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We construct, for spin 0,1,2 tensor fields on S¢, a set of ladder operators that connect the distinct unitary
irreducible representations (UIRs) of SO(d + 1). This is achieved by relying on the conformal Killing

vectors of S¢. For the case of spinning fields, the ladder operators generalize previous expressions with a
compensating transformation necessary to preserve the transversality condition. We then extend the results
to the exceptional/discrete UIRs of SO(d, 1), again relying on the conformal Killing vectors of de Sitter
space. Our construction recovers the conventional conformal primary transformations for the scalar fields
when the mass term leads to conformal coupling. A similar approach for the spin-2 field leads to the

conformal-like operators found recently.
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I. INTRODUCTION

The relation between the unitary irreducible representa-
tions (UIRs) of the ISO(d — 1, 1) flat space isometry group
and field equations was elucidated long ago by Wigner [1].
Later, this relation was extended to maximally symmetric
spacetimes in [2] (see [3-9] for related work). In this work,
we will relate different field realizations of SO(d + 1) UIRs
on the d-dimensional sphere S¢ through differential ladder
operators. In addition, we will extend the construction to
exceptional and discrete UIRs field realizations on de Sitter
space (see [10-12] for nice summaries of SO(d, 1) UIRs).
As an outcome, we will give a fresh perspective on the
conformal-like symmetry operators found in [13] for
partially massless gravitons in 4-dimensional de Sitter
space. Our setup shows how to generalize these con-
formal-like symmetry operators to other spacetime dimen-
sions, spins and values of the mass parameter. In particular,
for spin-1, we will find a particular tuning of the mass
parameter for which the spin-1 field enjoys conformal-like
symmetries.

Ladder operators have a long history in physics, their
everlasting relevance can be seen for example in recent
works where they show up in disparate fields such as
black hole Love numbers [14] and spinning conformal
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blocks [15]. In the present paper, we will generalize
previous works [16,17] which built first-order differential
operators that related solutions of the Klein + Gordon
scalar field equation with different masses. We will refer
to these differential operators as ladder operators. The main
ingredient of the construction required the spacetime to
possess a closed conformal Killing vector (CCKV), which
is also an eigenvector of the Ricci tensor with constant
eigenvalue. Here we will focus on positively curved
maximally symmetric spaces where the eigenvalue con-
dition for CCKV follows naturally from the Einstein
character of the space. We will re-derive previous ladder
constructions and extend them to spinning fields.

The paper is structured as follows. In Sec. II we start by
setting the notation and definitions for conformal primaries
in conformally flat spaces. In Sec. III we discuss and
enumerate several properties of conformal Killing vectors
(CKV) in maximally symmetric spacetimes relevant for our
construction. In Sec. IV we construct ladder operators for
spin 0,1,2 fields and show how they relate eigenfunctions
of the Laplace + Beltrami operator with different eigen-
values. In Sec. V we summarize the results and make some
proposals for future work. Then, a number of Appendices
follow. In Appendix A we spell out the explicit form of
Killing and conformal Killing vectors of S* and dS,. In
Appendix B we summarize the notation for spherical
harmonics on S¢. In Appendix C we spell out the explicit
computations for the ladder operators acting on tachyon
scalar modes corresponding to type I exceptional UIR of
SO(d,1). Finally, in Appendix D we work out the action of
ladder operators for vector harmonics on S3.

Published by the American Physical Society
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II. PRIMARY FIELDS IN CONFORMALLY
FLAT SPACES

In this section, to fix notation, we summarize well known
formulas for primary fields in flat space and define primary
fields in conformally flat spaces.

A. Primary fields in flat space

Consider x* to be the
d-dimensional flat space

Cartesian coordinates of

dx* = Nudxtdx”.

Conformal transformations (CT) are diffeomorphisms
x"(x) satisfying
dx? = Q2(x)dx>.

Conformal transformation : (2.1)

Any CT of flat space defines a local scale factor Q(x) and
a local Lorentz transformation A¥,(x) which can be read
off from

ox'H
ox*

= Q(x)A¥,(x). (2.2)

Continuous CT at the infinitesimal level take the form
XH(x) Rt + CH(x) 4, I¢] <1

with ¢ satisfying'

2
Conformal Killing vector: 0,6, +0,0, = y (0,8 M-

(2.3)
Taking the determinant of (2.2) one finds

ox'H
oxt

o(x+¢)

(Q(x))? = det pp

~
~

~ |6, +0,¢| =14 9,".
Thus,
! (4

(2.4)

The ({-dependence of the local Lorentz transformation
A*,(x) can be found from

'A word on terminology: if the factor 0 - ¢ on the rhs of (2.3) is
zero, we say ¢ is a Killing vector (KV). If the factor is nonzero,
we say ( is a proper conformal Killing vector. Occasionally, when
the factor is constant, ¢ is called a homothety.

1 ox™*
Q(x) ox¥

M) = g e (1= 5047 )0+ 0,09

1
R G4 0,00 — 5~ 0,00

b (2.5)

It is useful to define infinitesimal generators o,(x), w,(x)
associated to # as

<av§ﬂ - aﬂél/)' (26)

N[ =

1
or(x) = y He (0g) (%) =
Then?

A(x) = e”™ and Q(x) = e,

Spin zero: a scalar primary field with scale dimension A
is a field @ which under a CT x* — x’(x) transforms as

1
Primary scalar field : D(x) » V(¥ = IBE D(x).
(2.7)
To first order in { we have
6D (x) == ' (x) — P(x)
A
= (1 - Eq,g#) (® - ¢#9,®) — D
@(x—{)
A
=— <gﬂa,, + EO”C”> )
= —(Ly + Acy)D@ (2.8)

The operator inside the parentheses will be extensively

used in sections below to construct ladder operators.
Spin one: under conformal transformations (2.2) a pri-

mary vector field A, with scale dimension A transforms as

Primary vector field: A, (x) = A, (x')

1
= WA’M (x)Al,(x). (29)
The A,” can be found from (2.5) to be
v v 1 P\ SV
A, z5”+6”5”—;1(0/,c_,“ )6 (2.10)

Hence, to first order in { we have

2Using (2.3) we can give the alternative expression

1
w;w(x) = Erlﬂu(apcp) - a}lé’b‘
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0A,(x) = A, (x) = A,(x)

1 A
=—({P0,A, + (A, — 20/)5/)’4;4 - Eal,g“/’Aﬂ
=—(Le+ (A -1)og)A, (2.11)

where Eg is the Lie derivative on 1-forms

LA, =0,A, +0,0PA,.

To go from the second to the third line in (2.11) we used
(2.3). Equation (2.11) can also be written using (2.6) as [18]
6A, = =P, A, + (@;), /A, — Ao A, (2.12)
Each term in this expression respectively manifest the
tensorial and scale character of the A, (x) field.
Spin two: a primary symmetric spin-2 field A, with
scale dimension A transforms as

1

hy, = hy,(x') = QQ A”“(x)Af(x)haﬂ(x). (2.13)
Proceeding as above one finds
Shy, = —(Le + (A =2)0¢)hy,. (2.14)

For completeness, we quote the Lie derivative on a
covariant 2-tensor
Lehy,, = EP0,h,, + 0,87hy,, + 0,( h,,. (2.15)

Fermions: a spin-% conformal primary ¥, with scale
dimension A transforms as

[ruro)

Wo = W, () = goag (7070 1 ()

TR (2.16)

with (@;)* defined in (2.6) and y, the Dirac gamma
matrices. At the infinitesimal level one obtains

1
5lPa = - (é’ﬂa/) + Z (a)C)/wypw + AO—{) lI'la

where y,, == 3[r,.7,] and L is the Lie derivative acting on
spinors

1
ECl//u = gpapl//u - Zaﬂcy(yﬂu)abw}l‘

Gravitini: a spin—% conformal primary y,, with scale
dimension A transforms under CT as

Way - lllim(xl) = ()C)A (e_i(w{)wym)ahAﬂy(x)l//bb (X)
(2.18)
As expected, the infinitesimal transformation reads

By = (Lot (A=Nowy,  (219)

with the Lie derivative on gravitini taking the form

1
‘CCWay = gpapl/’aﬂ + aﬂCDWav + ZwCﬂD<yyv)abWb/4

1
-7 aMCD(yﬂu)abWbﬂ-

Z (2.20)

= Cpa/)l//aﬂ + aﬂélyl//au

B. Primary fields in conformally flat spaces

Conformally flat (CF) spaces have line element of the
form

ds? = a*(x)dx?. (2.21)
It is immediate to realize that flat space conformal trans-
formations x’(x) given by (2.3) are also CT for conformally
flat metrics (2.21). The resulting conformal factor can be
found simply by noting that under (2.2) we have
a*(x)dx"? = a®(x')Q2(x)dx* = Y2 (x)a*(x)dx?,  (2.22)
where the conformal factor Y'(x) associated to CT in CF
spaces is

e (2.23)

Notice that in CF spaces the conformal factor T(x)
combines Q(x) and a(x).
At the infinitesimal level Y(x) takes the form

(a(x)+¢-0a(x)+-- )1 +10-C+--)

T(x)~ (o)
1
zl—l—(—ﬂ-(—l—(-@loga%—---
z1+$V-C+~- (2.24)

In the last line we used that for conformally flat metrics
one has’

V.-{=09,0"+dlro,(loga(x)).

3The Christoffel symbols for the conformally flat metric (2.21)
are

T = (8ad)y + 8364 — 1"14p)0, (log a(x)).
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Scalars: a scalar conformal primary in a CF space is
defined as a field ®(x) that, under conformal transforma-
tions (2.2), transforms as

Conformally flat scalar primary: @ (x) — @' (x’

~—

CF spinning primary :

®;(x) = ;(x)

T(x)A

At the infinitesimal level, one gets
5®(x) = D' (x) — D(x)

_ (gua,, + % (vﬂgﬂ))cp. (2.26)

Tensor fields: a conformally flat spinning primary trans-
forms as*

L exp (-i(wg)wz)(swo "o, (x).

1

Here D(S,,) ;/ denotes the particular representation of the Lorentz generators S L carried by @,

In particular, the transformation law for 1-forms is

Conformally flat primary vector :

with A#(x) is defined in (2.2). At the infinitesimal level it
reads [cf. (2.12)]

5A;4 = _vapAﬂ - (vyéw)Av - <A - 1) (v ' C)A/l

Ul —

——(Q—l—(A—l)%V-C)Aﬂ. (2.28)
To obtain the second line we used that the flat CKV fields
(2.3) are also solutions to (3.4) for the CF metric (2.21).

Comment on A and Weyl weight: in the present context
we work with conformal isometries which lead to a re-
scaling of the metric by a conformal factor Y, see (2.22).
Occasionally, CT are presented as a combination of con-
formal isometries plus Weyl rescalings that leave the metric
invariant [20]. In this viewpoint, the factors 1/ YA in the
field transformation are understood as arising from the
Weyl rescaling. If we adopt this perspective the second term
in Eq. (2.28) corresponds to the Weyl rescaling, hence
Aywey = A — 1. This result is in agreement with the fact
that no Weyl factor is required for gauge fields in d = 4.

III. CONFORMAL KILLING VECTOR IDENTITIES
IN MAXIMALLY SYMMETRIC SPACES

In this section, we introduce the notation to describe the
curvature of maximally symmetric spaces and quote several
identities satisfied by Killing and conformal Killing vectors.

d-dimensional maximally symmetric spacetimes (MSS):
satisfy

1
(g/mgl/ﬁ - guaguﬂ)

R;waﬂ [g] - ﬁ

R, lgl = %(d ~1)g,, and Rlg]=———

Au(x) = AL(X) = Tz A (0)A, (x)

(2.27)

Here ¢ #0 characterizes the curvature of the space.
Positive #? > 0 correspond to spheres and de Sitter space-
times in Euclidean and Lorentzian signature respectively,
while #?> < 0 give rise to Hyperbolic and anti—de Sitter
(AdS) spacetimes.

Killing vectors: will be denoted by k,

Killing Vector:  V,k, +V, k, =0 V, k" =0. (3.2)

Contracting this equation with V¥, commuting covariant
derivatives and using Ricci identity one finds

V2k, = -4k,

Vik, + VY, =0 {wk i “(33)
. =0.

Thus, Killing vectors are transverse eigenvectors of the
vector Laplace + Beltrami operator. It is a well-known fact
that in positively curved Euclidean MSS (spheres) the set of
Killing vectors have the lowest possible eigenvalues of the
vector Laplacian [21,22] (see Appendix D).

Conformal Killing vectors (CKV): they are denoted by
¢, and satisfy

*On a general Lorentz tensor @, the Lie derivative along a
CKYV is defined as [19]

1
‘CC(I)] = é‘/’al,q), + E (a)g)le(Syb)['](D‘].
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2
CKV: V., +V,(, = &(V “0) G- (3.4)

Proper CKV: we denote them by c#. These are CKV with
V.c#0. The set of CKV-solutions will be denoted
as ¢# = {k*, ct}.

Closed CKVs and MSS: an important result to be
extensively used below is that proper CKVs, in curved
maximally symmetric spaces (£> # 0), can be chosen to be
closed’

CCKV: V c¢*inMSS ¢, =9,¥. (3.5)
Moreover the potential ¥ is given by its associated scale
factor

(3.6)

1
¢, =—¢*V,0, where o, = EV -c.

Notice the need of #? required by dimensional analysis [see
(A7) and (A10) for the explicit potentials in S* and dS,].
Proof. Inserting (3.5) in (3.4) implies

Ve, =V,c, = 0.9, (3.7)

Contracting this equation with V¥ we get

Vv (Vye, =0.90) » V'V, =V, 0. (3.8)

Then,
V0, =V*V,c, =V, V¢, + R, c*

1
= dvuac + ﬁ (dg;m - 5?19/41/)0(1

1
=dV,6. +—(d—1)c

. (3.9)

"

From which we obtain (3.6).
Substituting V,6, — ¢, in (3.8) and taking into account

that Eq. (3.5) implies that V*V ¢, = V*V ¢, we find

Vi, =-%¢

{ oo (3.10)
Ve, #0.

Thus, CCKVs are longitudinal eigenvectors of the
Laplace + Beltrami operator. In Euclidean MSS (S%), the
set of independent CCKVs {cff) } comprises (d+ 1)
solutions which are in one to one correspondence with

the lowest longitudinal eigenvector space of the vector
Laplacian [cf. (3.6) and (3.11)] (see [21]).

>This fails to be true in flat space as special conformal
transformations are not obtained from closed CKVs.

For completeness, taking V¥ in (3.6) one obtains

d

Vo, = =230 (3.11)
This implies that the scale factors o, associated to CCKVs
are eigenfunctions of the scalar Laplace + Beltrami oper-
ator. In Euclidean signature, the set of scale factors
associated to the independent set of CCKV span the lowest
nontrivial eigenspace of the scalar Laplacian (see also
Appendix B in [22]).°

In the following section, we show that the full spectrum
of the scalar Laplacian on spheres S¢ can be found from the
scale factor of the CCKVs using ladder operators
(cf. [16,17]). Our aim in the present paper is to generalize
these known results to general tensors on spheres.

Comment: it is important to notice, when comparing to
the ladder operators to be constructed below, that CCKVs
give no local Lorentz rotation

Colsed CKV:  9,{,; = 0w (0 )" =0

Hence, under a CCKV ¢#, a spinning primary transforms
effectively as a scalar

1

D, - () = DL

D, (x).

Alternatively, at the infinitesimal level it transforms as

5@[ = Lc©[ + (A - S)ch)[.

IV. LAPLACIAN EIGENFUNCTIONS ON POSITIVE
CURVATURE MSS AND LADDER OPERATORS

We now present a systematic procedure to construct all
the SO(d + 1) and SO(d, 1) UIRs labeled by discrete labels
by studying wave equations in positively curved MSS.’
Specifically, we will build ladder operators D, D* which, by
acting on eigenfunctions of the Laplace + Beltrami oper-
ator with a given eigenvalue, raise or lower the eigenvalue.
These operators will be constructed out of the CCKVs of
the space.

A. Scalars

1. Ladder operators

We start by assuming that we have an eigenfunction @ of
the scalar Laplacian

6Equations (3.10) and (3.11) are precisely those used in
Sec. 5.2 of [23] to argue that the f,-modes with n =0, +1
correspond to CKV potentials.

For Euclidean signature our procedures leads to all UIRs of
SO(d + 1). For the Lorentzian case, we obtain the exceptional/
discrete series UIRs of SO(d, 1).
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1
V2 =—a,(\/99"9,
\/g ﬂ(\/_ )
in a d-dimensional maximally symmetric space
1
Vztbzlecb, A=A(d-1-A). (4.1)

We have parametrized the eigenvalue A1 with the scale
dimension A. The reason for coining this name will become
clear below (see the comment at the end of this subsec-
tion).8 It is useful to define the shadow dimension A as
Shadowdimension: A':=d—-1-Awi1=AA%. (4.2)
Since (A*)* = A, any given Laplace + Beltrami eigenfunc-
tion @ can be characterized as having either A or A° scale
dimension.

To make contact with known expressions, for positive
curvature maximally symmetric spaces (£> > 0) we have:

(1) Euclidean signature: scalar spherical harmonics @,

in $¢ correspond to UIRs of SO(d + 1).” From

k(k+d—1)

Vz(l)k = = fz

o, k=012..,
(4.3)

we see they map to the A = —k solutions in (4.1).

(ii) Lorentzian signature: tachyonic scalars in dS,; with

m?=-nn+d-1), n=0,1,2,... (4.4)

correspond to type I exceptional UIRs of SO(1, d)
[6,10,23,24]. From

(V2 —m?)®, =0, (4.5)

we conclude that they correspond to A = —n in (4.1).

Intriguingly (4.5) possesses a (shift) invariance

under [25]10

¢ (d ¢ +ln’ ln = S]]A__InXII ...XI”, (46)

where s;, ; is a real traceless symmetric constant
tensor and X’ are the coordinates of the standard
ambient space realization of de Sitter space [26,27].

As stressed in [28] and discussed in Appendix C, this
invariance should be understood as gauged. For

¥See also the comment on A below.

°For ease of notation in this paragraph we denoted with k the
first of the quantum numbers in I = (k,[,_;,...l;). This is the
only one relevant for the discussion. See Appendix B for notation.

"In Euclidean signature, the 4,,-modes correspond to the zero
modes of O = #?>V? + n(n+d—1) on S

n =0, (4.6) becomes the familiar constant shift
symmetry of the free, massless scalar (see also [29]).
The gauging of the shift symmetry for massless
scalars in dS, was performed recently in [23] (see
also [30] for recent work).

In the following sections, as well as in Appendix C
and Sec. IVA 3, we discuss the consequences of the
set of zero mode solutions arising from the Wick
rotation of the irregular solutions on the sphere
(Legendre Q-function).

Since two scale dimensions (A, A*) are associated to each
O satisfying (4.1), we define operators D, Df, built out of
CCKVs c¢#, as

D® := 'V, ® + Ao, D,

DO := 'V, ® + A, D. (4.7)
Notice these expressions resemble the infinitesimal form of
conformal scalar primary transformations (2.26).

In the following, we show that the action of D, D* on
modes @ satisfying (4.1), i.e. with scale dimension A,
generates eigenmodes @ and @”,

@' := DO, Q" = DD,
which are eigenfunctions of the Laplace + Beltrami oper-
ator with shifted scale dimension. Explicitly,

1
Vo ZPA’(d— 1-AN®" with A'=A+1,
1

vzq)// — bﬂ

A'(d—1-A"®" with A”=A—1. (4.8)

Alternatively, D, D° can be viewed as shifting the shadow
dimension as A* — A F 1

1
Vi = —ZAAS(I)
4
vZ(D/ — #A’A"*(D’, AS = AS — 1’
= { V20" — #A”A”‘Y(D”, A = AS + 1.

This means that D, D* raise and lower the associated
scale dimensions of the Laplace eigenfunction ®. The
commutation relations with the Laplace + Beltrami oper-
ator are

[£2V2,D|® = (d — 2 — 2A) DD,

[f2v2, DS® = (d -2 - 2A%D'D. (4.9)
Proof. We assume we are in a MSS, then
d—1
D, V@ = —(V2cH)V, @ — 206, V> — 7 MV, ®
- A(VZGC)QD - 2A(Vpac)Vpd>. (4.10)
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Using (3.10) and (3.11) we get

[D,*V?]® = c*V,® — 26, AND — (d — 1)c*V,®
+do AP + 2AcHV, D
= (20— d+2)"V,® + 6, A(—2A° + d)d
= (d =24%)[c"V, @ 4 Ac, D]

= (d = 2A%)DO. (4.11)

We conclude that

D, V2] = %(d _oAD, [P,V = % (d—2A)D",
(4.12)

The second identity follows from (A*)* = A. Therefore, it
now follows from (4.12) that

V2@ — V2(Dd) = DV2 — % (d— 205D

1
= — (AAS — d + 2A%)DD

KZ
:%(A F1)d=1=(A+ 1)
:%(A+1)(A+1)S®’. (4.13)
Similarly, we have
V2! — %(AS F1)(A 4 1)
_ %(A C1)(d - A", (4.14)

Comment on conformal coupling: the right-hand side
(rhs) in (4.11) vanishes for AS = ‘51 which is equivalent to
A= % — 1. This means that the D-operators preserve the
A= (4—1)4 eigenspace. Notice that the value A =4 -1
coincides with the classical scale dimension of a scalar
field in d-dimensions. This situation has a neat interpre-
tation as A =¢*m? = ($—1)4¢ is precisely the “mass”
value equivalent to conformal coupling to the scalar
curvature that guarantees Weyl invariance of the field
equation [31] and therefore invariance under the CKVs
of the MSS (cf. right column top in Fig. 2).

2. Building discretely labeled UIRs
on ¢* > 0 MSS

Sphere: the constant function on the sphere ®(x) =
const has vanishing Laplace eigenvalue, 4 = 0. The scale
dimensions associated to @, are A =0 and A* =d — 1.
From (4.7) we learn that D®;, = 0 vanishes identically.
However, the action of D* for any of the (d + 1) CCKVs ¢#

DS(‘EED

V2 =2(d+1) (D)2, A=—2
Dlasca ) Placs

-V2=d D*®y x o) A=-1
Plascans () Plams

-V?2=0 Oy(x) = cte. A=0
)D\A:[]:Lc
0
FIG. 1. Construction of the full tower of scalar spherical

harmonics on spheres out of ®((x) = const. The action of ladder
operators D, built out of CCKVs ¢#, takes us up indefinitely
along the tower. At each level, denoted by A = —k, the remaining
states of the UIR multiplet are obtained by acting with Lie
derivatives along the Killing vectors of the sphere.

gives rise (d + 1) nontrivial eigenfunctions”
D’dy x o,.

Comparing with (3.11) and in accordance with (4.14), we
recognize that the set {o,} built from each of the (d + 1)
linearly independent c#’s, coincides with the first nontrivial
harmonics on S¢, i.e. those corresponding to A = —d or
k =1 in (4.3). Naturally, they mix under the action of the
Killing vectors. If we continue recursively, acting with
(D*)* on @, we obtain scalar spherical harmonics with all
possible eigenvalues of the Laplacian (see Fig. 1). The
remaining states on the multiplet can then be found by Lie
derivative actions along the Killing vectors on the sphere.
The standard inner product on S? gives rise to the
I = (k,0,...0) finite dimensional UIR of SO(d + 1).

de Sitter space and tachyonic shift symmetries: the
Lorentzian signature case presents additional features.
We start by reminding the reader that from

ds*> = £*(d0 + sin®> 0dQ3_)),

with dQ? the round sphere metric, we obtain the de Sitter
metric by making the Wick rotation

0 I—>g— it. (4.15)

The result is

ds? = £2(—dt* + cosh? tdQ7_,). (4.16)

"The (d + 1) CCKVs are customarily denoted as D, K; with
i=1,...,d
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m? =44 1)
m?=d—2 0
D‘A:0:£C<\
m? =0 Do (x) = cte
D‘A:—l( \)DS‘AS:d—I
m2 = —d DS(P() X O0¢
DlA:—Z <\ )DSIAS:d
m? = —2(d+1) Dso.

D(:>Ds

FIG. 2.

d_1 times
5—1 times

mi’o(x)
D( | >Ds
D(‘ lps‘A5=d—3

Ddy(x)

D‘A:[J:EC ( )D'G‘As:d,z

‘i’o(f)

Dla—_4 (‘ )DS‘AS:d—l

D*d(x)

D‘A:—Z ( )DS‘As:d

DD Dy ()

D(:EDS

Ny

On the left column we show that all regular gauge modes (4.6) at different levels are connected by the D, D¢ ladder operators

acting on the constant function ®,. On the right column we display that the irregular modes are also connected through D, D* ladders.
Amusingly in even dimensions the action of D-ladder stops at level A = ‘% — 1 (cf. top right column).

It is straightforward to show that a constant function on
de Sitter spacetime, which we denote @(x) = const., is a
seed for all the gauge modes 4, displayed in (4.6) (see left
column in Fig. 2). As well known, the gauge modes can be
written as homogeneous polynomials in embedding space
coordinates. Their explicit form in de Sitter global coor-
dinates (4.16) is obtained by performing the Wick rotation
(4.15) on the standard spherical harmonics Y;(6, Q) (see
Appendix C)."

However, in Lorentzian signature at level A =0, a
second (nontrivial) solution exists which we denote as
@, (x). Explicitly, @, and @, are solutions to the massless
KG equation independent of the (spatial) coordinates on the
sphere in (4.16). They are obtained as

t 1
9,((cosh)@19,®) =0 w ® = ¢| + cz/ ( dr'.

cosh )41

(4.17)

The term involving the integral in (4.17) is what we call ®,.
It can be understood as the Lorentzian version of the
Legendre Q-function (see Appendix C). Interestingly, both

Zwe succinctly denote by [/ the full set of quantum numbers
labeling the harmonic (see Appendix B).

D and D’ act nontrivially on it.? Amusingly, in even
dimensions, the action of D stops at level A = %’ — 1. At this
particular value the mass in the KG equation coincides with
conformal coupling and D commutes with the Laplace
operator [cf. (4.12)]. Equivalently, for A = % — 1 the ladder
D preserves the space of solutions of the Klein 4+ Gordon
equation. D is nothing but the infinitesimal form of a
combined Weyl and conformal diffeomorphism transfor-
mation of the scalar field [see comment below (2.28)].

3. Action of D,D* on dS; tachyonic mode functions

Although the construction works for any CCKV in
positive curvature MSS, simple expressions are found for

d 2
Sphere: ¢=sinf0, in 72 =d6® +sin*0dQ7_,
2
de Sitter: ¢=coshtd, in 7Sz = —d® +cosh?tdQ2_,.

Our construction shows that the set of states {D*... D*®}
on the left column in Fig. 2 correspond to the regular gauge

BThe t-dependent zero mode for the massless scalar in 4d de
Sitter was originally discussed in [32] (see also [33-36]).
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modes discussed in the context of scalar tachyons in de
Sitter (see [10,23,37]).

In this section we spell the details of action of D, D° on
the mode functions for scalar tachyons satisfying

(-V2+m?)¥ =0

d=2
2

with m? = —n(n+d —1). The mode solutions to the
Klein + Gordon equation in global coordinates take the
form (see Appendix C for notation and details)

Wi(1,Q) = f1(1)Y, (L)

where

fi(n) e {(cosh t)‘(d‘z)/zP_(Hz_) (isinh?), (cosh )~(4=2)/2 Qi:z(z sinh 7) }
2

d=2
n+%

The relevant feature of the following discussion will be on
the shift of the mass m?, parametrized by A = —n. There-
fore, in the present section, we suppress the angular
quantum numbers I and simply denote the tachyon field
with a subscript n. We write

®,(1,Q) = (cosh1)~@22p~ ' (isinh )Y, (@) (4.18)

+53

~(+459)

®, (1, Q) = (coshr)™ 220 "7 (isinh )Y, (Q). (4.19)

It is sufficient to compute the action of the ladder D*®,,
with respect to only one (out of d) CKV c¢*. The ladders
with respect to the remaining CKV can be found using the
de Sitter isometries k, as

[Eka ’Dé]q)n = (‘C[k,c] + (Vl +d- 1)0-[k,c])q)n

=D} @n. (4.20)

In this equation, we have explicitly denoted the CKV
dependence of the ladder operator by a subscript, D;.

We start by choosing, in global coordinates, the CKV
given by

¢, = —0d,sinht w o, = sinh1.

(4.21)
This choice is particularly convenient since it does not
involve the spatial coordinates €.

Rising ladder: our aim is to compute

Do, = (L, + (n+d-1)o,)D,. (4.22)
More explicitly, one has
D®, = (cosh 9, + (n+d —1)sinh7)®,.  (4.23)

Inserting (4.18) into this equation, and introducing
z = isinh¢, we straightforwardly find

|
D'®, = —iY;(Q)(cosh1)~T

0 d —(1+4=2)
2 _ p
% ((Z D 0z (n 2) Z) P"+—d52 (2).

Using [Eq. (14.10.4) in [38]]

(4.24)

(62132t (0 1) P22(0) = bt DP9

one obtains

Do, =—in+1l+d-1)®,.,. (4.25)
Similarly, for the Q-modes (4.19) we obtain
Dd, =—i(l +n-0d,,,. (4.26)

Some comments are in order:
(i) Gauge modes [ <n of A =—n are mapped onto
gauge modes of the A = —(n + 1) theory.

(i) The lowest physical modes, i.e., [ = n + 1, of the
A = —n theory are mapped onto gauge modes of the
A = —(n+ 1) theory.

(iii) All higher physical modes of the A = —n theory
(i.e., modes with [ > n 4 2) are mapped onto physi-
cal modes of the A = —(n + 1) theory.

(iv) Q-modes with [ = n + 1 (physical regime) are zero-
modes of D°.

Lowering ladder: we now wish to compute

DO, = (L, — no,)®,. (4.27)

Proceeding as above we find

DD, = iY,(Q)(cosh )T

0 d-2 _(14d=2
X<_(Zz_1)az+<"+ 2 )Z>Pﬂﬁf;2)(2)'
(4.28)

We now use [Eq. (14.10.5) in [38]]
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(=02 = 1) 5400 ) P00 = (0= )P (9,

and arrive at

DO, =i(n—-1)D,_;. (4.29)
For the Q-modes, the result is
DO, =i(n+1+d-2)D,_,. (4.30)

We conclude this section with the following comments:
(i) Physical modes of the A = —n theory (I >n+1)
are mapped onto physical modes of the A = —(n — 1)
theory.
(il) Gauge modes with / = n of the A = —n theory are
zero-modes of D. Hence they cannot transform into
physical modes under the action of D.

B. Vectors

1. Longitudinal modes

Longitudinal eigenmodes of the vector Laplacian are
well known to be given by derivatives of the scalar
harmonics. We do not elaborate on them since they follow
easily from the discussion of the previous section [21,39].

2. Transverse modes

We now proceed to construct ladder operators for
transverse vector harmonics A, satisfying

1 s
VzAﬂ = ﬁ/lAM, VFA, =0, A=1+AA* (4.31)
with A* defined in (4.2) (see Appendix D for the allowed
eigenvalues on spheres).

We define two Ladder operators

1
DA, = LA, + (A= 1)oA, = V,(cP4,),  (432)

and

DA, = LA, + (A° = 1)o,A (4.33)

1

u = E Vﬂ(c/’A[,).
They depend on a CCKV ¢* and the scale dimension of A,
while they also include a compensating gauge-looking
transformation necessary to preserve the transversality
condition. The reader should keep in mind that the
gauge-looking transformation becomes an actual invariance
only if 1 is tuned to the strictly massless value [correspond-
ing to m?> = 0 in (4.42)]. Notice again the similarity of
(4.32) and (4.33) with the infinitesimal form of a conformal
vector primary transformation in (2.28).

The action of D, D’ on an A-mode with scale dimension
A gives14

A":=DA and A" :=D*A.
The modes A’, A” have scale dimensions shifted by one unit
AN=A+1 and A"=A-1.

These expressions generalize (4.8) to the case of vectors.
Details and proofs: consider the ansatz

DA, = LA, +y6.A, +ac'V,A, (4.34)

The coefficients y and a can be fixed by demanding the
transformed function to satisfy

1
Eigenmode: V?(DA,) = ) (A+8A)DA,  (4.35)
with 01 the change in the eigenvalue, and
Transversality: 0 = V°(DA,). (4.36)

The need for a compensating “gauge-looking transforma-
tion” can be seen by taking the divergence of (4.34).
Indeed,

0=V (cV,A, +(1+47)o A, +ac'V,A,)

1
= c*V°V,A, - 7 (147 —al)c’A,

d—1 1
7 A, —?(1 +y—al)chA,,

w  y=d—-2+a(l +AA%).

(4.37)

To go from the first to the second line we use (3.6), (3.7),
(3.10), and (4.31). To get the third line we used that in MSS
[V,.V,]JA° =414, The eigenmode condition (4.35)
implies

[£2V2, DA, = 6)DA,. (4.38)

Alternatively computing the left-hand side (lhs) for a MSS
space with ¢ a CCKV one obtains

“We denote coordinate free 1-forms as A = A dxt.
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[2V2,DIA, = (d =2 =2(y + 1) + 2a)c*V,A,
A
+(22—d(y +1) +2(d = a)o A,

SA(147)
+ 2+ (d=2)a)c"V,A,. (4.39)
~————

Sla

Below the underbraces, we have written what each term
should equal for (4.38) to be satisfied. Since ¢ is a CCKYV,
using (3.7), (3.10), and (3.11) we get an overdetermined
linear system of equations, i.e., three equations for two
unknowns 84, a {y is given by (4.37)]

d=2-2(y+1)4+2a =061
2 —d(y + 1) +2(d = Da = (1 +7)d

2+ (d-2)a = ada. (4.40)

Amusingly, this system of equations has two solutions
corresponding to the rising and lowering ladder operators.
The two solutions are

L(A=A=l L g —2-2A)

(y’ a, 51) = II <(AJ)2—AS—1 1 (441)

I ,—E,d—Z—ZAS).

Inserting these solutions in (4.34) we obtain (4.32)
and (4.33).

Comment on conformal symmetry: as for scalar fields,
we have 64 = 0 when the scale dimension coincides with
the classical value, i.e., A :g— 1. This means that the
action of the ladder operators (4.32) preserves the space of
solutions (4.31). It is satisfying to recognize that in d = 4
where the classical engineering dimension is A =1 we
have

V, A" = 0.

These are Maxwell’s equations in Lorenz gauge (see
[4,5,40]). Moreover, for A = 1 the ladder D reduces to
the Lie action plus a compensating gauge transformation.
Hence, the fact that the action of the ladder operators
preserves the solution space simply expresses the con-
formal invariance of Maxwell’s equations in d = 4.

On the other hand, for d # 4, vector fields with A =
% — 1 are massive but still enjoy a symmetry generated by
CCKYV. This means that the space of solutions of

SConfront the discussion around Eq. (15) in [41].

1 d-2)(d—-4
VZAP,:—2 d—l—i—u Ay, VEA, =0
4 4
—_———
mZ
(4.42)
is preserved under the action of
p 2 d(d—4)
D|A:%_1A” = C va” - mvﬂAp + Z(d — 2) O"-A”.

Moreover, for d > 4, the spin-1 fields in (4.42) satisfy the
Higuchi bound m? > 0 (4.60) and, thus, they are unitary.
See the discussions below [around (4.60)] for more details
on the Higuchi bound.

For completeness, we quote the commutation relations
with the Laplace + Beltrami operator for arbitrary d and A

[£2V2,DJA, = (d -2 —-2A)DA,,
[2V2, DF|A, = (d —2 = 2A°)D*A,. (4.43)
Comment on Killing vectors and ladder operators:
Killing vectors k, are annihilated by D. Comparing (3.3)
with (4.31), we learn that Killing vectors have A = —1.
Inserting this value in (4.34) and using (4.41), we obtain

Dk, = Lok, — 0k, + "V k,

= P (Vk +VK)) + VA, — 0.k, = 0.

The last two terms cancel by virtue of (3.7). The result
(4.44) is the generalization of D|,_o®, = 0, shown in
Figs. 1 and 2, to the case of vector fields. In passing we
comment that there is a tower of shift-symmetric tachyonic
vector fields in de Sitter [25]. The lowest level field has
Killing vectors as zero-modes. However, they give non-
unitary representations.

(4.44)

C. Gravitons

To conclude we consider the case of a symmetric
transverse traceless 2-tensors (STT)

Spin-2:  h,, = hy,, Vv, =0, m, =0
satisfying
1 \
Vih,, = ﬁﬂh,,,,, A=24+AA° (4.45)

Ladder operators D,D* depend on a CCKV c¢* of the
positive curvature MSS, include a compensating gauge-
looking transformation and take the form'®

'*We denote symmetrization by By, =1 (B,, + B,,).

025018-11



LETSIOS, SEMPE, and SILVA PHYS. REV. D 111, 025018 (2025)

2 which imply that D shifts as A v A + 1, while D* lowers
= — _ P >
Dhyy = Lehy, + (A = 2)ochy, A+1 Viulhpe?), the scale dimension by one unit, A ~» A — 1.
! ; 2 Details and proofs: we start with
D hﬂl/ = ‘Cch;w + (A - 2>O-ch;w — AS—HV<”(hD>pCp).
(4.46) Dhy,, = ¢V, + (v + 2)0hy,, + ac?’V,hy),. (4.48)

The commutation relations with the Laplace + Beltrami Again by taking the divergence of (4.43), one finds

operator are Do—2d 44

H = =
Vit =0y = A d=a)"

(4.49)
[£2V2,Dlh,, = (d =2 —2A)h,

[£2V2, Df|h, = (d —2 — 2A%)h (4.47)

> To arrive at (4.47), we start by computing

V2.9, = VoV, — 2=V,

Lﬂ2 pPHY
A . .
— _pvl,h,w + VoV, Voh, 4 Rugoph®s + Ryge,hy”)
A 1
= _pv,,h,w +V°V,V,h,, + 7 (V,hy,, +V,h,,)

1
= (V,h,, +V,h,,)+ R, VN, +R,,° ,V,h*, + R, ,V,h,*

d—1 4
- 7Vphw + ﬁ v<”h1/)p, (450)

where we used the first identity in (3.1) and the transversality condition. Using this expression we obtain

V2,00V Jh,,, = (V2eP)V 4+ 2(Voc?) (VO ) + ¢/ [V2, V|

PV
-2 2 4
= 76'/ V/,hlw +ﬁachm, + ECPV(”/’ID)/,. (451)

Hv

Now, the commutator of the Laplacian with the second term in (4.48) gives

[VZ’ Gc]h/w = (vzac)h/w + 2(V066)(v0h;w)

d 2
—?O'chﬂy — ﬁc Vahﬂy. (452)

Finally, to find the commutator with the last term in (4.48) we compute

V2,V Jh,, = (V2eP)V, by, + 2(V0e?) (V) + P [V2, Y,
d—2

2
7C‘0v”hﬂy + ZGCV”V”h/,U + ﬁc”(vphw + V,,hﬂ”)

pv

2

d 0 (04 0 a 2 0
= ﬁc/’vﬂhpy +20.(R,” ,h%, + Ry h,*) + ﬁc’ V,h,, — ?cf’v[ﬂhy]p
2

d d 2
= pcf’vf,hw + ﬁc/ Vﬂh,w + Zﬁ%hm/ - ZC/ V[ﬂhy]p, (453)

where we used the transversality and traceless condition in going to the third and fourth lines. The (uv)-symmetrization
results in

2d

2 d
[Vz, CpV(ﬂ]hy)p = ﬁcl’vphm, + ﬁC‘OV(ﬂhy)p + ﬁgch;w- (454)
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Putting everything together and collecting one finds

[£2V2, Dlh,, = (d—2-2(y +2) 4+ 2a)c’V h,
o2
+ (24 =d(y +2) + 2ad)o,h,,
(r+2)52
+ (44 ad)c/’V(#h,,)p,

———
ad

(4.55)

where, in the rhs, we have the desired results below the
underbraces. This gives an overconstrained system of three
equations for two unknowns 84, a. As before it has non-
trivial solutions, they are

2_A—
i L(8520 —2y.d-2-24) ia
(y’a’ )_ II (A5)2_Ax_4 2 d 2 2AS ( * )
A e d 2240,

Substituting these values of y,a,d61 into (4.48), and
massaging, we find (4.46).

Comment on Killing + Stéckel tensors and ladder oper-
ators: Let us show that Killing 4 Stickel tensors are
annihilated by the D-operator.

We start from the definition of a (symmetric) Killing
tensor [42-45]

Killing tensor:  V,k,, +V,k,, +V k, =0, (4.57)
which is assumed to be traceless. Contracting with V4,
commuting covariant derivatives and using (3.1), one finds

2d

_ﬁk

V2k,, = — 5k, (4.58)

Hence, the STT Killing tensors are solutions of the
Laplace + Beltrami operator with A = —2. The action of
D is given by (4.46), and thus

’Dkﬂy = Eckﬂy - 460km, + ZV(”(]CV)/,C/))
=c"(V,ky, +V,k,, +V,k,,) = 0.

viup
There exists also a tower of tachyonic shift-symmetric
spin-2 fields in de Sitter, the lowest level of which have
STT Killing tensors as zero-modes. They are also nonuni-
tary (see [25] for further details).

Comments on conformal-like symmetries and partially
massless gravitons: as for scalars and vectors, the ladder
operator D preserves the space of solutions of the spin-2
field equation (4.45) if A = ‘2—1— 1. We call these STT
conformal-like gravitons, they satisfy

1 d
Vi, = <2 +5(d~ 2)) By (4.59)
——

I712

We should confront this equation with the conditions for
having a unitary spin-2 field in de Sitter space. As found
in [21,46], STT fields of spin-s satisfying
(=V2+s+2=s)(s+d-3)+m?)h
V*h 0, h#

HiHs
Hiy s sty = 05

give rise to (massive) unitary theories for

m? > (s—1)(s+d-4). (4.60)
However, for the special values [5,46—49]
fzmzz(r—l)(2s+d—4—r), t=1,....,5, (4.61)

the theory is also unitary, by virtue of enjoying a certain
gauge invariance. Spin-s fields with masses taking the
discrete values given by (4.61) are known as partially
massless field of depth 7."” For the case of spin-2 particles,
partially massless gravitons arise for #2m?=d—2."®
We then conclude that in d > 4 the condition (4.60) is
satisfied and hence the field equation gives rise to a unitary
theory. To conclude, we remark that demanding the
gravitons to be conformal-like [in the sense of (4.59)]
and partially massless at the same time is only possible for
d =4 [13]. Indeed, for the partially massless gravitons
(A :%— 1 =1) in d =4, the operator (4.46) takes the
form

Dhy,, = c*(V,hy, = Vihy),), (4.62)
which coincides with the unconventional conformal sym-
metry of partially massless graviton uncovered earlier in [13].

V. CONCLUSIONS

In the present paper, we have built ladder operators
relating distinct discretely labeled UIRs on S and dS,.
These ladder operators were constructed relying on CCKV
on those spaces and they were explicitly written for spins
s =0,1,2 with generalizations to higher integer spins

"The case 7 = 1 corresponds to the strictly massless case. In
4d, a strictly massless field has two propagating degrees of
freedom with helicities +s, while a partially massless field of
depth 7 has 27 of them: (+s, +(s — 1), ..., £(s — 7 + 1)). Strictly
massless fields are the closest analogs of Minkowskian massless
fields, while partially massless fields of depth z > 1 have no
Minkowskian counterparts.

The gauge invariance of partially massless gravitons which
eliminates the zero helicity component of the field is 6k, =
V.V —5—%‘(}”,,)(1, where a(x) is a scalar gauge parameter.
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being straightforward. Our results generalized previous
known formulas for scalar fields [16,17].

The operators D, D* we found connect solutions to free
field equations in S and dS,,. It is well known that the mass
in these equations is related to the quadratic Casimir of the
isometry group of the space, therefore, our ladder operators
are mass-shifting operators. It is interesting to notice that
the form of the ladder operators resembles the spinning
conformal primaries transformation laws.

Our setup hopefully sheds light on the appearance of
conformal-like symmetries for partially massless gravitons
in 4-dimensional de Sitter space [13,50,51]. Moreover, for
d # 4, we found that massive spin-1 and spin-2 fields with
special tunings of their mass parameters (A =d/2 —1)
enjoy conformal-like symmetries in the sense that the
operator D which preserves their solution space is built
from CKV. The case with d = 4 is special in the sense that
spin-1 and spin-2 fields with A =1 are gauge potentials
corresponding to the Discrete Series UIRs of SO(4,1), i.e.,
the Maxwell field and the partially massless graviton on
dS,. The former is well known to be SO(4,2) invariant,
however, the algebra closure of the partially massless
graviton conformal-like symmetry is currently under
scrutiny [13].

We leave for future work the computation of the
algebra generated by our ladder operators and the possibil-
ity of realizing the conformal-like symmetries at the

No. PICT 2020-03826. M.S. is supported by a
CONICET fellowship. The work of V. A. L. was supported
by the Eleni Gagon Survivor’s Trust.
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APPENDIX A: POSITIVE CURVATURE
MSS AND CCKV

de Sitter: in global conformal coordinates the dS, metric
is given by

ds*> = 7 (=d? + dy? + sin® y(d6? + sin *d¢p?) (A1)
here ¢ € (—x, 0). Notice this parametrization maps dS, to a
portion of Einstein static universe [52].

The Killing vectors on dS; can be separated as those
acting closely on ¢ = const (spatial sections), {J;,P;},
which close a SO(4) algebra, and {D, K;} which move us
away from the # = const hypersurface. Their explicit form is

J1 = singdy + cotl cos P,
J> = —cos 9y + cot & sin a,,

Lagrangian level. J3=-0, (A2)
ACKNOWLEDGMENTS P, = sin 0 cos ¢p0, + coty cos 6 cos poy
We would like to thank the participants of the —coty cscOsingad,
Holography in & beyond the AdS paradigm Workshop P — sin 0 sin o ¢ Osin o
for creating a stimulating environment that helped start this > = sindsin ¢, = coty cos sin ¢y
work. We would like to thank A. Higuchi and F. F. John for + coty csc 6 cos po,
helpful discussions. This work was funded by CONICET P5 = cos 00, — cot sin 09, (A3)
Grant No. PIP-UEO84, UNLP Grants No. X791 and
|
D = sintcos y0, + costsiny0,
K, = —sintsin y sin € cos ¢0; + cos £ cos y sin 6 cos ¢0, + cos £ csc y cos O cos oy — cos fcsc y csc O sin pay,
K, = —sintsiny sin 0sin 0, + cos 1 cos y sin 0 sin p0, + cos 1 csc y cos O sin poy + cos £ esc y csc 6 cos po,,
K5 = —sintsiny cos 00, + cos tcos y cos 80, — cos t csc y sin 60,. (A4)
The set of Killing vectors {J;, P;,D,K;} with i = 1,2,3 close a SO(4,1) algebra
i J;) = eijid i Ui, P;| = €ijxPy, i K] = €Ky
[P;, Pj| = e K. K] = €
D.P)|=-K;.  [D.K]=-P;, [P.K;=-Ds;. (A5)

In addition dS, possess five proper CKV which we write
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D = cos 1cos y0, — sin tsiny0,
K, = sinfcos sin y cos ¢pa, + sin @sin  cos y cos $0, + cos @sin tcsc y cos pdy — cscHsintcsc y sinhay,

K, = sin @ cos tsin y sin 0, + sin fsin ¢ cos y sin $0, + cos @ sintcsc y sin 0y + csc @ sintcsc y cos ¢po,

K5 = cosfcos tsin y0, + cos fsin t cos y0, —sin@sintcsc yoy

T =-9, (A6)
The conformal symmetry algebra of dS, is SO(4,2) which in addition to (AS5) reads
[~l’~j] = eiijk’ [~1,Kj]:T, [Pl’kj]:D(Slj’ [D,kl] =0
[D’D]:T’ [:i(l.}:P” [i)’Pi]:i(i’ [Jhlzj]:eijklzk
D,T) =D, K, T) =K, K;, T] = —K;
D.J;)=D.P]=[T.J]=[T.P] =0
The proper CKV (A6) were chosen to be closed, if we pull D =d(—cosy)
down the index one can verify that all each of them can be K. — d(si 0
written ¢, = 9,'¥,. [cf. (3.5)]. The potentials are | =d(siny sin @ cos @)
K, = d(siny sinsin ¢)
D: \PD =csctcosy K3 :d(Sin)(COSQ) (AlO)

K,: Yk, =sinfcsctsinycos¢

K,: Wi, =sinfOcsctsinysing

K;: Wk, =cosfOcsctsiny

T: ¥;=—cott. (A7)

It is amusing to verify that the proper CKV potentials
satisfy

(Wp)* + (g, — (¥r)* = 1. (A8)

This is in agreement with the fact that they coincide with

the embedding coordinates ¥ ~ X' (see [53,54]) when

representing de Sitter dS; as a quadric in Minkowski

embedding space 7, X' X’/ =1 with [,J =0, ..., d.
Sphere: the $* metric is written as

ds* = dy* + sin? y(d6” + sin @*d¢p?). (A9)

The isometries are generated by {J;, P;} closing a SO(4)
algebra

Uidjl=eipdr.  UiPl=e€uPr.  [PiPj]=ejdy

The proper CKV on the sphere can be obtained from the
late-time limit behavior of dS, Killing vector boosts (A4).
Their covariant expression are given by

withd = dx*d, the exterior differential operator. In analogy
with (A8), on the sphere, one can check that the proper
CKV potentials ¥; (I = {D, K;}) satisfy

(Wp)> + (Yg,)* =1

APPENDIX B: SCALAR HARMONICS ON §¢-1

We write the metric of S9! in standard fashion

dQ?}_, = do5_| + sin® 0,_,dQ3,. (B1)
The full set of coordinates is Q= (6,_;,6,_,,

043, ...,0,, @) where 6; €0, x) and ¢ €0, 27).
The scalar spherical harmonics on S%! are classified by
(d — 1) quantum numbers
I= (ld—la ly-a, ...,11),

,=0.1,2,... (B2)

obeying
ld—l Z ld—2 Z Z 12 Z |ll| Z 0

The first quantum number in the list (B2), i.e. [,
parametrizes the Laplace eigenvalue19

—V2

sph ly-1=0,1,2,...

(B3)

Yi=lg1(lg-y +d = 2)Y,

We denoted k = I,_; in (4.3) and [ = [,_, in Appendix C.
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They take the explicit form [21]

d=2

Yi(Q) = [T (Clacrs Ly sin 0,212
r=1

d-r=2

—(Ly—yo1 +572) 1
X Pld7,d+d—l+—2 2 (COS gd—r)) X \/—2_ﬂell(p’ <B4)
where
21 d-2(1 l d—3)N\ /2
C(ld—l’ ld—2) — < d—1 + ( d—1 + d-2 —+ ' ) > .
2 (ld—] - ld-z).

(B5)

In (B4), P, are the associated Legendre function of the
first kind [55]. The normalization factors ensure that

/ (Y)Y () = . (B6)
sp

The harmonics on S9! can be written in terms of S92
harmonics Yi(fl) where 1= (I;_5.1;5,....1;) and Q =
(9(1_2, ...,62,@) as

V() = Cllaoy, La-a) (sin0,0) 42 P 20

Ly +452

X (cos Hd_l)Yi(Q). (B7)

APPENDIX C: SHIFT-SYMMETRIC SCALARS
IN GLOBAL DS

1. Mode solutions for shift-symmetric scalars on dS,

Shift-symmetric scalars on dS, satisfy (de Sitter radius
2 =1)

V2O = —n(n+d-1)®, n=0,12,... (Cl)

To find the solution to this equation in global coordinates
(4.16) we make the ansatz

D(1,Q) = f(0)Y,(Q) with 1= (l,1;-,....0;). (C2)
Here Y;(€) are the scalar spherical harmonics on S9~! (see
Appendix B). Inserting the ansatz (C2) in (C1) one finds®

The general solution to (C3) is

: Pl (tanh "+ (tanh C3
W | 1+%(tan t)—i—czQ,Mz;s(tan ) (C3)

f(0) =
Discrete/exceptional UIRs follow for particular choices of ¢ , for
f(£). The precise choice of coefficients relating (C3) to (C5) was
originally spelled out in [56] using the Whipple formula (see
Sec. V.5 in [31,57]).

f"+(d—1)tanhzf’
I(1+d-2)

- d—1
+( n(n+ ) + p——

)f: 0, (C4)

where the prime denotes differentiation with respect to t.
The appropriate positive norm modes for the quan-

tization of a scalar field in dS were introduced originally

in [56,58]. For the case of tachyons they are (see

also [21,24,31,59])

-(+45%)
&

@y(1,Q) = (coshr)~@=2/2p" ' = (isinh1) Y, (L),

>
2 [>n

(C5)

with the KG inner product, in global coordinates, taking the
form

(®, W) — i(cosh 1)1 [ph dQ(* 0¥ — (3,0)'W).  (C6)

The argument of the Legendre function in (C5) can be
understood as arising from the Wick rotation (4.15) on
the cos@ +— isinht which appears in the spherical har-
monics (B4).
Some comments are in order:
(1) P,* are the associated Legendre function of the first
kind which can be expressed in terms of the Gauss
hypergeometric function as [55]

X F(—v,u—f— L+ 1;%), (C7)
thus,
D;(1,Q)
= ll—i— ) (coshr)=(4=2)/2 (%) 4
xF —n—dgz,n+;l;l+;l;l_izsinht>Yl(9)-

(C8)

(2) In the short wavelength limit, / > 1, the modes (C5)
behave as [58,60]*'

0 D1, Q
_q)l<t’ Q) ~ —llM

, fori>1,
ot or

(C9)

cosht

*'See the discussion around Eq. (5.73) in [31].
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which is interpreted as a generalized positive fre-
quency behavior. Notice that d, = coshtd, is the
proper time of a comoving observer in de Sitter

space.
(3) The scalar product, of any two modes solutions (C5)
is [21]
(D, ®p) = 2 1) (C10)
PR T =)l +n+d—1)"
This important result leads to the following
consequences:

(1) Physical modes: correspond to the set of (complex)
modes with [/ > n, they have positive norm.

(2) Gauge modes: correspond to the set of / < n modes
(real up to a phase), they have zero norm.

Important features of the set {®;} built with

P-functions are

(1) Gauge modes transform among themselves under
SO(d, 1) [21], we will summarize this below. As
expected, the number of gauge modes coincides
with the number of independent symmetric poly-
nomials appearing in (4.6).> They are zero-norm
modes because for [/ < n the associated Legendre
P-functions appearing in (C5) are proportional to
their complex conjugates [see (C12) below].

(2) Physical modes transform among themselves and
into gauge modes (see below). It was shown in [21]
that the physical modes form a UIR of SO(d, 1) [21].

(3) For [l > n the Wronskians in Section 14.2(iv) in [38]
show that the complex conjugates (®;)* are negative
norm states

(D], @;) = (D, D), (@, @y) = 0.
2. Seed modes

As we mentioned earlier, in the range [ < n the complex
conjugates of the P-functions in (C5) are not independent
from the P-functions [cf. (C12)]. The second set of
independent solutions to (C1) is

d=2
2

(1. Q) = (cosh1)"@220""F (isinh 1)Y,(@),  (C11)
2

where Q7 (z) are the associated Legendre functions of the
second kind, analytic in the cut complex plane [38,55].

“As an example consider n = 1 in (C1). The condition [/ < n
gives as possible harmonics

le{(0,...,0),(1,0,..0),(1, 1,0...0). (1.1, 1...1),(1,1,...,—1)}

d—2terms

which comprise d + 1 distinct gauge modes. This agrees with the
d + 1 embedding space coordinates.

There are several alternative representations for the
Q-functions which will not be relevant to our discussion.
For our purposes, we consider Q7 (z) to be given by the
analytic extension, beyond the unit circle, of Eq. (14.3.20)
in [38].

The Q-functions satisfy the following properties:

(1) Zero norm: being u,v € R, when evaluated at 7 =
isinhz we have that (Q%(z))* = QV(—z). Then,
using Eq. (14.24.2) in [38] we conclude that for
Im(z) <0

0i(—z) = —e7"Qli(z) » (0¥(2))" x O¥(2).
(ii) Linear dependence: for [ > n, Q) are customarily
disregarded, as they are not independent from
{P,*(isinht), P,*(—isinht)}. This can be seen
from (Eq. (14.24.1) in [38])

P;ﬂ(_z) _ e—im/P;ll (Z)

2 o
= 04(z2),

Tp—v)T(p+v+1) Im(z) > 0.

(C12)

A similar relation holds for Im(z) < 0.

(iii) Linear independence: for [ < n, the set of linear
independent solutions to (C1) is {P,"(isinht),
Q% (i sinh 7) }. Independence follows from Eq. (14.2.6)
in [38].

3. de Sitter isometry and mode expansions

In this section, we study the transformation properties of
the mode functions {®;, (i),} in (C5) and (C11) under
SO(d, 1). The transformation properties for the P-modes
were originally uncovered in [21]. Here we extend it to the
(seed) O-modes (C11).

We start by mentioning that the /-quantum number in
(B3) is preserved under the action of SO(d) c SO(d, 1).
However, under a SO(1, 1) € SO(d, 1) boost, the /-quantum
number shifts by one. For concreteness, we write the sphere
metric in (B1) as

dQ2_| = d9? + sin® 9dQ3_,

and consider, without loss of generality, the SO(1,1) de
Sitter Killing vector

&€ = cos 90, — tanh 7 sin 99. (C13)
Our aim is to study its action on the set of modes

Yi(1,Q) = fi(1)Y,(Q),

where
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fi(n) e {(cosh t)‘<d‘2)/2P;(lI?) (isinh?), (cosh t)‘<d‘2)/2Ql+% (isinht) }
2

d=2
+5= n+55=

We show below that (C13) leads to a simple mixing of (1) D™) raises the principal quantum number [ > [ + 1
modes which can be schematically summarized as
- C(l,14-)
DHIYY(Q) = (I 41y, +d-2
L= (Ll nd)) = F=%11, ..0) )= 1,y e )
x Yy (), (C18)
Moreover, the important results are
(i) Gauge modes [ <n (P-modes) do not mix with here I" = (I +1,1,_5,...,1;) and the normalization
[ > n modes [see (C27)]. factors are defined in (B5).
(i) Seed modes with [ < n (Q-modes) can be connected (2) DY) lowers the principal quantum number
with [ > n [see (C28)]. However, from (C12) we I—=1-1
conclude the result involves a combination of
positive and negative norm P-modes. =) o C(L 1)
Details: to analyze the action of symmetries, following DY (Q) = C(l—1,1;) (= L) Yr- (),
[21] we re-express the Lie derivative Lg as (C19)
LoV, = ;(T(H + 7O, here I" = (I — 1,145, ....11).
2l+d-2 (3) D) shifts I — [+ 1 in the P-function
with (+) _d=2 —(I+53) /. .
D ((cosh 1)72P .o (isinh t))
T = D™ % D), (C14) — K (cosh )P isinhr) (C20)
where where
D) = o, — Itanh . KD =itn=D)(n+1+d=1). (C21)
D) =sin89y + (I +d —2)cos 9, (C15) , , ,
Acting on the Legendre Q-functions, one obtains
and o jgd=2
D) ((cosh 1) Q! F(isinh 1))
=) = p=) x ) a2 2,
T D7) x D\7/, (C16) — k(Q+) (cOSh t)—ITQ::d; 2 (i sinh t), (C22)
where where
DY) =0, + (I4+d—2)tanht k<Q+> —1 (C23)

D) = —sin 99, + I cos 9. (C17)
(4) Proceeding similarly, the D(-) action can be sum-

The virtue of the decomposition T =D x D is that it marized as

factorizes the action on the spatial slices, D, from the action ) (=)

along time, D= D7, = kf Sfi-1s (C24)
Using several properties of the associated Legendre

functions one finds: where k}i) depends on whether the D(-) acts on

P- or Q-functions. The factors k}_) are given by

Pt is interesting to notice that the operators D) D*) in
(C26) are related to the ladder operators D, D* defined in the
main text. For example, D = — cosh tD™), etc. However, while
D, D* shift the mass eigenvalue keeping the sphere quantum
numbers remain unchanged, the operators D& D) shift the

(principal) angular quantum number. Combining the results above we have

k) =—i and k) =(n—1+1)(n+1+d-2).
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g, Cllao)
YT+ 1,1,)

C(lv ld—Z)
C(l - 1’ ld—2>

(I + lgn + d = 2)K e,

7O, = (1= L)k W (C25)

Long story short, we conclude that

Le¥) = (T + Ty,

20+d-2
Ol ) <l+ld_2+d—2

= K,
24d-2\ C(l+1,1,,) T !

[=14-

__T a2 by ). 26
eSSk ’> (C26)

Transformation of P-modes: specializing to ®; in (C5)
one obtains, forgetting the factor in front of the parentheses
in (C26),

[+ 1y +d—2

L:®
ST+ 1, 1)

(n—=1)(n+1+d—-1)0p
(C27)

The (n— 1) factor multiplying ®;+ implies that gauge
modes (I <n) cannot be turned into physical modes
(I > n) under the action of dS isometries. Concomitantly
it follows that all gauge modes (/ <n) mix among
themselves. However, physical modes can be connected
with gauge modes [due to the last term in (C27)].

Transformation of Q-modes: for the seed modes (C11)
we obtain

s I+l ,+d-2 I—1,

ﬁg‘blo( d-2 l++ =2
Cl+1,14-) C(l=1,14-)

x(n=I1+1)(n+1+d-2)d.

(C28)

Some comments are in order: contrary to (C27), the first
term in (C28) never vanishes. This implies that Q-modes
with [ < n can be connected with physical modes (I > n)
under the action of dS isometries. However, using (C12) is
is important to stress that the result is a P-mode combi-
nation of positive and negative norm.

APPENDIX D: VECTOR SPHERICAL
HARMONICS IN $* AND LADDER OPERATORS

Transverse vector harmonics (TVH) on S* were thor-
oughly discussed in [22]. We show here how to obtain the
full spectrum using ladder operators.

TVH are classified by the eigenvalues of the two
Casimirs of SO(4)

C=P}+J} and C=-PJ, (D1)
The possible quantum numbers (k, =) for UIRs are
k+1)? . k+1
CAkE = _{ ;2 ) ApE, CA = :F—< ; )A,’;i,
k=12, .. (D2)

Here each ke N gives a different SO(4) UIR. Making
k — L; in (D1) one finds (see [22])

2 -
et (w2 et kt ke
CAMF = (V - zfz)A” , CAL*F = eﬂ“ﬂVaAﬂ (D3)
here ¢€,,, is the covariant Levi + Civita tensor. Comparing

(D2) and (D3) with the definition of A in (4.31) we have
A = —k and A* =2 + k. Since the lowest possible eigen-
value corresponds to k = 1, we verify from (3.3) that the
six Killing vectors of the 3-sphere, spelled in (A2) and
(A3), are the lowest eigenvectors (1,+) of the vector
Laplacian. We can rewrite (4.32) as

1
DAt = eV AK* — ko AL + %vﬂ(cﬂA’;i). (D4)
Analogously, for the shadow ladder we have

, 1
DA = o’V AR + (24 k)o ALE — ——V,(cPAL*).

24k *
(Ds)
From (4.43) we get
[z,”ZVZ,D]A,’jjE =(1+ 2k)DAl’jjE
[£2V2, DS|AKE = —(3 + 2k) DAL, (D6)
which lead to
k2
C(DA*) = —ﬁDA"i
k+2)?
C(D'AM) = — HT)DSAH. (D7)

This means that D, D rise/lower the k-quantum number
[cf. (D2)]

D: k—k-1
D k—=k+1

which can be equivalently phrased as (4.8).
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In addition we find that

[C, DJAM = +£DA*

[C, D°)AM = FDsAR*, (D8)
These transformations imply that
% k+ K aks
C(DA*) = :F?DA (D9)

k+2

C(D’AM) = F 7DSAki. (D10)

Since no UIR with k = O exists, it is reassuring to verify
that

DAki|k:1 - 0

This follows from (4.44) and the fact that the (k = 1, &) are
the six Killing vectors of S3.

[1] E.P. Wigner, Ann. Math. 40, 149 (1939); V. Bargmann,
Ann. Math. 48, 568 (1947); V. Bargmann and E. P. Wigner,
Proc. Natl. Acad. Sci. U.S.A. 34, 211 (1948).

[2] C. Fronsdal, Rev. Mod. Phys. 37, 221 (1965); Phys. Rev. D
10, 589 (1974).

[3] P. A.M. Dirac, Ann. Math. 36, 657 (1935).

[4] S. Deser and R. I. Nepomechie, Ann. Phys. (N.Y.) 154, 396
(1984).

[5]1 S. Deser and A. Waldron, Nucl. Phys. B607, 577 (2001).

[6] M Boers, Group theory and de Sitter QFT: The concept of
mass, Master’s thesis, University of Groningen, 2013.

[7] E. Joung, J. Mourad, and R. Parentani, J. High Energy Phys.
08 (2006) 082.

[8] T. Anous and J. Skulte, SciPost Phys. 9, 028 (2020).

[9] V. A. Letsios, J. High Energy Phys. 05 (2023) 015.

[10] Z. Sun, arXiv:2111.04591.

[11] T. Basile, X. Bekaert, and N. Boulanger, J. High Energy
Phys. 05 (2017) 081.

[12] V. Schaub, arXiv:2405.01659.

[13] V. A. Letsios, J. High Energy Phys. 08 (2024) 147.

[14] R. Berens, L. Hui, and Z. Sun, J. Cosmol. Astropart. Phys.
06 (2023) 056.

[15] D. Karateev, P. Kravchuk, and D. Simmons-Duffin, J. High
Energy Phys. 02 (2018) 081.

[16] V. Cardoso, T. Houri, and M. Kimura, Phys. Rev. D 96,
024044 (2017); Classical Quantum Gravity 35, 015011
(2018).

[17] W. Miick, Phys. Rev. D 97, 025011 (2018).

[18] H. Osborn, Lectures on Conformal Field Theories in More
Than Two Dimensions, DAMTP Lecture Notes (University
of Cambridge, Cambridge, 2019).

[19] T. Ortin, Gravity and Strings (Cambridge University Press,
Cambridge, England, 2015).

[20] A. Stergiou, G.P. Vacca, and O. Zanusso, J. High Energy
Phys. 06 (2022) 104.

[21] A. Higuchi, J. Math. Phys. (N.Y.) 28, 1553 (1987); 43,
6385(E) (2002).

[22] A. Rios Fukelman, M. Sempé, and G. A. Silva, J. High
Energy Phys. 01 (2024) O11.

[23] D. Anninos, T. Anous, B. Pethybridge, and G. Sengoér,
J. Phys. A 57, 025401 (2024).

[24] H. Epstein and U. Moschella, Commun. Math. Phys. 336,
381 (2015).

[25] J. Bonifacio, K. Hinterbichler, A. Joyce, and R. A. Rosen,
J. High Energy Phys. 02 (2019) 178.

[26] M. Spradlin, A. Strominger, and A. Volovich, arXiv:hep-th/
0110007.

[27] D. Anninos, Int. J. Mod. Phys. A 27, 1230013 (2012).

[28] A. Folacci, Phys. Rev. D 46, 2553 (1992).

[29] Y. T. A. Law, J. High Energy Phys. 12 (2021) 213.

[30] K. Farnsworth, K. Hinterbichler, and S. Saha, arXiv:2410
.19041.

[31] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space (Cambridge University Press, Cambridge,
England, 1984).

[32] B. Allen, Phys. Rev. D 32, 3136 (1985).

[33] B. Allen and A. Folacci, Phys. Rev. D 35, 3771 (1987).

[34] K. Kirsten and J. Garriga, Phys. Rev. D 48, 567 (1993).

[35] J.P. Gazeau, J. Renaud, and M. V. Takook, Classical
Quantum Gravity 17, 1415 (2000).

[36] A.J. Tolley and N. Turok, arXiv:hep-th/0108119.

[37] J. Bros, H. Epstein, and U. Moschella, Lett. Math. Phys. 93,
203 (2010).

[38] Digital library of mathematical functions, https://dlmf.nist
.gov/14.3.

[39] I.R. Klebanov, S.S. Pufu, S. Sachdev, and B.R. Safdi,
J. High Energy Phys. 05 (2012) 036.

[40] A. Higuchi, Quantum fields of non-zero spin in de Sitter
space-time, Ph.D. thesis, Yale University, 1987 [Report
No. UMI-87-29076].

[41] R. Jackiw, Rev. Mod. Phys. 52, 661 (1980).

[42] M. Walker and R. Penrose, Commun. Math. Phys. 18, 265
(1970).

[43] L. P. Hughston, R. Penrose, P. Sommers, and M. Walker,
Commun. Math. Phys. 27, 303 (1972).

[44] M. Cariglia, Rev. Mod. Phys. 86, 1283 (2014).

[45] U. Lindstrom and O. Sario8lu, Proc. Sci. CORFU2021
(2022) 149.

[46] A. Higuchi, Nucl. Phys. B282, 397 (1987).

[47] S. Deser and A. Waldron, Phys. Rev. Lett. 87, 031601
(2001).

[48] S. Deser and A. Waldron, Nucl. Phys. 607, 577 (2001);
Phys. Lett. B 603, 30 (2004).

[49] S. Deser and A. Waldron, Phys. Lett. B 508, 347 (2001);
513, 137 (2001).

[50] S. Deser and A. Waldron, Phys. Lett. B 603, 30 (2004).

025018-20


https://doi.org/10.2307/1968551
https://doi.org/10.2307/1969129
https://doi.org/10.1073/pnas.34.5.211
https://doi.org/10.1103/RevModPhys.37.221
https://doi.org/10.1103/PhysRevD.10.589
https://doi.org/10.1103/PhysRevD.10.589
https://doi.org/10.2307/1968649
https://doi.org/10.1016/0003-4916(84)90156-8
https://doi.org/10.1016/0003-4916(84)90156-8
https://doi.org/10.1016/S0550-3213%2801%2900212-7
https://doi.org/10.1088/1126-6708/2006/08/082
https://doi.org/10.1088/1126-6708/2006/08/082
https://doi.org/10.21468/SciPostPhys.9.3.028
https://doi.org/10.1007/JHEP05(2023)015
https://arXiv.org/abs/2111.04591
https://doi.org/10.1007/JHEP05(2017)081
https://doi.org/10.1007/JHEP05(2017)081
https://arXiv.org/abs/2405.01659
https://doi.org/10.1007/JHEP08(2024)147
https://doi.org/10.1088/1475-7516/2023/06/056
https://doi.org/10.1088/1475-7516/2023/06/056
https://doi.org/10.1007/JHEP02(2018)081
https://doi.org/10.1007/JHEP02(2018)081
https://doi.org/10.1103/PhysRevD.96.024044
https://doi.org/10.1103/PhysRevD.96.024044
https://doi.org/10.1088/1361-6382/aa9a04
https://doi.org/10.1088/1361-6382/aa9a04
https://doi.org/10.1103/PhysRevD.97.025011
https://doi.org/10.1007/JHEP06(2022)104
https://doi.org/10.1007/JHEP06(2022)104
https://doi.org/10.1063/1.527513
https://doi.org/10.1063/1.1515382
https://doi.org/10.1063/1.1515382
https://doi.org/10.1007/JHEP01(2024)011
https://doi.org/10.1007/JHEP01(2024)011
https://doi.org/10.1088/1751-8121/ad14ad
https://doi.org/10.1007/s00220-015-2308-x
https://doi.org/10.1007/s00220-015-2308-x
https://doi.org/10.1007/JHEP02(2019)178
https://arXiv.org/abs/hep-th/0110007
https://arXiv.org/abs/hep-th/0110007
https://doi.org/10.1142/S0217751X1230013X
https://doi.org/10.1103/PhysRevD.46.2553
https://doi.org/10.1007/JHEP12(2021)213
https://arXiv.org/abs/2410.19041
https://arXiv.org/abs/2410.19041
https://doi.org/10.1103/PhysRevD.32.3136
https://doi.org/10.1103/PhysRevD.35.3771
https://doi.org/10.1103/PhysRevD.48.567
https://doi.org/10.1088/0264-9381/17/6/307
https://doi.org/10.1088/0264-9381/17/6/307
https://arXiv.org/abs/hep-th/0108119
https://doi.org/10.1007/s11005-010-0406-4
https://doi.org/10.1007/s11005-010-0406-4
https://dlmf.nist.gov/14.3
https://dlmf.nist.gov/14.3
https://dlmf.nist.gov/14.3
https://dlmf.nist.gov/14.3
https://doi.org/10.1007/JHEP05(2012)036
https://doi.org/10.1103/RevModPhys.52.661
https://doi.org/10.1007/BF01649445
https://doi.org/10.1007/BF01649445
https://doi.org/10.1007/BF01645517
https://doi.org/10.1103/RevModPhys.86.1283
https://doi.org/10.22323/1.406.0149
https://doi.org/10.22323/1.406.0149
https://doi.org/10.1016/0550-3213(87)90691-2
https://doi.org/10.1103/PhysRevLett.87.031601
https://doi.org/10.1103/PhysRevLett.87.031601
https://doi.org/10.1016/S0550-3213(01)00212-7
https://doi.org/10.1016/j.physletb.2004.10.007
https://doi.org/10.1016/S0370-2693(01)00523-8
https://doi.org/10.1016/S0370-2693(01)00756-0
https://doi.org/10.1016/j.physletb.2004.10.007

SPINNING FIELDS ON S AND dS,;, UNITARY IRREDUCIBLE ... PHYS. REV. D 111, 025018 (2025)

[51] G. Barnich, X. Bekaert, and M. Grigoriev, J. Phys. A 48, [56] E. A. Tagirov, Ann. Phys. (N.Y.) 76, 561 (1973).

505402 (2015). [57] A. Higuchi, Symmetric tensor fields in de Sitter space-time,
[52] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure Report No. YTP-85-22.

of Space-Time (Cambridge University Press, Cambridge, [58] N. A. Chernikov and E.A. Tagirov, Ann. Inst. Henri

England, 2023). Poincare A Phys. Theor. 9, 109 (1968), http://www
[53] B. Allen, Phys. Rev. D 34, 3670 (1986). .numdam.org/item/AIHPA_1968__9 2 _109_0/.
[54] V. A. Letsios, J. High Energy Phys. 05 (2024) 078. [59] E. T. Akhmedov, Int. J. Mod. Phys. D 23, 1430001 (2014).

[55]1 1. S. Gradshteyn and I.M. Ryzhik, Table of Integrals, [60] A. Higuchi, Classical Quantum Gravity 8, 2005 (1991).
Series, and Products (Elsevier, Amsterdam, 2007).

025018-21


https://doi.org/10.1088/1751-8113/48/50/505402
https://doi.org/10.1088/1751-8113/48/50/505402
https://doi.org/10.1103/PhysRevD.34.3670
https://doi.org/10.1007/JHEP05(2024)078
https://doi.org/10.1016/0003-4916(73)90047-X
http://www.numdam.org/item/AIHPA_1968__9_2_109_0/
http://www.numdam.org/item/AIHPA_1968__9_2_109_0/
http://www.numdam.org/item/AIHPA_1968__9_2_109_0/
https://doi.org/10.1142/S0218271814300018
https://doi.org/10.1088/0264-9381/8/11/011

	Spinning fields on Sd and dSd, unitary irreducible representations, and ladder operators
	I. INTRODUCTION
	II. PRIMARY FIELDS IN CONFORMALLY FLAT SPACES
	A. Primary fields in flat space
	B. Primary fields in conformally flat spaces

	III. CONFORMAL KILLING VECTOR IDENTITIES IN MAXIMALLY SYMMETRIC SPACES
	IV. LAPLACIAN EIGENFUNCTIONS ON POSITIVE CURVATURE MSS AND LADDER OPERATORS
	A. Scalars
	1. Ladder operators
	2. Building discretely labeled UIRs on &ell;2»0 MSS
	3. Action of D,Ds on dSd tachyonic mode functions

	B. Vectors
	1. Longitudinal modes
	2. Transverse modes

	C. Gravitons

	V. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: POSITIVE CURVATURE MSS AND CCKV
	APPENDIX B: SCALAR HARMONICS ON Sd-1
	APPENDIX C: SHIFT-SYMMETRIC SCALARS IN GLOBAL DS
	1. Mode solutions for shift-symmetric scalars on dSd
	2. Seed modes
	3. de Sitter isometry and mode expansions

	APPENDIX D: VECTOR SPHERICAL HARMONICS IN S3 AND LADDER OPERATORS
	References


