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The nonlocal effects originating from the charm quark loops at dilepton invariant masses smaller than the
charmonium threshold in B → Kll are evaluated with light-meson distribution amplitudes. The revised
estimates with B-meson distribution amplitude within a light cone sum rule approach yielded results about
three orders smaller than the original computation. In view of the importance of these nonfactorizable soft
gluon effects, both conceptually and phenomenologically, an independent evaluation is necessary. It is
found that to twist-4 accuracy, these soft gluon effects vanish when evaluated employing the kaon
distribution amplitude. Similar results hold for B → K�ll to the leading twist. This eliminates one of the
major sources of potential uncertainty which usually makes it difficult for a clear case of new physics,
should the data show deviations from the standard model.
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Introduction. B-meson decays into leptonic final states, par-
ticularly mediated by the neutral current like B → Kð�Þll,
offer a fertile playground to test the StandardModel (SM) of
particle physics (for an incomplete list, see [1–9]). Owing to
being loop suppressed within the SM, and being relatively
cleaner theoretically, these modes have attracted consider-
able theoretical and experimental attention. While the recent
experimental results on the lepton flavor universality ratios
[10–14] agree quite well with the SM predictions [15–18], it
is still not well settled if these modes are being affected by
some new physics, albeit not showing up in these lepton
flavor universality ratios. For concreteness, we consider
B → Kll for the most part, and discuss the B → K� decays
at the end.
In the SM, the relevant quark level effective Hamiltonian

[19] (with λi ¼ VibV�
is) is

Heff ¼
4GFffiffiffi

2
p

�
λc
X
i¼1;2

CiOi þ λt
X

i¼3;…10

CiOi

�
; ð1Þ

The relevant operators are

O1 ¼ ðs̄iγμPLcjÞðc̄jγμPLbiÞ;
O2 ¼ ðs̄iγμPLciÞðc̄jγμPLbjÞ;
O7γ ¼ −

emb

16π2
ðs̄σμνmPRbÞFμν;

O9 ¼
αem
4π

ðs̄γμPLbÞðl̄γμlÞ;

O10 ¼
αem
4π

ðs̄γμPLbÞðl̄γμγ5lÞ; ð2Þ

where i, j are color indices, e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
4παem

p
. OperatorsO7γ,O9,

and O10 originate from photon and Z penguin diagrams and
box diagram. The quark loop contribution (dominantly from
the four quark current-current operators, O1;2) is perturba-
tively computed, including hard gluon QCD contributions,
and included along with C9 to define Ceff

9 . Due to the
Cabibbo-Kobayashi-Maskawa (CKM) elements involved
and a larger mass, the most important contribution stems
from the charm quark loop, Fig. 1(a). The light quark
contribution, being CKM suppressed and/or accompanied
by smallWilson coefficients, is not discussed here. In the SM,
C1 ¼ −0.2507,C2 ¼ 1.0136,C7γ ¼ −0.3143,C9 ¼ 4.0459,
and C10 ¼ −4.2939 [20–24]. The Wilson coefficients for
O3–6 and O8g are small, and hence these operators are
neglected in the discussion below, though these could be
analogously included.
Charm quarks can contribute in one more way, via the so-

called charming penguins. Such contributions can be differ-
entiated into two subcategories: (1) the c-c̄ come together
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and form charmonium resonances, with the threshold around
q2 ∼ 9 GeV2: B → J=ψðJ=ψ → llÞK resulting in narrow
peaks at the J=ψ and other relevant charmonia masses, with
q2 denoting the dilepton invariant mass squared. This
contribution is a lot larger than the short distance contribution
due to the effective Hamiltonian, and, being nonperturbative
in nature, it is difficult to model and calculate reliably.
Experimentally, then, a suitable cut is imposed on the
dilepton invariant mass to mask out this resonance region.
The resonance does not die off very sharply, and the tails do
extend into the perturbative region. It is thus a common
practice to determine the dilepton spectrum in the range
1 < q2 < 6 GeV2. The lower limit ensures that the differ-
ence in the electron andmuonmasses is no longer significant
and, at the same time, avoids the peaking contribution due to
the photon pole. This defines the low-q2 region, and it is
expected that the theoretical calculations are under control
and, thus, reliable in this region. (2) The other type of
charming penguin contribution is charm rescattering, where
charmquarks in the loop combinewith other light quarks and
form (loops of) charm mesons, with a kaon and a photon
emanating from such a loop. This variety of contributions is
again nonperturbative and requires some hadronic interac-
tion model to estimate the impact, thereby again being prone
to errors/uncertainties. The charming penguins can have
important phenomenological consequences and are a major
hurdle in clean interpretation of experimental data vis-á-vis
theoretical predictions (see for example [25–37]). While
rescattering remains an issue of concern (see for example
[34]), a recent calculation seems to suggest that thesemay not
be too large [37]. The charming penguins will not be the
subject of consideration in this work.
The above types of contributions do not exhaust the

charm contribution. There is yet another type of contribu-
tion, often dubbed as “charm-loop effect,” which is due to
soft gluons from the charm loop having virtuality
jk2j ≪ 4m2

c, Fig. 1(b). This case goes beyond the pertur-
bation theory and could potentially be a leading uncertainty
in the theoretical calculations at low q2. It is, thus, rather
important to have a good estimate of such a contribu-
tion. To this effect, consider the two current-current
operators listed above. These can be combined, after
Fierz transformation, into the following combinations:

C1O1 þ C2O2 ¼ ðC1 þ C2

3
ÞOþ 2C2Õ, where O ¼

ðc̄ΓμcÞðs̄ΓμbÞ and Õ ¼ ðc̄ΓμTacÞðs̄ΓμTabÞ. At the one
gluon level, operator O contributes to the factorizable
amplitude while the operator Õ leads to a nonfactorizable
contribution. It may beworthwhile to mention that care must
be taken when trying to include, say rescattering contribu-
tions or charming penguins in general, such that double
counting to cc̄ contributions is avoided. The split of cc̄
contributions into various categories allows us to physically
understand different hadronic (possible resonance) contri-
butions but double counting needs to be avoided.
We are specifically interested in the region q2 ≪ 4m2

c. The
soft gluon contributions to the charm loop, leading to
nonlocal hadronic matrix elements, have been previously
evaluatedwithin the light cone sum rule approach employing
B-meson light cone distribution amplitudes (LCDAs) [38].A
revised calculation [39] (referred to as GDV), including the
subleading terms and updated parameter values, found that
the nonfactorizable soft gluon charm-loop contribution is
smaller than that evaluated earlier by [38] by almost three
orders (see [40,41] for an overview of different types
of corrections and present status, and [42,43] for exper-
imental efforts to pinpoint these nonlocal effects). This is an
important conclusion, since, if so, the simple minded use of
the short distance Wilson coefficients in calculating observ-
ables in the low-q2 region would suffice. Comparison with
the experimentally available information seems to suggest an
effective shift in the Wilson coefficient C9: δC9 ∼ −1. The
errors are still large and thus whether this has a hadronic or
new physics origin is far from clear, let alone resolved. In this
respect, it is important to have an independent evaluation of
the above mentioned nonfactorizable contributions. To this
end, we employ the light-meson LCDAs, though, there may
be an issue of concern while using light-meson DAs. In such
a case, possible contamination from light states in the
dispersion relations can creep in. This could, however, be
handled following the approach suggested in [44]. Another
type of hadronic contribution to such a process arises from
the matrix elements of chromomagnetic operator sand-
wiched between theB- andK-meson stateswith the emission
of an off-shell photon [45]. Such a computation also employs
the approach of [44] to dealwith parasitic cuts. It is found that
this contribution is very small to affect the decay rates but
could be potentially important when studying CP asymme-
try. Further, for the present purpose, we set the kaon mass
to zero: mK ¼ 0, but not when mK appears as an overall
multiplicative factor in the DAs.
The amplitude for the process is written as

hKlljHeff jBi ¼
α

4π

4GFffiffiffi
2

p VcbV�
cs

�
ðC9L

μ
V þ C10L

μ
AÞ

× hKjs̄γμPLbjBi −
16π2

q2
Lμ
VhKjHμjBi

�
;

ð3Þ

FIG. 1. (a) Representative diagram of charm-loop contribution
to B → Kll. (b) Typical nonfactorizable soft gluon charm-loop
contribution to B → Kll.
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with

Lμ
VðAÞ ¼ lγμðγ5Þl and

Hμ ¼ i
Z

d4xeiq:xT

�
jemμ ðxÞ;

�
C1 þ

C2

3

�
Oþ 2C2Õ

�
;

leading to the factorized part of the amplitude (which will
not be pursued further):

Hμ;fac ¼ i
Z

d4xeiq:xT

�
jemμ ðxÞ;

�
C1 þ

C2

3

�
O
�
;

¼ i

�
C1 þ

C2

3

�
9

16π2
ðqμqρ − q2gμρÞhðq2Þs̄γρPLb:

ð4Þ

The function hðq2Þ is the perturbative contribution that
enters Ceff

9 [46–48].

Nonfactorizable part of the amplitude. The nonfactorizable
charm-loop contribution, up to overall factors, is given by
the correlator

Hμ;non−fac ∼
Z

d4xeiq:xTfjemμ ðxÞ; Õg

∝
Z

d4xeiq:xh0jTfc̄γμcðxÞ; ðc̄γρTacÞð0Þgj0i:

ð5Þ

Following [38], one can establish light cone dominance
of Eq. (5). Consider a small, but finite, timelike q2, and
define a unit vector, vc ¼ q=

ffiffiffiffiffi
q2

p
¼ ð1; 0⃗Þ, in the rest

frame of the virtual photon. The virtual c-quark momentum
can be decomposed into static and residual four momenta,
pc ¼ mcvc þ p̃c, allowing the charm field to be decom-
posed as cðxÞ ¼ e−imcvc:xhðxÞ, where hðxÞ contains
only the residual momentum components. Now, since
the virtual c̄-quark four momentum is pc̄ ¼ q − pc,
the Dirac-conjugated c̄-field enters as c̄ðxÞ ¼ e−imcvc:xh̄ðxÞ.
Using these field redefinitions, Equation (5)
∼
R
d4xe−ið2mcvc−qÞ:xh0jTfh̄γμhðxÞ; ðh̄γρTahÞð0Þgj0i. This

integral gets dominant contributions from the region
where the exponent does not oscillate strongly, i.e.,
ð2mcvc−qÞ:x∼1, leading to hx2i∼ 1

ð2mcvc−qÞ2 ∼
1

ð2mc−
ffiffiffiffi
q2

p
Þ2
.

Hence, for q2 ≪ 4m2
c, the dominant region of integration

over x in Eq. (5) is concentrated near the light cone x2 ≈ 0.
Furthermore, when q2 grows and approaches the threshold,
4m2

c, the light cone operator product expansion becomes
invalid. Though a specific frame is chosen here, this analysis
is valid in any frame due to Lorentz invariance. Furthermore,
it is to be noted that the light cone dominance of the

correlation function, Eq. (5), should not depend on how
the matrix element (correlator) is computed.
Having established the light cone dominance, we pro-

ceed to the evaluation of the soft gluon nonfactorizable
contributions to the charm loop resulting from the gluon
field strength part of the propagator (x12 ¼ x1 − x2):

h0jTfcðx1Þc̄ðx2Þgj0i

¼ i
Z

d4k
ð2πÞ4 e

−ik:x12

�
kþmc

k2 −m2
c
−
Z

1

0

duGμνðux1 þ ūx2Þ

×

�
ūðkþmcÞσμν þ uσμνðkþmcÞ

2ðk2 −m2
cÞ2

��
: ð6Þ

In the rest frame of the decaying B meson, with
v ¼ ð1; 0; 0; 0Þ, define two light cone vectors n� such that
2v ¼ ðnþ þ n−Þ, n2þ ¼ n2− ¼ 0, nþn− ¼ 2, and q ¼
ðn−qÞ nþ2 þ ðnþqÞ n−2 þ q⊥ We choose q⊥ ¼ 0 and consider
the kinematical situation when the lepton pair invariant
mass is small, i.e., q2 ¼ ðnþqÞðn−qÞ ≪ 4m2

c ≪ m2
b, while

v:q ∼mb=2 is large, so that one of the components of q
dominates. Specifically, we choose ðnþqÞ ∼OðmbÞ; i.e., q
is essentially along nþ. It is to be noted that to ensure the
convergence of the light cone operator product expansion
one requires 4m2

c − q2 ≫ Λmb.
As a next step, we explicitly rederive the charm-loop

contribution with one soft gluon term included, and use the
form for Ĩμραβ that matches with the GDV calculation [39]:

Hμ;non−fac ¼ i
Z

d4xeiq:xTfjemμ ðxÞ;2C2Õg

¼ 2C2

Z
dωĨμραβ

�
s̄γρPLδ

�
ω−

inþD
2

�
Gαβb

�
:

ð7Þ

The function Ĩμραβ is given by

Ĩμραβðq;ωÞ ¼−
Z

1

0

du
Z

1

0

dt
1

Δ
½4tð1− tÞðq̃μϵραβq̃

− 2uq̃βϵμραq̃þ 2uq̃2ϵμραβÞþ ð1− 2uÞq̃2ϵμραβ�;
ð8Þ

with Δ ¼ m2
c − tð1 − tÞq̃2. Here q̃ ¼ q − uωn−, where

the direction n− corresponds to the gluons emitted anti-
parallel to q, i.e., in the same direction as the s quark
(K meson). In obtaining the above form, GαβðuxÞ ¼
exp½−iuxσðiDσÞ�Gαβð0Þ has been used.
We then sandwich Eq. (7) between the mesonic states,

B and K, interpolate the B meson, and employ the LCDAs
for the K meson along with the free b-quark propagator to
obtain (with Γρ ¼ γρð1 − γ5Þ)
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hKjHμ;nonfacjBi

¼ 2imbC2

Z
dω

Z
d4p0

ð2πÞ4
Z

d4y

× eiðp0−pBÞ·yĨμραβ

	
KjT

�
s̄Γρδ

�
ω−

inþD
2

�
Gαβð0Þ

×
=p0 þmb

p02 −m2
b

γ5dðyÞ
�
j0



ð9Þ

Making use of the equation Γρð=p0 þmbÞγ5 ¼ p0ρð1þ γ5Þ−
ip0

ησ
ρηð1þ γ5Þ−mbγ

ρð1− γ5Þ, the nonfactorizable contri-
bution to twist-3 accuracy, when employing the K-meson
DA (see for example [49,50]), reads

hKjHμ;nonfacjBijtwist-3
¼ 2mbC2

Z
dω

Z
d4p0

ð2πÞ4
Z

d4y
eiðp0−pBÞ·y

p02 −m2
b

Ĩμραβp0
η

×

	
KjT

�
s̄δ

�
ω −

inþD
2

�
σρηγ5Gαβð0ÞdðyÞ

�
j0



¼ 2imbC2f3k

Z
dω

Z
dαsdαd

1

ðpB − αdpKÞ2 −m2
b

×
Z

du
Z

dt
8tðt − 1Þu

Δ
ðϵμραβpKρq̃αpBβÞ

× ðq̃:pKÞϕ3kðαi; μÞδðαs þ αd þ ω − 1Þ ð10Þ

Now, consider the term ϵμραβpKρq̃αpBβ, and use the four
momentum conservation, pBμ ¼ pKμ þ qμ, to reduce it to
ϵμραβpKρq̃αqβ. Recall that q̃ ¼ q − uωn−, where n− is in
the same direction as the s quark (or the K meson) in the
B-meson rest frame. The antisymmetry of Levi-Civita then
leads to the vanishing result of hKjHμ;nonfacjBi at twist-3.
Alternatively, one could first compute the matrix element

for three particle contributions, and then proceed to the loop
computation. In such a case, one would then start with the
following expression (overall factors are suppressed for
convenience):

NonfacAmp

∼
Z

d4xeiq:x
Z

d4k
ð2πÞ4

Z
d4k0

ð2πÞ4 e
iðk0−kÞ:x

×
Z

du

�
ūk0σαβ þ uσαβk0 þmcσαβ

2ðk02 −m2
cÞ2

�
γμ

kþmc

k2 −m2
c
Γρ

⊗
Z

d4y eipK:y

Z
d4p0

ð2πÞ4 e
−ip0:y

��
Γρ

=p0 þmb

p02 −m2
b

γ5

�
ab

× hKjTfs̄að0ÞGαβðuxÞdbðyÞgj0i
�
: ð11Þ

After some Dirac algebra, and focusing on the relevant σρη
term, the matrix element reads

− ip0
ηhKjTfs̄ð0Þσρηγ5GαβðuxÞdðyÞgj0i

¼ p0
ηf3k½ðpKαpKμgβν − pKβpKμgανÞ

− ðpKαpKνgβμ − pKβpKνgαμÞ�

⊗
Z

dαsdαddαgϕ3kðαi; μÞeiαdpK ·yeiuαgpK ·x

× δð1 − αs − αd − αgÞ: ð12Þ
Looking at the structure, and the fact that two ways of
computing the given matrix element should ideally yield the
same result, one would guess that αg here is the same or
analogous to ω in Eq. (10). It remains to be seen if this is
indeed the case.
Using the large component of pK , one can reduce the

exponent: uαgðpK · xÞ → uαg
mb
2
n−x. This then, followed

by a change of variable from αgmb=2 to ω, has the
effect

R
dαgeiuαgðpK ·xÞ → 2

mb

R
dωeiuωn−x.

Plugging back, the original expression that one started
with now has the form as the one obtained when the charm-
loop contribution was calculated by translating the gluonic
strength tensor GαβðuxÞ. This then confirms the expectation
that ω in the manipulations above is essentially αg up to a
constant factor. Or thinking differently, the delta function
over ω, generated via the use of the translation operator, will
eventually end up restoring the argument of the gluon field
strength tensor.
Proceeding either way, one arrives at the result that to

twist-3 accuracy in theK-mesonDA, the nonfactorizable soft
gluon charm-loop contribution vanishes. This would have
been the dominant contribution, save for some specific
reason, and is, thus, already indicative of the smallness of
the nonfactorizable charm-loop contribution found in the
GDV calculation.
Similarly, the twist-4 contribution is found to be

hKjHμ;nonfacjBijtwist-4
¼ −mbC2fk

Z
dω

Z
dαsdαd

Z
d4p0

ð2πÞ4

×
Z

d4y
eiðp0−pBþαdpKÞ·y

p02 −m2
b

Z
du

Z
dt

8tðt − 1Þu
Δ

×

�ðpK:q̃Þ
pK:y

ϵμραβpKρq̃αyβ

�
δðαs þ αd þ ω − 1Þ

× ðϕkðαi; μÞ þ ϕ⊥ðαi; μÞÞ: ð13Þ
With p0 − pB þ αdpK ¼ p00, and fðpKÞ ¼
ϵμραβpKρq̃αpKηq̃ξgξη, consider the term in the parenthesis,
along with integration over y:

R
d4yeip

00·y yβ
pK:y

fðpKÞ. After
some straightforward manipulations (under the integral
sign), this term can be cast in a form that has momentum
derivative acting on fðpKÞ, which is trivially zero:
∂

∂pβ
K

fðpKÞ ¼ ϵμραβgξηðgρβpKη þ gηβpKρÞq̃αq̃β ¼ 0. It then

leads to the vanishing result of hKjHμ;nonfacjBi even at
twist-4.

NAMIT MAHAJAN and DAYANAND MISHRA PHYS. REV. D 111, L031504 (2025)

L031504-4



Hence, one can conclude that when employing light-
meson DAs, to twist-4 accuracy,

hKjHμ;nonfacjBijtwist-3þtwist-4 ¼ 0: ð14Þ
This is the main result of this work. While in the case when
B-meson LCDAs are employed, the nonfactorizable charm-
loop contribution was found to be small, in the present case
when we employ kaon LCDAs, the contribution turns out
to vanish both at twist-3 and twist-4 levels. Higher twist
contributions are expected to be small. Both for twist-3 and
twist-4 contributions, the vanishing result was a conse-
quence of Levi-Civita eventually being contracted to a
symmetric quantity. This argument, thus, provides us with a
rough basis for what is expected from such a computation.
And this indeed seems to be borne out when the calculation
of such effects is carried out in a different way, i.e.,
employing B-meson LCDAs. However, in that case, the
end result of having very small charm-loop effect emerges
only after consistently including the subleading terms and
performing a complete calculation. In contrast, in the case
when light-meson DAs are employed and the B meson is
interpolated, the contractions simply yield a zero result,
without actually having to set up a dispersion relation. This,
then, also avoids possible complications that could arise
due to the use of light-meson DAs, as alluded to above.
We also consider similar charm induced nonlocal effects

in B → K� mode to twist-3 accuracy. Focusing on the σρη
term, the relevant part coming from the matrix element [51]
contracting with Ĩμραβ has the form

hK�ðpK; λÞjTfs̄ð0ÞσρηGαβðuxÞdðyÞgj0i

∝
eðλÞy
2p:y

½ðpKρpKαg̃σβ − pKρpKβg̃σαÞ − ðρ ⟷ σÞ�;

where g̃αβ ¼ gαβ − ðpKμyν þ pKνyμÞ=ðpK:yÞ. It is then
straightforwardly found that

hK�jHμ;nonfacjBijtwist-3 ¼ 0: ð15Þ
This shows that the dominant contribution is zero and
therefore even for B → K� decays, nonfactorizable charm-
loop effects are going to be small.
While the approach adopted here is employing light-

meson DAs has yielded the results in a simpler and cleaner
fashion, one may still wonder if it is meaningful enough to
compare the two approaches since both have their own
operator product expansions (OPEs). Although an exact
statement of the equivalence of the two would require
infinite set of terms to be summed in both the cases, on a
more practical side, if convergence of each individual OPE
is assumed, higher twist and higher order corrections in
both are expected to be more and more subleading, and,
therefore, it does make a practical sense to compare the
results for a given physical matrix element evaluated within
each approach to a given reasonable twist contribution and

draw a parallel. With this in mind, we find that the two
approaches reach the same conclusion, albeit in a some-
what complimentary way, which is encouraging.

Results and discussion. Theoretical calculations, even for
semileptonic modes like B → Kð�Þll at low q2, where they
are expected to be clean and reliable, suffer from uncertain-
ties beyond those stemming from hadronic form factors or
other input parameters.More specifically, for suchmodes, the
nonfactorizable soft gluon contributions via the charm loops
need to be understood well. The revised estimates [39] found
that these effects are almost three orders smaller than the
originally computed [38]. Both of these studies had employed
B-meson LCDAs in their computations. An independent
check, say using light-meson LCDAs, computing the same
quantitywould bring a better theoretical understanding. In the
present work, we have computed these nonfactorizable
contributions and found them to vanish up to twist-4 for
B → Kll. Corrections due to nonzero kaonmass and higher
twists are expected to be small. Since, in the present way of
computing, the vanishing result is obtained without the need
to setup a dispersion relation andmaking use of quark-hadron
duality, this result shows that the smallness of these charm-
loop effects is to be expected.A roughway to argue in favor of
this is to realize that the loop computation yields a function
built out of Levi-Civita tensors, which then contracts with a
highly symmetric function coming from the distribution
amplitudes of the light meson. This has been explicitly
verified in two ways and a rough correspondence is also
established between the integration variables in two ways of
calculating. Similar conclusions are also reached for B →
K�ll modes. We can, then, practically conclude that the
nonfactorizable charm-loop effect can be safely neglected.
This, in conjunction with the result that charm rescattering is
expected to be a few percent (while being cautious about
potential double counting as pointed earlier), as discussed
above, will have important phenomenological implications,
particularly for the lowq2 region.With the charm-loop effects
from the present paper (as well as the previous estimates) and
assuming that charm rescattering is as discussed above, if the
data in specific bins (where these charm-loop effects could
have made a significant contribution) exhibit tension with the
SM expectations, the case for an underlying new physics
origin will strengthen many folds. Also, in the new physics
analyses and fits, such contributions thenneednot be included,
and a direct use of short distance Wilson coefficients can
be made.
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