð0Þ ¼ 1.
At this stage, we already observe an interesting turning

point behavior in the differential equation: In the unde-
formed case, the indicial equation that determines the
leading power p of the solution to (5.8) in the context
of Frobenius’s method reads

4þ 8pð1þ pÞ þ 8χ ¼ 0: ð5:20Þ

Requiring regularity corresponds to demanding p∈N,
which precisely coincides with the quantization condition
for χ given in (5.10). In other words, the power p coincides
with the energy excitation number n above the ground state.
However, in the deformed case, the indicial equation for
(5.17) reads

−8ξp3 ¼ 0; ð5:21Þ

where p will be the leading exponent of g1ðzÞ in (5.19). For
generic and fixed ξ, the only admissable Frobenius index is
p ¼ 0, meaning that the deformed eigenfunction g1ðzÞmust
behave as a constant around z ¼ 0, and analytic continu-
ation to excited states with p > 0 is obstructed in this
analysis, even as ξ → 0. In other words, within the
Frobenius treatment of the eigenvalue equation at fixed ξ,
we find that the Jordanian deformation connects smoothly
only to the undeformed ground state solution, and not to the
undeformed excited states of higher total spin n ¼ p > 0.
This is an immediate consequence of the discrete order
change of the ODE induced by the additional action of the
twist. While our analysis thus suggests a lifting of the
excited stated after the twist, this should more properly be
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interpreted as a limitation of the perturbative Frobenius
method for turning point problems, and the lack of a
nonperturbative closed form analysis of the ODE. We will
give a few further comments on these points in a discussion
at the end of this Section.
Let us now solve along the lines of Frobenius, consid-

ering the ansatz

g1ðzÞ ¼
X∞
n¼0

gnzn; ð5:22Þ

and substitute it into the ODE (5.17). After some straight-
forward algebra, we then obtain the recurrence relation

gn¼
1

8ξn3
ðð2ð2n2−2nþ1Þð2þξMÞþ8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
χξÞgn−1

þ2ξðn−1ÞM2gn−2− ðM2ð2þξMÞÞgn−3Þ; ð5:23Þ

which is induced by g0 ¼ 1 and g−1 ¼ g−2 ¼ 0. The first
three terms explicitly read

g1ðzÞ ¼ 1þ z
4ξ

�
2þ ξM þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
χξ
�

þ z2

128ξ2
ð9ξ2M2 þ 24χξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
ð2þ ξMÞ

þ ð1þ ξMÞð20þ 16χ2ξÞÞ þOðz3Þ; ð5:24Þ

and one can in principle obtain arbitrarily many expansion
coefficients recursively from (5.23).
We have thus obtained a perturbative solution to the

differential equation as a regular expansion around z ¼ 0.
However, in contrast to the undeformed case, we did not yet
obtain a constraint on the eigenvalue χξ. Such a constraint
arises by requiring the solution to have a smooth limit as
ξ → 0: Since ξ plays the role of a deformation parameter,
we must also demand that g1ðzÞ remains regular in this
limit.31 However, looking at the expansion (5.24), we
observe that it is effectively an expansion in z=ξ, with
coefficients depending polynomially on χξ. As a result,
regularity at ξ ¼ 0 requires that χξ itself admits a regular
expansion in ξ, of the form

χξ ¼
X∞
n¼0

cnξn; ð5:25Þ

with the coefficients cn fixed order by order in an expansion
of small ξ.
Consider therefore the OðzÞ term in (5.24), whose

expansion around ξ ¼ 0 reads

1

4ξ

�
2þ ξM þ 4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
χξ
�

¼ 2þ 4c0
4ξ

þMð1þ 2c0Þ þ 4c1
4

þOðξÞ: ð5:26Þ

In order for this expression to be regular at ξ ¼ 0, the pole
must vanish, which imposes c0 ¼ − 1

2
. This corresponds

precisely to the undeformed ground state solution, i.e.,
(5.10) at n ¼ 0, as expected from the analysis of the indicial
equation, Eq. (5.20).
Similarly, expanding the Oðz2Þ term of (5.24) gives

c1
4ξ
þ 3M2 þ 16Mc1 þ 8c21 þ 16c2

64
þOðξÞ; ð5:27Þ

which sets c1 ¼ 0. One can proceed analogously, order by
order in z, to fix (in principle) arbitrary coefficients of χξ.
Explicitly, using the solution of g1ðzÞ to Oðz8Þ, we can fix
χξ to Oðξ7Þ, giving

χξ ¼ −
1

2
−
ξ2M2

48
þ ξ3M3

48
−
667ξ4M4

34560
þ 307ξ5M5

17280

−
286211ξ6M6

17418240
þOðξ7Þ: ð5:28Þ

Notice in particular that this is an expansion in ξM. This
can in fact be expected from the string relation (2.36). In
particular, for eigenstates with vanishing momenta M, the
spectrum will thus not change. The same behavior is
observed in [20]. Finally, inserting the expansion for χξ
into the regular solution (5.24) yields

g1ðzÞ¼1þM
2z2

24
þM

4z4

1920
þ M6z6

322560
þOðξ0;z7Þ

þ ξM

�
Mz
24
þM

3z3

960
þ M5z5

107520
þOðξ0;z6Þ

�

þ ξ2M2

�
−
Mz
48
þM

2z2

1080
−
M3z3

1920
þ M4z4

60480
þOðξ0;z5Þ

�
þ Oðξ3Þ: ð5:29Þ

This expansion is organized as a double expansion in ξ and
z, where the highest power of z at each order in ξ is
constrained by the structure of the original g1ðzÞ expansion
in z=ξ and the imposed regularity at ξ ¼ 0. For example, the
Oðξ0; z7Þ term depends on the as-yet undetermined coef-
ficient c7 of (5.25), and similarly for higher order terms.
Crucially, the Oðξ0Þ part of (5.29) exactly matches the

expansion of the undeformed ground state eigenfunction
(5.13). This provides a nontrivial consistency check
because the Oðξ0Þ contributions in (5.29) arise cumula-
tively from all orders in the expansion of χξ, such as the
constant terms in (5.26) and (5.27). In particular, the

31We have verified that swapping the order of demanding
regularity in z and ξ did not influence our conclusions.
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coefficients cn in (5.25) were not chosen to reproduce the
undeformed solution—rather, they are uniquely fixed by
the requirement of regularity at ξ ¼ 0.
In summary, we have solved the eigenvalue problem of

the J ¼ 2 Jordanian spin chain perturbatively in the
twisted-boundary picture, with the Oðu0Þ term of the
transfer matrix eigenvalue as an expansion in ξM

τξðuÞ ¼ u2
2þ ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p −

1

2
−
ξ2M2

48
þ ξ3M3

48

−
667ξ4M4

34560
þ 307ξ5M5

17280
þOðξ6Þ; ð5:30Þ

as well as the eigenfunction

ΨMðz1; z2Þ ¼ e−M
z1þz2

2 g1ðz2 − z1Þ; ð5:31Þ

with g1ðzÞ given as an expansion in ξM and z in (5.29).
Both expansions can be computed in principle to arbitrary
order, as they all result from the recurrence relations (5.23),
but the complete solution should be understood as a formal
series (an infinite-degree polynomial). We however do not
exclude the existence of a closed form solution.
As in the undeformed case, the u0 coefficient of the

transfer matrix defines an operator that commutes with the
Hamiltonian. In the twisted setting, we denote this operator
as q̂2;ξ, with eigenvalue χξ (5.28) on the M̂ eigenstates. Its
explicit form is

q̂2;ξ ¼ ðe1f2 − h1h2 þ ξΔðhÞðe1h2 þ h1e2ÞÞ
× ð1þ ξΔðeÞÞ−1=2 þ ðe2f1 − h1h2Þð1þ ξΔðeÞÞ1=2;

ð5:32Þ

it reduces to q̂2 ¼ − 1
2
− C2 (5.11) in the limit ξ → 0, with

C2 the two-site Casimir. One may thus think of it as
containing a “twisted two-site Casimir” that knows about
the boundary conditions, although its precise physical or
algebraic interpretation is not immediately obvious to us.

1. Discussion

We conclude with a discussion of our results in this
Section and the previous one. First let us relate to the recent
work [28], which studied the spectral problem of the same
model considered here. To match our setup with theirs, one
must perform the algebra autormorphism h → −J3,
e → J−, f → Jþ and also ξ → 2ξ. Under this transforma-
tion, the lowering operator ΔJ−1ðJ−Þ becomes a residual
symmetry. One can then consider its eigenstates in the
J ¼ 2 sector, in which case (5.6) is modified to

ΨM ¼
1

z1z2
exp

M
2
ð 1z1þ

1
z2
Þg
�
1

z2
−

1

z1

�
; ð5:33Þ

where the function gðzÞ with z ¼ 1
z2
− 1

z1
satisfies the same

differential equation (5.19), with the same deformed
eigenvalue (5.28).
In [28], the ABA for the Jordanian-twisted J ¼ 2 spin

chain was applied in the deformed picture by considering
the usual slð2;RÞ states as defined in (5.5) (but in the
lowest-weight equivalent representation). AlthoughΔðhÞ is
not a residual symmetry of the chain, it was observed that
the maximal value of ΔðhÞ within a subsector is preserved.
This is due to the form of the deformed transfer matrix,
which is constructed using a twisted R matrix, where the
Jordanian twist acts with the lowering operator J− first on
the physical chain. In any given subsector with a fixed
maximal value of ΔðhÞ, it was then found that the
deformation contributes only to the strictly upper-triangular
part of the transfer matrix, and that its spectrum is not
deformed. Similar arguments led to the same conclusion for
the Hamiltonian of the spin chain.
In contrast, our analysis finds that the eigenvalue of the

transfer matrix does depend on ξ, showing that the
Jordanian twist does affect the spectrum. Crucially, our
computation differs from the one of [28] by a key aspect
mentioned throughout, i.e., we work with M̂ ¼ ΔðeÞ
eigenstates of a residual symmetry. For M ≠ 0, these states
exist only in the noncompact representation of slð2;RÞ,
and do not admit a finite (maximal) value of ΔðhÞ. As a
result, we cannot restrict the eigenvalue problem to an
algebraic problem with finite size matrices, because non-
trivial ΔJ−1ðJ−Þ eigenstates (5.33) are formal infinite series
over the Fock basis states jk1; k2i as in (5.5) (but in the
lowest-weight equivalent representation). The only
ΔJ−1ðJ−Þ eigenstates that are finite linear combinations
of jk1; k2i can only be those with an M ¼ 0 eigenvalue:
Since ΔJ−1ðJ−Þ is a lowering operator, one could consider

Ψ ¼
XNmax

k1¼0;k2¼0
ck1;k2 jk1; k2i; ð5:34Þ

with some coefficients ck1;k2 and a finite upper cutoff Nmax,
but acting with J− will of course never give the same states
back. Hence, demanding ΔJ−1ðJ−ÞΨ ¼ MΨ immediately
forces M ¼ 0 or Ψ ¼ 0. A trivial example is the lowest-
weight j0; 0i, which trivially has M ¼ 0, as well as
j0; 1i − j1; 0i, etc. As we found in this Section, the
eigenvalue of the transfer matrix (5.30) is crucially a
function of the combination ξM, and thus states in a sector
of vanishing charge M ¼ 0 do not exhibit a deformed
spectrum.
Similar conclusions were reached in the case of the

nondiagonal Abelian twist (the dipole deformation) of [20].
Although the Jordanian twist considered here is more
intricate due to it non-Abelian nature, both deformations
preserve the same residual symmetries in the slð2;RÞ
subsector. While the explicit form of the eigenstate and
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eigenvalue thus differ, the dependence on the combination
ξM is common. As mentioned, this is consistent with the
classical string relation (2.36) (which is in fact the same in
both models). Conversely, a truncated analysis at fixed
maximal value of ΔðhÞ would also yield an undeformed
spectrum in the dipole case.
Nevertheless, it remains unclear whether the Jordanian

twisted Hamiltonian is fully diagonalizable over the com-
plete Hilbert space. In the undeformed case, the spectrum is
organized via the two-site Casimir and by working in either
the M̂ or ΔðhÞ eigenbases, both of which eventually label
the total spin modules. In the deformed case, however, only
M̂ remains, while C2 and ΔðhÞ are nonconserved.32 Within
ODE analysis the Jordanian deformation connects
smoothly only to the undeformed ground state. No
Frobenius expansion led to excited (higher-spin) solutions.
We believe that obtaining a closed form solution to the
eigenvalue differential equation would help to understand
whether we can recover the full spectrum.33 While we do
obtain a consistent subsector of eigenfunctions with M̂
charge, it is in particular not clear whether these form a
complete basis for the Hilbert space or if nondiagonalizable
sectors (Jordan blocks) persist. It would thus also be
valuable to investigate whether an alternative basis or
algebraic perspective can reincorporate the “missing”
excitations (like j0; 1i þ j1; 0i, etc.) in the deformed
setting.
All in all, it is obvious that the undeformed limit is a

subtle point.34 Interestingly, a similar discontinuity was in
fact observed at the sigma-model side, where the diago-
nalization of the monodromy matrix of the Jordanian sigma
model does not connect smoothly to the undeformed case
due to a change of order in the asymptotic expansion of the
quasimomenta [11,12].
To end, let us mention that it is not straightforward to

extract the energy spectrum of the spin chain from the
twisted Hamiltonian to arbitrarily high order in ξ—in fact,
its action on the M̂ eigenstates is complicated by the
nonlocal intertwiner present in its boundary term. In
the dipole deformation of [20] a way out of this was to
use the light-ray representation of [70] extracted from the
corresponding noncommutative dipole deformation of
N ¼ 4 SYM obtained via the Seiberg-Witten map.
Unlike their case, such a formulation for the Jordanian

twist is an a priori open problem. Alternatively, however,
one can study the Baxter’s equation representation of the
spin chain.

C. Energy from Baxter’s equation

In this Section, we compute the energy of the deformed
ground state of the Jordanian-twisted J ¼ 2 spin chain
using our result (5.30). As we find ourselves in the situation
where the traditional Bethe ansatz techniques cannot
provide a full description of the model, we have to resort
to more advanced methods for this purpose. One such
approach is the quantum separation of variables (qSoV),
pioneered by Sklyanin [71], which has been successfully
applied to many cases where the ABA is not applicable
[59–61]. While a complete implementation of the qSoV
formalism is beyond the scope of this work, it nonetheless
provides a practical way to extract the ground state energy,
and may give indications to future applications of qSoV.
For slð2;RÞ based systems, the central object is the

following Baxter TQ relation

ΔþðuÞQðu − iÞ þ Δ−ðuÞQðuþ iÞ ¼ τðuÞQðuÞ; ð5:35Þ

where we used the notation f½k�ðuÞ ≔ fðuþ iksÞ and
f�ðuÞ ¼ f½�1�ðuÞ. Here τðuÞ is the transfer matrix eigen-
value, ΔðuÞ a model specific coefficient, and QðuÞ is
Baxter’s Q function [72], defined up to multiplication by i
periodic functions in u. In the undeformed, slð2;RÞXXXs
spin chain with s ¼ −1=2,35 Baxter’s equation reads
[59,60]

ðu − i=2ÞJQðu − iÞ þ ðuþ i=2ÞJQðuþ iÞ ¼ τðuÞQðuÞ:
ð5:36Þ

This form was originally obtained from reformulations of
the Bethe ansatz equations, but it can also be derived
directly via representation theory of Yangian algebras,
where it arises as consequences of fusion relations, see
[27,73] and [69]. Importantly, Drinfel’d twists preserve the
level-0 algebra and the regularity of the Rmatrix. It has also
be shown explicitly that the form (5.36) remains valid for
chains deformed by Abelian twisted-boundary conditions
[19,20,73,74], but with modified analytic structure for τðuÞ
and QðuÞ. All of these models can be formulated as closed
undeformed spin chains that are Yangian invariant in the
bulk, while their boundary conditions break the Yangian
symmetry.36 It is therefore expected that Baxter’s equation
is formally of the same form in all models based on rational

32It would however be interesting to explore whether a twisted
version of the Casimir (5.32) could play a role in the deformed
spectrum.

33A closed form to the ODE in the dipole case was obtained in
[20], which showed a smooth connection to the undeformed
higher-spin states labeled by S therein.

34A possible reason for this may be the equivalence of
Jordanian sigma models with a non-Abelian T-duality trans-
formation over the Borel subalgebra of slð2; RÞ after deforma-
tion-dependent field redefinitions, and it would be interesting to
understand that also in this context.

35Note that compared to [59,60], where the Casimir is
C ¼ sðs − 1Þ, one should send s → −s.

36This also includes the undeformed XXX chain with periodic
boundary conditions [75].
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slð2;RÞ R matrices, i.e., with the same coefficients ΔðuÞ,
even when the boundary breaks the symmetry. While we
are not aware of a general algebraic proof, [69] and
references therein support this expectation.
In the case of the Jordanian-twisted chain, we are as of

yet not in a position to derive bothQðuÞ and τðuÞ from first
principles (that is, in the absence of ABA and a known
complete analytic structure in u). Instead, we reverse
engineer: As argued, we assume that the TQ equation (5.36)
retains its form in the twisted-boundary picture, i.e., with
the same coefficients ΔðuÞ, but with modified analytic
structure of τξðuÞ and QξðuÞ

ðu− i=2ÞJQξðu− iÞ þ ðuþ i=2ÞJQξðuþ iÞ ¼ τξðuÞQξðuÞ:
ð5:37Þ

We then determine QξðuÞ from the explicit result (5.30) of
the transfer matrix τξðuÞ for the deformed ground state. The
Baxter equation thus serves here merely as a reformulation
of the result and may offer a starting point for generaliza-
tions. We will however use that the derivedQξðuÞ functions
around u ¼ 0 typically encode the energy of the XXX−1=2
Hamiltonian as (see, e.g., [67])

E ¼ iλ
8π2

∂u

�
log

Qξðuþ i=2Þ
Qξðu − i=2Þ

�
u¼0

; ð5:38Þ

while the u → ∞ asymptotic regime encodes the boundary
conditions (to which we will come back to in the next
section).
By demanding regularity at u ¼ 0 we take a general

polynomial ansatz for the Qξ function, where the coef-
ficients may depend on ξ. Following the structure of the
eigenvalue (5.30), which is a polynomial of degree two in u
with coefficients that are an infinite series in ξM, we can
thus take

QξðuÞ ¼
X∞
k¼0

Xk
n¼0

cn;kunðξMÞk: ð5:39Þ

One can then simply solve Baxter’s equation as an
expansion in ξ for the unknown coefficients cn;k. A solution
for the deformed ground state then reads37

QξðuÞ ¼ 1þ ξMþ ξ2M2

�
1−

u2

24

�
þ ξ3M3

þ ξ4M4

�
1−

329u2

8640
þ u4

1920

�

þ ξ5M5

�
1−

31u2

8640
−

u4

1920

�
þOðξ6M6Þ; ð5:40Þ

with energy

EGS ¼
λ

π2

�
ξ2M2

96
−
ξ3M3

96
þ ξ4M4131

13824

−
ξ5M559

6912
þOðξ6M6Þ

�
: ð5:41Þ

We can in principle compute these to arbitrary order in ξ.
As before, we clearly see a deformation that depends only
on the combination ξM. Although with a lacking Seiberg-
Witten map and gauge theory interpretation, we did not
benchmark this result (as it was done in [20]), we hope it
provides useful input for future studies. We will come back
to this in a follow up [68].

VI. ASYMPTOTICS AND TWISTS OF THE Q
FUNCTIONS AT ALL LENGTHS

As we were able to diagonalisz the transfer matrix only
for the J ¼ 2 case, a complete construction of the Qξ

functions for arbitrary chain length J is not straightforward
at this point. In particular, we lack a direct derivation of the
full spectrum or the corresponding analytic structure that
would normally support Baxter’s equation. Nevertheless,
following the same logic as in the previous section, we can
still extract meaningful information from the asymptotic
u → ∞ structure of the twisted transfer matrix (3.58) at any
J. See (5.15) for its formal expression in the þ1=2
representation of a, but generalized to arbitrary physical
sites. In particular, we will focus here on the u → ∞ regime
of theQ functions, which typically encodes spectral charges
and twisted-boundary conditions of the chain.
Let us thus consider (5.15) at any length J ≥ 2, acting on

M̂ eigenstates. By induction, one can show that the
asymptotics of its eigenvalue around u → ∞ reads38

37Here, for simplicity of the presentation, we have set all
remaining free coefficients of the polynomial ansatz to cn;k ¼ 1,
since their explicit value did not affect the resulting energy EGS
given below.

38One can prove this starting from the inductive hypothesis that
the elements AðuÞ, CðuÞ, DðuÞ of the undeformed monodromy
matrix TðuÞ ¼ RaJ � � �Ra1 at length J read

AðuÞ ¼ uJ þ iuJ−1ΔJ−1ðhÞ þOðuJ−2Þ;
CðuÞ ¼ iuJ−1M̂ þOðuJ−2Þ;
DðuÞ ¼ uJ − iuJ−1ΔJ−1ðhÞ þOðuJ−2Þ; ð6:1Þ

which is easily verified for J ¼ 1, 2 using the definition of the R
matrix (5.1), and J0 ¼ J þ 1 when assuming the above holds for
general J.
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τ̂ξðuÞ ¼
2þ ξM̂ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM̂

p uJ þOðuJ−2Þ;

τξðuÞ ¼
2þ ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p uJ þOðuJ−2Þ; ð6:2Þ

where crucially, after a nontrivial cancelation, there
is no remaining ΔJ−1ðhÞ or OðuJ−1Þ contribution.
Asymptotically this implies constant twisted behavior, as
we will explain. This is in stark contrast to the dipole
deformation [20], where the twist introduces a nontrivial
contribution at OðuJ−1Þ, which ultimately results in
involved nonanalytic (in particular nonpowerlike, square-
root exponential) behavior of the Qξ functions, cf.
Eq. (6.17) therein.
The leading and subleading terms in the asymptotic

expansion of τξðuÞ are sufficient to extract the (effective)
leading u → ∞ asymptotics of the Qξ function. Noting
that, up to an overall factor, τξðuÞ has the same asymptotic
structure as its undeformed counterpart, it is natural to
consider the following ansatz (see also [27,76]) around
u → ∞

QξðuÞ¼ euϕ½power-series� ¼ euϕðuαþβuα−1þOðuα−2ÞÞ;
ð6:3Þ

where ϕ, α, and β are parameters to be fixed from Baxter’s
equation (5.37). After cancelling an overall euϕ factor, the
leading behavior of (5.37) at u → ∞ reads

�
eiϕ þ e−iϕ −

2þ ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p

�
uJþα þOðuJþα−1Þ ¼ 0; ð6:4Þ

which gives a simple equation for ϕ, solved by

ϕ ¼ � i
2
ln ð1þ ξMÞ þ 2πn; ∀ n∈N: ð6:5Þ

The subleading term then reads

�
eiϕ
�
iJ
2
þ iαþ β

�
− e−iϕ

�
iJ
2
þ iα − β

�

−
2þ ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p β

�
uJþα−1 þOðuJþα−2Þ ¼ 0: ð6:6Þ

Upon the result for ϕ in (6.5) the terms proportional to β
cancel, so that this equation is satisfied only for α ¼ − J

2
. In

conclusion, depending on the sign for ϕ, we have two
possible choices for the leading asymptotics of the QξðuÞ

function, which we denote by Q1;2. Explicitly
39

Q1ðuÞ ¼ ð1þ ξMÞi2uðu−J
2 þOðu−J

2
−1ÞÞ;

Q2ðuÞ ¼ ð1þ ξMÞ−i
2
uðu−J

2 þOðu−J
2
−1ÞÞ: ð6:7Þ

Baxter’sQ function is then generically a linear combination
of Q1 and Q2.
Baxter Q functions are not isolated objects: they satisfy

additional algebraic constraints known as the QQ relations
that encode the same integrable (TQ) structure from a more
algebraic point of view [76]. In the case of slð2;RÞ-
symmetric models, the QQ relations read

Qþ1 Q
−
2 −Q−

1Q
þ
2 ¼ Q0Q12; ð6:8Þ

where we recall, for s ¼ −1=2, f� ≔ fðu ∓ i
2
Þ. The

functions Q0 and Q12 are additional, auxiliary Q functions
encoding details of our model. One can however generi-
cally set Q12 ¼ 1 by a rescaling (also referred to as gauge
transformation [76,77]). Using the asymptotic behavior of
Q1 and Q2, we can thus also determine Q0 at large u

Q0 ∼ u−J
ξMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p ¼ u−J

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM

p
−

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ξM
p

�
;

u → ∞: ð6:9Þ

Interestingly, the asymptotics of Q0 and the overall
exponential behavior of Q1 and Q2 match with the
expressions obtained for spin chains with twisted-boundary
conditions determined by a constant twist matrix βa ¼
e2iϕha [19,27,73,74,76], which are of the form

eJþa ¼ eað1þ ξMÞ; hJþa ¼ ha;

fJþa ¼ fað1þ ξMÞ−1; ð6:10Þ

as were derived from the twisted XXX-Hamiltonian in [27],
cf. (2.16) and (2.21) therein. While the subleading behavior
of our Q functions should differ from the case of constant
twists, it is nevertheless interesting to note that the above

39Note that we do not reproduce the Q asymptotics of the
undeformed model, which depends on the integer Cartan charge
S1 of slð2;RÞ that corresponds to an AdS spin in the SLð2;RÞ
sector of the string sigma model. This may be expected: First, the
Baxter equation is a difference equation that does not necessarily
have smooth dependence on continuous parameters such as ξ or
M. This is what happens for Abelian twists too, see, e.g., [19,20].
Second, as explained in Secs. II B (also II C) and III D, the
Jordanian deformation explicitly breaks the symmetry associated
to S1. The fact that such a charge does not appear in the Q
asymptotics also happens in the classical spectral curve of the
Jordanian string [12], where the asymptotics of the quasimo-
menta are determined only by the twist charge, energy E and a
spin S2 [one outside of the SLð2;RÞ sector studied here], rather
than E; S1; S2.
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expression coincides with the Jordanian twisted-boundary
conditions (3.60) once M̂ is replaced by its eigenvalue. We
consider this as additional support of (3.60) and more
generally (3.39). Furthermore, the twist charge ϕ has an
expression that is very reminiscent of the sigma model twist
charge (2.14), which appears in the leading asymptotics of
the classical spectral curve of the Jordanian string [12] (at
least at large λ and after field redefinitions, see the
discussion in that Section). At last, we note that the
expression βa ¼ e2iϕha also coincides with the classical
twist of the twisted monodromy (A7).
The asymptotic resemblance to a chain with constant

twist is interesting. However, even without explicitly
analyzing the subleading behavior, which should be twisted
by genuine operators, we know thatQ functions derived for
constant twists are not compatible with our story. In fact,
spin chains with constant twists such as βa ¼ e2iϕha in [19]
would preserve only a Uð1Þ symmetry associated to the
Cartan operator ΔJ−1ðhÞ, while the M̂ ¼ ΔJ−1ðeÞ sym-
metry would be broken, yet exactly the opposite happens
for the Jordanian chain.

VII. CONCLUSIONS

In this work, we studied the proposed spin chain
description of a Homogeneous Yang-Baxter deformation
of the AdS5 × S5 superstring sigma model of Jordanian
type, focusing on its formulation via Drinfel’d twists of the
associated Rmatrix. By analyzing the dilaton profiles of all
possible Jordanian deformations that yield type IIB super-
gravity backgrounds, we first identified a “minimal”
Jordanian deformation40 with constant dilaton, a property
that suggests a valid supergravity approximation and that is
nontrivial only in a SLð2;RÞ sector. To understand the
string-spin correspondence in this setup, we studied a
BMN-like string solution that is nontrivial only in an
AdS3 × S1 subspace of AdS5 × S5. The relevant spin chain
in this case is the Jordanian Drinfel’d twist of the slð2;RÞ-
invariant XXX−1=2 Heisenberg spin chain.
Beyond this motivating example, we approached the

topic of closed Drinfel’d twisted spin chains more generally,
deriving universal formulas for their monodromy and
transfer matrices. We further formalized the expectation
that all closed Drinfel’d twisted models are equivalent to
undeformed models with twisted-boundary conditions, by
proposing a new method to derive the twist on one-site
algebra generators when traversing the spin chain. Our
framework reproduces the Abelian Drinfel’d-Reshetikhin

case (see, e.g., [18,20,27,57]) and passes several nontrivial
checks. Crucially, we extended this understanding to the
non-Abelian Jordanian case and identified its boundary-
twist operator, which is consistent both with the classical
string expression of [11,12] at large ’t Hooft coupling and
the asymptotics of the Q system of the length J spin chain.
To our knowledge, the Jordanian twisted-boundary con-
ditions we obtain are the first for Drinfel’d twists that are
neither (successively) Abelian nor r symmetric. Such twists
belong to an equivalence class connected via co-boundary
Drinfel’d twists [30,55]. While these transformations are
expected to preserve physical observables, it would be
interesting to understand how they affect the gluing reali-
zation of the spin chain and the sigma-model formulation.
In the rest of the paper we used the twisted-boundary

formulation to initiate the spectral analysis of the Jordanian
slð2;RÞ-XXX−1=2 spin chain. A central aspect is that the
twist breaks the full slð2;RÞ symmetry, and in particular its
Cartan generator. Instead, we used the residual symmetry
generated by M̂ ¼ ΔJ−1ðeÞ, with e a root generator of
slð2;RÞ, to study the spectrum. Using the coherent state
representation, we obtained a first string-spin agreement by
comparing the ground state energy shift in the twisted spin
chain with the classical energy shift of the BMN-like string
solution in the continuum (large J) limit. At short lengths
(J ¼ 2), we computed the spectrum of the twisted transfer
matrix perturbatively in the representation space parameter
and in the deformation parameter. Interestingly, within our
differential analysis we found that the Jordanian twist
connects only the ground state of the undeformed chain,
while the magnon excitations associated to higher total spin
appear to be hidden in the deformed spectrum. It would be
very interesting to find an explicit understanding on how
the magnons are repackaged in the twisted picture. We
eventually used the J ¼ 2 transfer matrix eigenvalue of the
deformed ground state as an input to Baxter’s equation to
obtain its energy.
In the zero-charge sector of M̂, we observed that the

transfer matrix spectrum remains undeformed. This appears
consistent with the work [28] on the same model, where a
trivial spectrum was obtained when relying on a Fock space
decomposition, which should effectively truncate part of
the Hilbert space to M̂ charge M ¼ 0. This supports the
interpretation of Drinfel’d twists as deformations that only
affect sectors of the spectrum with nonzero charge under
the symmetry used to construct them. However, we are not
yet in a position to propose a change of basis of the full
Fock space to eigenfunctions of the Hamiltonian. In fact,
without a smooth connection to the magnon states, it is
unclear that our deformed M̂ eigenfunctions span the whole
Hilbert space. It is thus possible that the Hamiltonian
remains nondiagonalizable in other sectors of the Hilbert
space, as supported by [28].
Looking forward, the rather simple asymptotic behavior

of Baxter’s Q functions andQQ system at general length J

40The only other possible Jordanian backgrounds with con-
stant dilaton profiles are necessarily nontrivial in subalgebras of
psuð2; 2j4Þ that are of higher rank than slð2;RÞ. In general it
would be interesting to extend our analysis to the full
psuð2; 2j4Þ, especially considering the unimodular fermionic
extension of the minimdal model, and investigate higher-rank
cases as well.
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suggests a possible treatment via the quantum spectral
curve and separation of variables program. A crucial next
step is to determine the full analytic structure of the Q
functions and to obtain closed-form expressions in ξ, at all
length J. Understanding the fate of the magnon states and
their Bethe root structure would prove key for this. We
leave this for future work. It would then be particularly
interesting to take the large J limit of the spectrum and
compare it with the classical string prediction and its
semiclassical corrections, as computed in [12], to further
support the string-spin correspondence in the overlapping
continuum/semiclassical regime and the use of Baxter’s
equation.
Another intriguing open problem is the formulation of an

integrable (quantum) S matrix for the Jordanian string sigma
model. Recent work has observed particle production
involving massive asymptotic states [33], which appears
to challenge the use of integrable methods based on
factorized S matrices. This analysis was performed after
adopting an “alternative” light-cone gauge-fixing based on
the residual symmetries [78]. However, our results, along
with those of [28], suggest that the notion of a fixed number
of asymptotic particles is not well defined in the deformed
setting. After adopting the Hilbert space according to
residual symmetries, the discrete excited states are not
straightforwardly realized in the deformed model. This
supports the interpretation that Jordanian deformations
fundamentally alter the structure of the asymptotic
Hilbert space. Additionally, [28] explicitly observed that
the original Fock states in the undeformed chain mix after
the deformation. In the recent work [34], production
processes involving massless and soft particles were also
found in the continuum limit of a deformed spin chain of
Jordanian type. There, it was proposed that a consistent
scattering framework may exist by absorbing soft particles
into the asymptotic Hilbert space via Faddeev-Kulish
coherent states [79]. It would be interesting to explore
whether such a construction can accommodate the massive
particle production observed in the Jordanian sigma model
using coherent M̂ eigenstates as we employed here.
More broadly, the approach developed in this work may

provide new insights into the construction of a dual
deformed gauge theory, in which the spin chain
Hamiltonian should arise as the one-loop anomalous
dimension of a twisted scaling operator, and the relevant
basis of gauge-invariant operators. This would not only
enhance our understanding of non-AdS holography and its
possible nonrelativistic field theory realizations, but also
provide valuable structural input for theQ system, similar to
what has been achieved in previous integrability construc-
tions. It is still a widely open problem for Jordanian models
due to technical complications from noncommutative cal-
culus, but significant progress has been made in the case of
(successive) Abelian twists of the Poincaré subalgebra of
AdS in [21].
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APPENDIX A: COMMENTS ON THE CLASSICAL
LIMIT OF TWISTED TRANSFER MATRIX

In this Appendix, we discuss the classical limit of the
twisted transfer matrix (3.58), and comment on its relation
to the twisted-boundary conditions, as well as connections
to the would-be sigma-model dual of the Jordanian-twisted
spin chain considered in this paper.
For this purpose, it will be sufficient to take the auxiliary

space a in the two-dimensional spin-1=2 representation of
slð2;RÞ, with41

ha¼
1

2

�
1 0

0 −1

�
; ea¼

�
0 1

0 0

�
; fa¼

�
0 0

−1 0

�
: ðA2Þ

Consider then the twisted monodromy (3.58)

T⋆
a ðuÞ ¼

�
1 ξΔJ−1ðhÞ
0 1

��
AðuÞ BðuÞ
CðuÞ DðuÞ

�

×

� ð1þ ξM̂Þ−1=2 0

0 ð1þ ξM̂Þ1=2
�
; ðA3Þ

and the twisted transfer matrix τ̂ξðuÞ ≔ TrðT⋆
a ðuÞÞ.

41The slð2;RÞ Casimir

C ¼ h2 −
1

2
ðefþ feÞ ¼ sðsþ 1Þ ðA1Þ

is equal to 3
4
in this representation (i.e., s ¼ 1

2
).
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To start the spectral analysis (particularly in the context
of the ABA), one typically aims to rewrite τ̂ξðuÞ as

τ̂ξðuÞ ¼ TraðWaTaðuÞÞ; ðA4Þ

where we call Wa the twist matrix, which acts on the
auxiliary space. When Wa is diagonalizable, the change in
the (Bethe) spectrum of the twisted transfer matrix can then
be directly read off in terms of the eigenvalues of Wa (see,
e.g., [18,80,81]).
However, to relate the Jordanian twisted case (A3) to

(A4), observe that this is only possible when τ̂ξðuÞ acts on
(energy) eigenstates ΨM of the M̂ ¼ ΔJ−1ðeÞ operator, as
we also do throughout the main text, so that M̂ΨM ¼ MΨM.
On such states, we can write

Wa ¼
� ð1þ ξMÞ−1=2 ξð1þ ξMÞ−1=2ΔJ−1ðhÞ

0 ð1þ ξMÞ1=2
�
: ðA5Þ

However, this object still contains the operator ΔJ−1ðhÞ, so
Wa remains nondiagonalizable as an operator on the full
spin chain. In the classical limit, we may instead replace
ΔJ−1ðhÞ by its expectation value in the state ΨM, i.e.,
H ≔ hΨMjΔJ−1ðhÞjΨMi. This turns the twist Wa into an
ordinary 2 × 2 matrix, which can now be trivially diagon-
alized by a change of basis in the auxiliary space. Its
eigenvalues are ð1þ ξMÞ�1=2, and the corresponding
eigenvectors

v−a ¼ ð1; 0Þ; vþa ¼ ðM−1H; 1Þ; ðA6Þ

resulting exactly in

Wa ¼ e−ha logð1þξMÞ: ðA7Þ

This is consistent with the twisted-boundary conditions
(3.60) of the spin operators derived in Sec. III C, as well as
the asymptotics of the Q functions discussed in Sec. VI,
which have been used for the study of the semiclassical
coherent states in Sec. IV. In particular, these boundary
conditions are governed by the symmetry operator M̂ but
not by ΔJ−1ðhÞ.
Interestingly, for M ¼ 0 eigenstates, the eigenvectors

(A6) become ill defined. In that case, the classical twistWa
obtains a Jordan block structure and is not diagonalizable.
This aligns with the observation that the spectrum is
undeformed in such sectors, as seen from the ξM expansion
in (5.30) (see also [28]).
Finally, it is interesting to note that a similar classical

freedom to diagonalizeWa appears in the Jordanian sigma-
model analysis. There, in the undeformed but twisted
formulation, the sigma-model fields obey twisted-boundary
conditions governed by W as in (2.13). This same object
appears in the conserved monodromy of the twisted model,

whose diagonalized form has an asymptotic expansion in
terms of local charges [the sigma-model equivalent of (A4),
see [11,12,45] for more details]. A sigma-model field
redefinition in fact allows one to remove the twist charge
q in W [which may be seen as the classical sigma-model
analog of ΔJ−1ðhÞ]. This results in a diagonal twist
W0 ¼ expðQhÞ, which depends only on the conserved
charge Q [which may be seen as the sigma-model analog
of ΔJ−1ðeÞ at large λ]. See Eq. (2.13) and the surrounding
discussions below, as well as Secs. 4.3 and 7 of [12] for
further details. Importantly, this diagonalization is only
possible in sectors of classical sigma-model solutions where
Q ≠ 0. When Q ¼ 0 (which we may understand as M ¼ 0
eigenstates of the spin chain), the twist is not diagonalizable
but instead becomes of Jordan form. Similarly, the twisted-
boundary conditions (3.60) are consistent with W0 ¼
expðQhÞ at large λ.
It would be interesting to understand whether these

transformations—field redefinitions in the sigma model
and basis changes of the auxiliary space in the spin chain—
can be interpreted as Hopf algebra isomorphisms, possibly
induced by co-boundary Drinfel’d twists [30,55].

APPENDIX B: SINGULAR ODES
AND THEIR FORMAL RESOLUTION

In this Appendix, we present a method for obtaining the
formal solution gðzÞ to ODEs of the form (5.17), which are
singular at some point z ¼ λ. A standard reference for this
purpose is the book [82], but we will follow the algorithm
and terminology of [83] here.
The first step is to recast (5.17) as a first order ODE in

vector form. We let vðzÞ ≔ ðgðzÞ; g0ðzÞ; g00ðzÞÞT and rewrite
(5.17) as the generic system

dvðzÞ
dz
¼ AðzÞ
ðz − λÞ1þp½A� vðzÞ; ðB1Þ

that one also denotes formally as [A]. Here, p½A� is an
integer called the “Poincaré” rank of [A], determined by
requiring that the matrix AðzÞ is analytic at z ¼ λ, i.e., it has
a regular polynomial expansion, with a constant leading
term. When p½A� < 0, the point z ¼ λ is a regular point.
When p½A� ¼ 0, it is a singularity of the first kind, and for
p½A� ≥ 1, it is a singularity of the second kind. In our case,
we have λ ¼ 0 and

AðzÞ ¼
X2
n¼0

Anzn ¼
1

8ξ

0
B@ 0 1 0

0 0 1

p1ðzÞ p2ðzÞ p3ðzÞ

1
CA; ðB2Þ

with piðzÞ as in Eqs. (5.18), and p½A� ¼ 1. Explicitly, the
coefficient matrices are
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A0¼

0
B@

0 0 0

0 0 0
2þξMþ16 ffiffiffiffiffiffiffiffiffi1þξMp

χξ
4ξ −1 0

1
CA; A1¼

0
B@

0 0 0

0 0 0

M2

4
2þξM

ξ −3

1
CA;

A2¼

0
B@

0 1 0

0 0 1

−M2ð2þξMÞ
8ξ

M2

4
2þξM
2ξ

1
CA: ðB3Þ

1. Regular and irregular singularities

Having singularities of the “first” and “second” kinds
classifies the form of the differential system, but it does not
determine the actual analytical behavior of its solution.
There are strong theorems of asymptotic analysis [82] that
guarantee that the generic differential system (B1) always
admits a formal solution around such singularities, at least
as an asymptotic trans-series. Depending on the nature of
the asymptotic expansion of the formal solution near z ¼ λ,
one further distinguishes between regular and irregular
singular points.
Regular singularities. In this case, the formal solution is

of the form

vðzÞ ¼ Pðz − λÞðz − λÞΛc; ðB4Þ

with Pðz − λÞ a regular asymptotic matrix expansion
around z ¼ λ, Λ a constant matrix, and c a vector of
integration constants. These solutions can be obtained by
(matrix versions of) Frobenius’s method.
Irregular singularities. In this case, the formal solution is

of the form

vðzÞ ¼ PðtÞtΛeqð1=tÞc; ðB5Þ

where P, Λ, and c are as above, t ¼ ðz − λÞ1=s, with s∈N0

called the branching exponent, and qð1=tÞ is a polynomial
in 1=t, called the exponential part, capturing the instantonic
behavior.
Singularities of the first kind are always regular, while

singularities of the second kind can be either regular or
irregular singularities. Our case is precisely of the second
kind, thereby making the analysis more subtle. However, as
we will now explain, one can also play with “gauge
transformations” of the system to try to map singularities
of the second kind to singularities of the first kind. To
simplify the upcoming formulas, we will take λ ¼ 0 from
now on, but having nonzero λ should be easily
reinstateable.

a. Gauge transformations

In certain cases, it is possible to simplify the singular
structure of the system [A] by means of a so-called “gauge
transformation.” Given (B1), one can consider the

transformation vðzÞ ¼ TðzÞwðzÞ with TðzÞ an invertible
matrix, and map it to a new, equivalent system

dwðzÞ
dz
¼ BðzÞ

z1þp½B�
wðzÞ;

BðzÞ ≔ z1þp½B�
�
T−1ðzÞAðzÞTðzÞ

z1þp½A�
− T−1ðzÞT 0ðzÞ

�
; ðB6Þ

with p½B� again such that BðzÞ ¼PN
n¼0 Bnzn for some

positive integer N. We will denote this system as
½B� ¼ T½A�. Importantly, while both systems are equivalent
in terms of their solutions, the Poincaré rank is generally
not invariant under such transformations. Specifically, a
TðzÞ with appropriately chosen behavior around z ¼ 0 can
raise or lower the rank by modifying the singular structure
via its derivative T 0ðzÞ. Constant TðzÞ do, however, leave
the rank invariant.

b. Moser reducibility

Given the generic system [A] in (B1), there exists a
criterion, due to Moser, for the reducibility of the system to
one with lower Poincaré rank. In particular,

∃TðzÞ such that p½T½A�� < p½A�
⇔ zrankðA0Þ detðα1 − A0z−1 − A1Þjz¼0 ¼ 0; ðB7Þ

for some generic α. As it turns out, our system (B2) has
rankðA0Þ ¼ 1 and thus satisfies this criterion. Since
p½A� ¼ 1, we are guaranteed that there exists a TðzÞ such
that p½T½A�� ¼ 0, giving us a singularity at z ¼ 0 of the first
kind, and a regular solution of the form (B4). In practice,
one can find such a TðzÞ by first doing a constant
gauge transformation to put A0 in its Jordan form, and
then by performing a “shearing transform” TðzÞ ¼
diagðzk1 ; zk2 ; zk3Þ with ki integers chosen such that the
rank reduces. After this, one usually does an additional
constant gauge transform to put also the leading term B0 of
½B� ¼ T½A� in Jordan form. The system can then be solved
by a Frobenius-like method. In our case, we find that
k1 ¼ 0 and k2 ¼ k3 ¼ 1 works.

c. Matrix Frobenius method (or Sauvage’s method)

Since we are in the regular singular case, we will use a
Frobenius-like method, known as Sauvage’s method, in the
matrix case. Looking at the form of the solution (B4), the
idea is to build the coefficients of the expansion of PðzÞ
around z ¼ 0 using recurrence relations. However, before
proceeding, we must distinguish two cases. Consider a
system with a singularity of the first kind

dwðzÞ
dz
¼ BðzÞ

z
wðzÞ; ðB8Þ
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and assume without loss of generality that B0 is in
Jordan form.
Resonant case. If some of the eigenvalues of B0 differ

with another by a positive integer, we are in the so-called
resonant case. We then need to perform additional shearing
transforms TðzÞ ¼ diagð1;…; 1; z; 1…1Þ with z in the
entry corresponding to the eigenvalue that differs from
the other by a positive integer. This will essentially reduce
this eigenvalue by 1, and we repeat this until we are out of
the resonant case. In our case, after reducing the system
from the second to the first kind and transforming the
leading B0 matrix to Jordan form, we find

B0 ¼

0
B@−2 1 0

0 −2 0

0 0 −1

1
CA; ðB9Þ

so that we are precisely in the resonant case. We transform
to a nonresonant case by performing the shearing trans-
form TðzÞ ¼ diagð1; 1; zÞ.
Nonresonant case. When no eigenvalue differs from

another by a positive integer, we can finally solve the
system. Consider again the generic system (B8) but with B0

now such that one is in the nonresonant case. The solution
is then given by

wðzÞ ¼ PðzÞzB0c; with PðzÞ ¼
X∞
n¼0

Pnzn; ðB10Þ

with, as usual, c a vector of integration constants, and the
coefficients of PðzÞ given by the solutions of

P0 ¼ 1; ðB0 − n1ÞPn −PnB0 ¼ −
Xn−1
l¼0

Bn−lPl: ðB11Þ

The condition that no eigenvalue differs by positive integer
is what guarantees that (B11) has a unique solution for all
n. It is a Sylvester equation, which has well-studied
solutions, and one can solve it through recurrence relations
using, e.g., the LyapunovSolve method in Mathematica.
After transforming the resonant case (B9) with the

shearing transform, we find the following leading matrix
in Jordan form

B0 ¼

0
B@−2 1 0

0 −2 1

0 0 −2

1
CA; ðB12Þ

which is a three-dimensional Jordan block. This is what
causes both the logðzÞ and log2ðzÞ in (5.19) to appear.
The − 2 eigenvalues of B0 further imply that (B10) leads
with z−2, which is eventually shifted to z0 by the successive
shearing and Jordan transforms that bring us back to the
original system [A], reproducing finally (5.19).
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