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Nonplanar four-loop anomalous dimensions of twist-two operators in N =4
supersymmetric Yang-Mills theory: Higher moment, general result,
and cusp anomalous dimension
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We consider the nonplanar universal anomalous dimension of twist-two operators at four loops in N = 4
supersymmetric Yang-Mills theory and push its direct diagrammatic calculation through Lorentz spin
Jj = 20, one unit beyond the state of the art, so as to confirm the correctness of the general, all-j result
conjectured previously by us [Non-planar universal anomalous dimension of twist-two operators with
general Lorentz spin at four loops in N' = 4 SYM theory, Nucl. Phys. B968, 115429 (2021).] imposing
certain constraints on its analytic form. Thanks to our new result, such constraints can be eliminated
altogether. By the same token, this allows us to rederive, in a completely independent way, the nonplanar

four-loop cusp anomalous dimension by taking the large-j limit of the general result.
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The AdS/CFT correspondence [1-3], also known as
holographic duality, has been one of the most active and
tantalizing research topics in high-energy theory over the
past quarter of a century. This implies that quantum gravity
in anti—de Sitter space, with constant negative curvature, is
equivalent to a lower-dimensional nongravitational quan-
tum field theory of conformal type, NV = 4 supersymmetric
Yang-Mills theory (SYM), living on the boundary of that
gravitational space. The AdS/CFT correspondence has led
to a plethora of intriguing physical insights and powerful
novel methods of calculation. In particular, integrability in
the framework of the AdS/CFT correspondence has
enabled the solution of the spectral problem for composite
operators [4-32].

So far, investigations of the AdS/CFT correspondence
have largely been confined to the planar limit, in which
Feynman diagrams of planar topologies contribute, while
nonplanar topologies are far more difficult to tackle and
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have, therefore, received much less attention. In this
connection, we recently considered the nonplanar universal
anomalous dimension of twist-two operators at four loops
in /Y = 4 SYM and conjectured for it a general expression,
valid for arbitrary Lorentz spin j [33]. This expression was
reconstructed from the explicit results for fixed values of j,
through j = 18, obtained via direct diagrammatic evalu-
ation [34] with the help of modern tools of number theory,
notably the £p111 realization [35] of the Lenstra-Lenstra-
Lovasz (LLL) algorithm [36]. The step from j <18 to
arbitrary j required for certain constraints to be imposed
[33]. Although we are quite confident in the correctness of
our general expression, it is crucial for it to pass a final
check to be on the safe side. For this purpose, we calculate
here the next, j = 20, moment to find agreement with the
corresponding value obtained from our general expression.

Specifically, we consider the following SU(4) singlet
twist-two operators within ' =4 SYM:

Oﬁl"'l‘/ - S’_l?yﬂlpﬂz o Dﬂjﬂai’
Oftron; = SGpy Dy, Dy - "Dy, Gy
Ojf]“'”.f = S‘a)?pﬂlpﬂz e Dﬂj¢‘;’ (1)

where D, denotes the covariant derivative, the spinors 4;
and the field strength tensor G,, describe fermions and
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gauge fields, respectively, and ¢, are the complex scalar
fields appearing in N' = 4 SYM. The indices i = 1, 2, 3, 4
and r =1, 2, 3 refer to the SU(4) and SO(6) ~ SU(4)
groups of inner symmetry, respectively. The symbol §
implies symmetrization of the respective tensor in the
Lorentz indices uj,...,u; and subtraction of its traces.
Certain combinations of the operators in Eq. (1) are
multiplicatively renormalized, namely, those in Eq. (8)
below. Their anomalous dimensions are expressed through
the so-called universal anomalous dimension,

V(g (2)

[Se]
7/lll’ll

n=1

Yuni (] ) -

where ¢ = 1/(1672), 2 = g4\ N. is the 't Hooft coupling
constant, gy, is the Yang-Mills coupling constant, and N,
is the number of colors, up to integer argument shifts [37].
In particular, y,,;(j) is related to the anomalous dimension
vou of the frequently studied twist-two operator
(’)g’ =TcZD, D,,---D,, 2, (3)
where Z is one of the scalar fields ¢,, which belong to the
81(2) sub-sector of N/ =4 SYM. In fact, we have
Yuni (J - 2) = yog’ (4)
which implies the shift of argument j = M + 2.
Nonplanar contributions arise from the Feynman dia-

1
dwhed = ¢ [Tr(fPedfabr fres £54r) 4 five bed permutations],
(5)
generating the color factor
4 48
dyy = d*<dd . 6
abed — 32 <3 +N%> ( )

Therefore, the nonplanar four-loop (n = 4) contributions of
Lorentz spin j to the universal anomalous dimension in

Eq. (2), ygiynp(j)gg, carry the common factor 48/N2.

Typical Feynman diagrams contributing to yﬁi)i’np( Jj) are

depicted in Fig. 1.

In principle, we can calculate the nonplanar contribution
to the universal anomalous dimension for any operator (or
multiplicatively renormalized combination of operators) in
the theory, for example, for the operator O¥ in Eq. (3), as
we did in Ref. [38]. However, as explained in Refs. [33,34],
the calculation may be considerably simplified in the case
at hand by exploiting the fact that the nonplanar contribu-
tion appears for the first time at four-loop order and does
not require any renormalization.

This simplification may be easily explained by means of
well-known results at leading order. The matrix of anoma-
lous dimensions for the operators in Eq. (1), sandwiched

grams that contain the following combination of color  between definite states (fermions, gauge bosons, and
structures: scalars), has the following elements:
|
(0) 4 4 4 4 o 8 16 16
=—4S st =TT T,
Vog 1 -1 j j+1 j+2 A T )
o _ 1212 o_ 4 4 2 o _38 ©o_ 6
b9 | ]_’_27 Yga i1 ]+J.+1’ Vg j’ Y pa j-l—l’
0 _ N, 8 8 o_ 4 4 ) _ ;
Yia ——451(1)4‘—.—}.?7 T =777 Yoo = —4510)), (7)
|
where S,(j) = 320, Lis the simplest harmonic sum. The O;f‘f...yj = O+ 0L+ Oﬁl.‘.u,-,
matrix that dlagonahzes the matrix of anomalous dimen- 5
. . : z; :
sions in Eq (7) can be 'used to construct the following Oul .y = =20 =100, + Op . w30+ I)OZJIMMJ’
multiplicatively renormalizable operators: 3
g J J + 1
Oﬂlmﬂj = _—Og u T Oﬁl S Oﬂl Hj» (8)

L XA

FIG. 1. Typical Feynman diagrams contributing to yum p ()
The operators are inserted in the lines or gauge vertices.

j+2

whose anomalous dimensions are }’51?1)1 (), }’51?1)1( Jj+2),and

7/531)1 (j +4), respectively, where

yO(j) = —48,(j - 2) = —4S,(M). 9)
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Sandwiching the operators in Eq. (8) between different
states, we obtain the following set of relations:

0 0 0 0),.
7D+ s =r00).

. 0 0 2. 0 0, .
=20 =7 + 7 + U+ Dy = ron(i +2).
_J=1 0

Izl 0 J+1 0 o
j+2" ;

T~ Vg = YumlJ +4),  (10)

where, on the left-hand sides, diagonal elements are
normalized to unity and the arguments of the matrix
elements are equal to j. If we calculate the anomalous
dimension for the operators in Eq. (1) at some fixed value
of j, we thus obtain the result for the universal anomalous
dimension not only for j, but also for (j + 2) and (j + 4).

Notice that Egs. (8) and (10) carry over from the planar
one-loop case to the nonplanar four-loop one, as the
nonplanar contribution appears for the first time at four-
loop order and so does not require any renormalization. In

NZ )

~ 15321193161485705123647  224810362251649

3)

oni(20), as in our case, it is sufficient to

compute, for example, yf;)(16). Moreover, the calculation

of a matrix element like yfﬁ?(m) does not involve the

order to obtain y

operator vertex with four gauge lines, the Feynman rules
for which contain a huge number of terms. In a similar way,
we managed to reach j = 18 in Ref. [34].

Our calculations are performed using modern tools of
computer algebra that are publicly available in combination
with custom-made scripts of symbolic manipulation, the
computational setup being similar to Ref. [34]. Specifically,
we generate the Feynman diagrams using the program pack-
age DIANA [39], which calls QGRAF [40], take the color traces
using the FORM [41] program package COLOR [42], and
evaluate the resulting expressions using the FORM [41]
program package FORCER [43], which was developed for this
type of computation and was also used to compute anomalous
dimensions of twist-two operators in QCD [44,45].

After a lengthy computation, we find the central ingre-
dient to be

248121611

EJ’(/)an( )=
Substituting this expression into the relation

385

Yuni(20) = —m7¢/1(16) +

736310761772826240000

(11)

3863315055600 ' 2603601

75 11
—y (16) + — 7 (1 12
186yum( 6)+1867/um( 8). (12)

which follows from the system of equations in Eq. (10) for j = 16, we find

N2 3

~1399928337444356711866218313

27787856664398189 203755669038601

Eyuni,np( ) -
This exactly agrees with our general expression [33],

N
48

4337539760261740032000000

(13)

28974862917000 = 104248184040

3 .
—Yl(m)i,np(J) = 4(2S5, = 2843 —4S124 = 28133 + 28142 +4S151 — 65553

+ 2832+ 45241 + 128513 = 65320 — 28531 + 28412 + 6542,

— 128511 + 851114 +4S1125 = 8S1.132 =4S1141 = S1213 +3S1222

+ 681231 = 1451312 = 3S1321 +9S1411 = 382113 — S2122 + S2221

+ 38253110 = 8S3112 = 853120 T 1283211 +4S4111 +4S11122

=128 1131 +4S112102 = 4S11221 +8S11510 +8S12112 + 2812121

— 14810010 +4S15000 +4S00102 H 4820020 = 4821200 — 4S22.0.010)

+803(8S4 = 9S153 =355, — 4S5 +4S1.12 + 55121 — Sa1) —4045SH, (14)

for j = 20, where Sz = Sz(j —2) = S3(M) for the ease of notation, and the binomial and nested harmonic sums are

defined as [46]

M

Sy, a, (M) = (1)) (-1

Jj=1

P (M) (15)
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o j\“1|
S.(M) = Z[“gﬁﬂ (16)

We recall that, in Ref. [33], the all-j result in Eq. (14)
was conjectured from the knowledge of the first 8 non-
vanishing moments 71(31)1.1113 (j), with = 4,6, ..., 18, assuming
14 additional constraints in the form of expected analytic
properties of its rational part, namely, eight from the large-j
limit, five from the Balitsky-Fadin-Kuraev-Lipatov (BFKL)
[47-49] equation through next-to-leading-logarithmic
approximation [37,50,51], and one from the double-loga-
rithmic equation [52,53]. In particular, we injected the
knowledge of the four-loop cusp anomalous dimension
yg,)sp = 2= [54-56] to fix the coefficient of the leading
large-j asymptotic term, proportional to Inj, via the
relation

Pl () =y Inj + O(1). (17)
|

Nz )
48 uni,np

This actually accounts for two of the eight constraints from
the large-j limit mentioned above, by fixing the coefficients
of ¢1Inj and {¢lnj in Vﬁi)i,np(j) [see Eq. (18) below]. For
lack of space, we refer to Ref. [33] for full details on the
remaining 12 constraints.

Our direct diagrammatic derivation of the ninth non-
vanishing moment yﬁi?_np(ZO), given in Eq. (13), totally
changes the game. Owing to the highly nonlinear response
property of the LLL algorithm [36], we are now in a
position to do without any additional assumptions, i.e., to
drop all of the above-mentioned 14 constraints in one
sweep. By the same token, this implies that we independ-
ently establish the latter. In particular, we provide a
completely independent derivation of the nonplanar four-

loop cusp anomalous dimension yglp_np (j), by taking the
large-;j limit of Eq. (14). This expansion is also of interest
from the string theory point of view, even beyond the
leading term, which further motivates us to consider it here.
This task is similar to the large-u expansion of the #;
function that appears within the quantum spectral curve
framework, and we may apply an appropriately modified
version of the Mathematica code originally developed for
this purpose in Ref. [57], which we also successfully tested

for the planar part of 71(1?1 (j)- We find

i— 00 1 1
(G)y="- 2(1283 + 3186) In j 4 48384 — 208,85 — 175¢, —;(125:% +3186) +j_2 [—32(52 + 283)In?j

+8(48) + &3 — 884) Inj + 328, + 2485 + 848, + 248,85 — 2085 + 245 + %C6:| + O(le) (18)

The result for yglp,np that we read off from Eq. (18)
according to Eq. (17) agrees with that in Refs. [54-56],
providing an independent confirmation of the latter. It is
interesting to observe that the 1/ term in Eq. (18) does not

contain a term proportional to Inj and equals yéﬁlp,np /2.
Notice also that, because our general result in Eq. (14) is
|

|

expressed through reciprocity-respecting binomial har-
monic sums, its large-j expansion in Eq. (18) only contains
even negative powers of J = 1/j(j + 1), according to the
general consideration in Ref. [58] based on reciprocity
[59,60]. Specifically, the large-7 expansion of Eq. (14)
reads

N2 T 1
Ryflﬂ,np(J)J: Vg)sp,np InJ + 48384 — 208,05 — 17587 + 7 [—32((:2 +203)In2 T + 8(4L, + {3 —85,) In T
1 1
+ 328, + 2485 + 848, + 248,85 — 2085 — 4{,’% - %Q] + O<?>. (19)

The simplicity of the term proportional to 1/ in Eq. (18)
and its relationship to the leading one may be understood
by observing that they both originate from the term
proportional to In 7 in Eq. (19). We emphasize that the
only way to find subleading terms of the expansions in
Egs. (18) and (19) is to first establish the all-j result in
Eq. (14) as we did.

To summarize, using advanced computer algebraic
techniques of Feynman diagram calculus, we have deep-
ened our knowledge of the nonplanar sector of N/ =4
SYM by studying the universal anomalous dimension of
the local, gauge-invariant, SU(4)-singlet, twist-two oper-
ators of definite Lorentz spin j at four loops. Specifically,
we have pushed the state of the art by one unit, to j = 20.
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Our new result confirms the all-j result previously con-
jectured by us [33] imposing certain constraints on the
analytic form of its rational part. In particular, this included
the large-j asymptotic limit as encoded in the cusp
anomalous dimension, which was derived in Refs. [54—
56] using completely different techniques, based on Wilson
loops and form factors. By our direct diagrammatic
analysis at j = 20, we managed to cross the threshold
beyond which the LLL algorithm [36] is able to uniquely
determine the full all-j result without any additional
assumptions, thus featuring its highly nonlinear response
property. In other words, we were put in a position to
independently validate in one go the 14 assumptions that
were indispensable to make the LLL algorithm run suc-
cessfully in Ref. [33]. Most importantly, we so rederived, in
a completely independent way, the nonplanar four-loop
cusp anomalous dimension in A" =4 SYM [54-56].

To encounter the turning point for the all-j
reconstruction at a j value as low as 20 came as a surprise
and underlines how enormously powerful our new LLL-
based method is. This promising observation within N' = 4
SYM is bound to carry over to real QCD. In fact, this
strongly motivates us to push the diagrammatic evaluation
of anomalous-dimension moments in QCD to higher

Lorentz spin, albeit this is an enormously tedious task,
because the prospect of reaching the turning point for the all-;
reconstruction with available computer resources now
appears much more realistic. In turn, this will allow us to
speed up the exploration of scaling violations in parton
distributions, fragmentation functions and related objects in
QCD to high precision, at multiloop order in perturbation
theory. In fact, substantial numerical uncertainties due to
extrapolations based on limited sets of low-j moments, which
have so far been inevitable (see, e.g., Figs. 5 and 6 in
Ref. [44]), can thus be quenched. We so expect our achieve-
ment to have a long-term high impact on the exploitation of
the physics potential of present and future colliders involving
hadron beams or fixed targets, such as the CERN Large
Hadron Collider and the BNL Electron Ion Collider.

We thank A.A. Tseytlin for motivating us to derive
Eq. (18) for its usefulness for dedicated studies in string
theory, and I. V. Surnin for sharing with us a method
previously applied in Ref. [57]. The work of B. A. K. was
supported by the German Research Foundation DFG
through Grant No. KN 365/16-1. The work of V.N. V.
was supported by the Russian Science Foundation under
Grant No. 23-22-00311.
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