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Tantum gravity
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We argue there is an interesting triple-scaling limit of quantum gravity, namely when Planck’s constant
scales to infinity while Newton’s constant and the speed of light tend to zero, keeping fixed the gravitational
coupling Gyc™* and the combination 7c. We refer to this limiting theory as “tantum gravity” and describe
in this Letter some of its main properties and prospects for physics. Most notably, the laws of black hole
thermodynamics survive this limit, which means that puzzles related to black holes and their evaporation
could be addressed more easily in tantum gravity than in fully fledged quantum gravity.
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The word quantum is so ingrained in our language that it
can be easy to forget its etymology: the Latin quantum
means ‘“how much?’—a fitting label for the elusive gravity
theory we collectively try to grapple with. So far, quantum
gravity is best understood in scaling limits where either
Newton’s constant vanishes (quantum field theory) or
Planck’s constant vanishes (Einstein gravity). As a further
simplification, a large speed of light is often assumed
(Galilean limit), which suppresses particle creation in
quantum field theories and reduces Einstein gravity to
Newton gravity.

These various limits can be captured by the Bronstein
cube, depicted in Fig. 1. The three axes in the Bronstein
cube are Newton’s constant G, Planck’s constant 7, and
the inverse vacuum speed of light ¢~!. Unlike traditional
renderings, we have compactified all axes so that the faces,
edges, and corners of the cube correspond to zero or infinite
values of the corresponding coupling constants. Quantum
gravity fills the volume of the cube, and each of the limiting
cases corresponds to a face, a double-scaling limit to an
edge, and a triple-scaling limit to a corner. This means that
we have (at least) 6 + 12 + 8 = 26 limiting theories of
quantum gravity: the latter are listed in Table I, where the
entries 0, 1, or co mean that the corresponding quantity is
zero, finite, or infinite.

The first nine limiting theories have common acronyms,
i.e., GM stands for Galilean mechanics, SR for special
relativity, QM for quantum mechanics, NG for Newtonian
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gravity, QFT for quantum field theory, GR for general
relativity, GQG for Galilean quantum gravity, CM for
Carrollian mechanics, and CQM for Carrollian quantum
mechanics. The limits 10-24 have no common names yet.
The final two entries are tantum gravity (denoted as TG)
and its dual limit (denoted as TG*).

It can be rewarding to go through the 26 entries in Table I
and specify how the limits are taken, which combinations
of Gy, h, and ¢ remain finite, which sector of quantum
gravity this theory maintains, which physical effects can be
described by the limiting theory, etc. In this manner, one
may find more than one way of taking such limits for the
same entry in the table, so there could be more than 26
limiting theories, though not of equal interest for applica-
tions. Extending the Bronstein cube by additional axes
(cosmological constant A, Boltzmann constant k; [1],
number of degrees of freedom N [2], etc.) can also be
fruitful but is unnecessary for our purposes.

The focus of this Letter is the highlighted entry in Table I
or, equivalently, the corner in Fig. 1 labeled “TG,” corre-
sponding to infinite Planck’s constant and vanishing
Newton’s constant and speed of light. We call this theory
“tantum gravity,” where the Latin word tantum means “that
much”—a fitting answer to the question “quantum?”

However, it is not obvious that such a limit leads to a
gravity theory. After all, we send Newton’s constant to
zero. To investigate this issue, we need to be more specific
about these limits. We employ an inductive approach.

Our main motivation comes from black hole thermody-
namics, which lies at the heart of many quantum gravity
mysteries, including the information paradox, black hole
microstates, and the holographic principle (see, e.g., [3—11]
and references therein). Thus, we check under which
conditions the Schwarzschild radius, entropy, temperature,
and energy remain finite.

Let us start with the latter. For a given black hole of mass
M, its energy E is given by E = Mc?. Thus, we leave ¢ and
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FIG. 1. Bronstein cube with tantum gravity limit highlighted as
TG and its antipodal as TG*.

M finite or scale M inversely to c>. Written in terms of
energy, the formula on Hawking’s tombstone (with
Boltzmann’s constant set to one)

T hcd
8rGyE

(1)

shows that any single-scaling limit in the Bronstein cube
leads to infinite or zero Hawking temperature. Since we
want to avoid this scenario, we deduce that our desired
theory can only live at the edges or corners of the Bronstein
cube and not at one of its faces. This eliminates, in
particular, GR and QFT.

At this stage, we still have many possibilities for double-
and triple-scaling limits that maintain finite Hawking
temperature (for instance, the Newton gravity limit
h — 0, ¢ - o). Finiteness of the Bekenstein-Hawking
entropy does not add any new conditions due to the Smarr
formula E =2TS or the first law 6E = T6S, see for
instance [12].

TABLE I. Twenty-six limits of quantum gravity.
GM SR QM NG QFT GR GQG CM CQM
Gy O 0 0 1 0 1 1 0 0
h 0 0 1 0 1 0 1 0 1
cb0 1 0 0 1 1 0 o0 00
100 11 12 13 14 15 16 17 18
Gy ©o© o o 1 00 1 1 00 00
n oo o0 1 0o 1 00 1 oo 1
¢l oo 1 © o 1 1 ) 0 0
19 20 21 22 23 24 TG" TG
Gy 1 1 oo 0 0 oo oo 0
n 00 0 0 0o oo 0 0 oo
¢l 0 o 1 1 0 ) 0 )

Finiteness of the Schwarzschild radius rg¢ = 2GyE/c*
imposes a second constraint, namely finiteness of Gy /c*,
implying that 7ic needs to remain finite to maintain finite
Hawking temperature (1). This condition removes all the
edges from the Bronstein cube and leaves us with the two
marked points in Fig. 1, one of which is the tantum gravity
limit Gy,c — 0, A — oo and the other its dual version
where all limits are taken oppositely. In the Bronstein cube,
the latter corresponds to the antipodal point labeled as TG*
in Fig. 1 [13].

We stress that the two points TG and TG* are the only
points on the whole Bronstein cube (besides its quantum
gravity interior) where all three thermodynamic quantities
and the Schwarzschild radius are finite. So from the
perspective of black hole thermodynamics, the tantum
gravity limit is unique, up to dualization.

In summary, to obtain tantum gravity from quantum
gravity, we have to take the Carrollian limit ¢ — 0 and
retain finite combinations

Gy =Gyc™ Kk := hc. (2)

The first one is the gravitational coupling constant in front
of the Einstein-Hilbert action. So it is not automatically true
that sending Gy — 0 removes gravity—it is still there if
simultaneously the speed of light is sent to zero while
keeping G, fixed, which is precisely what is done to reach
the so-called magnetic Carroll gravity limit [14,15], hence
the notation G,. This elementary observation justifies call-
ing our limit theory “gravity.” Similarly, the limit 7 — oo
does not automatically imply a breakdown of the semi-
classical approximation since we still have two combinations
of the coupling constants (2) that could be either large or
small. We shall demonstrate this explicitly below. Thus, one
should consider the points in the Bronstein cube labeled as
TG and TG* as two-dimensional planes spanned by the
coupling constants Gy, and .

An efficient way to parametrize the triple-scaling limit

leading to TG is to rescale

c - ce h—hje Gy — Gye* (3)
and then take the limit € — 0. This has the added advantage
that the limiting parameter is dimensionless, and we shall
use this procedure below. The parameter e drops out in the
TG coupling constants (2).

By construction, the tantum gravity limit not only leads
to a gravity theory, but the limiting theory also contains
black-hole-like states with finite entropy, temperature, and
energy, related to each other by the first law. At first glance,
this is again surprising since we take a Carrollian limit,
¢ — 0, for which the light cone collapses [16,17] and
makes obsolete all notions of horizons. However, as we
have seen above, one has to be careful with naive argu-
ments based on singular limits. Indeed, as explained in
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[18], there can be “Carroll black holes,” though one needs
to extend the notion of black holes and avoid basing them
on event horizons. Instead, they are defined by their thermal
properties and the existence of a so-called Carroll extremal
surface, which is reminiscent of the bifurcation sphere of
the Schwarzschild black hole [18].

From a quantum gravity perspective, it is an asset that we
are forced to go beyond the classical notion of a black hole
in tantum gravity, since quantum black holes should not be
defined in terms of event horizons either—after all,
quantum black holes evaporate [19,20], so event horizons
are artifacts of the classical approximation. This is one of
several ways in which tantum gravity is closer to quantum
gravity than classical gravity.

In the remainder of this Letter, we substantiate our
assertions through a straightforward yet enlightening cal-
culation. We delve into a specific illustrative example based
on the Euclidean path integral approach to Einstein gravity,
as formulated by Gibbons and Hawking in [21]. Their
pivotal insight involves expanding the complete gravita-
tional action I'[g], including relevant boundary terms,
around a classical saddle point g.,;. Which boundary terms
are relevant is determined by demanding a well-defined
variational principle, 6I'[g.; 8g] = 0, as well as a finite on-
shell action I'[gy]. Under these hypotheses, the Euclidean
partition function Z = [Dgexp(—+I[g]) is well approxi-
mated classically by the exponential of the on-shell action,
Z~exp(—3T[ga]) provided # is sufficiently small.
Moreover, we need to specify boundary conditions before
reducing the partition function to its classical approxima-
tion. In the simplest case (on which we shall focus below),
this amounts to fixing the periodicity of Euclidean time,
which in turn can be interpreted as the inverse temper-
ature [21].

For Einstein gravity, the exponent in the Euclidean
partition function is given by

11 & 1
——TI'=— 44 BHRW L Zp 4
h h16nGN/M4 VI talon (4)

where I, is a boundary action that guarantees a well-
defined variational principle and a finite on-shell action.
For simplicity, we assume spherical symmetry and prepare
the metric suitably for a TG limit,

2
ds(4)

= (e*1,7, + e4e,)dx*dx” + %Xdﬂgz, (5)
with the limiting parameter ¢, the temporal einbein z,, the
spatial einbein ¢,, a positive constant 4 of inverse length
dimension, the dimensionless surface area/dilaton field X,
and the usual line element of the round 2-sphere dQéz. The
indices u, v range only over 0 and 1, corresponding to

(Euclidean) time x° and radius r := x!.

It is a classic result that inserting the spherically
symmetric ansatz (5) into the action (4) yields a specific
two-dimensional (2D) dilaton gravity model (see [22] for
the Hamiltonian formulation, [23] for the Lagrangian
formulation, and [24] for a derivation of the boundary
term, along the lines of [25]) [26]

L ¢’ / d2x det(er, )L Ly
n hGyA2 P IEDG T ToMe
Lpg = XR+—1 (0X)? +'1—2, (6)
2X 2

where M is a 2D manifold and R is the 2D Ricci scalar. To
evaluate the action (6), it is useful to introduce a cutoff
r =r, on the radial coordinate, thereby introducing a
boundary, the cutoft surface dM, and then send the cutoff
to infinity at the end of the calculation. This ensures that all
intermediate results are finite. The model (6) has as most
general solution static metrics and dilatons parametrized by
a single constant [28]: in Schwarzschild gauge X (r) = (¥)?
and

dr?

&0 =1

The asymptotic boundary is a dilaton isosurface with
X(ro)>1 (r. > rg) [29].

Now, we set up a canonical ensemble by fixing the
proper length # of the Euclidean cycle at the boundary,

ds?> = e2&(r)(dx®)? +

lim e ]f dw't,=¢ = phe = fr (8)
oM

r.—>00

with the boundary volume form ez induced by the choice of
normal vector n =+/£0, and ¢ = fx on dimensional
grounds. As usual in Euclidean field theories, f = 1/T
and in the saddle-point approximation, the on-shell action
for a given classical solution is related to its free energy F
by +I" = BF.

Since eventually we intend to insert on-shell configura-
tions into the action (6), we express it already in terms of
the coordinates used for the solutions (7),

1 1

o Gyl

4 e 1
% dxo/ dr det(’l’, e)LDG + %Idj\/l (9)
0 rs

with the boundary term [24]

: 2 ]4 " 4O VEXK ~ iVE) | (10)

7 M7 G K2

where K is the trace of extrinsic curvature of the cutoff
surface M. Here, the integral over the Euclidean cycle
was rewritten such that it is manifestly finite in the
TG limit, which requires using the boundary condition
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=1+ O(r;") concurrent with the solutions (7) and the
definition of the canonical ensemble (8). The inclusion of
the boundary action (10) ensures a well-defined Dirichlet
problem at the cutoff surface, a well-defined variational
principle as the cutoff is removed (i.e., r, = o), and a
finite on-shell action.

In both the bulk and the boundary actions only the TG
combination 1/x of the coupling constants appears as a
common overall factor, multiplied by 1/(GyA%). This
allows us to draw two important conclusions:

(1) As long as 4 remains finite when € goes to zero, the
TG limit € — 0 yields a finite prefactor in front of
the action.

(2) As long as « is sufficiently small, we can expect a
well-defined saddle-point approximation to the
Euclidean path integral.

|

The Carrollian contraction inherent to the TG limit
€ — 0 has been performed in [18] along the lines of [14].
To display it, we introduce the inverse partners of the
einbein variables defined in the metric (5), 7,0 =1,
e,et = 1,0", = v't, + e!e, in terms of which the extrinsic
curvature of the cutoff surface is expressed as

K = —v'e¥(9,7, — d,1,) = —2v¥e"9y7,. (1)

To take the TG limit ¢ — 0, we expand all quantities in
powers of €, denoting the leading order terms by the
same letters, which yields the so-called “magnetic limit”
of the 2D dilaton gravity action (9) and (10), augmented
by the appropriate boundary terms (see Supplemental
Material [30]),

2

1 . 1 1 1 A
;FTG = ll_l;% (EF> = _AZGMK[M d2x det(T, e) <XRC + ﬁ (e”@MX)Z + 3 + }’]EpX + YQeﬂﬁveﬂ)

2
izGMK

The tantum gravity action (12) is the main result of our
derivation. Besides the typical Carroll dilaton gravity terms
in the first line [31,32]—Xkinetic and potential terms for the
dilaton and the nonminimal coupling term with the Carroll
curvature scalar R-—this action also involves two con-
straints, L£,X =0 and e*L,e, =0, and associated
Lagrange multipliers, y; and y,. The constraints are crucial
for Carroll invariance of the action [15,18] but play no role
thermodynamically since they vanish on shell. Our new
result, the boundary term in the second line of Eq. (12),
coincides with the Carrollian limit (¢ — 0) of the boundary
term in [24].

Notably, the prefactor of the action (12) depends on the
product of the two TG coupling constants (2). Thus, even
though we formally sent # — oo in the Bronstein cube,
there is still a semiclassical limit corresponding to suffi-
ciently small x [33]. In that limit, we can use a saddle-point
approximation for the partition function. This amounts to
evaluating the action on classical solutions of the theory
(12) and summing over all smooth contributions with a
given temperature. Analogous to (7), the full phase space of
(12) can be labeled by a single constant of motion rg and is
given by

1 1

T, = \/552 e, = %5}4 v = ﬁ(% (13a)
2, 2r

e":\/gé/f X—Zr RC_? (13b)

7{ dx* 7, (2X e 9y, 7, — AVX).
oM

(12)

[

For any finite rg these solutions correspond to Carroll-
Schwarzschild black holes [14,18,34,35] while for r¢ =0
they are just flat Carroll geometries. Since the latter will
have a vanishing on-shell action we can drop them and just
focus on the black hole sector. Plugging the solutions (13)
into the action (12) establishes the saddle-point approxi-
mation of the tantum gravity partition function,

1 pr
InZyg ~ _;FTG|on shell = —ﬁ =—pF. (14

With the temperature given by T = «x/(4zrg) [36], standard
thermodynamic relations, S = —9F /0T and E = F + TS,
yield finite results for energy E = rs/(2G,,) and entropy
S = nr2/(xG)). Finally, expressing temperature as a
function of energy recovers precisely the Hawking temper-
ature (1), showing the internal consistency of the tantum
gravity limit.

We conclude with a critical assessment of our proposal
and derivation, raising first technical and then conceptual
points.

We glossed over some technical aspects that already arise
for Schwarzschild black hole thermodynamics, namely its
negative specific heat and its formally ill-defined canonical
ensemble. For the Schwarzschild black hole, this problem
was solved by York [37], who considered the black hole
inside a cavity that couples it to a thermal reservoir, with
boundary conditions fixed at the wall of the cavity. Gibbons
and Perry showed that the same procedure works in a
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specific 2D dilaton gravity model [38], which was later
generalized to generic 2D dilaton gravity [24]. While the
same issues arise for our tantum gravity example, the
Carroll-Schwarzschild black hole, we expect that the same
resolution will work as well, i.e., putting it into a cavity
with suitable boundary conditions. Alternatively, one could
add a negative cosmological constant, which also acts
effectively as a cavity [39]. It should be worthwhile to work
this out in detail for various tantum gravity examples.

Starting from Eq. (6) we worked in 1 + 1 dimensions,
exploiting spherical reduction of general relativity. The
main drawback of such an approach is that it does not
generalize straightforwardly to rotating black holes, such as
Kerr. Given the difficulties with the Carrollian limit of the
Kerr black hole (see the discussion in Sec. 8 of [18]), itis an
open question how to construct the tantum gravity limit
such that rotating black holes are included in the limiting
theory. By contrast, a generalization to charged nonrotating
black holes, such as Reissner-Nordstrom, is straightfor-
ward. The main change compared to the results above is
that the function £(r) in the metric (7) is replaced by
&E=1—rg/r+r;/r*, where r, is a new parameter related
to the charge, see [18,35,40] for more details.

The main advantage of our approach is that it straight-
forwardly generalizes to arbitrary 2D black hole models,
including the tantum gravity limit of Jackiw-Teitelboim (JT)
[41,42] or Witten black holes [43-45]. It is worthwhile to
study several aspects of the Sachdev-Ye-Kitaev/JT corre-
spondence [46-56] in the tantum gravity limit, starting with
the Schwarzian boundary action, relations to matrix models,
and aspects of the information paradox (see, e.g., [S7-62]).
The bulk-plus-boundary action (12) will play a key role in
any such discussion. Additionally, it will be good to under-
stand what the tantum gravity limit implies on the field theory
side in a holographic correspondence and how it affects the
universal Schwarzian sector [63] in two-dimensional

conformal field theories [67]. Lower-dimensional tantum
gravity models could play a decisive role in the conceptual
understanding of the tantum gravity limit (3) in a holographic
context.

In the saddle-point approximation x — 0, TG reduces to
(magnetic) Carroll gravity so that one can think of the latter
as a “classical” version of TG. We left open an investigation
of the dual limit TG*, which we expect to have an action of
Galilean type [68] as its saddle-point approximation. Thus,
one could refer to tantum gravity as “Carrollian tantum
gravity” and to its dual as “Galilean tantum gravity.”
However, this nomenclature erroneously suggests the
existence of some Lorentzian tantum gravity theory that
would smoothly interpolate between these two limits. From
the Bronstein cube, it is clear that this cannot be true since
these limiting cases are antipodal, so the only smooth way
to connect TG and TG* goes through quantum gravity.

Furthermore, our results seem in tension with the claim of
[35] that thermal “partition functions of Carroll systems are
ill-defined and do not lead to sensible thermodynamics.” This
conclusion was reached because they kept 7 finite in the
Carrollian limit. However, as we have derived inductively in
our Letter, we can insist on sensible thermodynamics if we
scale A = oo while sending ¢, Gy — 0.

Finally, we hope that our tantum gravity proposal will
contribute to an overdue development of Carroll thermo-
dynamics from first principles and to new insights into the
elusive theory of quantum gravity.
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