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We establish a new tool for studying strongly coupled matter: an effective theory of black holes in gravity,
which maps to a hydrodynamic description of field theories via the gauge-gravity duality. Our approach is
inspired by previously known effective theories found in the limit of a high number of dimensions. We argue
that the new approach can accurately describe phase transitions in a wide class of theories, such as the Yang-
Mills and other nearly critical field theories. As an application to a previously unsolved problem, we analyze
the interface between confining and deconfining phases in holographic Yang-Mills theory.
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Introduction. Analyzing phase transitions and related
dynamical phenomena in strongly coupled field theories
is a challenging problem with interesting applications. A
prime example of a phase transition in a strongly interacting
system is provided by the Yang-Mills theory, which has a
first order confinement-deconfinement phase transition. In
addition, full QCD may have a first order transition at finite
baryon number density, which can potentially be probed
directly in heavy-ion collisions in the future.

First order phase transitions may also take place in the
early Universe. They produce gravitational waves, which are
potentially observable. The standard model does not give rise
to such phase transitions, but they could arise from strongly
coupled extensions of the electroweak sector, strongly
interacting theories at higher energies, or hidden sectors.
Gravitational waves produced by the phase transitions near
the electroweak scale may be observed by the LISA experi-
ment [1], while transitions at much higher energies could
explain the gravitational wave background recently observed
by the NANOGrav experiment using pulsar timing [2].

Detailed studies of phase transitions and gravitational
wave production require real-time dynamics, which are
challenging to analyze directly in strongly coupled field
theories. It is therefore useful to search for alternative
approaches. A modern approach is to use the gauge-gravity
duality, which maps the time evolution of the strongly
coupled system to that of higher dimensional classical
gravity. This however does not remove all issues: for
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example, computing the time evolution in a generic 3 + 1
dimensional setup in field theory, with dependence on all
spatial coordinates, requires solving full five-dimensional
classical evolution on the gravity side, which is numerically
extremely costly (see, e.g., [3-5]).

The numerical analysis can be greatly simplified by
considering gravity solutions in a high number of dimen-
sions D, dual to conformal theories in D — 1 dimensions
[6,7]. Finite temperature configurations are dual to black
holes on the gravity side, and the dynamics of the black
holes boils down to an effective theory having the same
dimensionality as the field theory [8,9] (see also [10,11]
and [12-17] for complementary approaches). This effective
theory is a nonlinear hydrodynamic theory which describes
the membranelike motion of the black hole horizon. The
theory takes a nonrelativistic form with linear time deriv-
atives, which makes simulations straightforward and much
easier than directly simulating Einstein gravity [8,18-22].
The approach is different from the fluid-gravity correspon-
dence [23] where one introduces an explicit derivative
expansion: at large D, the hydrodynamic sector is decoupled
from other modes [24], such that expanding in 1/D auto-
matically leads to a hydrodynamic theory.

Going to conformal theories at a high number of
dimensions seems to take one far away from the physically
interesting 3 + 1 dimensional examples. This is however
not the case: there is a link between the large D approach
and a class of lower-dimensional strongly coupled theories
that include, in particular, the Yang-Mills theory (see
[25,26]). Specifically, the large D gravity theory can be
dimensionally reduced [27,28] to five-dimensional dilaton
gravity with a potential that is similar to that used in the
improved holographic QCD (IHQCD) model, which is
known to give a precise description of the Yang-Mills
theory via the holographic duality [29,30]. The same holds
for spin models near criticality [31]. These latter models
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belong to a wider class of theories which have a higher
order phase transition at finite temperature [32].

The aim of this Letter is to combine the ideas discussed
above to derive explicitly a large-D-inspired hydrodynamic
theory that can be readily applied to carry out lightweight
dynamical simulations of strongly coupled matter in low-
dimensional systems. In order to achieve this we first find a
generalization of the previously known effective theories. It
works not only for theories obtained by dimensionally
reducing high-dimensional gravity, but also for their generic
deformations. Importantly, this generalization allows one to
study the physics of phase transitions and interfaces. Among
others, it covers geometries found in the IHQCD model and
duals of near-critical spin models. As an example of an
application to a previously unsolved problem, we construct
the interface between the confined and deconfined phases of
the IHQCD model by using the new framework.

The Large D inspired model. Our approach is inspired
by the large D limit of general relativity [6,8,9,33]. The
typical starting point in this approach is Einstein gravity
with a cosmological constant in D = d 4+ n dimensions.
Considering a particular class of solutions with a nontrivial
metric dependence only on the first d dimensions [34], one
can dimensionally reduce [27,28] the high-dimensional
gravity action to the Einstein-dilaton action

S=1ang. | PvEa(R=5 007 V@) ()

where we have specialized to d = 5, in which we will write
our holographic model.

In the limit D — oo (equivalent to n — o0), the dilaton
potential following from the dimensional reduction is
V(¢) = Vye*?/3. Interestingly, this potential is exactly
the critical potential separating deconfining and confining
setups [29,35]. The dimensional reduction when 7 is large
but finite gives a specific correction to this potential. At this
stage, our large D “inspired” model takes a departure from
the ordinary expansion. Instead of fixing the potential at
large n to that resulting from the dimensionally reduced
pure gravity model, we consider a generic perturbation in
1/n around the n — oo limit by taking

V(p) = Vyert (1 + %5\1(45) +0 (%) ) )

The perturbation 5V (¢) is left as an arbitrary function of ¢.
The constant V|, is parametrized as

(3)

The explicit scaling with n? is necessary for the consistent
expansion at large . We see that the potential indeed agrees
with the choices used for spin models in [31,32] at large
values of ¢, corresponding to low temperatures. Moreover,

the potential is close to that of the IHQCD model [29,30] at
large ¢.

Black hole effective theory. We can find nontrivial solutions
to the Einstein-dilaton model (1) with potential (2) by
constructing an effective theory in the 1/n-expansion in the
vein of [6,8,9,33]. To this end we write an ansatz for the
metric in Eddington-Finkelstein coordinates,

ds* = e*A(—fdr* = 2dtdr — 2C;dtdx" + g;;dx'dx’).

Including the first nontrivial corrections in 1/n, the
functions describing a generic evolving black hole are

nr 1

A=——+—-AD(R,1,xk 4
37 T AR 1.4, (4)
1
f=1=-m(t, )R+~ fD(R,1,x5), (5)
n
1 1 pi(t, x*)p;(r, x*)
=T T R 6
9i = ”+n2 m(t, x¥) (6)
1 ; L)) k
Ci:;pi(t’x )R—I——ch (R,t,x )’ (7)
n
where
R =¢e7. (8)
The ansatz also includes the dilaton
nr 1
2 2 k
b=t (R ). ©)

The space and time dependent functions m and p’ char-
acterize the size and velocity of the black hole [8], and the
corrections AN, (1) Cl(.l), and ¢ are at this point
arbitrary. To leading order in 1/n, the black hole horizon
is located at R, = e =1 /m. The region outside it is
—o0 < r <ry where 0 < R <R,

Some comments are in order. The zeroth order solution
with constant m is the same as the n — oo solution (when
V = Vye*?/3 exactly) which matches with a well-studied
string theory solution, the linear dilaton background
[16,32,36,37]. Moreover, the dependence of the metric on
rin (8) comes with an explicit factor of n. As in the large D
literature, we consider the large n limit with R remaining
finite. Therefore the expansion is also a near-horizon limit, as
r—r, = flog(mR) is small, giving rise to a membranelike
picture. The coordinates x; have also been rescaled to reflect
the fact that the length scale of fluctuations in these directions
is (before rescaling) of order 1/y/n. In the rescaled coor-
dinates the expansions for g;; and C; start at order 1/n. This
reflects the usual scalings found at large D [6,8].

At this point we are ready to start solving the Einstein
equations and the equation of motion for the dilaton as a
series in 1/n. We find explicit solutions for the corrections
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fM, A0 ¢ and ¢ in terms of m, p;, and the potential
oV, and then impose regularity at the black hole horizon [34].
This leads to the following effective equations for m and p;:

o,m = £0,0'm — 0,p',
1 1

0ip; = £0,0p, — 0, AN —Zlogm \o,m,
m 2 2

(11)

(10)

which constitute the main analytic result of this Letter.

The effective equations reduce exactly to those found
in [8] when taking 6V (¢) = 2¢ (for flat space solutions
reduced over spherical extra dimensions), or 6V (¢) = —2¢
[for anti—de Sitter (AdS) solutions reduced over flat extra
dimensions] [34].

Thermodynamics and hydrodynamics. Before solving the
effective equations, we derive thermodynamic relations. In
this computation, we can simply set p; to zero and m to a
constant value, which needs to hold to a good approximation
for the system to be near equilibrium. The temperature is the
Hawking temperature of the black hole, which can be
determined in a standard way by computing its surface
gravity, proportional to df/dr at the horizon. Including the
O(1/n) correction one finds [34]

T = e [l—l— 5V(—§logm>}

The leading term is a constant, i.e., the black holes have the
same temperature at any size in the n — oo limit.
Interestingly, after including the correction, the temperature
is proportional to the potential (2),

¢

_4
T = m V(¢)€ 3¢|4f)-——logm’

(12)

(13)

with ¢ taking its zeroth order value at the horizon. The
entropy density is given by the area of the black hole,

1
S= 1G- m, (14)
where we took into account the scaling of the spatial
coordinates implied by Eq. (6).

Let us comment on the perturbations of the black hole.
Setting m > m + e~ @45, and p; > e @I Sp,,
where the amplitudes of the perturbations ém, op; are
small, we solve the dispersion relations for the frequency @
and momentum g. Linearizing Eqgs. (10) and (11), we find

for perturbations dp; perpendicular to the momentum
w = —it qz,
whereas the perturbations ém and 6p; give

sV'(—3logm)

2

2

w==+ q— i7q-.

These modes are identified as the hydrodynamic modes,
i.e., the dissipative shear modes and the sound modes,
respectively. The speed of sound is related to the derivative
of the potential. When the derivative becomes positive,
there is a spinodal instability. Both these observations agree
with the thermodynamic relations (12) and (14).

Domain walls. We now study domain wall solutions
interpolating between two phases corresponding to black
holes with different values of m. We focus on static solutions
depending on only one spatial coordinate, x = x!. The first
effective equation (10) tells us that p’ = Zm”. We choose the
solution with zero integration constant, p = £m’, such that
p — 01inregions where m goes to a constant. The remaining
Eq. (11) is reduced to

(m/)S_ 1 ! !
7= 5 m'6V 2logm (15)

From this equation, we can derive two conditions for the
existence of a domain wall solution, interpolating between
m(x — —o0) =mgand m(x — oo0) = m;. The first is obtained
by taking the integral [*_ dx’ of both sides of Eq. (15):

N2 1 m(x) 1
m//_(n:n) :_Q—ﬂ/ dm6V’<—§logm>, (]6)
mg

while the second is obtained by taking ffm dx’' ﬁ:

!/ /l

2
)

m m

01 oy Sigms)) -~ topms) |-
(17)

From these two equations it follows that, for a domain wall
solution satisfying m’(£o00) = 0 = m"(£o0),

m 1
/ ldm5V’<—logm) =0
mo 2
1 1
5V —Elogmo -6V —Elogml =0. (19)

Using the relations (12)—(14), we can immediately trans-
late Egs. (18) and (19), respectively, into the conditions

3
§

(18)

and

AF:—/SdT:O, AT =0,  (20)
meaning that a stable domain wall solution can exist between
configurations with the same free energy and temperature,
consistently with thermodynamics.

Note that in the derivation of Eq. (19), we assumed that m,,
and m; are both nonzero, which corresponds to a wall
between two deconfined phases. A domain wall solution
with one of the endpoints at zero (i.e., a wall between a

confined and a deconfined phase [38,39]) does not have to
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satisfy the condition on the temperature, but only the
condition on the free energy. This reflects the fact that a
regular solution with m = 0 exists at any temperature (see,
e.g., [40,41]). The domain wall solution constructed below is
in this latter class.

Application to Yang-Mills theory. As an application, we
construct the domain wall between confined and deconfined
phases in a holographic model for the Yang-Mills theory
using our framework. While such a domain wall solution has
been found previously in a specific six-dimensional holo-
graphic setup [38], it remains unsolved in five-dimensional
models, in particular models such as IHQCD [29,30] which
have been adjusted to match with lattice data.

We choose the potential V following IHQCD, consid-

ering two choices:

(1) Using directly the IHQCD potential fitted using the
full model (without invoking the expansion in 1/n)
to lattice data for thermodynamics and glueball
spectrum in Yang-Mills theory. That is, we will
use the potential V fitted in [42] (see also [43]), and
treat its deviation from the purely exponential form
as the perturbation 6V in (2).

(2) A potential which is otherwise identical to the first
choice, but modified close to the boundary (small
values of ¢) such that it agrees better with the lattice
data when the formulas (12) and (14) are used.

Explicitly, the potentials are

1 V2€2¢
1% =12|—a=+ Ve + ———
Qe (@) L o 1 [
e
1 4/3
+ Vgexp | ——— ) e3¢
AP ( CIRe¢> ®
x 1/log(1 + clRe¢)],
T T T T
¥ \
250 F.
F - \
[N .1
L 200F N "
? [ “~~ \\ — - ]
's 150 " T 77 e INEHATT
s |
> 100
50
0 L 1 1 n 1 1
-2 -1 0 1
¢
FIG. 1.

where

88 4619

V1:E7 Vs =29 CIR

- 3, VIR - 205

for both choices. They differ only via the value of cyy:

cyy =0 (choice 1),

cyy = 0.075  (choice2).
To apply our approach, we decompose the potentials as in (2):

Vingep (@) = Voe*?/3[1 + 6V mocen ()]

where V, = 155 was chosen such that 0Vingep 1s small in the
intermediate region where e? = (O(1), which is most impor-
tant for the phase transition. This is the region, where
V(¢p)e=*?/3, which maps to the temperature via (13), is near
its minimum (see Fig. 1, left panel). Note that we do not
introduce a formal expansion parameter n here, but since V, is
numerically large and 6Vyocp is numerically small in the
relevant region (the gray band in Fig. 1 indicates where
oV < 0.1), our approach is expected to work well.

The thermodynamics computed from (12) and (14) is
compared to lattice data for Yang-Mills at a large number of
colors [44] in Fig. 1 (right). We analyze the pressure P and
the interaction measure (¢ — 3P)/T*, where € is the energy
density, and fit Newton’s constant G5 independently for
each potential. As expected, choice 1 which was fitted to
lattice data in the IHQCD model without approximations,
produces in our approach a fair description of the data only
near T = T, where 6V is small. Thanks to the adjustment
close to the boundary, choice 2 gives a good fit in a larger
range of temperatures.

We show the domain wall solutions obtained by solving
Egs. (16) and (17) for both potential choices in Fig. 2.

04f €-3p 5 1
2 T4
[ N T\ N2 T4
03+ Y \.\~ e Co e e
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The IHQCD potentials used in this Letter (left) and results from the large D black hole thermodynamics compared to lattice

data [44] (right). The red dashed (magenta dotted) curves show the potentials and thermodynamics for our first choice (second choice) of
potentials. The gray band in the left panel shows the region where the deviation from the constant \70 is small, |6V| < 0.1. In the right

panel, the blue curves and error bars show the lattice results.
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FIG. 2. The profiles of the domain walls shown as the red
dashed (magenta dotted) curves for our first choice (second
choice) of potentials. The curves almost overlap. The horizontal
dashed lines indicate the value of m under which |5V| becomes
larger than 0.1.

Note that the thermodynamics of Fig. 1 (right) arise from
the region of negative ¢ with §V'(¢) < 0, where the black
hole solutions are stable. The difference between the
potentials can be used to estimate the accuracy of the
1/n expansion in this region: despite the difference in
potentials at negative ¢ shown in Fig. 1 (left), the solutions
in Fig. 2 are nearly identical.

At positive ¢p we do not have a direct handle to check the
accuracy of the 1/n expansion, but we can see the potential
exits the gray band of Fig. 1 (left) only in the tail of the
domain wall (the part below the dashed lines in Fig. 2),
which suggests that most of the domain wall is well
approximated. Even though the range of ¢ where oV is
small and the potential remains inside the gray band in
Fig. 1 (left) appears to be limited, almost all of the domain
wall solution is described by this region. This happens
because in the effective theory ¢ is replaced by —%log m, a
slowly varying function.

Conclusions. We derived a novel generalized black hole
effective theory which can be applied to describe strongly
interacting matter in a wide class of theories via the gauge-
gravity duality. We pointed out that the generalized theory
can describe dynamics of phase transitions and interfaces.

In particular, we argued that it can be used to model
Yang-Mills theory at finite temperature, near the phase
transition. As an application of the theory, we found a new
solution for the confinement-deconfinement domain wall in
the THQCD model.

Our approach has some limitations. Firstly, it does not
give exact solutions to the full five-dimensional gravity
theory. It only captures the hydrodynamic modes, and not
the time dependence related to higher quasinormal modes

of the black hole. However, in our framework, similarly to
the large D limit, the hydrodynamic modes are decoupled
from the rest [6,24] so that only including the hydro-
dynamic sector is a good approximation. Secondly, owing
to the nonrelativistic form of our approach it is unlikely to
be a good approximation for the Yang-Mills theory (or
quark-gluon plasma) at temperatures well above the critical
temperature. As the temperature grows, so does the speed
of sound, and the plasma is better approximated as a nearly
conformal fluid.

The effective theory has several further applications, in
particular to time-dependent scenarios. In the context of
first order phase transitions in the early Universe, it would
be interesting to simulate moving domain walls or expand-
ing bubbles and their collisions, and how they produce
gravitational waves. Note that the approach includes crucial
ingredients for gravitational wave production, e.g., sound
waves. Other related problems would be to study the
interfaces with higher order phase transitions, and the
evolution for an interface between thermal baths at different
temperatures [45—48].

Another direction would be to improve and extend the
approach further. First one could verify that the domain wall
found in this Letter is indeed a good approximation to the
exact wall by solving it directly in IHQCD, which is a
challenging but doable computation. More generally, one
should check how the energy-momentum tensor is extracted.
Doing this properly typically requires matching of the
effective theory with behavior near the boundary, as has
been analyzed in the large D literature (see, e.g., [49,50]).
One can also extend the approach systematically to higher
order corrections in 1/n, though there is no guarantee that
these corrections can be solved analytically. Moreover, it
might be possible to find similar effective theories in more
general setups such as charged black holes [51,52], which
means going to finite density on the field theory side.
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