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We construct, for spin 0,1,2 tensor fields on Sd, a set of ladder operators that connect the distinct unitary
irreducible representations (UIRs) of SOðdþ 1Þ. This is achieved by relying on the conformal Killing
vectors of Sd. For the case of spinning fields, the ladder operators generalize previous expressions with a
compensating transformation necessary to preserve the transversality condition. We then extend the results
to the exceptional/discrete UIRs of SOðd; 1Þ, again relying on the conformal Killing vectors of de Sitter
space. Our construction recovers the conventional conformal primary transformations for the scalar fields
when the mass term leads to conformal coupling. A similar approach for the spin-2 field leads to the
conformal-like operators found recently.
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I. INTRODUCTION

The relation between the unitary irreducible representa-
tions (UIRs) of the ISOðd − 1; 1Þ flat space isometry group
and field equations was elucidated long ago by Wigner [1].
Later, this relation was extended to maximally symmetric
spacetimes in [2] (see [3–9] for related work). In this work,
wewill relate different field realizations of SOðdþ 1ÞUIRs
on the d-dimensional sphere Sd through differential ladder
operators. In addition, we will extend the construction to
exceptional and discrete UIRs field realizations on de Sitter
space (see [10–12] for nice summaries of SOðd; 1Þ UIRs).
As an outcome, we will give a fresh perspective on the
conformal-like symmetry operators found in [13] for
partially massless gravitons in 4-dimensional de Sitter
space. Our setup shows how to generalize these con-
formal-like symmetry operators to other spacetime dimen-
sions, spins and values of the mass parameter. In particular,
for spin-1, we will find a particular tuning of the mass
parameter for which the spin-1 field enjoys conformal-like
symmetries.
Ladder operators have a long history in physics, their

everlasting relevance can be seen for example in recent
works where they show up in disparate fields such as
black hole Love numbers [14] and spinning conformal

blocks [15]. In the present paper, we will generalize
previous works [16,17] which built first-order differential
operators that related solutions of the Kleinþ Gordon
scalar field equation with different masses. We will refer
to these differential operators as ladder operators. The main
ingredient of the construction required the spacetime to
possess a closed conformal Killing vector (CCKV), which
is also an eigenvector of the Ricci tensor with constant
eigenvalue. Here we will focus on positively curved
maximally symmetric spaces where the eigenvalue con-
dition for CCKV follows naturally from the Einstein
character of the space. We will re-derive previous ladder
constructions and extend them to spinning fields.
The paper is structured as follows. In Sec. II we start by

setting the notation and definitions for conformal primaries
in conformally flat spaces. In Sec. III we discuss and
enumerate several properties of conformal Killing vectors
(CKV) in maximally symmetric spacetimes relevant for our
construction. In Sec. IV we construct ladder operators for
spin 0,1,2 fields and show how they relate eigenfunctions
of the Laplaceþ Beltrami operator with different eigen-
values. In Sec. V we summarize the results and make some
proposals for future work. Then, a number of Appendices
follow. In Appendix A we spell out the explicit form of
Killing and conformal Killing vectors of S3 and dS4. In
Appendix B we summarize the notation for spherical
harmonics on Sd. In Appendix C we spell out the explicit
computations for the ladder operators acting on tachyon
scalar modes corresponding to type I exceptional UIR of
SO(d,1). Finally, in Appendix D we work out the action of
ladder operators for vector harmonics on S3.
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II. PRIMARY FIELDS IN CONFORMALLY
FLAT SPACES

In this section, to fix notation, we summarize well known
formulas for primary fields in flat space and define primary
fields in conformally flat spaces.

A. Primary fields in flat space

Consider xμ to be the Cartesian coordinates of
d-dimensional flat space

dx2 ¼ ημνdxμdxν:

Conformal transformations (CT) are diffeomorphisms
x0μðxÞ satisfying

Conformal transformation∶ dx02 ¼ Ω2ðxÞdx2: ð2:1Þ

Any CT of flat space defines a local scale factor ΩðxÞ and
a local Lorentz transformation Λμ

νðxÞ which can be read
off from

∂x0μ

∂xν
¼ ΩðxÞΛμ

νðxÞ: ð2:2Þ

Continuous CT at the infinitesimal level take the form

x0μðxÞ ≈ xμ þ ζμðxÞ þ � � � ; jζj ≪ 1

with ζμ satisfying1

ConformalKilling vector∶ ∂μζν þ ∂νζμ ¼
2

d
ð∂ρζρÞημν:

ð2:3Þ

Taking the determinant of (2.2) one finds

ðΩðxÞÞd ¼ det

���� ∂x
0μ

∂xν

����≈
���� ∂ðxþ ζÞ

∂x

����≈ jδμν þ ∂νζ
μj ¼ 1þ ∂μζ

μ:

Thus,

ΩðxÞ ≈ 1þ 1

d
∂μζ

μ: ð2:4Þ

The ζ-dependence of the local Lorentz transformation
Λμ

νðxÞ can be found from

Λμ
νðxÞ ¼

1

ΩðxÞ
∂x0μ

∂xν
≈
�
1 −

1

d
∂ρζ

ρ

�
ðδμν þ ∂νζ

μÞ

≈ δμν þ ∂νζ
μ − δμν

1

d
∂ρζ

ρ: ð2:5Þ

It is useful to define infinitesimal generators σζðxÞ;ωζðxÞ
associated to ζμ as

σζðxÞ ≔
1

d
∂ρζ

ρ; ðωζÞμνðxÞ ≔
1

2
ð∂νζμ − ∂μζνÞ: ð2:6Þ

Then2

ΛðxÞ ¼ eωζðxÞ and ΩðxÞ ¼ eσζðxÞ:

Spin zero: a scalar primary field with scale dimension Δ
is a field Φ which under a CT xμ → x0μðxÞ transforms as

Primary scalar field∶ ΦðxÞ → Φ0ðx0Þ ¼ 1

ΩðxÞΔ ΦðxÞ:

ð2:7Þ

To first order in ζ we have

δΦðxÞ ≔ Φ0ðxÞ −ΦðxÞ

¼
�
1 −

Δ
d
∂μζ

μ

�
ðΦ − ζμ∂μΦÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

Φðx−ζÞ

−Φ

¼ −
�
ζμ∂μ þ

Δ
d
∂μζ

μ

�
Φ

¼ −ðLζ þ ΔσζÞΦ ð2:8Þ

The operator inside the parentheses will be extensively
used in sections below to construct ladder operators.
Spin one: under conformal transformations (2.2) a pri-

mary vector field Aμ with scale dimension Δ transforms as

Primaryvector field∶ AμðxÞ→ A0
μðx0Þ

¼ 1

ΩðxÞΔΛμ
νðxÞAνðxÞ: ð2:9Þ

The Λμ
ν can be found from (2.5) to be

Λμ
ν ≈ δνμ þ ∂

νζμ −
1

d
ð∂ρζρÞδνμ: ð2:10Þ

Hence, to first order in ζ we have

1Aword on terminology: if the factor ∂ · ζ on the rhs of (2.3) is
zero, we say ζ is a Killing vector (KV). If the factor is nonzero,
we say ζ is a proper conformal Killing vector. Occasionally, when
the factor is constant, ζ is called a homothety.

2Using (2.3) we can give the alternative expression

ωμνðxÞ ¼
1

d
ημνð∂ρζρÞ − ∂μζν:
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δAμðxÞ ¼ A0
μðxÞ − AμðxÞ

¼ −ζρ∂ρAμ þ ∂
νζμAν −

1

d
∂ρζ

ρAμ −
Δ
d
∂ρζ

ρAμ

¼ −ðLζ þ ðΔ − 1ÞσζÞAμ; ð2:11Þ

where Lζ is the Lie derivative on 1-forms

LζAμ ¼ ζρ∂ρAμ þ ∂μζ
ρAρ:

To go from the second to the third line in (2.11) we used
(2.3). Equation (2.11) can also be written using (2.6) as [18]

δAμ ¼ −ζρ∂ρAμ þ ðωζÞμνAν − ΔσζAμ ð2:12Þ

Each term in this expression respectively manifest the
tensorial and scale character of the AμðxÞ field.
Spin two: a primary symmetric spin-2 field hμν with

scale dimension Δ transforms as

hμν → h0μνðx0Þ ¼
1

ΩðxÞΔ Λμ
αðxÞΛν

βðxÞhαβðxÞ: ð2:13Þ

Proceeding as above one finds

δhμν ¼ −ðLζ þ ðΔ − 2ÞσζÞhμν: ð2:14Þ

For completeness, we quote the Lie derivative on a
covariant 2-tensor

Lζhμν ¼ ζρ∂ρhμν þ ∂μζ
ρhρν þ ∂νζ

ρhρμ: ð2:15Þ

Fermions: a spin-1
2
conformal primary Ψa with scale

dimension Δ transforms as

Ψa → Ψ0
aðx0Þ ¼

1

ΩðxÞΔ
�
e−

1
2
ðωζÞμν ½γμ ;γν �4

�
a
bΨbðxÞ ð2:16Þ

with ðωζÞμν defined in (2.6) and γμ the Dirac gamma
matrices. At the infinitesimal level one obtains

δΨa ¼ −
�
ζρ∂ρ þ

1

4
ðωζÞμνγμν þ Δσζ

�
Ψa

¼ −ðLζ þ ΔσζÞΨa; ð2:17Þ

where γμν ≔ 1
2
½γμ; γν� and Lζ is the Lie derivative acting on

spinors

Lζψa ¼ ζρ∂ρψa −
1

4
∂
μζνðγμνÞabψb:

Gravitini: a spin-3
2
conformal primary ψaμ with scale

dimension Δ transforms under CT as

ψaμ → ψ 0
aμðx0Þ ¼

1

ΩðxÞΔ ðe−1
4
ðωζÞμνγμνÞabΛμ

νðxÞψbνðxÞ:

ð2:18Þ
As expected, the infinitesimal transformation reads

δψaμ ¼ −ðLζ þ ðΔ − 1ÞσζÞψaμ ð2:19Þ
with the Lie derivative on gravitini taking the form

Lζψaμ ¼ ζρ∂ρψaμ þ ∂μζ
νψaν þ

1

4
ωζ

μνðγμνÞabψbμ

¼ ζρ∂ρψaμ þ ∂μζ
νψaν −

1

4
∂
μζνðγμνÞabψbμ: ð2:20Þ

B. Primary fields in conformally flat spaces

Conformally flat (CF) spaces have line element of the
form

ds2 ¼ a2ðxÞdx2: ð2:21Þ
It is immediate to realize that flat space conformal trans-
formations x0ðxÞ given by (2.3) are also CT for conformally
flat metrics (2.21). The resulting conformal factor can be
found simply by noting that under (2.2) we have

a2ðx0Þdx02 ¼ a2ðx0ÞΩ2ðxÞdx2 ¼ ϒ2ðxÞa2ðxÞdx2; ð2:22Þ
where the conformal factor ϒðxÞ associated to CT in CF
spaces is

ϒðxÞ ≔ aðx0ÞΩðxÞ
aðxÞ : ð2:23Þ

Notice that in CF spaces the conformal factor ϒðxÞ
combines ΩðxÞ and aðxÞ.
At the infinitesimal level ϒðxÞ takes the form

ϒðxÞ ≈ ðaðxÞ þ ζ · ∂aðxÞ þ � � �Þð1þ 1
d ∂ · ζ þ � � �Þ

aðxÞ
≈ 1þ 1

d
∂ · ζ þ ζ · ∂ log aþ � � �

≈ 1þ 1

d
∇ · ζ þ � � � ð2:24Þ

In the last line we used that for conformally flat metrics
one has3

∇ · ζ ¼ ∂μζ
μ þ dζρ∂ρðlog aðxÞÞ:

3The Christoffel symbols for the conformally flat metric (2.21)
are

Γμ
αβ ¼ ðδμαδνβ þ δμβδ

ν
α − ημνηαβÞ∂νðlog aðxÞÞ:
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Scalars: a scalar conformal primary in a CF space is
defined as a field ΦðxÞ that, under conformal transforma-
tions (2.2), transforms as

Conformally flat scalar primary∶ ΦðxÞ → Φ0ðx0Þ

¼ 1

ϒðxÞΔ ΦðxÞ:

ð2:25Þ

At the infinitesimal level, one gets

δΦðxÞ ¼ Φ0ðxÞ −ΦðxÞ

¼ −
�
ζμ∂μ þ

Δ
d
ð∇μζ

μÞ
�
Φ: ð2:26Þ

Tensor fields: a conformally flat spinning primary trans-
forms as4

CF spinning primary∶ ΦIðxÞ → Φ0
Iðx0Þ ¼

1

ϒðxÞΔ exp

�
−
1

2
ðωζÞμνDðSμνÞ

�
I

J
ΦJðxÞ:

Here DðSμνÞIJ denotes the particular representation of the Lorentz generators Sμν carried by ΦI.
In particular, the transformation law for 1-forms is

Conformally flat primary vector∶ AμðxÞ → A0
μðx0Þ ¼

1

ϒðxÞΔ Λμ
νðxÞAνðxÞ ð2:27Þ

with Λμ
νðxÞ is defined in (2.2). At the infinitesimal level it

reads [cf. (2.12)]

δAμ ¼ −ζρ∇ρAμ − ð∇μζ
νÞAν − ðΔ − 1Þ 1

d
ð∇ · ζÞAμ

¼ −
�
Lζ þ ðΔ − 1Þ 1

d
∇ · ζ

�
Aμ: ð2:28Þ

To obtain the second line we used that the flat CKV fields
(2.3) are also solutions to (3.4) for the CF metric (2.21).
Comment on Δ and Weyl weight: in the present context

we work with conformal isometries which lead to a re-
scaling of the metric by a conformal factor ϒ, see (2.22).
Occasionally, CT are presented as a combination of con-
formal isometries plus Weyl rescalings that leave the metric
invariant [20]. In this viewpoint, the factors 1=ϒΔWeyl in the
field transformation are understood as arising from the
Weyl rescaling. If we adopt this perspective the second term
in Eq. (2.28) corresponds to the Weyl rescaling, hence
ΔWeyl ¼ Δ − 1. This result is in agreement with the fact
that no Weyl factor is required for gauge fields in d ¼ 4.

III. CONFORMAL KILLING VECTOR IDENTITIES
IN MAXIMALLY SYMMETRIC SPACES

In this section, we introduce the notation to describe the
curvature of maximally symmetric spaces and quote several
identities satisfied by Killing and conformal Killing vectors.
d-dimensional maximally symmetric spacetimes (MSS):

satisfy

Rμναβ½g� ¼
1

l2
ðgμαgνβ − gναgμβÞ

Rμν½g� ¼
1

l2
ðd − 1Þgμν and R½g� ¼ dðd − 1Þ

l2
: ð3:1Þ

Here l2 ≠ 0 characterizes the curvature of the space.
Positive l2 > 0 correspond to spheres and de Sitter space-
times in Euclidean and Lorentzian signature respectively,
while l2 < 0 give rise to Hyperbolic and anti–de Sitter
(AdS) spacetimes.
Killing vectors: will be denoted by kμ

KillingVector∶ ∇μkν þ∇νkμ ¼ 0 ⇝ ∇μkμ ¼ 0: ð3:2Þ

Contracting this equation with ∇μ, commuting covariant
derivatives and using Ricci identity one finds

∇μkν þ∇νkμ ¼ 0 ⇝

�∇2kν ¼ − d−1
l2 kν

∇μkμ ¼ 0:
: ð3:3Þ

Thus, Killing vectors are transverse eigenvectors of the
vector Laplaceþ Beltrami operator. It is a well-known fact
that in positively curved Euclidean MSS (spheres) the set of
Killing vectors have the lowest possible eigenvalues of the
vector Laplacian [21,22] (see Appendix D).
Conformal Killing vectors (CKV): they are denoted by

ζμ and satisfy

4On a general Lorentz tensor ΦI, the Lie derivative along a
CKV is defined as [19]

LζΦI ¼ ζρ∂ρΦI þ
1

2
ðωζÞμνDðSμνÞIJΦJ:
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CKV∶ ∇μζν þ∇νζμ ¼
2

d
ð∇ · ζÞgμν: ð3:4Þ

Proper CKV: we denote them by cμ. These are CKV with
∇ · c ≠ 0. The set of CKV-solutions will be denoted
as ζμ ¼ fkμ; cμg.
Closed CKVs and MSS: an important result to be

extensively used below is that proper CKVs, in curved
maximally symmetric spaces (l2 ≠ 0), can be chosen to be
closed5

CCKV∶ ∀ cμ inMSS ⇝ cμ ¼ ∂μΨ: ð3:5Þ

Moreover the potential Ψ is given by its associated scale
factor

cμ ¼ −l2∇μσc where σc ≔
1

d
∇ · c: ð3:6Þ

Notice the need of l2 required by dimensional analysis [see
(A7) and (A10) for the explicit potentials in S3 and dS4].
Proof. Inserting (3.5) in (3.4) implies

∇μcν ¼ ∇νcμ ¼ σcgμν: ð3:7Þ

Contracting this equation with ∇ν we get

∇ν · ð∇μcν ¼ σcgμνÞ ⇝ ∇ν∇μcν ¼ ∇μσc: ð3:8Þ

Then,

∇μσc ¼ ∇ν∇μcν ¼ ∇μ∇νcν þ Rν
μναcα

¼ d∇μσc þ
1

l2
ðdgμα − δναgμνÞcα

¼ d∇μσc þ
1

l2
ðd − 1Þcμ: ð3:9Þ

From which we obtain (3.6).
Substituting ∇μσc → cμ in (3.8) and taking into account

that Eq. (3.5) implies that ∇ν∇μcν ¼ ∇ν∇νcμ we find

�∇2cμ ¼ − 1
l2 cμ

∇μcμ ≠ 0:
ð3:10Þ

Thus, CCKVs are longitudinal eigenvectors of the
Laplaceþ Beltrami operator. In Euclidean MSS (Sd), the

set of independent CCKVs fcðiÞμ g comprises (dþ 1)
solutions which are in one to one correspondence with
the lowest longitudinal eigenvector space of the vector
Laplacian [cf. (3.6) and (3.11)] (see [21]).

For completeness, taking ∇μ in (3.6) one obtains

∇2σc ¼ −
d
l2

σc: ð3:11Þ

This implies that the scale factors σc associated to CCKVs
are eigenfunctions of the scalar Laplaceþ Beltrami oper-
ator. In Euclidean signature, the set of scale factors
associated to the independent set of CCKV span the lowest
nontrivial eigenspace of the scalar Laplacian (see also
Appendix B in [22]).6

In the following section, we show that the full spectrum
of the scalar Laplacian on spheres Sd can be found from the
scale factor of the CCKVs using ladder operators
(cf. [16,17]). Our aim in the present paper is to generalize
these known results to general tensors on spheres.
Comment: it is important to notice, when comparing to

the ladder operators to be constructed below, that CCKVs
give no local Lorentz rotation

ColsedCKV∶ ∂½μζν� ¼ 0 ⇝ ðωζÞμν ¼ 0

Hence, under a CCKV cμ, a spinning primary transforms
effectively as a scalar

ΦI → Φ0
Iðx0Þ ¼

1

ΩðxÞΔ ΦIðxÞ:

Alternatively, at the infinitesimal level it transforms as

δΦI ¼ LcΦI þ ðΔ − sÞσcΦI:

IV. LAPLACIANEIGENFUNCTIONSON POSITIVE
CURVATURE MSS AND LADDER OPERATORS

We now present a systematic procedure to construct all
the SOðdþ 1Þ and SOðd; 1ÞUIRs labeled by discrete labels
by studying wave equations in positively curved MSS.7

Specifically, wewill build ladder operatorsD;Ds which, by
acting on eigenfunctions of the Laplaceþ Beltrami oper-
ator with a given eigenvalue, raise or lower the eigenvalue.
These operators will be constructed out of the CCKVs of
the space.

A. Scalars

1. Ladder operators

We start by assuming that we have an eigenfunctionΦ of
the scalar Laplacian

5This fails to be true in flat space as special conformal
transformations are not obtained from closed CKVs.

6Equations (3.10) and (3.11) are precisely those used in
Sec. 5.2 of [23] to argue that the βn-modes with n ¼ 0;�1
correspond to CKV potentials.

7For Euclidean signature our procedures leads to all UIRs of
SOðdþ 1Þ. For the Lorentzian case, we obtain the exceptional/
discrete series UIRs of SOðd; 1Þ.
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∇2 ¼ 1ffiffiffi
g

p ∂μð
ffiffiffi
g

p
gμν∂νÞ

in a d-dimensional maximally symmetric space

∇2Φ ¼ 1

l2
λΦ; λ ¼ Δðd − 1 − ΔÞ: ð4:1Þ

We have parametrized the eigenvalue λ with the scale
dimensionΔ. The reason for coining this name will become
clear below (see the comment at the end of this subsec-
tion).8 It is useful to define the shadow dimension Δs as

Shadowdimension∶ Δs ≔ d− 1−Δ⇝ λ¼ ΔΔs: ð4:2Þ

Since ðΔsÞs ¼ Δ, any given Laplaceþ Beltrami eigenfunc-
tion Φ can be characterized as having either Δ or Δs scale
dimension.
To make contact with known expressions, for positive

curvature maximally symmetric spaces (l2 > 0) we have:
(i) Euclidean signature: scalar spherical harmonics Φk

in Sd correspond to UIRs of SOðdþ 1Þ.9 From

∇2Φk ¼ −
kðkþ d − 1Þ

l2
Φk k ¼ 0; 1; 2;…;

ð4:3Þ

we see they map to the Δ ¼ −k solutions in (4.1).
(ii) Lorentzian signature: tachyonic scalars in dSd with

l2m2 ¼ −nðnþ d − 1Þ; n ¼ 0; 1; 2;… ð4:4Þ

correspond to type I exceptional UIRs of SOð1; dÞ
[6,10,23,24]. From

ð∇2 −m2ÞΦn ¼ 0; ð4:5Þ

we conclude that they correspond toΔ ¼ −n in (4.1).
Intriguingly (4.5) possesses a (shift) invariance

under [25]10

ϕ ↦ ϕþ λn; λn ¼ sI1…InX
I1…XIn; ð4:6Þ

where sI1…In is a real traceless symmetric constant
tensor and XI are the coordinates of the standard
ambient space realization of de Sitter space [26,27].
As stressed in [28] and discussed in Appendix C, this
invariance should be understood as gauged. For

n ¼ 0, (4.6) becomes the familiar constant shift
symmetry of the free, massless scalar (see also [29]).
The gauging of the shift symmetry for massless
scalars in dS2 was performed recently in [23] (see
also [30] for recent work).

In the following sections, as well as in Appendix C
and Sec. IVA 3, we discuss the consequences of the
set of zero mode solutions arising from the Wick
rotation of the irregular solutions on the sphere
(Legendre Q-function).

Since two scale dimensions ðΔ;ΔsÞ are associated to each
Φ satisfying (4.1), we define operators D;Ds, built out of
CCKVs cμ, as

DΦ ≔ cμ∇μΦþ ΔσcΦ;

DsΦ ≔ cμ∇μΦþ ΔsσcΦ: ð4:7Þ

Notice these expressions resemble the infinitesimal form of
conformal scalar primary transformations (2.26).
In the following, we show that the action of D;Ds on

modes Φ satisfying (4.1), i.e. with scale dimension Δ,
generates eigenmodes Φ0 and Φ00,

Φ0 ≔ DΦ; Φ00 ≔ DsΦ;

which are eigenfunctions of the Laplaceþ Beltrami oper-
ator with shifted scale dimension. Explicitly,

∇2Φ0 ¼ 1

l2
Δ0ðd− 1−Δ0ÞΦ0 with Δ0 ¼ Δþ 1;

∇2Φ00 ¼ 1

l2
Δ00ðd− 1−Δ00ÞΦ00 with Δ00 ¼ Δ− 1: ð4:8Þ

Alternatively, D;Ds can be viewed as shifting the shadow
dimension as Δs ↦ Δs ∓ 1

∇2Φ ¼ 1

l2
ΔΔsΦ

⇒

�∇2Φ0 ¼ 1
l2 Δ

0Δ0sΦ0; Δ0s ¼ Δs − 1;

∇2Φ00 ¼ 1
l2 Δ00Δ00sΦ00; Δ00s ¼ Δs þ 1:

This means that D;Ds raise and lower the associated
scale dimensions of the Laplace eigenfunction Φ. The
commutation relations with the Laplaceþ Beltrami oper-
ator are

½l2∇2;D�Φ ¼ ðd − 2 − 2ΔÞDΦ;

½l2∇2;Ds�Φ ¼ ðd − 2 − 2ΔsÞDsΦ: ð4:9Þ
Proof. We assume we are in a MSS, then

½D;∇2�Φ ¼ −ð∇2cμÞ∇μΦ − 2σc∇2Φ −
d − 1

l2
cμ∇μΦ

− Δð∇2σcÞΦ − 2Δð∇ρσcÞ∇ρΦ: ð4:10Þ

8See also the comment on Δ below.
9For ease of notation in this paragraph we denoted with k the

first of the quantum numbers in l ¼ ðk; ld−1;…l1Þ. This is the
only one relevant for the discussion. See Appendix B for notation.

10In Euclidean signature, the λn-modes correspond to the zero
modes of O ¼ l2∇2 þ nðnþ d − 1Þ on Sd.
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Using (3.10) and (3.11) we get

½D;l2∇2�Φ ¼ cμ∇μΦ − 2σcΔΔsΦ − ðd − 1Þcμ∇μΦ

þ dσcΔΦþ 2Δcμ∇μΦ

¼ ð2Δ − dþ 2Þcμ∇μΦþ σcΔð−2Δs þ dÞΦ
¼ ðd − 2ΔsÞ½cμ∇μΦþ ΔσcΦ�
¼ ðd − 2ΔsÞDΦ: ð4:11Þ

We conclude that

½D;∇2� ¼ 1

l2
ðd − 2ΔsÞD; ½Ds;∇2� ¼ 1

l2
ðd − 2ΔÞDs:

ð4:12Þ

The second identity follows from ðΔsÞs ¼ Δ. Therefore, it
now follows from (4.12) that

∇2Φ0 ¼ ∇2ðDΦÞ ¼ D∇2Φ −
1

l2
ðd − 2ΔsÞDΦ

¼ 1

l2
ðΔΔs − dþ 2ΔsÞDΦ

¼ 1

l2
ðΔþ 1Þðd − 1 − ðΔþ 1ÞÞΦ0

¼ 1

l2
ðΔþ 1ÞðΔþ 1ÞsΦ0: ð4:13Þ

Similarly, we have

∇2Φ00 ¼ 1

l2
ðΔs þ 1ÞðΔs þ 1ÞsΦ00

¼ 1

l2
ðΔ − 1Þðd − ΔÞΦ00: ð4:14Þ

Comment on conformal coupling: the right-hand side
(rhs) in (4.11) vanishes for Δs ¼ d

2
which is equivalent to

Δ ¼ d
2
− 1. This means that the D-operators preserve the

λ ¼ ðd
2
− 1Þ d

2
eigenspace. Notice that the value Δ ¼ d

2
− 1

coincides with the classical scale dimension of a scalar
field in d-dimensions. This situation has a neat interpre-
tation as λ ¼ l2m2 ¼ ðd

2
− 1Þ d

2
is precisely the “mass”

value equivalent to conformal coupling to the scalar
curvature that guarantees Weyl invariance of the field
equation [31] and therefore invariance under the CKVs
of the MSS (cf. right column top in Fig. 2).

2. Building discretely labeled UIRs
on l2 > 0 MSS

Sphere: the constant function on the sphere Φ0ðxÞ ¼
const has vanishing Laplace eigenvalue, λ ¼ 0. The scale
dimensions associated to Φ0 are Δ ¼ 0 and Δs ¼ d − 1.
From (4.7) we learn that DΦ0 ¼ 0 vanishes identically.
However, the action ofDs for any of the (dþ 1) CCKVs cμ

gives rise (dþ 1) nontrivial eigenfunctions11

DsΦ0 ∝ σc:

Comparing with (3.11) and in accordance with (4.14), we
recognize that the set fσcg built from each of the (dþ 1)
linearly independent cμ’s, coincides with the first nontrivial
harmonics on Sd, i.e. those corresponding to λ ¼ −d or
k ¼ 1 in (4.3). Naturally, they mix under the action of the
Killing vectors. If we continue recursively, acting with
ðDsÞk on Φ0, we obtain scalar spherical harmonics with all
possible eigenvalues of the Laplacian (see Fig. 1). The
remaining states on the multiplet can then be found by Lie
derivative actions along the Killing vectors on the sphere.
The standard inner product on Sd gives rise to the
l ¼ ðk; 0;…0Þ finite dimensional UIR of SOðdþ 1Þ.
de Sitter space and tachyonic shift symmetries: the

Lorentzian signature case presents additional features.
We start by reminding the reader that from

ds2 ¼ l2ðdθ2 þ sin2 θdΩ2
d−1Þ;

with dΩ2 the round sphere metric, we obtain the de Sitter
metric by making the Wick rotation

θ ↦
π

2
− it: ð4:15Þ

The result is

ds2 ¼ l2ð−dt2 þ cosh2 tdΩ2
d−1Þ: ð4:16Þ

FIG. 1. Construction of the full tower of scalar spherical
harmonics on spheres out of Φ0ðxÞ ¼ const. The action of ladder
operators Ds, built out of CCKVs cμ, takes us up indefinitely
along the tower. At each level, denoted by Δ ¼ −k, the remaining
states of the UIR multiplet are obtained by acting with Lie
derivatives along the Killing vectors of the sphere.

11The (dþ 1) CCKVs are customarily denoted as D;Ki with
i ¼ 1;…; d.
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It is straightforward to show that a constant function on
de Sitter spacetime, which we denote Φ0ðxÞ ¼ const., is a
seed for all the gauge modes λn displayed in (4.6) (see left
column in Fig. 2). As well known, the gauge modes can be
written as homogeneous polynomials in embedding space
coordinates. Their explicit form in de Sitter global coor-
dinates (4.16) is obtained by performing the Wick rotation
(4.15) on the standard spherical harmonics Ylðθ;ΩÞ (see
Appendix C).12

However, in Lorentzian signature at level Δ ¼ 0, a
second (nontrivial) solution exists which we denote as
Φ̃0ðxÞ. Explicitly, Φ0 and Φ̃0 are solutions to the massless
KG equation independent of the (spatial) coordinates on the
sphere in (4.16). They are obtained as

∂tððcosh tÞd−1∂tΦÞ ¼ 0 ⇝ Φ ¼ c1 þ c2

Z
t 1

ðcosh t0Þd−1 dt
0:

ð4:17Þ

The term involving the integral in (4.17) is what we call Φ̃0.
It can be understood as the Lorentzian version of the
Legendre Q-function (see Appendix C). Interestingly, both

D and Ds act nontrivially on it.13 Amusingly, in even
dimensions, the action ofD stops at levelΔ ¼ d

2
− 1. At this

particular value the mass in the KG equation coincides with
conformal coupling and D commutes with the Laplace
operator [cf. (4.12)]. Equivalently, for Δ ¼ d

2
− 1 the ladder

D preserves the space of solutions of the Kleinþ Gordon
equation. D is nothing but the infinitesimal form of a
combined Weyl and conformal diffeomorphism transfor-
mation of the scalar field [see comment below (2.28)].

3. Action of D;Ds on dSd tachyonic mode functions

Although the construction works for any CCKV in
positive curvature MSS, simple expressions are found for

Sphere∶ c¼ sinθ∂θ in
ds2

l2
¼ dθ2þ sin2θdΩ2

d−1

de Sitter∶ c¼ cosh t∂t in
ds2

l2
¼−dt2þ cosh2tdΩ2

d−1:

Our construction shows that the set of states fDs…DsΦ0g
on the left column in Fig. 2 correspond to the regular gauge

FIG. 2. On the left column we show that all regular gauge modes (4.6) at different levels are connected by the D;Ds ladder operators
acting on the constant function Φ0. On the right column we display that the irregular modes are also connected through D;Ds ladders.
Amusingly in even dimensions the action of D-ladder stops at level Δ ¼ d

2
− 1 (cf. top right column).

12We succinctly denote by l the full set of quantum numbers
labeling the harmonic (see Appendix B).

13The t-dependent zero mode for the massless scalar in 4d de
Sitter was originally discussed in [32] (see also [33–36]).
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modes discussed in the context of scalar tachyons in de
Sitter (see [10,23,37]).
In this section we spell the details of action of D;Ds on

the mode functions for scalar tachyons satisfying

ð−∇2 þm2ÞΨ ¼ 0

with m2 ¼ −nðnþ d − 1Þ. The mode solutions to the
Kleinþ Gordon equation in global coordinates take the
form (see Appendix C for notation and details)

Ψlðt;ΩÞ ¼ flðtÞYlðΩÞ
where

flðtÞ∈
n
ðcosh tÞ−ðd−2Þ=2P−ðlþd−2

2
Þ

nþd−2
2

ði sinh tÞ; ðcosh tÞ−ðd−2Þ=2Qlþd−2
2

nþd−2
2

ði sinh tÞ
o
:

The relevant feature of the following discussion will be on
the shift of the mass m2, parametrized by Δ ¼ −n. There-
fore, in the present section, we suppress the angular
quantum numbers l and simply denote the tachyon field
with a subscript n. We write

Φnðt;ΩÞ ¼ ðcosh tÞ−ðd−2Þ=2P−ðlþd−2
2
Þ

nþd−2
2

ði sinh tÞYlðΩÞ ð4:18Þ

Φ̃nðt;ΩÞ ¼ ðcosh tÞ−ðd−2Þ=2Q−ðlþd−2
2
Þ

nþd−2
2

ði sinh tÞYlðΩÞ: ð4:19Þ

It is sufficient to compute the action of the ladder DsΦn
with respect to only one (out of d) CKV cμ. The ladders
with respect to the remaining CKV can be found using the
de Sitter isometries kμ as

½Lk;Ds
c�Φn ¼ ðL½k;c� þ ðnþ d − 1Þσ½k;c�ÞΦn

¼ Ds
½k;c�Φn: ð4:20Þ

In this equation, we have explicitly denoted the CKV
dependence of the ladder operator by a subscript, Ds

c.
We start by choosing, in global coordinates, the CKV

given by

cμ ¼ −∂μ sinh t ⇝ σc ¼ sinh t: ð4:21Þ

This choice is particularly convenient since it does not
involve the spatial coordinates Ω.
Rising ladder: our aim is to compute

DsΦn ¼ ðLc þ ðnþ d − 1ÞσcÞΦn: ð4:22Þ

More explicitly, one has

DsΦn ¼ ðcosh t∂t þ ðnþ d − 1Þ sinh tÞΦn: ð4:23Þ

Inserting (4.18) into this equation, and introducing
z ¼ i sinh t, we straightforwardly find

DsΦn ¼ −iYlðΩÞðcosh tÞ−d−2
2

×

�
ðz2 − 1Þ ∂

∂z
þ
�
nþ d

2

�
z

�
P
−ðlþd−2

2
Þ

nþd−2
2

ðzÞ: ð4:24Þ

Using [Eq. (14.10.4) in [38]]

�
ðx2 − 1Þ ∂

∂x
þ ðνþ 1Þx

�
P−μ
ν ðxÞ ¼ ðνþ μþ 1ÞP−μ

νþ1ðxÞ

one obtains

DsΦn ¼ −iðnþ lþ d − 1ÞΦnþ1: ð4:25Þ

Similarly, for the Q-modes (4.19) we obtain

DsΦ̃n ¼ −ið1þ n − lÞΦ̃nþ1: ð4:26Þ

Some comments are in order:
(i) Gauge modes l ≤ n of Δ ¼ −n are mapped onto

gauge modes of the Δ ¼ −ðnþ 1Þ theory.
(ii) The lowest physical modes, i.e., l ¼ nþ 1, of the

Δ ¼ −n theory are mapped onto gauge modes of the
Δ ¼ −ðnþ 1Þ theory.

(iii) All higher physical modes of the Δ ¼ −n theory
(i.e., modes with l ≥ nþ 2) are mapped onto physi-
cal modes of the Δ ¼ −ðnþ 1Þ theory.

(iv) Q-modes with l ¼ nþ 1 (physical regime) are zero-
modes of Ds.

Lowering ladder: we now wish to compute

DΦn ¼ ðLc − nσcÞΦn: ð4:27Þ

Proceeding as above we find

DΦn ¼ iYlðΩÞðcosh tÞ−d−2
2

×

�
−ðz2 − 1Þ ∂

∂z
þ
�
nþ d − 2

2

�
z

�
P
−ðlþd−2

2
Þ

nþd−2
2

ðzÞ:

ð4:28Þ

We now use [Eq. (14.10.5) in [38]]
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�
−ðx2 − 1Þ ∂

∂x
þ νx

�
P−μ
ν ðxÞ ¼ ðν − μÞP−μ

ν−1ðxÞ;

and arrive at

DΦn ¼ iðn − lÞΦn−1: ð4:29Þ

For the Q-modes, the result is

DΦ̃n ¼ iðnþ lþ d − 2ÞΦ̃n−1: ð4:30Þ

We conclude this section with the following comments:
(i) Physical modes of the Δ ¼ −n theory (l ≥ nþ 1)

are mapped onto physical modes of theΔ ¼ −ðn − 1Þ
theory.

(ii) Gauge modes with l ¼ n of the Δ ¼ −n theory are
zero-modes of D. Hence they cannot transform into
physical modes under the action of D.

B. Vectors

1. Longitudinal modes

Longitudinal eigenmodes of the vector Laplacian are
well known to be given by derivatives of the scalar
harmonics. We do not elaborate on them since they follow
easily from the discussion of the previous section [21,39].

2. Transverse modes

We now proceed to construct ladder operators for
transverse vector harmonics Aμ satisfying

∇2Aμ ¼
1

l2
λAμ; ∇μAμ ¼ 0; λ ¼ 1þΔΔs ð4:31Þ

with Δs defined in (4.2) (see Appendix D for the allowed
eigenvalues on spheres).
We define two Ladder operators

DAμ ≔ LcAμ þ ðΔ − 1ÞσcAμ −
1

Δ
∇μðcρAρÞ; ð4:32Þ

and

DsAμ ≔ LcAμ þ ðΔs − 1ÞσcAμ −
1

Δs∇μðcρAρÞ: ð4:33Þ

They depend on a CCKV cμ and the scale dimension of Aμ,
while they also include a compensating gauge-looking
transformation necessary to preserve the transversality
condition. The reader should keep in mind that the
gauge-looking transformation becomes an actual invariance
only if λ is tuned to the strictly massless value [correspond-
ing to m2 ¼ 0 in (4.42)]. Notice again the similarity of
(4.32) and (4.33) with the infinitesimal form of a conformal
vector primary transformation in (2.28).

The action of D;Ds on an A-mode with scale dimension
Δ gives14

A0 ≔ DA and A00 ≔ DsA:

The modes A0;A00 have scale dimensions shifted by one unit

Δ0 ¼ Δþ 1 and Δ00 ¼ Δ − 1:

These expressions generalize (4.8) to the case of vectors.
Details and proofs: consider the ansatz

DAσ ≔ LcAσ þ γσcAσ þ αcμ∇σAμ ð4:34Þ

The coefficients γ and α can be fixed by demanding the
transformed function to satisfy

Eigenmode∶ ∇2ðDAσÞ ¼
1

l2
ðλþ δλÞDAσ ð4:35Þ

with δλ the change in the eigenvalue, and

Transversality∶ 0 ¼ ∇σðDAσÞ: ð4:36Þ

The need for a compensating “gauge-looking transforma-
tion” can be seen by taking the divergence of (4.34).
Indeed,

0 ¼ ∇σðcμ∇μAσ þ ð1þ γÞσcAσ þ αcμ∇σAμÞ

¼ cμ∇σ∇μAσ −
1

l2
ð1þ γ − αλÞcμAμ

¼ d − 1

l2
cμAμ −

1

l2
ð1þ γ − αλÞcμAμ;

⇝ γ ¼ d − 2þ αð1þ ΔΔsÞ: ð4:37Þ

To go from the first to the second line we use (3.6), (3.7),
(3.10), and (4.31). To get the third line we used that in MSS
½∇σ;∇μ�Aσ ¼ d−1

l2 Aμ. The eigenmode condition (4.35)
implies

½l2∇2;D�Aσ ¼ δλDAσ: ð4:38Þ

Alternatively computing the left-hand side (lhs) for a MSS
space with c a CCKV one obtains

14We denote coordinate free 1-forms as A ¼ Aμdxμ.
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½l2∇2;D�Aσ ¼ ðd − 2 − 2ðγ þ 1Þ þ 2αÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
δλ

cμ∇μAσ

þ ð2λ − dðγ þ 1Þ þ 2ðd − 1ÞαÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
δλð1þγÞ

σcAσ

þ ð2þ ðd − 2ÞαÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
δλα

cμ∇σAμ: ð4:39Þ

Below the underbraces, we have written what each term
should equal for (4.38) to be satisfied. Since c is a CCKV,
using (3.7), (3.10), and (3.11) we get an overdetermined
linear system of equations, i.e., three equations for two
unknowns δλ; α fγ is given by (4.37)]

d − 2 − 2ðγ þ 1Þ þ 2α ¼ δλ

2λ − dðγ þ 1Þ þ 2ðd − 1Þα ¼ ð1þ γÞδλ
2þ ðd − 2Þα ¼ αδλ: ð4:40Þ

Amusingly, this system of equations has two solutions
corresponding to the rising and lowering ladder operators.
The two solutions are

ðγ; α; δλÞ ¼
8<
:

I:
�Δ2−Δ−1

Δ ;− 1
Δ ; d − 2 − 2Δ

�
II:


ðΔsÞ2−Δs−1

Δs ;− 1
Δs ; d − 2 − 2Δs

�
:

ð4:41Þ

Inserting these solutions in (4.34) we obtain (4.32)
and (4.33).
Comment on conformal symmetry: as for scalar fields,

we have δλ ¼ 0 when the scale dimension coincides with
the classical value, i.e., Δ ¼ d

2
− 1. This means that the

action of the ladder operators (4.32) preserves the space of
solutions (4.31). It is satisfying to recognize that in d ¼ 4
where the classical engineering dimension is Δ ¼ 1 we
have

∇2Aμ ¼
3

l2
Aμ; ∇μAμ ¼ 0:

These are Maxwell’s equations in Lorenz gauge (see
[4,5,40]). Moreover, for Δ ¼ 1 the ladder D reduces to
the Lie action plus a compensating gauge transformation.
Hence, the fact that the action of the ladder operators
preserves the solution space simply expresses the con-
formal invariance of Maxwell’s equations in d ¼ 4.15

On the other hand, for d ≠ 4, vector fields with Δ ¼
d
2
− 1 are massive but still enjoy a symmetry generated by

CCKV. This means that the space of solutions of

∇2Aμ ¼
1

l2

�
d − 1þ ðd − 2Þðd − 4Þ

4|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
m2

�
Aμ; ∇μAμ ¼ 0

ð4:42Þ

is preserved under the action of

DjΔ¼d
2
−1Aμ ¼ cρ

�
∇ρAμ −

2

d − 2
∇μAρ

�
þ dðd − 4Þ

2ðd − 2Þ σcAμ:

Moreover, for d ≥ 4, the spin-1 fields in (4.42) satisfy the
Higuchi bound m2 ≥ 0 (4.60) and, thus, they are unitary.
See the discussions below [around (4.60)] for more details
on the Higuchi bound.
For completeness, we quote the commutation relations

with the Laplaceþ Beltrami operator for arbitrary d and Δ

½l2∇2;D�Aμ ¼ ðd − 2 − 2ΔÞDAμ;

½l2∇2;Ds�Aμ ¼ ðd − 2 − 2ΔsÞDsAμ: ð4:43Þ

Comment on Killing vectors and ladder operators:
Killing vectors kμ are annihilated by D. Comparing (3.3)
with (4.31), we learn that Killing vectors have Δ ¼ −1.
Inserting this value in (4.34) and using (4.41), we obtain

Dkμ ¼ Lckμ − σckμ þ cρ∇μkρ

¼ cρð =∇ρkμ þ∇μkρÞ þ∇μcρAρ − σckμ ¼ 0: ð4:44Þ

The last two terms cancel by virtue of (3.7). The result
(4.44) is the generalization of DjΔ¼0Φ0 ¼ 0, shown in
Figs. 1 and 2, to the case of vector fields. In passing we
comment that there is a tower of shift-symmetric tachyonic
vector fields in de Sitter [25]. The lowest level field has
Killing vectors as zero-modes. However, they give non-
unitary representations.

C. Gravitons

To conclude we consider the case of a symmetric
transverse traceless 2-tensors (STT)

Spin-2∶ hμν ¼ hνμ; ∇μhμν ¼ 0; hμμ ¼ 0

satisfying

∇2hμν ¼
1

l2
λhμν; λ ¼ 2þ ΔΔs: ð4:45Þ

Ladder operators D;Ds depend on a CCKV cμ of the
positive curvature MSS, include a compensating gauge-
looking transformation and take the form16

15Confront the discussion around Eq. (15) in [41]. 16We denote symmetrization by BðμνÞ ≔ 1
2
ðBμν þ BνμÞ.
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Dhμν ≔ Lchμν þ ðΔ − 2Þσchμν −
2

Δþ 1
∇ðμðhνÞρcρÞ;

Dshμν ≔ Lchμν þ ðΔs − 2Þσchμν −
2

Δs þ 1
∇ðμðhνÞρcρÞ:

ð4:46Þ

The commutation relations with the Laplaceþ Beltrami
operator are

½l2∇2;D�hμν ¼ ðd − 2 − 2ΔÞhμν
½l2∇2;Ds�hμν ¼ ðd − 2 − 2ΔsÞhμν; ð4:47Þ

which imply that D shifts as Δ ⇝ Δþ 1, while Ds lowers
the scale dimension by one unit, Δ ⇝ Δ − 1.
Details and proofs: we start with

Dhμν ¼ cρ∇ρhμν þ ðγ þ 2Þσchμν þ αcρ∇ðμhνÞρ: ð4:48Þ

Again by taking the divergence of (4.48), one finds

∇μhμν ¼ 0 ⇝ γ ¼ 2α − 2dþ 4

ðΔþ 1Þðd − ΔÞ : ð4:49Þ

To arrive at (4.47), we start by computing

½∇2;∇ρ�hμν ¼ ∇σ∇σ∇ρhμν −
λ

l2
∇ρhμν

¼ −
λ

l2
∇ρhμν þ∇σð∇ρ∇σhμν þ Rμασρhαν þ RνασρhμαÞ

¼ −
λ

l2
∇ρhμν þ∇σ∇ρ∇σhμν þ

1

l2
ð∇μhρν þ∇νhρμÞ

¼ 1

l2
ð∇μhρν þ∇νhρμÞ þ Rσα

σ
ρ∇αhμν þ Rμα

σ
ρ∇σhαν þ Rνα

σ
ρ∇σhμα

¼ d − 1

l2
∇ρhμν þ

4

l2
∇ðμhνÞρ; ð4:50Þ

where we used the first identity in (3.1) and the transversality condition. Using this expression we obtain

½∇2; cρ∇ρ�hμν ¼ ð∇2cρÞ∇ρhμν þ 2ð∇σcρÞð∇σ∇ρhμνÞ þ cρ½∇2;∇ρ�hμν
¼ d − 2

l2
cρ∇ρhμν þ

2λ

l2
σchμν þ

4

l2
cρ∇ðμhνÞρ: ð4:51Þ

Now, the commutator of the Laplacian with the second term in (4.48) gives

½∇2; σc�hμν ¼ ð∇2σcÞhμν þ 2ð∇σσcÞð∇σhμνÞ

¼ −
d
l2

σchμν −
2

l2
cσ∇σhμν: ð4:52Þ

Finally, to find the commutator with the last term in (4.48) we compute

½∇2; cρ∇μ�hρν ¼ ð∇2cρÞ∇μhρν þ 2ð∇σcρÞð∇σ∇μhρνÞ þ cρ½∇2;∇μ�hρν
¼ d − 2

l2
cρ∇μhρν þ 2σc∇ρ∇μhρν þ

2

l2
cρð∇ρhνμ þ∇νhρμÞ

¼ d
l2

cρ∇μhρν þ 2σcðRρα
ρ
μhαν þ Rνα

ρ
μhραÞ þ

2

l2
cρ∇ρhνμ −

2

l2
cρ∇½μhν�ρ

¼ 2

l2
cρ∇ρhνμ þ

d
l2

cρ∇μhρν þ 2
d
l2

σchμν −
2

l2
cρ∇½μhν�ρ; ð4:53Þ

where we used the transversality and traceless condition in going to the third and fourth lines. The ðμνÞ-symmetrization
results in

½∇2; cρ∇ðμ�hνÞρ ¼
2

l2
cρ∇ρhμν þ

d
l2

cρ∇ðμhνÞρ þ
2d
l2

σchμν: ð4:54Þ

LETSIOS, SEMPÉ, and SILVA PHYS. REV. D 111, 025018 (2025)

025018-12



Putting everything together and collecting one finds

½l2∇2;D�hμν ¼ ðd − 2 − 2ðγ þ 2Þ þ 2αÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
δλ

cρ∇ρhμν

þ ð2λ − dðγ þ 2Þ þ 2αdÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ðγþ2Þδλ

σchμν

þ ð4þ αdÞ|fflfflfflfflffl{zfflfflfflfflffl}
αδλ

cρ∇ðμhνÞρ; ð4:55Þ

where, in the rhs, we have the desired results below the
underbraces. This gives an overconstrained system of three
equations for two unknowns δλ; α. As before it has non-
trivial solutions, they are

ðγ;α;δλÞ ¼

8><
>:

I:


Δ2−Δ−4
Δþ1

;− 2
Δþ1

;d− 2− 2Δ
�

II:


ðΔsÞ2−Δs−4

Δsþ1
;− 2

Δsþ1
;d− 2− 2Δs

�
:

ð4:56Þ

Substituting these values of γ; α; δλ into (4.48), and
massaging, we find (4.46).
Comment on Killingþ Stäckel tensors and ladder oper-

ators: Let us show that Killingþ Stäckel tensors are
annihilated by the D-operator.
We start from the definition of a (symmetric) Killing

tensor [42–45]

Killing tensor∶ ∇μkνρ þ∇νkρμ þ∇ρkμν ¼ 0; ð4:57Þ

which is assumed to be traceless. Contracting with ∇μ,
commuting covariant derivatives and using (3.1), one finds

∇2kμν ¼ −
2d
l2

kμν: ð4:58Þ

Hence, the STT Killing tensors are solutions of the
Laplaceþ Beltrami operator with Δ ¼ −2. The action of
D is given by (4.46), and thus

Dkμν ¼ Lckμν − 4σckμν þ 2∇ðμðkνÞρcρÞ
¼ cρð∇ρkμν þ∇μkνρ þ∇νkμρÞ ¼ 0:

There exists also a tower of tachyonic shift-symmetric
spin-2 fields in de Sitter, the lowest level of which have
STT Killing tensors as zero-modes. They are also nonuni-
tary (see [25] for further details).
Comments on conformal-like symmetries and partially

massless gravitons: as for scalars and vectors, the ladder
operator D preserves the space of solutions of the spin-2
field equation (4.45) if Δ ¼ d

2
− 1. We call these STT

conformal-like gravitons, they satisfy

∇2hμν ¼
1

l2

�
2þ d

4
ðd − 2Þ|fflfflfflfflffl{zfflfflfflfflffl}
m2

�
hμν: ð4:59Þ

We should confront this equation with the conditions for
having a unitary spin-2 field in de Sitter space. As found
in [21,46], STT fields of spin-s satisfying

ð−∇2 þ sþ ð2 − sÞðsþ d − 3Þ þm2Þhμ1…μs ¼ 0

∇μhμμ2…μs ¼ 0; hμμμ3…μs ¼ 0;

give rise to (massive) unitary theories for

l2m2 > ðs − 1Þðsþ d − 4Þ: ð4:60Þ

However, for the special values [5,46–49]

l2m2 ¼ ðτ − 1Þð2sþ d− 4− τÞ; τ ¼ 1;…; s; ð4:61Þ

the theory is also unitary, by virtue of enjoying a certain
gauge invariance. Spin-s fields with masses taking the
discrete values given by (4.61) are known as partially
massless field of depth τ.17 For the case of spin-2 particles,
partially massless gravitons arise for l2m2 ¼ d − 2.18

We then conclude that in d ≥ 4 the condition (4.60) is
satisfied and hence the field equation gives rise to a unitary
theory. To conclude, we remark that demanding the
gravitons to be conformal-like [in the sense of (4.59)]
and partially massless at the same time is only possible for
d ¼ 4 [13]. Indeed, for the partially massless gravitons
(Δ ¼ d

2
− 1 ¼ 1) in d ¼ 4, the operator (4.46) takes the

form

Dhμν ¼ cρð∇ρhμν −∇ðμhνÞρÞ; ð4:62Þ

which coincides with the unconventional conformal sym-
metry of partially massless graviton uncovered earlier in [13].

V. CONCLUSIONS

In the present paper, we have built ladder operators
relating distinct discretely labeled UIRs on Sd and dSd.
These ladder operators were constructed relying on CCKV
on those spaces and they were explicitly written for spins
s ¼ 0; 1; 2 with generalizations to higher integer spins

17The case τ ¼ 1 corresponds to the strictly massless case. In
4d, a strictly massless field has two propagating degrees of
freedom with helicities �s, while a partially massless field of
depth τ has 2τ of them: ð�s;�ðs − 1Þ;…;�ðs − τ þ 1ÞÞ. Strictly
massless fields are the closest analogs of Minkowskian massless
fields, while partially massless fields of depth τ > 1 have no
Minkowskian counterparts.

18The gauge invariance of partially massless gravitons which
eliminates the zero helicity component of the field is δhμν ¼
ð∇ðμ∇νÞ þ 1

l2 gμνÞa, where aðxÞ is a scalar gauge parameter.
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being straightforward. Our results generalized previous
known formulas for scalar fields [16,17].
The operators D;Ds we found connect solutions to free

field equations in Sd and dSd. It is well known that the mass
in these equations is related to the quadratic Casimir of the
isometry group of the space, therefore, our ladder operators
are mass-shifting operators. It is interesting to notice that
the form of the ladder operators resembles the spinning
conformal primaries transformation laws.
Our setup hopefully sheds light on the appearance of

conformal-like symmetries for partially massless gravitons
in 4-dimensional de Sitter space [13,50,51]. Moreover, for
d ≠ 4, we found that massive spin-1 and spin-2 fields with
special tunings of their mass parameters (Δ ¼ d=2 − 1)
enjoy conformal-like symmetries in the sense that the
operator D which preserves their solution space is built
from CKV. The case with d ¼ 4 is special in the sense that
spin-1 and spin-2 fields with Δ ¼ 1 are gauge potentials
corresponding to the Discrete Series UIRs of SO(4,1), i.e.,
the Maxwell field and the partially massless graviton on
dS4. The former is well known to be SO(4,2) invariant,
however, the algebra closure of the partially massless
graviton conformal-like symmetry is currently under
scrutiny [13].
We leave for future work the computation of the

algebra generated by our ladder operators and the possibil-
ity of realizing the conformal-like symmetries at the
Lagrangian level.
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APPENDIX A: POSITIVE CURVATURE
MSS AND CCKV

de Sitter: in global conformal coordinates the dS4 metric
is given by

ds2 ¼ 1

sin t2
ð−dt2 þ dχ2 þ sin2 χðdθ2 þ sin θ2dϕ2Þ ðA1Þ

here t∈ ð−π; 0Þ. Notice this parametrization maps dS4 to a
portion of Einstein static universe [52].
The Killing vectors on dS4 can be separated as those

acting closely on t ¼ const (spatial sections), fJi;Pig,
which close a SO(4) algebra, and fD;Kig which move us
away from the t ¼ const hypersurface. Their explicit form is

J1 ¼ sinϕ∂θ þ cot θ cosϕ∂ϕ

J2 ¼ − cosϕ∂θ þ cot θ sinϕ∂ϕ

J3 ¼ −∂ϕ ðA2Þ

P1 ¼ sin θ cosϕ∂χ þ cot χ cos θ cosϕ∂θ

− cot χ csc θ sinϕ∂ϕ

P2 ¼ sin θ sinϕ∂χ þ cot χ cos θ sinϕ∂θ

þ cot χ csc θ cosϕ∂ϕ

P3 ¼ cos θ∂χ − cot χ sin θ∂θ; ðA3Þ

D ¼ sin t cos χ∂t þ cos t sin χ∂χ

K1 ¼ − sin t sin χ sin θ cosϕ∂t þ cos t cos χ sin θ cosϕ∂χ þ cos t csc χ cos θ cosϕ∂θ − cos t csc χ csc θ sinϕ∂ϕ

K2 ¼ − sin t sin χ sin θ sinϕ∂t þ cos t cos χ sin θ sinϕ∂χ þ cos t csc χ cos θ sinϕ∂θ þ cos t csc χ csc θ cosϕ∂ϕ

K3 ¼ − sin t sin χ cos θ∂t þ cos t cos χ cos θ∂χ − cos t csc χ sin θ∂θ: ðA4Þ

The set of Killing vectors fJi;Pi;D;Kig with i ¼ 1; 2; 3 close a SO(4,1) algebra

½Ji; Jj� ¼ ϵijkJk; ½Ji;Pj� ¼ ϵijkPk; ½Ji;Kj� ¼ ϵijkKk

½Pi;Pj� ¼ ϵijkJk; ½Ki;Kj� ¼ ϵijkJk

½D;Pi� ¼ −Ki; ½D;Ki� ¼ −Pi; ½Pi;Kj� ¼ −Dδij: ðA5Þ

In addition dS4 possess five proper CKV which we write
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D̃ ¼ cos t cos χ∂t − sin t sin χ∂χ

K̃1 ¼ sin θ cos t sin χ cosϕ∂t þ sin θ sin t cos χ cosϕ∂χ þ cos θ sin t csc χ cosϕ∂θ − csc θ sin t csc χ sinϕ∂ϕ

K̃2 ¼ sin θ cos t sin χ sinϕ∂t þ sin θ sin t cos χ sinϕ∂χ þ cos θ sin t csc χ sinϕ∂θ þ csc θ sin t csc χ cosϕ∂ϕ

K̃3 ¼ cos θ cos t sin χ∂t þ cos θ sin t cos χ∂χ − sin θ sin t csc χ∂θ

T̃ ¼ −∂t ðA6Þ

The conformal symmetry algebra of dS4 is SO(4,2) which in addition to (A5) reads

½K̃i; K̃j� ¼ −ϵijkJk; ½K̃i;Kj� ¼ T̃; ½Pi; K̃j� ¼ D̃δij; ½D; K̃i� ¼ 0

½D; D̃� ¼ T̃; ½D̃; K̃i� ¼ Pi; ½D̃;Pi� ¼ K̃i; ½Ji; K̃j� ¼ ϵijkK̃k

½D; T̃� ¼ D̃; ½K̃i; T̃� ¼ Ki; ½Ki; T̃� ¼ −K̃i

½D̃; Ji� ¼ ½D̃;Pi� ¼ ½T̃; Ji� ¼ ½T̃;Pi� ¼ 0:

The proper CKV (A6) were chosen to be closed, if we pull
down the index one can verify that all each of them can be
written cμ ¼ ∂μΨc [cf. (3.5)]. The potentials are

D̃∶ ΨD ¼ csc t cos χ

K̃1∶ ΨK1
¼ sin θ csc t sin χ cosϕ

K̃2∶ ΨK2
¼ sin θ csc t sin χ sinϕ

K̃3∶ ΨK3
¼ cos θ csc t sin χ

T̃∶ ΨT ¼ − cot t: ðA7Þ

It is amusing to verify that the proper CKV potentials
satisfy

ðΨDÞ2 þ ðΨKi
Þ2 − ðΨTÞ2 ¼ 1: ðA8Þ

This is in agreement with the fact that they coincide with
the embedding coordinates Ψ ∼ XI (see [53,54]) when
representing de Sitter dSd as a quadric in Minkowski
embedding space ηIJXIXJ ¼ 1 with I; J ¼ 0;…; d.
Sphere: the S3 metric is written as

ds2 ¼ dχ2 þ sin2 χðdθ2 þ sin θ2dϕ2Þ: ðA9Þ

The isometries are generated by fJi;Pig closing a SO(4)
algebra

½Ji;Jj� ¼ ϵijkJk; ½Ji;Pj� ¼ ϵijkPk; ½Pi;Pj� ¼ ϵijkJk:

The proper CKV on the sphere can be obtained from the
late-time limit behavior of dS4 Killing vector boosts (A4).
Their covariant expression are given by

D ¼ dð− cos χÞ
K1 ¼ dðsin χ sin θ cosϕÞ
K2 ¼ dðsin χ sin θ sinϕÞ
K3 ¼ dðsin χ cos θÞ ðA10Þ

with d ¼ dxμ∂μ the exterior differential operator. In analogy
with (A8), on the sphere, one can check that the proper
CKV potentials ΨI (I ¼ fD;Kig) satisfy

ðΨDÞ2 þ ðΨKi
Þ2 ¼ 1

APPENDIX B: SCALAR HARMONICS ON Sd − 1

We write the metric of Sd−1 in standard fashion

dΩ2
d−1 ¼ dθ2d−1 þ sin2 θd−1dΩ2

d−2: ðB1Þ
The full set of coordinates is Ω ¼ ðθd−1; θd−2;
θd−3;…; θ2;φÞ where θi ∈ ½0; πÞ and φ∈ ½0; 2πÞ.
The scalar spherical harmonics on Sd−1 are classified by

(d − 1) quantum numbers

l ¼ ðld−1; ld−2;…; l1Þ; li ¼ 0; 1; 2;… ðB2Þ

obeying

ld−1 ≥ ld−2 ≥ … ≥ l2 ≥ jl1j ≥ 0:

The first quantum number in the list (B2), i.e. ld−1,
parametrizes the Laplace eigenvalue19

−∇2
sphYl ¼ ld−1ðld−1 þ d − 2ÞYl; ld−1 ¼ 0; 1; 2;…

ðB3Þ

19We denoted k ¼ ld−1 in (4.3) and l ¼ ld−1 in Appendix C.
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They take the explicit form [21]

YlðΩÞ ¼
Yd−2
r¼1



Cðld−r; ld−r−1Þðsin θd−rÞ−ðd−r−2Þ=2

× P
−ðld−r−1þd−r−2

2
Þ

ld−rþd−r−2
2

ðcos θd−rÞ
�
×

1ffiffiffiffiffiffi
2π

p el1φ; ðB4Þ

where

Cðld−1; ld−2Þ ¼
�
2ld−1 þ d− 2

2

ðld−1 þ ld−2 þ d− 3Þ!
ðld−1 − ld−2Þ!

�
1=2

:

ðB5Þ

In (B4), P−μ
ν are the associated Legendre function of the

first kind [55]. The normalization factors ensure that

Z
sph

ðYlðΩÞÞ�Yl0 ðΩÞ ¼ δl;l0 : ðB6Þ

The harmonics on Sd−1 can be written in terms of Sd−2

harmonics Yl̂ðΩ̂Þ where l̂ ¼ ðld−2; ld−3;…; l1Þ and Ω̂ ¼
ðθd−2;…; θ2;φÞ as

YlðΩÞ ¼ Cðld−1; ld−2Þðsin θd−1Þ−ðd−3Þ=2P−ðld−2þd−3
2
Þ

ld−1þd−3
2

× ðcos θd−1ÞYl̂ðΩ̂Þ: ðB7Þ

APPENDIX C: SHIFT-SYMMETRIC SCALARS
IN GLOBAL DS

1. Mode solutions for shift-symmetric scalars on dSd

Shift-symmetric scalars on dSd satisfy (de Sitter radius
l2 ¼ 1)

∇2Φ ¼ −nðnþ d − 1ÞΦ; n ¼ 0; 1; 2;… ðC1Þ

To find the solution to this equation in global coordinates
(4.16) we make the ansatz

Φðt;ΩÞ ¼ fðtÞYlðΩÞ with l ¼ ðl; ld−2;…; l1Þ: ðC2Þ

Here YlðΩÞ are the scalar spherical harmonics on Sd−1 (see
Appendix B). Inserting the ansatz (C2) in (C1) one finds20

f00 þ ðd − 1Þ tanh tf0

þ
�
−nðnþ d − 1Þ þ lðlþ d − 2Þ

cosh2 t

�
f ¼ 0; ðC4Þ

where the prime denotes differentiation with respect to t.
The appropriate positive norm modes for the quan-

tization of a scalar field in dS were introduced originally
in [56,58]. For the case of tachyons they are (see
also [21,24,31,59])

Φlðt;ΩÞ¼ ðcosh tÞ−ðd−2Þ=2P−ðlþd−2
2
Þ

nþd−2
2

ðisinhtÞYlðΩÞ; l > n

ðC5Þ

with the KG inner product, in global coordinates, taking the
form

ðΦ;ΨÞ ¼ iðcosh tÞd−1
Z
sph

dΩðΦ�
∂tΨ − ð∂tΦÞ�ΨÞ: ðC6Þ

The argument of the Legendre function in (C5) can be
understood as arising from the Wick rotation (4.15) on
the cos θ ↦ i sinh t which appears in the spherical har-
monics (B4).
Some comments are in order:
(1) P−μ

ν are the associated Legendre function of the first
kind which can be expressed in terms of the Gauss
hypergeometric function as [55]

P−μ
ν ðzÞ ¼ 1

Γðμþ 1Þ
�
1 − z
1þ z

�
μ=2

× F

�
−ν; νþ 1; μþ 1;

1 − z
2

�
; ðC7Þ

thus,

Φlðt;ΩÞ

¼ 1

Γ
�
lþ d

2

�ðcosh tÞ−ðd−2Þ=2
�
1− isinh t
1þ isinh t

�l
2
þd−2

4

×F

�
−n−

d− 2

2
;nþd

2
; lþd

2
;
1− isinh t

2

�
YlðΩÞ:

ðC8Þ

(2) In the short wavelength limit, l ≫ 1, the modes (C5)
behave as [58,60]21

∂

∂t
Φlðt;ΩÞ ∼ −il

Φlðt;ΩÞ
cosh t

; for l ≫ 1; ðC9Þ

20The general solution to (C3) is

fðtÞ ¼ 1

ðcosh tÞd−12
�
c1P

nþd−1
2

lþd−3
2

ðtanh tÞ þ c2Q
nþd−1

2

lþd−3
2

ðtanh tÞ
�

ðC3Þ

Discrete/exceptional UIRs follow for particular choices of c1;2 for
fðtÞ. The precise choice of coefficients relating (C3) to (C5) was
originally spelled out in [56] using the Whipple formula (see
Sec. V.5 in [31,57]). 21See the discussion around Eq. (5.73) in [31].
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which is interpreted as a generalized positive fre-
quency behavior. Notice that ∂τ ¼ cosh t∂t is the
proper time of a comoving observer in de Sitter
space.

(3) The scalar product, of any two modes solutions (C5)
is [21]

ðΦl;Φl0 Þ ¼
2

Γðl − nÞΓðlþ nþ d − 1Þ δl;l0 : ðC10Þ

This important result leads to the following
consequences:
(1) Physical modes: correspond to the set of (complex)

modes with l > n, they have positive norm.
(2) Gauge modes: correspond to the set of l ≤ n modes

(real up to a phase), they have zero norm.
Important features of the set fΦlg built with

P-functions are
(1) Gauge modes transform among themselves under

SO(d; 1) [21], we will summarize this below. As
expected, the number of gauge modes coincides
with the number of independent symmetric poly-
nomials appearing in (4.6).22 They are zero-norm
modes because for l ≤ n the associated Legendre
P-functions appearing in (C5) are proportional to
their complex conjugates [see (C12) below].

(2) Physical modes transform among themselves and
into gauge modes (see below). It was shown in [21]
that the physical modes form a UIR of SO(d; 1) [21].

(3) For l > n the Wronskians in Section 14.2(iv) in [38]
show that the complex conjugates ðΦlÞ� are negative
norm states

ðΦ�
l ;Φ

�
l0 Þ ¼ −ðΦl;Φl0 Þ; ðΦ�

l ;Φl0 Þ ¼ 0:

2. Seed modes

As we mentioned earlier, in the range l ≤ n the complex
conjugates of the P-functions in (C5) are not independent
from the P-functions [cf. (C12)]. The second set of
independent solutions to (C1) is

Φ̃lðt;ΩÞ ¼ ðcosh tÞ−ðd−2Þ=2Qlþd−2
2

nþd−2
2

ði sinh tÞYlðΩÞ; ðC11Þ

where Qμ
νðzÞ are the associated Legendre functions of the

second kind, analytic in the cut complex plane [38,55].

There are several alternative representations for the
Q-functions which will not be relevant to our discussion.
For our purposes, we consider Qμ

νðzÞ to be given by the
analytic extension, beyond the unit circle, of Eq. (14.3.20)
in [38].
The Q-functions satisfy the following properties:
(i) Zero norm: being μ; ν∈R, when evaluated at z ¼

i sinh t we have that ðQμ
νðzÞÞ� ¼ Qμ

νð−zÞ. Then,
using Eq. (14.24.2) in [38] we conclude that for
ImðzÞ < 0

Qμ
νð−zÞ ¼ −e−iνπQμ

νðzÞ ⇝ ðQμ
νðzÞÞ� ∝ Qμ

νðzÞ:

(ii) Linear dependence: for l > n, Qμ
ν are customarily

disregarded, as they are not independent from
fP−μ

ν ði sinh tÞ; P−μ
ν ð−i sinh tÞg. This can be seen

from (Eq. (14.24.1) in [38])

P−μ
ν ð−zÞ − e−iπνP−μ

ν ðzÞ

¼ 2

Γðμ − νÞ
e−iμπ

Γðμþ νþ 1ÞQ
μ
νðzÞ; ImðzÞ > 0:

ðC12Þ

A similar relation holds for ImðzÞ < 0.
(iii) Linear independence: for l ≤ n, the set of linear

independent solutions to (C1) is fP−μ
ν ði sinh tÞ;

Qμ
νði sinh tÞg. Independence follows from Eq. (14.2.6)

in [38].

3. de Sitter isometry and mode expansions

In this section, we study the transformation properties of
the mode functions fΦl; Φ̃lg in (C5) and (C11) under
SOðd; 1Þ. The transformation properties for the P-modes
were originally uncovered in [21]. Here we extend it to the
(seed) Q-modes (C11).
We start by mentioning that the l-quantum number in

(B3) is preserved under the action of SOðdÞ ⊂ SOðd; 1Þ.
However, under a SOð1; 1Þ ⊂ SOðd; 1Þ boost, the l-quantum
number shifts by one. For concreteness, we write the sphere
metric in (B1) as

dΩ2
d−1 ¼ dϑ2 þ sin2 ϑdΩ2

d−2

and consider, without loss of generality, the SO(1,1) de
Sitter Killing vector

ξ ¼ cosϑ∂t − tanh t sinϑ∂ϑ: ðC13Þ

Our aim is to study its action on the set of modes

Ψlðt;ΩÞ ¼ flðtÞYlðΩÞ;

where

22As an example consider n ¼ 1 in (C1). The condition l ≤ n
gives as possible harmonics

l∈
�
ð0;…;0Þ; ð1;0; ::0Þ; ð1;1;0; ::0Þ; ð1;1;1…1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

d−2 terms

; ð1;1;…;−1Þ
�

which comprise dþ 1 distinct gauge modes. This agrees with the
dþ 1 embedding space coordinates.
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flðtÞ∈
n
ðcosh tÞ−ðd−2Þ=2P−ðlþd−2

2
Þ

nþd−2
2

ði sinh tÞ; ðcosh tÞ−ðd−2Þ=2Qlþd−2
2

nþd−2
2

ði sinh tÞ
o
:

We show below that (C13) leads to a simple mixing of
modes which can be schematically summarized as

l ¼ ðl; ld−2;…; l1Þ ↦ l0 ¼ ðl� 1; ld−2;…; l1Þ:

Moreover, the important results are
(i) Gauge modes l ≤ n (P-modes) do not mix with

l > n modes [see (C27)].
(ii) Seed modes with l ≤ n (Q-modes) can be connected

with l > n [see (C28)]. However, from (C12) we
conclude the result involves a combination of
positive and negative norm P-modes.

Details: to analyze the action of symmetries, following
[21] we re-express the Lie derivative Lξ as

LξΨl ¼
1

2lþ d − 2
ðTðþÞ þ Tð−ÞÞΨl

with

TðþÞ ¼ DðþÞ × D̃ðþÞ; ðC14Þ

where

DðþÞ ¼ ∂t − l tanh t:

D̃ðþÞ ¼ sinϑ∂ϑ þ ðlþ d − 2Þ cosϑ; ðC15Þ

and

Tð−Þ ¼ Dð−Þ × D̃ð−Þ; ðC16Þ

where

Dð−Þ ¼ ∂t þ ðlþ d − 2Þ tanh t
D̃ð−Þ ¼ − sinϑ∂ϑ þ l cosϑ: ðC17Þ

The virtue of the decomposition T ¼ D × D̃ is that it
factorizes the action on the spatial slices, D̃, from the action
along time, D.23

Using several properties of the associated Legendre
functions one finds:

(1) D̃ðþÞ raises the principal quantum number l ↦ lþ 1

D̃ðþÞYlðΩÞ ¼ Cðl; ld−2Þ
Cðlþ 1; ld−2Þ

ðlþ ld−2 þ d − 2Þ

× YlþðΩÞ; ðC18Þ

here lþ ¼ ðlþ 1; ld−2;…; l1Þ and the normalization
factors are defined in (B5).

(2) D̃ð−Þ lowers the principal quantum number
l ↦ l − 1

D̃ð−ÞYlðΩÞ ¼ Cðl; ld−2Þ
Cðl − 1; ld−2Þ

ðl − ld−2ÞYl−ðΩÞ;

ðC19Þ

here l− ¼ ðl − 1; ld−2;…; l1Þ.
(3) DðþÞ shifts l ↦ lþ 1 in the P-function

DðþÞ


ðcosh tÞ−d−2

2 P
−ðlþd−2

2
Þ

nþd−2
2

ði sinh tÞ
�

¼ kðþÞ
P ðcosh tÞ−d−2

2 P
−ðlþ1þd−2

2
Þ

nþd−2
2

ði sinh tÞ ðC20Þ

where

kðþÞ
P ¼ iðn − lÞðnþ lþ d − 1Þ: ðC21Þ

Acting on the Legendre Q-functions, one obtains

DðþÞððcosh tÞ−d−2
2 Q

lþd−2
2

nþd−2
2

ði sinh tÞÞ

¼ kðþÞ
Q ðcosh tÞ−d−2

2 Q
lþ1þd−2

2

nþd−2
2

ði sinh tÞ; ðC22Þ

where

kðþÞ
Q ¼ 1: ðC23Þ

(4) Proceeding similarly, the Dð−Þ action can be sum-
marized as

Dð−Þfl ¼ kð−Þf fl−1; ðC24Þ

where kð�Þ
f depends on whether the Dð−Þ acts on

P- or Q-functions. The factors kð−Þf are given by

kð−ÞP ¼ −i and kð−ÞQ ¼ ðn − lþ 1Þðnþ lþ d− 2Þ:

Combining the results above we have

23It is interesting to notice that the operators Dð�Þ; D̃ð�Þ in
(C26) are related to the ladder operators D;Ds defined in the
main text. For example, D ¼ − cosh tDðþÞ, etc. However, while
D;Ds shift the mass eigenvalue keeping the sphere quantum
numbers remain unchanged, the operators Dð�Þ; D̃ð�Þ shift the
(principal) angular quantum number.
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TðþÞΨl ¼
Cðl; ld−2Þ

Cðlþ 1; ld−2Þ
ðlþ ld−2 þ d − 2ÞkðþÞ

f Ψlþ ;

Tð−ÞΨl ¼
Cðl; ld−2Þ

Cðl − 1; ld−2Þ
ðl − ld−2Þkð−Þf Ψl− : ðC25Þ

Long story short, we conclude that

LξΨl ¼
1

2lþ d − 2
ðTðþÞ þ Tð−ÞÞΨl

¼ Cðl; ld−2Þ
2lþ d − 2

�
lþ ld−2 þ d − 2

Cðlþ 1; ld−2Þ
kðþÞ
f Ψlþ

þ l − ld−2
Cðl − 1; ld−2Þ

kð−Þf Ψl−

�
: ðC26Þ

Transformation of P-modes: specializing to Φl in (C5)
one obtains, forgetting the factor in front of the parentheses
in (C26),

LξΦl ∝
lþ ld−2 þ d − 2

Cðlþ 1; ld−2Þ
ðn − lÞðnþ lþ d − 1ÞΦlþ

−
l − ld−2

Cðl − 1; ld−2Þ
Φl− : ðC27Þ

The (n − l) factor multiplying Φlþ implies that gauge
modes (l ≤ n) cannot be turned into physical modes
(l > n) under the action of dS isometries. Concomitantly
it follows that all gauge modes (l ≤ n) mix among
themselves. However, physical modes can be connected
with gauge modes [due to the last term in (C27)].
Transformation of Q-modes: for the seed modes (C11)

we obtain

LξΦ̃l ∝
lþ ld−2 þ d − 2

Cðlþ 1; ld−2Þ
Φ̃lþ þ l − ld−2

Cðl − 1; ld−2Þ
× ðn − lþ 1Þðnþ lþ d − 2ÞΦ̃l− : ðC28Þ

Some comments are in order: contrary to (C27), the first
term in (C28) never vanishes. This implies that Q-modes
with l ≤ n can be connected with physical modes (l > n)
under the action of dS isometries. However, using (C12) is
is important to stress that the result is a P-mode combi-
nation of positive and negative norm.

APPENDIX D: VECTOR SPHERICAL
HARMONICS IN S3 AND LADDER OPERATORS

Transverse vector harmonics (TVH) on S3 were thor-
oughly discussed in [22]. We show here how to obtain the
full spectrum using ladder operators.
TVH are classified by the eigenvalues of the two

Casimirs of SO(4)

C ¼ P2
i þ J2i and C̃ ¼ −PiJi: ðD1Þ

The possible quantum numbers ðk;�Þ for UIRs are

CAk�
μ ¼ −

ðkþ 1Þ2
l2

Ak�
μ ; C̃Ak�

μ ¼ ∓ ðkþ 1Þ
l

Ak�
μ ;

k ¼ 1; 2;… ðD2Þ

Here each k∈N gives a different SO(4) UIR. Making
k ↦ Lk in (D1) one finds (see [22])

CAk�
μ ¼

�
∇2 −

2

l2

�
Ak�
μ ; C̃Ak�

μ ¼ ϵμ
αβ∇αAk�

β ðD3Þ

here ϵμνρ is the covariant Leviþ Civita tensor. Comparing
(D2) and (D3) with the definition of Δ in (4.31) we have
Δ ¼ −k and Δs ¼ 2þ k. Since the lowest possible eigen-
value corresponds to k ¼ 1, we verify from (3.3) that the
six Killing vectors of the 3-sphere, spelled in (A2) and
(A3), are the lowest eigenvectors ð1;�Þ of the vector
Laplacian. We can rewrite (4.32) as

DAk�
μ ¼ cρ∇ρAk�

μ − kσcAk�
μ þ 1

k
∇μðcρAk�

ρ Þ: ðD4Þ

Analogously, for the shadow ladder we have

DsAk�
μ ¼ cρ∇ρAk�

μ þ ð2þ kÞσcAk�
μ −

1

2þ k
∇μðcρAk�

ρ Þ:
ðD5Þ

From (4.43) we get

½l2∇2;D�Ak�
μ ¼ ð1þ 2kÞDAk�

μ

½l2∇2;Ds�Ak�
σ ¼ −ð3þ 2kÞDsAk�

σ ; ðD6Þ

which lead to

CðDAk�Þ ¼ −
k2

l2
DAk�

CðDsAk�Þ ¼ −
ðkþ 2Þ2

l2
DsAk�: ðD7Þ

This means that Ds;D rise/lower the k-quantum number
[cf. (D2)]

D∶ k ↦ k − 1

Ds∶ k ↦ kþ 1

which can be equivalently phrased as (4.8).
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In addition we find that

½C̃;D�Ak� ¼ �DAk�

½C̃;Ds�Ak� ¼ ∓DsAk�: ðD8Þ

These transformations imply that

C̃ðDAk�Þ ¼ ∓ k
l
DAk� ðD9Þ

C̃ðDsAk�Þ ¼ ∓ kþ 2

l
DsAk�: ðD10Þ

Since no UIR with k ¼ 0 exists, it is reassuring to verify
that

DAk�jk¼1 ¼ 0:

This follows from (4.44) and the fact that the ðk ¼ 1;�Þ are
the six Killing vectors of S3.
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