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We use a novel real-time formulation of the functional renormalization group (FRG) for dynamical
systems with reversible mode couplings to study model H, the conjectured dynamic universality class of the
quantum chromodynamics (QCD) critical point. We emphasize the structural similarities with model G,
conjectured to be the dynamic universality class of the chiral phase transition in the limit of two massless
quark flavors. Importantly, our formulation of the real-time FRG preserves all relevant symmetries
throughout the FRG flow which, e.g., guarantees the nonrenormalization of the reversible mode couplings,
as but one exact result. We derive nonperturbative RG flow equations for the kinetic coefficients of both,
model G and H, in parallel, and discuss commonalities and differences in the resulting fixed-point structure
and dynamic critical exponents, such as weak-scaling relations which hold in either case versus the
characteristic strong scaling of model G which is absent in model H.
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Introduction. Relativistic heavy-ion collision experiments
at various beam energies allow to probe the phase structure
of quantum chromodynamics (QCD) at finite temperature
and baryon density. One of the conjectured features of the
QCD phase diagram thereby is the existence of a critical
point at the end of a first-order transition line [1]. To
identify such a QCD critical point experimentally one
searches for signatures of criticality, for example, in cumu-
lants of conserved charges [2]. However, since the fireball
created in a heavy-ion collision is a rapidly evolving
system, one needs to understand the time evolution of
these critical fluctuations [3,4]. Similar to equilibrium/
static critical phenomena, dynamic critical phenomena fall
into universality classes [5]. The basic idea is that one may
be able to understand the dynamics of critical fluctuations
in a heavy-ion collision by studying a simpler system from
the same dynamic universality class.
The universality classes for dynamic critical phenomena

were classified by Hohenberg and Halperin in Ref. [5].
The ones relevant for critical dynamics in QCD, by their
classification, are model G of a four-component Heisenberg
antiferromagnet, the dynamic universality class of the

chiral transition in the two-flavor chiral limit [6], and
model H of the liquid-gas transition in a pure fluid as well
as the QCD critical point [7].
To study critical dynamics naturally requires real-time

methods. Classical statistical simulations have been used to
investigate the dynamic critical behavior of models A, B,
and C [8–14], the Oð4Þ model G [15–17], as well as
recently also model H [18]. Functional methods such as
real-time formulations of the functional renormalization
group (FRG) can also be used to study dynamic critical
behavior. Previous studies on critical dynamics using the
real-time FRG mainly focused on the relaxational models
A, B, and C [19–22]. Models G and H, on the other hand,
comprise the additional complication of nonlinear revers-
ible mode couplings which are protected from renormal-
ization by Ward identities [23]. Ignoring these subtleties,
a first real-time FRG study of model H led to reasonable
values for the dynamic critical exponent of the order-
parameter fluctuations [24]. Because the truncation scheme
was not symmetry preserving, however, additional ad hoc
assumptions on the static FRG flow and on the reversible
mode couplings had to be made to achieve these results.
In such a situation it is particularly important to have a
formulation of the real-time FRG which manifestly pre-
serves the nontrivial symmetries such as an extended
temporal-gauge symmetry of the associated Martin-
Siggia-Rose (MSR) action. In Ref. [23] we have demon-
strated explicitly how this can be consistently achieved for
model G, by introducing the external classical sources as
well as the FRG regulators not directly in the MSR action
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but one level lower in the Landau-Ginzburg-Wilson (LGW)
free energy of the system. The same methodology applies
to model H.
In this paper we therefore review this real-time FRG

formulation for model G and, in parallel, derive that for
model H, emphasizing the structural similarities and
differences between the two. In particular, our earlier work
[23] thus allows us to consistently formulate a symmetry-
preserving real-time FRG flow for the first time here for
model H as well. As one of our main results, we derive
nonperturbative RG flow equations for the kinetic coeffi-
cients of models G and H. After introducing dimensionless
combinations of the dynamic couplings, we obtain flow
diagrams and study fixed-point structure, dynamic scaling
relations, and the dependence of the resulting dynamic
critical exponents on the number of spatial dimensions.
Finally, we comment on possible future applications.

Equations of motion for model G/H. The static critical
behavior of an N-component order parameter ϕ is
described by the Landau-Ginzburg-Wilson free energy,

F ¼
Z

ddx

�
1

2
ð∂iϕaÞð∂iϕaÞ þ

m2

2
ϕaϕa þ

λ

4!N
ðϕaϕaÞ2

�

ð1Þ
in d spatial dimensions, with m2 < 0 to spontaneously
break the OðNÞ symmetry, and with quartic coupling λ.
To study dynamic critical phenomena, one also needs to
specify the equations of motion which reflect the dynamic
universality class of the system. According to the classi-
fication by Halperin and Hohenberg [5], this depends on
whether the order parameter is conserved or not, whether
there are other conserved quantities present in the system,
and whether these exhibit nontrivial couplings with the
order parameter, as expressed through nonvanishing
Poisson-bracket relations.
In case of OðNÞ model G [25] the N-component order

parameter is not conserved, but couples reversibly to a set
of NðN − 1Þ=2 conserved-charge densities, which can be
summarized in an antisymmetric tensor nab. Statically, the
fluctuations of the charge densities are noncritical and as
such appropriately described by a quadratic term with
susceptibility χ in the free energy, replacing

F → F þ
Z

ddx
nabnab
4χ

: ð2Þ

The charge densities and the order parameter satisfy the
Poisson-bracket algebra

fϕaðx⃗Þ; nbcðx⃗0Þg ¼ ðδacϕb − δabϕcÞδðx⃗ − x⃗0Þ; ð3aÞ
fnabðx⃗Þ; ncdðx⃗0Þg ¼ ðδacnbd þ δbdnac

− δadnbc − δbcnadÞδðx⃗ − x⃗0Þ; ð3bÞ

reflecting the fact that in model G the charge densities are
the generators ofOðNÞ transformations. With these Poisson
brackets, the equations of motion for model G can be
written as [26,27]

∂ϕa

∂t
¼ −Γϕ δF

δϕa
þ g
2
fϕa; nbcg

δF
δnbc

þ θa; ð4aÞ

∂nab
∂t

¼ γ∇!2 δF
δnab

þ gfnab;ϕcg
δF
δϕc

þ g
2
fnab; ncdg

δF
δncd

þ ζab; ð4bÞ

where the Gaussian white noises θ and ζ⃗ have variances set
by the fluctuation-dissipation relation (FDR),

hθaðt; x⃗Þθbðt0; x⃗0Þi ¼ 2Γ0Tδabδðx⃗ − x⃗0Þδðt − t0Þ;
hζabðt; x⃗Þζcdðt0; x⃗0Þi

¼ −2γTðδacδbd − δadδbcÞ∇!2
δðx⃗ − x⃗0Þδðt − t0Þ; ð5Þ

and drive the system toward the equilibrium Boltzmann
distribution. For N ¼ 4, the Oð4Þ model G represents the
dynamic universality class of the SUð2ÞL × SUð2ÞR →
SUð2ÞV chiral phase transition in QCD with two massless
quark flavors and anomalously broken axial UAð1Þ [6],
where the six charge densities belong to the conserved
isovector and isoaxial-vector currents.
In model H, the order parameter ϕ has one component, is

conserved, and couples reversibly to the transverse part of
the conserved momentum density j⃗ [5]. The static fluctua-
tions of the latter are again noncritical. In the free energy (1)
the momentum density appears in the form of a kinetic
energy with mass density ρ,

F → F þ
Z

ddx
j⃗ 2

2ρ
: ð6Þ

The components of the momentum density are the gen-
erators of spatial translations, so their Poisson-bracket
algebra with the order parameter is given by [28]

fϕðx⃗Þ; jlðx⃗0Þg ¼ ϕðx⃗0Þ ∂

∂x0l
δðx⃗ − x⃗0Þ;

fjlðx⃗Þ; jmðx⃗0Þg ¼
�
jlðx⃗0Þ

∂

∂x0m
− jmðx⃗Þ

∂

∂xl

�
δðx⃗ − x⃗0Þ: ð7Þ

With these Poisson brackets, we can express the equations
of motion of model H [5,29] as

∂ϕ

∂t
¼ σ∇!2 δF

δϕ
þ gfϕ; j⃗g · δF

δj⃗
þ θ; ð8aÞ

∂jl
∂t

¼ T lm

�
η∇!2 δF

δjm
þ gfjm;ϕg

δF
δϕ

þ gfjm; jng
δF
δjn

�
þ ξl;

ð8bÞ
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where T is a transverse projector, which in momentum
space acts as T lmðp⃗Þ ¼ δlm − plpm=p⃗2. The Gaussian
noise terms θ and ξ⃗ have variances

hθðt; x⃗Þθðt0; x⃗0Þi ¼ −2σT∇!2
δðx⃗ − x⃗0Þδðt − t0Þ;

hξlðt; x⃗Þξmðt0; x⃗0Þi ¼ −2ηTT lm∇!2
δðx⃗ − x⃗0Þδðt − t0Þ: ð9Þ

Comparing the equations of motion of model G (4) and
model H (8), one immediately notices that the two merely
differ by: (a) the number of components of the order
parameter field, (b) its kinetic coefficient reflecting whether
it is conserved (model H) or not (model G), and (c) the
detailed expressions for the reversible mode couplings.
In model G, the term in (4a) describes Larmor precession
of the order parameter around the magnetic field generated
by the fluctuating charge densities nab, while in model H, the
corresponding term in (8a) describes advection of the order
parameter with the momentum density j⃗. Other than that, the
structural similarities ensure that the real-time FRG methods
developed in [23] can also be directly applied to model H.

Real-time FRG approach to model G/H. Nonperturbative
field-theoretic methods are needed to describe the critical
behavior in the vicinity of a second-order thermal phase
transition in d ¼ 3 spatial dimensions. One such method
which is particularly well approved for describing static
critical phenomena is the Euclidean FRG, e.g., see [30,31].
To describe dynamic critical phenomena, one evidently
needs real-time formulations, however. Since these phe-
nomena are essentially classical, effective descriptions are
usually based on the Martin-Siggia-Rose (MSR) formalism
[32–34], where one introduces an auxiliary response field ψ̃
for every classical field ψ , which allows us to express
multitime correlation functions as a path integral over an
associated MSR action.
By adding source terms of the form Jψ̃ and J̃ψ directly

to the MSR action, one can obtain a generating functional
Z½J; J̃� for multitime correlation functions, following stan-
dard field theory techniques. In presence of reversible mode
couplings, however, in order to obtain physical correlation
functions [35], it was suggested in Ref. [23] to insert
classical source terms of the form Jψ in the free energy (1)
instead of adding Jψ̃ in the MSR action. Due to the
nontrivial Poisson-brackets in the equations of motion (4)
and (8), this has the consequence that—on the level of the
MSR action—these classical sources J then couple to
composite fields Ψ̃, which are related to the standard
response fields ψ̃ by a linear but field dependent trans-
formation. We will therefore refer to those Ψ̃ as the
composite response fields.
By coupling the sources at the level of the free-energy,

i.e., F → F −
R
Jψ , it is ensured that (i) the classical

symmetry of thermal equilibrium [36] as well as (ii) an

extended temporal gauge symmetry related to the reversible
mode couplings, are maintained exactly in the presence of
classical external sources. The extended symmetry (ii)
expresses an invariance under time-gauged OðNÞ trans-
formations in model G [23], and the invariance under time-
gauged Galilean boosts in model H [37].
Next, to formulate the FRG flow equations [38], one

furthermore adds an RG-scale k dependent (spatial) regu-
lator term also on the level of the free energy, i.e. F →
F þ 1

2

R
ψRkψ , analogous to the way the (classical) external

sources are introduced. The central object in the real-time
generalization [39] of the standard FRG approach by
Wetterich [38] is the effective average MSR action Γk,
which is defined as the modified Legendre transform of
the scale-dependent Schwinger functional −i logZk, see
Eq. (S.5) in Supplemental Material [40]. The RG-scale
dependence of Γk is described by an (exact) real-time flow
equation [39]

∂kΓk ¼ −
i
2
Tr

�
∂kRk

Γð2Þ
k − Rk

�
: ð10Þ

Based on the above symmetries (i) and (ii), it was shown in
Ref. [23] that (a) the mode-coupling constant g is protected
from renormalization, and (b) the static FRG flow for the
free energy (1) is independent of the dynamics and simply
given by the standard d-dimensional Euclidean flow
equation [41]. In practice, these two exact results can
largely simplify the derivation of flow equations.
Introducing the source and regulator terms on the level of

the MSR action in the standard way (as if there were no
reversible mode couplings), and as done in Ref. [24] also
for model H, the symmetries (i) and (ii) are generally not
preserved. The violation of symmetries during the FRG
flow, on the other hand, typically introduces RG relevant
operators that would otherwise be excluded by symmetry.
These operators then need to be carefully fine-tuned to
vanish in the IR again in order to reach the correct fixed
point. To avoid such an additional fine tuning, and to
guarantee the exact results that we discuss below, it is
therefore necessary to set up an FRG flow that manifestly
maintains all the relevant symmetries.
For illustration, we first truncate the effective average

MSR action by simply promoting all couplings (m2, λ, Γϕ,
and γ for model G, and m2, λ, σ, and η for model H) to
depend on the FRG scale k. For the static FRG flow this
amounts to a simple “ϕ4-truncation” which in combination
with the flow of the kinetic coefficients here has the
advantage to provide an entirely analytical description
of the main qualitative features of dynamic scaling. We
employ the optimized regulator Rϕ

k ðp⃗Þ ¼ ðk2 − p⃗2Þθðk2 −
p⃗2Þ [42] for the order parameter ϕ and set the regulators for
the charge dentities nab and j⃗ to zero, as their static
fluctuations are anyway noncritical, and corresponding
spatial regulator terms thus RG irrelevant.
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The flow equations for the static quantitiesm2
k and λk are

given for arbitrary N in Refs. [23,41,43]. In addition, we
use the FDR to project the flow onto the kinetic coef-
ficients, as discussed for the order-parameter damping rate
Γϕ
k and charge mobility γk of model G in Ref. [23]. For

model H, the scale-dependent order-parameter mobility σk
and shear viscosity ηk can similarly by obtained from
second functional derivatives of the effective average MSR

action Γk with respect to composite response fields Φ̃ and ˜J⃗
[cf. Eq. (S.4) in [40] ] which are appropriate generalizations
of the ones introduced for model G in Ref. [23],

1

σk
¼ 1

2iT
lim
p⃗→0

p⃗2 lim
ω→0

δ2Γk

δΦ̃ð−pÞδΦ̃ðpÞ

����
0

; ð11Þ

1

ηk
¼ 1

2iT
lim
p⃗→0

p⃗2 lim
ω→0

T lmðp⃗Þ
d − 1

δ2Γk

δJ̃lð−pÞδJ̃mðpÞ

����
0

; ð12Þ

with four momenta p≡ ðω; p⃗Þ and evaluated at vanishing
field expectation values as indicated by ð� � �Þj0.
Using the definitions in (11) and (12), or the correspond-

ing ones for model G [23], one can project the flow
equation (10) onto the various kinetic coefficients, see
Eqs. (S.13)–(S.16) in the SM [40] for the explicit expres-
sions. The physically relevant information is then encoded
in the following dimensionless combinations of the kinetic
coefficients [27], first defined for model G,

wG ≡ χ
Γϕ
k

γk
; fG ≡ dΩdg2T

ð2πÞd
kd−4

Γϕ
k γk

; ð13Þ

and second for model H,

wH ≡ ρ
σkk2

ηk
; fH ≡ dΩdg2T

ð2πÞd
kd−4

σkηk
: ð14Þ

Here, wG and wH are just the ratios between the kinetic
coefficients of order parameter and conserved charges,
while fG and fH conveniently represent the prefactors of
the loop diagrams in the flow of the kinetic coefficients.
Inserting the usual dimensionless mass parameter

m̄2 ≡ k−2m2 into the flow equations for the kinetic coef-
ficients [cf. Eqs. (S.13)–(S.16) in the SM [40] ], one obtains
the dimensionless flow equations for fG andwG in model G,

k∂kfG¼fGðd−4Þ

þf2G

�
2

dð1þm̄2
kÞ3

−ðN−1ÞIdðm̄2;wGÞ
�
;

k∂kwG¼wGfG

�
2

dð1þm̄2
kÞ3

þðN−1ÞIdðm̄2;wGÞ
�
; ð15Þ

with the shorthand notation

Idðm̄2;wGÞ≡−
1

ð1þm̄2Þ2
�

1

1þð1þm̄2ÞwG

þ4−d
d−2

�
1−2F1

�
1;
d−2

2
;
d
2
;−

1

ð1þm̄2ÞwG

���
:

And the dimensionless flow equations for fH and wH in
model H are obtained analogously as

k∂kfH ¼ ðd− 4ÞfH þ f2H

�
1

dðdþ 2Þ
1

ð1þ m̄2Þ3

−
2ðd− 1Þ
dðd− 2Þ

�
1

ð1=wH þ ð1þ m̄2ÞÞ2 −
1

ð1þ m̄2Þ2
��

;

k∂kwH ¼ 2wH þwHfH

�
1

dðdþ 2Þ
1

ð1þ m̄2Þ3

þ 2

d− 2

� ðd− 1Þ
dð1=wH þ ð1þ m̄2ÞÞ2 −

d− 1

dð1þ m̄2Þ2
��

:

ð16Þ

Importantly, Eqs. (15)–(17) no longer depend on the
nonuniversal parameters ρ, g, and T, which stresses the
universal character of these nonperturbative flow equations.

Dynamic critical behavior of model G/H. Close to a critical
point, the dynamic critical exponent z describes the
divergence of the correlation time ξt ∼ ξz relative to the
correlation length ξ. Sufficiently close to the critical point,
on the other hand, the relevant infrared cutoff during the
FRG flow is set by the FRG scale k > 0, and the correlation
length effectively behaves as ξ ∼ 1=k, while the correlation
time ξt can be inferred from the position ωp of the
lowest lying pole of the dynamic response function, as
ξt ∼ 1= ImðωpÞ. Since for both, model G and H, the kinetic
coefficients themselves show critical power-law divergen-
ces with the FRG scale k, which can be quantified in terms
of logarithmic k-derivatives of the kinetic coefficients in
the scaling regime, i.e. xΓϕ ¼ −k∂k logΓ

ϕ
k and xγ ¼

−k∂k log γk for model G, or xσ ¼ −k∂k log σk and xη ¼
−k∂k log ηk for model H, these divergences also contribute
to the dynamic critical exponents.
We first focus on the critical dynamics of the order

parameter field ϕ. In model G the order parameter is not
conserved, and an explicit calculation of its (retarded)
propagator in our FRG truncation simply yields ωϕ ¼
−iΓϕ

km
2
k ∼ k2−xΓϕ , we therefore have zϕ ¼ 2 − xΓϕ . In con-

trast, in model H the order parameter, defined from
the entropy per particle, is conserved, and one obtains
the dispersion relation ωϕ ¼ −iσkp⃗2ðm2

k þ p⃗2Þ. Setting the
external momentum to jp⃗j ∼ k, one thus obtains an addi-
tional factor k2 in the dispersion relation, yielding
ωϕ ∼ σkk4 ∼ k4−xσ , so that zϕ ¼ 4 − xσ in model H.
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Note that we have omitted the anomalous dimension η⊥
of the order-parameter field here, which vanishes in our
ϕ4-truncation of the spatial flow. For η⊥ ≠ 0, these dynamic
critical exponents generalize to zϕ ¼ 2 − η⊥ − xΓϕ in
model G, and zϕ ¼ 4 − η⊥ − xσ in model H, respectively.
Moreover, in either case, the conserved charge densities

nab and j⃗ of model G and H, both also experience critical
slowing down due to the reversible couplings to the
order parameter. Setting the external momentum to jp⃗j ∼ k
again, their dispersion relations, ωn ¼ −iγkp⃗2=χ and
ωj ¼ −iηkp⃗2=ρ, both exhibit power laws, ωn ∼ k2−xγ and
ωj ∼ k2−xη , as well, from which one can deduce the
dynamic critical exponents zn ¼ 2 − xγ for the charge
densities nab in model G and zj ¼ 2 − xη for the transverse

momentum density j⃗ in model H.
Since the critical point corresponds to a fixed point of the

FRG flow, it is instructive to investigate the flow diagrams
for model G and H, which are shown in Figs. 1 and 2,
respectively, where the FRG flow lines are plotted in the
compactified ðwG=H; fG=HÞ plane [44]. One can see that for
model G there are two unstable fixed points at w�

G ¼ 0 and
w�
G ¼ ∞. In addition, there is the stable fixed point that

describes the critical dynamics of model G. In contrast, in
the flow diagram of model H, there is only one stable fixed
point at w�

H ¼ 0. With this information we can then look for
the stable fixed points in the dimensionless flow equations
of fG=H analytically:
For model G, with w�

G ≠ 0 and f�G ≠ 0 in Eq. (15), the
stable fixed point (in our truncation) is located at

f�G ¼ ð4 − dÞdð1þ m̄2Þ3
4

: ð17Þ

For model H, w�
H ¼ 0 implies that the term with 1=wH in

the denominator in (17) will tend to zero at the stable fixed
point and thus can be safely neglected, yielding

f�H ¼ ðd − 2Þð4 − dÞð1þ m̄2Þ3
2ðd−1Þ

d ð1þ m̄2Þ þ d−2
dðdþ2Þ

: ð18Þ

Now, using k∂kfG¼ðd−4þη⊥þxΓϕ þxγÞfG for model G
and k∂kfH ¼ ðd − 4þ η⊥ þ xσ þ xηÞfH for model H,
which follow directly from the definitions in Eqs. (13)
and (14) (here including field renormalization), we can
deduce that as long as the fixed-point value f� is finite (i.e.,
0 < f� < ∞), the following weak-scaling relations [27,35]
hold at the fixed point in either case,

xΓϕ þ xγ ¼ xσ þ xη ¼ 4 − d − η⊥: ð19Þ
If w� assumes a finite fixed-point value (i.e., 0 < w� < ∞)
as well, as in the case of the stable fixed point in model G,
then, from k∂kwG ¼ wGðxγ − xΓϕ − η⊥Þ, we also have the
strong-scaling relation,

xΓϕ ¼ xγ − η⊥: ð20Þ
With both w�

G and f�G nonvanishing and finite at the stable
strong-scaling fixed point of model G (cf., Fig. 1), Eqs. (19)
and (20) are sufficient to uniquely fix the scaling exponents
of both kinetic coefficients to

xΓϕ þ η⊥ ¼ xγ ¼ 2 −
d
2
; ð21Þ

FIG. 1. Left: flow diagram of 3d model G with one purely
attractive stable strong-scaling fixed point (blue) at ðf�G; w�

GÞ ≈
ð0.527; 4.998Þ in our ϕ4-truncation, and two unstable weak-
scaling fixed points at w�

G ¼ f0;∞g (red and green) [27]. Right:
the critical exponents xΓϕ and xγ of order-parameter damping rate
and charge mobility at the various fixed points (solid lines in
matching colors), compared to the results from the 1st-order
ϵ-expansion in Ref. [35] (dashed lines).

FIG. 2. Left: flow diagram of 3d model H with only a single
stable weak-scaling fixed point at w�

H ¼ 0. Right: the associated
critical exponents xσ and xη of order-parameter mobility and
shear viscosity in our ϕ4-truncation (solid blue lines) compared to
the 2nd-order ϵ-expansion for model H in Refs. [45,46] (dashed
blue), and the result for xη (bottom) by Ohta and Kawasaki [47]
from mode-coupling theory (dashed-dotted blue). Gray bands
between corresponding real-time FRG results from full LPA’
truncations of the free energy, based on the fixed expansion point
ϕ0;k ¼ 0 (upper gray line) and on using the scale-dependent
minimum ϕ0;k ¼ ϕmin;k (lower gray line), are included to assess
the quantitative uncertainty of the ϕ4-truncation.
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as represented by the solid blue lines for xΓϕ and xγ in the right
panel of Fig. 1. Moreover, with zϕ ¼ 2 − η⊥ − xΓϕ and
zn¼2−xγ fromabove, these dynamic scaling relations imply
that one exactly recovers the dynamic critical exponents
zϕ ¼ zn ¼ d=2 at this strong-scaling fixed point in model G.
With w�

H ¼ 0 but f�H ≠ 0 and finite at the model H fixed
point (cf., the left panel of Fig. 2), on the other hand, there
is no such strong-scaling relation as in (20). Instead,
inserting Eq. (18) into the FRG flow equations for σk
and ηk [cf. Eqs. (S.13) and (S.14) in [40] ], we then obtain
the following analytical expressions for model H,

xσ ¼
2ðd − 1Þf�H

dðd − 2Þð1þ m̄2Þ2 ; ð22aÞ

xη ¼
f�H

dðdþ 2Þð1þ m̄2Þ3 ; ð22bÞ

with f�H given by (18), for η⊥ ¼ 0 (the generalization for
η⊥ ≠ 0 is given in [40]). One can explicitly verify that an
expansion of (22) in ϵ ¼ 4 − d around ϵ ¼ 0 reproduces the
standard result from 1st-order ϵ-expansion [45] exactly, but
deviates at higher orders. Our FRG results (22) are plotted
as the solid blue lines in the right panel of Fig. 2 along with
results from 2nd-order ϵ-expansion [45,46], which currently
is the highest order available in this case. While the critical
exponent of the mobility xσ deviates from the latter only on a
quantitative level, that of the shear viscosity shows an entirely
different qualitative behavior. In fact, our FRG result for xη in
the ϕ4-truncation closely resembles that of a self-consistent
mode-coupling calculation with η⊥ ¼ 0 by Ohta and
Kawasaki [47]. Specifically, with zϕ ¼ dþ xη, in d ¼ 3

spatial dimensions, we obtain the dynamic critical exponent
zϕ ≈ 3.051 while the result from [47] corresponds to
zϕ ≈ 3.054; for comparison, the 2nd-order ϵ-expansion yields
zϕ ≈ 3.071 [46].
To assess the robustness of our results, we also consider

the extended local-potential approximation (LPA’) trunca-
tion for the static flow [48,49], as shown as the gray bands
in Fig. 2. For d ¼ 3 we obtain the values zϕ ≈ 3.058
for fixed expansion point ρ0;k ¼ 0 in field space, and
zϕ ≈ 3.034 for an expansion around the scale-dependent
minimum. In particular, the latter includes a non-vanishing
η⊥ ≈ 0.0443. We refer to [40] for details.

Summary and outlook. We have used our novel real-time
FRG approach to dynamical systems with reversible mode
couplings from Ref. [23] to study, in parallel, the critical
dynamics of model G and model H, the conjectured
dynamic universality classes of the chiral transition in
QCD with two flavors of nearly massless quark and of the
QCD critical point at finite baryon density, respectively.
Carefully adding external sources and regulators at the level
of the LGW free energy, this formalism ensures the
preservation of all relevant symmetries and, in particular,

provides Ward identities to protect the reversible mode
coupling constant g from renormalization.
Within this framework we have derived one-loop exact

nonperturbative FRG flow equations for the kinetic coef-
ficients of model G and H. The associated fixed-point
structure is qualitatively in line with 1st-order ϵ-expansion
[27], comprising one stable strong-scaling and two unstable
weak-scaling fixed points in model G, as compared to only a
single weak-scaling fixed point in model H. We have
obtained the corresponding strong and weak dynamic
relations and computed the dynamic critical exponents xi
of the kinetic coefficients in 2 < d < 4 spatial dimensions.
For the Oð4Þ chiral transition in QCD these determine the
singular behavior of chiral order-parameter and Goldstone
pion damping rate Γϕ

k ∼ k−xΓϕ , and the iso-(axial-)vector
charge mobilities γk ∼ k−xγ of model G. The mobility
σk ∼ k−xσ of the conserved order parameter of model H
determines the singular behavior of the entropy per baryon at
the QCD critical point and that of transverse momentum
densities the shear viscosity ηk ∼ k−xη. For the dynamic
critical exponents zi the strong-scaling relations of model G
imply the exact result zϕ ¼ zn ¼ d=2. In model H, we obtain
numerically in d ¼ 3 spatial dimensions xσ ≈ 0.949 and
xη ≈ 0.051 in quite close agreement with the mode-coupling
calculations by Ohta and Kawasaki [47], implying zϕ ≈
3.051 for the critical fluctuations of the entropy per baryon.
Evidently, the true power of this formalism is that it can

straightforwardly be extended to include more sophisti-
cated truncations of the effective action, e.g. improving
the static truncation for the effective LGW free energy,
including derivative couplings and anomalous dimensions,
for improved precision. Moreover, including self-consistent
frequency and/or momentum dependencies of the kinetic
coefficients σkðω; p⃗Þ and ηkðω; p⃗Þ, cf. Refs. [22,23], the
framework can be used to compute universal dynamic
scaling functions [10,11,23] that go beyond the common
Kawasaki approximation [50–52].
The developments presented in this letter also provide

the basis for applications of this real-time FRG approach
to various other systems with reversible mode couplings.
One example is stochastic hydrodynamics, where the
nonlinear self-coupling of the momentum density j⃗ [cf.,
Eq. (8b)] leads to a nontrival renormalization of the shear
viscosity [53]. By using the present techniques, this effect
could be computed nonperturbatively and compared to the
one-loop result of Ref. [53].
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