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We propose a stochastic interpretation of spacetime noncommutativity starting from the path integral
formulation of quantum mechanical commutation relations. We discuss how the (non)commutativity of
spacetime is inherently related to the continuity or discontinuity of paths in the path integral formulation.
Utilizing Wiener processes, we demonstrate that continuous paths lead to commutative spacetime, whereas
discontinuous paths correspond to noncommutative spacetime structures. As an example we introduce
discontinuous paths from which the κ-Minkowski spacetime commutators can be obtained. Moreover we
focus on modifications of the Leibniz rule for differentials acting on discontinuous trajectories. We show
how these can be related to the deformed action of translation generators focusing, as a working example,
on the κ-Poincaré algebra. Our findings suggest that spacetime noncommutativity can be understood as a
result of fundamental discreteness in temporal and/or spatial evolution.
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I. INTRODUCTION

Space-time noncommutativity gained significant popu-
larity in the late 1990s, primarily due to its relevance in
certain limits of string theory involving a constant back-
ground B-field [1–3]. As already noted by the authors of [3],
the idea was not new; indeed, a model of “quantized space-
time” in which ordinary coordinates are replaced by non-
commuting hermitian operators had already appeared fifty
years earlier in the seminal work of Snyder [4]. The main
motivation of this work was that noncommutativity of
coordinates, through the introduction of a fundamental
length, could establish a natural cutoff scale in quantum
field theory, potentially resolving the issues with infinities
that were prevalent at the time.1

In an almost parallel developmentDoplicher, Fredenhagen,
and Roberts (DFR) explored the possible role of a non-
commutative, “quantized space-time,” for physics at the

Planck scale [6,7]. These authors suggested that nontrivial
commutation relations between coordinates can bemotivated
by considerations involving gedanken experiments combin-
ing Heisenberg’s uncertainty principle and classical gravity
which result in limitations to localization in space-time.
In both the DFRmodel and the stringy scenario one deals

with a commutator of space-time coordinates given by a
matrix of constants. This raises the issue of breaking of
Lorentz symmetry arising from the very structure of the
commutator, since, at first glance, the commutator itself is
not invariant under Lorentz transformations. In contrast in
the model proposed by Snyder the space-time commutators
transform covariantly under Lorentz transformations at the
price of embedding the space-time coordinate operators
into a larger algebra. In the work [8], it was shown that one
can bypass both shortcomings and introduce space-time
noncommutativity with a structure that is covariant under a
deformation of the Poincaré group, based on the theory of
Hopf algebras and quantum groups [9,10]. This connection
further boosted interest in the study of noncommutative
space-times as models of a “flat space-time limit” of
quantum gravity [11,12], in which the Planck energy/length
plays the role of a second observer-independent scale,
thanks to the nontrivial structures of the deformed Poincaré
group [13,14]. Models of space-time noncommutativity are
now among the most studied in the context of quantum
gravity phenomenology, a fast-growing field of research
looking for experimental signatures of the putative quan-
tum features of spacetime [15,16].
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1Interestingly, as reported in [5], the suggestion that non-
commuting space-time coordinates could be used to tame
divergences in quantum field theory might have been originally
suggested by Heisenberg.

PHYSICAL REVIEW D 111, 025010 (2025)

2470-0010=2025=111(2)=025010(17) 025010-1 Published by the American Physical Society

https://orcid.org/0000-0001-9200-1593
https://ror.org/05290cv24
https://ror.org/05290cv24
https://ror.org/015kcdd40
https://ror.org/05591te55
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.111.025010&domain=pdf&date_stamp=2025-01-08
https://doi.org/10.1103/PhysRevD.111.025010
https://doi.org/10.1103/PhysRevD.111.025010
https://doi.org/10.1103/PhysRevD.111.025010
https://doi.org/10.1103/PhysRevD.111.025010
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


There is a vast body of literature exploring various
physical and geometrical consequences of the noncommu-
tativity of space-time. In specific models where the
commutator of space-time coordinates forms a Lie algebra,
the associated four-momentum space is found to be a Lie
group [17,18]. This aspect is closely related to the Hopf
algebra deformation of the Poincaré group [19]. Another
interesting aspect is the potential connection between
spacetime noncommutativity and discrete features of space-
time. For a specific model of Lie-algebra-type noncommu-
tativity, early indications of an underlying discrete structure
were presented in [20], where it was suggested that to
consistently define a differential calculus, derivatives
should be replaced by finite differences. In [21], it was
proposed that deformations of the Poincaré algebra, com-
patible with the same type of Lie-algebra noncommuta-
tivity, might be linked to discrete features induced by
polymer quantization, a procedure that encapsulates key
aspects of loop quantum gravity. More recently [22], it was
shown that the ρ-Minkowski noncommutative model
requires the spectrum of time to be discrete.
This work aims to deepen our understanding of the

potential discrete features underlying space-time noncom-
mutativity by providing a complementary perspective to the
result presented in [22]. Specifically, we argue that space-
time noncommutativity can be viewed as a consequence of
a fundamental discrete and stochastic structure of space-
time. Our main inspiration is the stochastic interpretation of
quantum mechanics [23–30] in which the canonical com-
mutator between position and momentum operators can be
obtained imposing nondifferentiability of the paths in
Feynman’s path integral. We argue that if one replaces
such nondifferentiable paths with discontinuous stochastic
processes then coordinates can acquire a non trivial
commutator and we show a specific example of such paths
which reproduces the much studied κ-Minkowski non-
commutative space-time. This is done in Sec. II, where we
also recall the basics of the stochastic approach to quantum
mechanics and how the canonical commutator can be
obtained from the path integral. First, in Sec. II, we will
provide an argument for this statement in a path integral
approach. Then, in Sec. III, we provide further proof for
this statement by considering modifications of Leibniz’
rule. Finally, in Sec. IV, we provide concluding remarks
and an outlook to future developments. The Appendix
reviews some elementary aspects of the Wiener process that
will be used in Sec. II.

II. NONCOMMUTATIVE SPACETIME
FROM FUNDAMENTAL DISCRETENESS:

THE PATH INTEGRAL APPROACH

The aim of this section is to show how one can use a path
integral approach to argue that spacetime noncommutativity
is a consequence of a fundamental discreteness of temporal
and/or spatial evolution. As a first step, in Sec. II A, we

recall the relation between operator ordering in cano-
nical quantization and path ordering in the path integral
formalism [23]. We will then proceed, in Sec. II B, by
reviewing the relation between path integrals and theWiener
process. This allows to derive phase space noncommuta-
tivity in the canonical approach from the nondifferentiability
of the paths in the path integral, which is done in Sec. II C.
Finally, in Sec. II D, we will generalize this derivation to
argue that spacetime noncommutativity arises when the path
integral integrates over discontinuous paths.

A. Operator ordering vs time ordering

We consider the classical trajectory of a particle in
Euclidean space X∶T → Rn with T ¼ ½0; T� ⊂ R. The
trajectory minimizes the action given by

SðXÞ ¼
Z
T

m
2
δij

dXi

dt
dXj

dt
dt: ð2:1Þ

Let us now consider two points along the trajectory
x0 ¼ Xð0Þ and xT ¼ XðTÞ. In the quantum version of
the model, the transition between these points is described
by a probability amplitude determined by a wave function
Ψðx; tÞ, such that Ψðx; 0Þ ¼ Ψ0ðxÞ and Ψðx; TÞ ¼ ΨTðxÞ.
Then, any state Ψðx; tÞ with t∈ T can be obtained from
the initial state Ψðx; 0Þ by applying the time evolution
operator, i.e.

jΨðx; tÞi ¼ e−iĤtjΨ0ðxÞi: ð2:2Þ

where Ĥ is the Hamiltonian operator. This time evolution is
governed by the Schrödinger equation

iℏ
∂

∂t
Ψðx; tÞ ¼ −

ℏ2

2m
δij∂j∂iΨðx; tÞ: ð2:3Þ

Let us discuss how one can describe this time evolution
in the path integral approach. In this case, the probability
amplitude for evolving from the event x0 to xT is given by
the integral over the paths

hxT; Tjx0; 0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞeiS½XðtÞ�
ℏ : ð2:4Þ

By inserting a complete set of states at an arbitrary time
t∈ ð0; TÞ, the left-hand side can be rewritten as

hxT; Tjx0; 0i ¼
Z

dxhxT; Tjx; tihx; tjx0; 0i; ð2:5Þ

such that
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hxT; Tjx0; 0i ¼
Z

dx
Z

XðTÞ¼xT

XðtÞ¼x
DXðsÞeiS½XðsÞ�

ℏ

×
Z

XðtÞ¼x

Xð0Þ¼x0

DXðrÞeiS½XðrÞ�
ℏ : ð2:6Þ

This split property allows to calculate the matrix element
for the operator x̂ in the path integral formulation as2

hxT; Tjx̂ðtÞjx0; 0i ¼
Z

dxhxT; Tjx̂ðtÞjx; tihx; tjx0; 0i

¼
Z

dxhxT; Tjx; tixhx; tjx0; 0i

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞeiS½XðtÞ�
ℏ XðtÞ; ð2:7Þ

where, in the first equality, we inserted the integral over a
complete set of position eigenstates jx; ti at the time t. One
can generalize this by considering a path integral for the
product of two operators Â and B̂. This yields

hxT;TjT½ÂðtÞB̂ðt0Þ�jx0;0i¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞeiS½XðtÞ�
ℏ AðtÞBðt0Þ;

ð2:8Þ

where T½ÂðtÞB̂ðt0Þ� denotes the time ordered product of two
operators, defined as

T½ÂðtÞB̂ðt0Þ� ≔ θðt − t0ÞÂðtÞB̂ðt0Þ þ θðt0 − tÞB̂ðt0ÞÂðtÞ:
ð2:9Þ

In the limit t0 → t this product becomes ambiguous for
noncommuting operators, as the limit depends on whether
it is taken from above or below

lim
t0→tþ

¼ B̂ðtÞÂðtÞ; ð2:10Þ

lim
t0→t−

¼ ÂðtÞB̂ðtÞ: ð2:11Þ

Therefore, the commutator of Â and B̂ can be written in
terms of the time ordered product as

½Â; B̂�ðtÞ¼ lim
t0→t−

T½ÂðtÞB̂ðt0Þ�− lim
t0→tþ

T½ÂðtÞB̂ðt0Þ�

¼ lim
ϵ→0þ

T½ÂðtÞB̂ðt− ϵÞ�−T½ÂðtÞB̂ðtþ ϵÞ�: ð2:12Þ

Thus, the commutator of two operators can be written in
terms of a path integral as

hxT;Tj½Â; B̂�ðtÞjx0;0i¼ lim
ϵ→0þ

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞeiS½XðtÞ�
ℏ

×fAðtÞBðt−ϵÞ−Bðtþ ϵÞAðtÞg:
ð2:13Þ

Hence, the operator ordering in the canonical quantization
approach can be understood in terms of a time ordering in
the path integral formulation [23].

B. Path integrals and Wiener processes

Before discussing explicit examples of noncommutative
variables in a path integral formulation, we recall some
properties of path integrals. Our starting point is the path
integral expression (2.7) for an arbitrary operator Â

hxT; TjÂðtÞjx0; 0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe i
ℏS½XðtÞ�AðtÞ:

Heuristically, this path integral sums over an appropriate set
of paths and weighs every path with their probability of
occurring determined by the measure on the space of all
paths

dμðXÞ ¼ e
iS½X�
ℏ DX: ð2:14Þ

Although this heuristic definition is intuitively clear, a
mathematically rigorous construction of this integral for
quantum systems has remained a vexing problem, ever
since the introduction of the path integral, cf., e.g., [32].
The problems in defining a path integral are much less
severe in the Euclidean formulation. In this case, a Wick
rotation [33] is applied, such that the path integral becomes

hxT; TjÂðtÞjx0; 0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ AðtÞ ð2:15Þ

with measure

dμðXÞ ¼ e
−S½X�
ℏ DX: ð2:16Þ

This integral can be defined rigorously as the measure can
be related to the Wiener measure3 [39], which is associated
to the Wiener integral [40].
It follows that, in the Euclidean formulation, the classical

trajectory X∶T → Rn is promoted to a stochastic process
X∶T ×Ω → Rn, where Ω is called a sample space. Its
elements ω∈Ω label the sample paths Xð·;ωÞ∶T → Rn,
which are precisely the paths that the path integral sums
over. Moreover, these paths are weighted by a probability
measure P, which assigns a probability to every ω∈Ω.

2Cf., e.g., Appendix A in Ref. [31].

3This has served as a starting point for the Euclidean approach
to quantum field theory [34–38].
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This probability measure is defined in such a way that the
induced measure on the path space, i.e., μX ¼ P ∘ X−1,
satisfies Eq. (2.16). Since the Wiener measure is generated
by a Wiener process [41], one finds that compatibility
with (2.16) imposes the process X to be a Wiener process
with drift and diffusion constant ℏ=m [32,39]. Thus, X can
be decomposed as

X ¼ Cþ
ffiffiffiffi
ℏ
m

r
W; ð2:17Þ

where C represents the drift, that is determined by the
stationary action principle, and W is a standard Wiener
process, which is reviewed in Appendix. This process
inherits various properties of the Wiener process. Examples
of such properties are [42]:

(i) The sample paths of a Wiener process are continu-
ous everywhere, but nowhere differentiable. More
precisely, the sample paths of a Wiener process are
α-Hölder continuous4 for α∈ ð0; 1

2
Þ, but fail to be

α-Hölder continuous for any α ≥ 1
2
.

(ii) The Hausdorff dimension of a Wiener process is
dimHfXðt;ωÞjt∈ T ;ω∈Ωg ¼ 2. In contrast, for the
classical trajectory one finds dimHfXðtÞjt∈ T g ¼ 1.

It follows that the paths in the Wick-rotated path integral
obey the same properties. In the remainder of this paper, we
will focus on the first property of nondifferentiability of
these paths.5

We conclude this subsection by emphasizing that our
arguments rely on the use of a Wick rotation, as the above
properties have only been proven for the Wick rotated path
integral. It has been suggested [43] that the original (non
Wick-rotated6) path integral could be constructed in a
similar way by considering a stochastic process X∶T ×
Ω → Rn with complex diffusion constant iℏ=m, such that
the induced measure, μ ¼ P ∘ X−1, satisfies Eq. (2.14).
However, it has been shown that there does not exist such a
probability measure P for real paths X [44,45], as the
existence requires the diffusion constant to be positive
definite. A solution to this problem for the single particle
system has been proposed in Refs. [29,30]. The idea is to
consider complex paths Z∶T × Ω → Cn with diffusion
constant iℏ=m. For this diffusion constant, X ¼ ReðZÞ

and Y ¼ ImðZÞ are maximally correlated Wiener processes
with drift. In contrast to the real case, the probability
measure exists for this complex process. Moreover, the real
projection X ¼ T ×Ω → Rn of these complex paths can
be identified with the paths appearing in the quantum path
integral [28]. Using this construction, all arguments pre-
sented in this paper can be extended to the case of the non-
Wick rotated path integral.

C. Canonical commutation relation
from nondifferentiable paths

Using the properties of the Wiener process, we can
derive the canonical commutation relation of quantum
mechanics from the nondifferentiability of the paths in
the path integral.
In the derivation that follows, we will make use of

various notions of velocity that can be associated to a
Wiener process. The first two are the forward and backward
velocity given by the limits

ViþðtÞ ∼ lim
ϵ→0

Xiðtþ ϵÞ − XiðtÞ
ϵ

;

Vi
−ðtÞ ∼ lim

ϵ→0

XiðtÞ − Xiðt − ϵÞ
ϵ

; ð2:18Þ

where we use the ∼ symbol to indicate that these are
heuristic definitions. In order to properly construct these
velocities, one requires conditional expectations and the Itô
integral, cf. Appendix A 1. In these expressions, the non-
differentiability of theWiener process is reflected in the fact
that, in general, Vþ ≠ V−. In addition, we require a notion
of second order velocity defined by

Vij
2 ðτÞ¼ lim

ϵ→0

½Xiðtþ ϵÞ−XiðtÞ�½Xjðtþ ϵÞ−XjðtÞ�
ϵ

: ð2:19Þ

This is the velocity associated to the quadratic variation of
the Wiener process, cf. Appendix A 2. It measures the
velocity of the variance7 of the process and has physical
dimension ½V2� ¼ L2=T. It can easily be checked, by means
of a Taylor expansion, that for differentiable paths this
velocity vanishes. However, it may be nonvanishing for
nondifferentiable paths. A typical example of such paths
are the sample paths of the Wiener process, as discussed in
Sec. II B. For the process (2.17), this velocity is given by,8

cf. Eq. (2.17) and Appendix A 2,

4Cf. Sec. III B for a definition of Hölder continuity.
5Note that this fact was known to Feynman, as illustrated by

the following quote: “The paths involved are, therefore, con-
tinuous but possess no derivative. They are of a type familiar from
study of Brownian motion” [23].

6In relativistic theories, this would be called the Lorentzian
path integral. However, here we work with a nonrelativistic
theory, such that the signature is Euclidean, both before and after
applying the Wick rotation. In the nonrelativistic case, the Wick
rotation only affects the complex factor in the exponent of the
path integral measure, whereas, in the relativistic case, it affects
both the spacetime signature and the complex factor.

7More precisely, V� describe a velocity associated to the
expectation value (first moment), whereas V2 describes the
velocity of the second moment.

8In fact, this relation can be taken as one of the defining
properties of the Wiener process [46].
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Vij
2 ðtÞ ¼

ℏ
m
δij: ð2:20Þ

Using the properties of the Wiener process, we can now
derive the canonical commutation relation in Feynman’s
path integral approach [23]. In order to do so, we consider
the commutator ½x̂i; p̂j� and use Eq. (2.13) to write it in
terms of the path integral of a time-ordered difference

hxT;Tj½x̂i;p̂j�ðtÞjx0;0i¼ lim
ϵ→0þ

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ

×fXiðtÞPjðt−ϵÞ−PjðtþϵÞXiðtÞg:
ð2:21Þ

In the Euclidean theory X and P are the position and
momentum of the Wiener process, as discussed in Sec. II B.
Thus, in order to obtain the commutation relation in the
Euclidean theory, we must evaluate this expression for a
Wiener process. Using its canonical expression, the
momentum can be written as a velocity

Pi ¼
∂LðX; VÞ

∂vi
¼ mδijVj; ð2:22Þ

and Eq. (2.21) can be rewritten as

hxT; Tj½x̂i; p̂j�ðtÞjx0; 0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ mδjk

× fXiðtÞVk
−ðtÞ − VkþðtÞXiðtÞg:

ð2:23Þ

As the velocity processes are only well-defined with respect
to the integral (cf. Appendix A 1) we will integrate this
expression over an arbitrary interval I ⊆ T . This yields

D
xT; T

��� Z
I
½x̂i; p̂j�ðtÞdt

���x0; 0E

¼ mδjk

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ

×
Z
I
fXiðtÞVk

−ðtÞ − VkþðtÞXiðtÞgdt

¼ mδjk

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

×
Z
I
½XiðtÞd−XkðtÞ − XiðtÞdþXkðtÞ�; ð2:24Þ

where we used Eq. (A19) in the second line. Moreover, the
Itô integrals

R
d�X are defined in Eqs. (A17) and (A18).

Using Eqs. (A28) and (A29), this expression can be
rewritten in terms of an integral over quadratic variation as

D
xT; T

��� Z
I
½x̂i; p̂j�ðtÞdt

���x0; 0E

¼ mδjk

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ

Z
I
d½Xi; Xk�ðtÞ

¼ mδjk

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ

Z
I
Vik
2 ðtÞdt: ð2:25Þ

Then, after removing the integral on both sides and
plugging in the expression for the quadratic variation of
the Wiener process (2.20), one finds

hxT; Tj½x̂i; p̂j�ðtÞjx0; 0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ mδjkVik

2

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ ℏδij

¼ hxT; Tjℏδijjx0; 0i: ð2:26Þ

Therefore, we obtain the Euclidean commutator

½x̂i; p̂j� ¼ ℏδij; ð2:27Þ

which, once Wick rotated back, reproduces the standard
commutator ½x̂i; p̂j� ¼ iℏδij.

D. Spacetime noncommutativity
due to discontinuous paths

In the first subsection II A, we recalled that commutation
relations manifest themselves in a path integral formulation
as a difference in time-ordering. Then, in the previous
subsection II C, we used this fact to present a derivation of
the canonical commutation relations in a path integral
formulation. In particular, we saw that the noncommuta-
tivity of position and momentum operators is reflected in
the fact that the path integral integrates over paths that are
nowhere differentiable.
Let us now consider a trajectory X that may no longer be

continuous. We assume, however, that both the left and
right limits of X exist for every τ∈ T , but might not be
equal. Thus, we write

XþðtÞ ¼ lim
ϵ→0þ

Xðtþ ϵÞ;
X−ðtÞ ¼ lim

ϵ→0þ
Xðt − ϵÞ ð2:28Þ

and define

ΔXðtÞ ¼ XþðtÞ − X−ðtÞ ð2:29Þ

XbðtÞ ¼ bXþðtÞ þ ð1 − bÞX−ðtÞ ð2:30Þ

with b∈ ½0; 1�.
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In analogy with Eq. (2.13), we can consider a spacetime
commutator and identify it with a time ordering difference
of the paths, such that

hxT; Tj½x̂i; x̂j�ðtÞjx0; 0i

¼ lim
ϵ→0þ

Z
XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ

× ½Xiðtþ ϵÞXjðτ − ϵÞ − Xjðτ þ ϵÞXiðt − ϵÞ�

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ ½XiþðtÞXj

−ðtÞ − Xj
þðtÞXi

−ðtÞ�

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðtÞe−S½XðtÞ�
ℏ ½Xj

bðtÞΔXiðtÞ − Xi
bðtÞΔXjðtÞ�:

ð2:31Þ

We immediately see that the commutator vanishes if X is
continuous, while it may be nonvanishing, if X is not
continuous. We conclude that the (non)commutativity of
spacetime can be related to a (dis)continuity of the paths
appearing in the path integral formulation.
We will now illustrate this with an explicit example. We

set b ¼ 0, and consider a massive relativistic particle with a
trajectory XμðτÞ in the Minkowski space Rn;1 parametrized
by the proper time τ. After a Wick rotation, the transition
amplitude (2.31) for this theory can be written as9

hxT j½x̂μ; x̂ν�ðτÞjx0i ¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

× ½Xν
−ðτÞΔXμðτÞ − Xμ

−ðτÞΔXνðτÞ�;
ð2:32Þ

where x0; xT ∈Rn;1 are events such that xT lies in the future
light cone of x0. Next, we assume that the spatial trajecto-
ries are continuous as a function of the proper time τ.
Hence,

Xiþ ¼ Xi
− and ΔXi ¼ 0; ð2:33Þ

which, by Eq. (2.32), implies the commutation relations

½x̂0; x̂0� ¼ 0 and ½x̂i; x̂j� ¼ 0: ð2:34Þ

Furthermore, we assume the existence of a minimal time-
scale ΔX0 ¼ 1

κ, such that any observer measures time
with respect to a discrete clock. The time trajectory is
then given by

X0
−ðτÞ ¼

1

κ

X
τk<τ

1;

X0þðτÞ ¼
1

κ

X
τk≤τ

1; ð2:35Þ

where τk ∈ fτ1; τ2;…g ⊂ T labels a finite set of “jump
times” at which the clock ticks. We assume that these ticks
arrive according to a Poisson distribution with rate νðτÞ.
The number of ticks in an interval ½τ; τ þ dτÞ is then
given by

Xðτ þ dτÞ − XðτÞ ¼
Z

τþdτ

τ
dX0ðsÞ ð2:36Þ

and the expected number of ticks in this interval is
determined by the rate, such that

hXðτ þ dτÞ − XðτÞi ¼
Z

τþdτ

τ

νðsÞ
κ

ds: ð2:37Þ

Let us now consider the commutator ½x0; xi�. By
Eq. (2.32), we obtain

hxT j½x̂0; x̂i�ðτÞjx0i

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ ½Xi

−ðτÞΔX0ðτÞ − X0
−ðτÞΔXiðτÞ�

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ Xi

−ðτÞΔX0ðτÞ: ð2:38Þ

As in Sec. II B, we will now integrate this expression along
some arbitrary proper time interval I ⊆ T , which yields

D
xT
��� Z

I
½x̂0; x̂i�ðτÞdτ

���x0E

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

Z
I
Xi
−ðτÞΔX0ðτÞdτ

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ κ

Z
I

Xi
−ðτÞΔX0ðτÞ

νðτÞ dX0ðτÞ

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ κ lim

N→∞

XN−1

k¼0

Xi
−ðτkÞ
νðτkÞ

× ½X0
−ðτkþ1Þ − X0

−ðτkÞ�2 ð2:39Þ

where we used Eq. (2.37) in the second line and the defi-
nition of the Itô integral (A17) in the third line. Next, using
that X0 is a pure jump process with jump size κ−1, one finds

½X0
−ðτkþ1Þ−X0

−ðτkÞ�2¼
X0
−ðτkþ1Þ−X0

−ðτkÞ
κ

¼
�
κ−2 if a jump occurs;

0 if no jump occurs:
ð2:40Þ9We refer to Refs. [29,30,47,48] for a discussion of covariant

formulations of relativistic quantum mechanics.

MICHELE ARZANO and FOLKERT KUIPERS PHYS. REV. D 111, 025010 (2025)

025010-6



Hence,

D
xT
��� Z

I
½x̂0; x̂i�ðτÞdτ

���x0E

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

× lim
N→∞

XN−1

k¼0

Xi
−ðτkÞ
νðτkÞ

½X0
−ðτkþ1Þ − X0

−ðτkÞ�

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

Z
I

Xi
−ðτÞ
νðτÞ dX0ðτÞ

¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

Z
I

Xi
−ðτÞ
κ

dτ: ð2:41Þ

Removing the integral on both sides yields

hxT j½x̂0; x̂i�ðτÞjx0i¼
Z

XðTÞ¼xT

Xð0Þ¼x0

DXðτÞe−S½XðtÞ�
ℏ

Xi
−ðτÞ
κ

; ð2:42Þ

which implies the Euclidean commutation relation

½x̂0; x̂i� ¼ x̂i

κ
: ð2:43Þ

Finally, after performing a Wick rotation, one obtains

½x̂0; x̂i� ¼ i
x̂i

κ
: ð2:44Þ

This commutation relation reproduces a noncommutative
space-time of Lie algebra type known in the literature as
κ-Minkowski spacetime [8,49]. In the path integral approach
we adopted above we showed that this type of noncommu-
tativity is associated with a fundamental discreteness in the
temporal evolution, whereas space remains continuous.
The presence of a minimal scale in time strongly suggests

a breaking of the Lorentz symmetry in the path integral
measure, which could be regarded as a problematic feature,
if this model is to be related to reality. We emphasize,
however, that, since we recovered the κ-Minkowski model,
we do not expect the theory to be Lorentz invariant. Instead,
one expects the theory to be invariant under a deformed
Lorentz symmetry, as will be discussed in the next section.
Nevertheless, this still raises the question, how such a
deformed Lorentz symmetry manifests itself in the discrete
time model described above. Although, we cannot yet
provide a definitive answer to this question, we can make
a few observations that could help in answering this
question.
First, we note that the discreteness only relates to the

evolution of time, but not to spacetime itself. Thus, an
observer may measure any time x0 ¼ t∈R, but the differ-
ence between two time measurements performed by the
same observer will always be a multiple of κ−1. In other

words, a time measurement yields t ¼ t0 þ n=κ, were
n∈Z but t0; t∈R. This means that the theory is still
defined on a smooth manifold, but the generator of time
translations has a discrete spectrum [22]. Second, the model
is formulated in an arbitrary coordinate system, which
makes the discreteness in time universal. Thus, any
observer will measure time in units κ−1. However, the
model can still account for time dilation, since the rate νðτÞ
at which a clock ticks is not universal.
We conclude this section by noting that in our example

we fixed b ¼ 0, such that the trajectory is projected onto
its left limit, i.e. X ¼ X−. A similar analysis.10 can be
performed for b ¼ 1, so that the trajectory is projected
onto its right limit, i.e., X ¼ Xþ, which yields the same
commutation relation (2.44). Furthermore, by linear inter-
polation, one obtains the commutation relation of the
type (2.44) for any choice of b∈ ½0; 1�.

III. DISCONTINUOUS PATHS
AND DEFORMED LEIBNIZ RULE

In the previous section, we used the relation between
operator ordering in canonical quantization and time order-
ing in the path integral formalism to show that canonical
noncommutativity between the position and momentum
operator can be seen as an effect of the nondifferentiability
of the paths appearing in the path integral. We then made
the observation that space-time noncommutativity can be
realized for position operators by introducing discontinuity
in the paths considered in the path integral. In this section,
we show how another peculiar feature of models of space-
time noncommutativity of the type (2.44) can be realized
introducing discontinuity in the paths appearing in the path
integral: the nontrivial differential calculus and its relation
to a deformation of the ordinary Leibniz rule [49,52]. In
particular we show that discontinuous stochastic processes
lead to differential operators which can reproduce the
deformed Leibniz rule found in models of space-time
noncommutativity in which four-momentum space is
described by a non-Abelian Lie group.

A. Differentiable trajectories

We start by considering a classical trajectory X∶T → Rn

parametrized by the time variable t∈ T ¼ ½0; T� ⊂ R, and
smooth functions f; g∶Rn → R. Along this trajectory, one
can define differentials

dþXðtÞ ¼ Xðtþ dtÞ − XðtÞ;
d−XðtÞ ¼ XðtÞ − Xðt − dtÞ ð3:1Þ

10In this case, one must use the definition of the backward Itô
integral (A18) in Eqs. (2.39) and (2.41), in order to ensure
convergence of the Itô sums that define the integral, as the
integrand needs to be predictable with respect to the integrator,
cf. footnote 22. We refer to, e.g., Refs. [50,51] for more detail.
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with 0 < dt ≪ 1. This measures the change of the position
with respect to an infinitesimal future and past directed time
evolution. More generally, one can introduce a family of
differential operators labeled by a∈ ½0; 1� given by

daXðtÞ ¼ Xðtþ adtÞ − Xðt − ð1 − aÞdtÞ ð3:2Þ

with special cases

dþ ¼ d1; d− ¼ d0: ð3:3Þ

Let us also introduce the notation

dþa XðtÞ ¼ Xðtþ adtÞ − XðtÞ;
d−aXðtÞ ¼ XðtÞ − Xðt − ð1 − aÞdtÞ; ð3:4Þ

such that

daXðtÞ ¼ dþa XðtÞ þ d−aXðtÞ: ð3:5Þ

The differentials along the trajectory induce a family of
differential operators da, whose action on scalar functions
is given by

daf½XðtÞ� ¼ f½Xðtþ adtÞ� − f½Xðt − ð1 − aÞdtÞ�: ð3:6Þ

For smooth functions, this expression can be evaluated
using a Taylor expansion, which yields

daf½XðtÞ� ¼
X∞
k1¼0

…
X∞
kn¼0

∂
k1
1 …∂

kn
n f½XðtÞ�

k1!…kn!

×

(Yn
i¼1

½dþa XiðtÞ�ki −
Yn
i¼1

½−d−aXiðtÞ�ki
)
: ð3:7Þ

This can be written in shorthand notation as

dafðXÞ ¼ ðedþa Xi
∂i − e−d

−
a Xi

∂iÞfðXÞ: ð3:8Þ

As in Eq. (3.4), we will also introduce

dþa fðXÞ ¼ ðedþa Xi
∂i − 1ÞfðXÞ;

d−a fðXÞ ¼ ð1 − e−d
−
a Xi

∂iÞfðXÞ; ð3:9Þ

such that

dafðXÞ ¼ dþa fðXÞ þ d−a fðXÞ: ð3:10Þ

We will now assume that the trajectory XðtÞ is contin-
uously differentiable. This implies that11

daXðtÞ ¼ ẊðtÞdtþ oðdtÞ ð3:11Þ

and

dþa XðtÞ ¼ aẊðtÞdtþ oðdtÞ;
d−aXðtÞ ¼ ð1 − aÞẊðtÞdtþ oðdtÞ: ð3:12Þ

Thus, in this case, the family of differentiable operators da
reduces to a single differential operator d, that acts on
functions as

dfðXÞ ¼ ∂ifðXÞdXi þ oðdtÞ: ð3:13Þ

From this last expression, one immediately finds that the
differential operator d satisfies the Leibniz rule

dðfgÞ ¼ fdgþ gdf þ oðdtÞ: ð3:14Þ

B. Continuous trajectories

As discussed in Sec. II B, the canonical commutation
relations of quantum mechanics can be reproduced in the
path integral formulationbypromoting smooth trajectories to
stochastic processesX∶T × Ω → Rn. Then, thepath integral
sums over the sample pathsXð·;ωÞ∶T ×Ω → Rn labeled by
ω∈Ω. As in the classical theory, these sample paths are
continuous. However, in contrast to the classical theory, they
are nowhere differentiable. Hence, Eq. (3.11) is no longer
true and this will lead to a generalization of Eq. (3.13) as we
show below. These “quantum trajectories” are, technically
speaking, α-Hölder continuous for α∈ ð0; 1

2
Þ, but fail to be

α-Hölder continuous forα ≥ 1
2
[42]. Due to the importance of

this observation for the argument that follows, we recall the
definition of Hölder continuity
Definition (Hölder continuity). A trajectory X∶T → Rn

is α-Hölder continuous if there exists C > 0 such that
jjXðtÞ − XðsÞjj ≤ Cjt − sjα for all s; t∈ T .
Thus, in terms of Landau big-O notation, α-Hölder

continuity with α∈ ð0; 1
2
Þ implies that the differentials

satisfy

Yk
j¼1

daXij ∼Oðdtk=2Þ ∀ ij ∈ f1;…; ng;

∀ k∈N; ∀ a∈ ½0; 1�: ð3:15Þ

Hence, along these trajectories Eq. (3.13) is modified to

daf¼ ∂ifdaXiþ1

2
∂j∂ifðdþa Xidþa Xj−d−aXid−aXjÞþoðdtÞ:

ð3:16Þ

This leads to a product rule of the form
11Here oðdtÞ denotes the little-o notation, as introduced by

Bachmann and Landau.
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daðfgÞ ¼ fdagþ dafgþ dþa fdþa g − d−a fd−a gþ oðdtÞ:
ð3:17Þ

This expression can be simplified by noticing that
Eq. (3.15) implies that product of two differentials is linear
in dt.12 Thus,

d�Xid�Xj ¼ c�dtþ oðdtÞ: ð3:18Þ

Due to this linearity, one obtains13

dþa Xidþa Xj ¼ adþXidþXj þ oðdtÞ;
d−aXid−aXj ¼ ð1 − aÞd−Xid−Xj þ oðdtÞ: ð3:19Þ

As a consequence Eqs. (3.16) and (3.17) are simplified to

daf ¼ ∂ifdaXi þ 1

2
∂j∂ifðadþXidþXj

þ ða − 1Þd−Xid−XjÞ þ oðdtÞ; ð3:20Þ

daðfgÞ ¼ fdagþ dafgþ adþfdþg

þ ða − 1Þd−fd−gþ oðdtÞ: ð3:21Þ

In addition, we will assume

d−Xid−Xj ¼ dþXidþXj þ oðdtÞ: ð3:22Þ

Equations (3.20) and (3.21) can then be further simplified to

daf¼ ∂ifdaXiþ2a−1

2
∂j∂ifðXÞdþXidþXjþoðdtÞ;

ð3:23Þ

daðfgÞ¼ fdagþdafgþð2a−1ÞdþfdþgþoðdtÞ: ð3:24Þ

We see that, in general, the Lebiniz rule (3.14) is modified
when considering nondifferentiable paths. However, there
exists a special choice of differential operator,14 given by
a ¼ 1

2
. In this case d∘ ¼ d1=2 satisfies the usual rules

Eqs. (3.13) and (3.14), i.e.,

d∘f ¼ ∂ifd∘Xi;

d∘ðfgÞ ¼ fd∘gþ d∘fg: ð3:25Þ

One can define a differential operator in terms of a
momentum operator p̂ and an infinitesimal spatial displace-
ment dx as

df ¼ ip̂iðfÞdxi: ð3:26Þ

It is then easy to see that the two formulations coincide,
when we identify

d ¼ d∘; ð3:27Þ

dxi ¼ d∘Xi; ð3:28Þ

p̂i ¼ −i∂i; ð3:29Þ

where p̂ obeys the ordinary Leibniz rule

p̂iðfgÞ ¼ p̂iðfÞgþ fp̂iðgÞ: ð3:30Þ

We conclude this subsection by pointing out that the
discussion above suggests the existence of an entire family
of momenta labeled by a∈ ½0; 1�. However, only one
choice, namely a ¼ 1=2, turned out to be compatible with
the usual definition of the momentum operator in a
quantum theory. This raises a question whether one can
associate different momentum operators to the differential
da for a ≠ 1=2. In principle, one would expect this to be
true, but such operators do not necessarily need to be self-
adjoint. This leaves the question whether the different
choices of da lead to physically distinct notions of
momentum. The question about the physicality of these
different choices for the momentum is tied to the debate on
the physical difference between Itô and Stratonovich
stochastic calculus, cf., e.g., [54]. Our analysis does not
provide any new insights in this debate.

C. Discontinuous trajectories

As in Sec. II, we consider again a stochastic trajectory15

X∶T ×Ω → Rn, but we will no longer assume that the
trajectory is continuous. More precisely, we will assume
that the trajectory has a countable number of isolated jump
discontinuities, such that the left and right limits, given by

X�ðtÞ ¼ lim
ϵ→0

Xðt� ϵÞ; ð3:31Þ

12For the Wiener process cþ is the diffusion constant asso-
ciated to the future directed evolution, whereas c− is the diffusion
constant associated to the past-directed evolution. In Sec. II C, we
saw that the choice c� ¼ ℏ=m is consistent with the Euclidean
path integral, whereas c� ¼ iℏ=m corresponds to the Lorentzian
path integral.

13This can be regarded as a generalization of Eq. (3.12) from
X∈ C1 to X∈ C1=2.

14In the study of path integrals, various choices are studied.
The choice a ¼ 1 is related to the prepoint discretization of the
path integral, the choice a ¼ 1=2 is to the midpoint discretization
and the case a ¼ 0 is to the postpoint discretization, whereas, in
stochastic analysis, the choice a ¼ 1 is used in Itô calculus, a ¼
1=2 in Stratonovich calculus, and a ¼ 0 in Itô calculus after time
reversal, cf., e.g., Ref. [53] for more detail.

15Note that, while the trajectory is considered to be stochastic,
the deterministic case can be easily obtained by considering a
sample space Ω containing only one element.
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exist, but are not necessarily equal. Since the jumps are
isolated, this process can be decomposed into a continuous
part X̄ and jumps ΔX, such that

XþðtÞ ¼ X̄ðtÞ þ
X
tk≤t

ΔXðtkÞ;

X−ðtÞ ¼ X̄ðtÞ þ
X
tk<t

ΔXðtkÞ; ð3:32Þ

where tk ∈ T labels the jump times at which

ΔXðtÞ ¼ XþðtÞ − X−ðtÞ ≠ 0: ð3:33Þ

Furthermore, as in Eq. (2.30), one can define a family of
paths

XbðtÞ ¼ bXþðtÞ þ ð1 − bÞX−ðtÞ
¼ X−ðtÞ þ bΔXðtÞ ð3:34Þ

with b∈ ½0; 1�. We can also define differentials, as in
Eqs. (3.2), but those will now also contain the jumps,
and are given by [55,56]

daXðtÞ ¼ X½tþ adt� − X½t − ð1 − aÞdt�
¼ X̄½tþ adt� − X̄½t − ð1 − aÞdt� þ ΔXðtÞ
¼ daX̄ðtÞ þ ΔXðtÞ; ð3:35Þ

where we used that the jumps are isolated in the second
line.16 The action of differentials on smooth functions
f; g∈ C∞ðRnÞ is given by Eq. (3.8)

dafðXÞ¼ ðedþa Xi
∂i −e−d

−
a Xi

∂iÞfðXÞ
¼ ðe½dþa X̄iþð1−bÞΔXi�∂i −e−½d−a X̄iþbΔXi�∂iÞfðXÞ: ð3:36Þ

Let us first consider the case of a purely discrete process,
i.e., X̄iðtÞ ¼ 0, such that d�a X̄i ¼ 0. In this case, one finds

dafðXÞ ¼ ΔfðXÞ ≔ fðXþÞ − fðX−Þ: ð3:37Þ

This leads to a product rule given by

daðfgÞ ¼ ΔðfgÞ
¼ fðX�ÞΔgþ ΔfgðX∓Þ
¼ θ�fdagþ dafθ∓g; ð3:38Þ

where we introduced the projection operators, defined by

θ�fðXÞ ≔ fðX�Þ; ð3:39Þ

as discussed in Ref. [57]. We thus observe that, as pointed
out in the previous section, for continuous trajectories the
differential operator d∘ presents a unique choice among all
differential operators da with a∈ ½0; 1� for which the
Leibniz rule is satisfied. However, for discrete trajectories,
the presence of the projection operators θ� spoils the
Leibniz rule for the differential operator d∘ as well. This
violation of the Leibniz rule can be interpreted as a
modification of the action of momentum operators.
Indeed, introducing these operators as in Eq. (3.26), one
finds that their action on products of functions is given by

p̂iðfgÞ ¼ θ�ðfÞp̂iðgÞ þ p̂iðfÞθ∓ðgÞ

¼
�
eð1−bÞΔXj

∂jðfÞp̂iðgÞ þ p̂iðfÞe−bΔXj
∂jðgÞ;

e−bΔX
j
∂jðfÞp̂iðgÞ þ p̂iðfÞeð1−bÞΔXj

∂jðgÞ;
ð3:40Þ

where the choice for the upper or lower solution can be
regarded as a time ordering prescription. As discussed in
more detail below, departures from the Leibniz rule of this
type for momentum operators are the hallmark of defor-
mations of spacetime symmetries based on the theory of
Hopf algebras and quantum groups [49,58] which are
related to the type of space-time noncommutativity dis-
cussed in Sec. II, i.e., the so-called κ-Minkowski space-
time [8].
In the remainder, we try to establish a direct connection

with the type of modified Leibniz action related to κ-space-
time noncommutativity. To this end, we consider a massive
particle in Minkowski space-time17 Rn;1, whose trajectory
XμðτÞ is parameterized by the proper time τ. Moreover, we
will assume that X0ðτÞ is a purely discrete trajectory with
constant jump size, such that

X̄0ðτÞ ¼ 0 ∀ τ∈ T ;

ΔX0ðτÞ ¼
�
κ−1 if a jump occurs at time τ;

0 if no jump occurs at time τ;
ð3:41Þ

whereas Xi is assumed to be α-Hölder continuous for
α∈ ð0; 1

2
Þ, such that

ΔXiðτÞ ¼ 0 ∀ τ∈ T ;

X̄iðτÞ ¼ XiðτÞ ∀ τ∈ T ; ð3:42Þ

and we assume that Eqs. (3.19) and (3.22) hold for X̄. Let
us, furthermore, define the momentum operator in the
temporal direction as usual16The fact that the jumps are isolated ensures that for small

enough dt at most one jump is contained in the interval
ðt − dt; tþ dtÞ. This does not guarantee that a jump occurs in
this interval, but if no jump occurs one simply has ΔXðtÞ ¼ 0.

17As in Sec. II D, we will Wick rotate, such that the analysis
can be performed in a Euclidean setting.
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p̂0 ¼ −α
∂

∂x0
; ð3:43Þ

where α ¼ i in the Lorentzian theory, α ¼ 1 in the
Euclidean case and ∂=∂x0 is a derivative with respect
to the time coordinate.18 The action of this operator on a
product of functions is given by

p̂0ðfgÞ ¼ p̂0ðfÞgþ fp̂0ðgÞ: ð3:44Þ

However, as indicated by Eq. (3.38), the spatial momentum
operators no longer satisfy the usual coproduct. If we apply
Eq. (3.38) directly to this example, we obtain

p̂iðfgÞ¼θ�ðfÞp̂iðgÞþ p̂iðfÞθ∓ðgÞ

¼

8><
>:
exp

h
ðb−1ÞΔX0

α p̂0

i
ðfÞp̂iðgÞþ p̂iðfÞexp

h
bΔX0

α p̂0

i
ðgÞ;

exp
h
bΔX0

α p̂0

i
ðfÞp̂iðgÞþ p̂iðfÞexp

h
ðb−1ÞΔX0

α p̂0

i
ðgÞ:

ð3:45Þ

Thus, at the jump times,19 one obtains20

p̂iðfgÞ¼

8><
>:
exp

h
ðb−1Þ

κ p̂0

i
ðfÞp̂iðgÞþ p̂iðfÞexp

h
b
κ p̂0

i
ðgÞ;

exp
h
b
κ p̂0

i
ðfÞp̂iðgÞþ p̂iðfÞexp

h
ðb−1Þ

κ p̂0

i
ðgÞ:
ð3:46Þ

As discussed in detail for example in [49], the action on
product of functions of the operators p̂μ is related to the
description of tensor product of two representations of the
Lie algebra of generators of translations in Minkowksi
space-time and of the Poincaré algebra. Formally this is
encoded in a mathematical object known as coproduct,
which, for ordinary quantum mechanical translation gen-
erators obeying the Leibniz rule when acting on products
of functions, has the simple form

Δp̂μ ¼ p̂μ ⊗ 1þ 1 ⊗ p̂μ: ð3:47Þ

In our case, for p̂0 we still have an ordinary coproduct

Δp̂0 ¼ p̂0 ⊗ 1þ 1 ⊗ p̂0; ð3:48Þ

while for the generators of spatial translations we have
from Eq. (3.46),

Δp̂i ¼
8<
:

p̂i ⊗ exp
h
b
κ p̂0

i
þ exp

h
ðb−1Þ

κ p̂0

i
⊗ p̂i;

p̂i ⊗ exp
h
ðb−1Þ

κ p̂0

i
þ exp

h
b
κ p̂0

i
⊗ p̂i:

ð3:49Þ

Notice how the second line of the equation above can be
obtained simply by swapping the factors in the tensor
product, thus, in what follows, we will focus on the first
line. In the case b ¼ 0 the first line of (3.49) above
becomes

Δp̂i ¼ p̂i ⊗ 1þ exp

�
−
p̂0

κ

�
⊗ p̂i; ð3:50Þ

which the readers familiar with the literature on κ-
Minkowski space-time will recognize as the coproduct
for generators of spatial translations of the κ-Poincaré
algebra in the Majid-Ruegg or bicrossproduct basis [8].
In this basis the coproduct for the generators of time
translations is undeformed as is for our stochastic process
in Eq. (3.48), and it can be shown that such coproducts
are associated to a choice of normal ordering needed
to define the product of noncommutative plane waves on
κ-Minkowski space-time where the time coordinate is
always put to the right [59]. For b ¼ 1

2
instead the first line

of (3.49) reads

Δp̂i ¼ p̂i ⊗ exp

�
p̂0

2κ

�
þ exp

�
−
p̂0

2κ

�
⊗ p̂i; ð3:51Þ

and, together with the undeformed coproduct for p̂0

in (3.48), correspond to the so-called standard basis of
the κ-Poincaré algebra [10] corresponding to a choice of
ordering of noncommutative plane waves where the time
coordinate is symmetrically placed both on the left and on
the right of all the spatial coordinates [59].
The fact that there exist various choices of b∈ ½0; 1�

corresponding to different momentum operators p̂ raises
the question whether this choice leads to physically differ-
ent models. This question is closely related to the physical
interpretation of the choice a∈ ½0; 1� for the differential
operator da that was addressed in previous subsection. In
the literature on Hopf algebras, the common view is that
different bases, thus different choices for b, of the kappa-
Poincaré Hopf algebra correspond to different observables
and thus different kinematical models.
The previous analysis yields the coproduct encountered

in the κ-Minkowski model, making it consistent with
results of Sec. II D for this specific example. However,
this derivation relies on the direct application of Eq. (3.38),
which was derived for a pure jump process, whereas the
spatial processes in our example are continuous. One may
thus wonder whether Eq. (3.38) is still applicable in this

18Note that ∂=∂x0 acts on functions f; g∶Rn;1 → C. These
functions may be evaluated along the process X∶T → Rn;1, but
derivatives are defined with respect to the coordinates on Rn;1.

19In between jumps X0 is constant, such that there is no
dynamics as there is no change with respect to the time
coordinate. Therefore, we are only interested in evaluating this
expression when a jump occurs.

20As in Sec. II D, we rotate κ → −iκ in the complex plane
when transferring from the Euclidean to the Lorentzian theory.
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case. In order to check this, one must reevaluate Eq. (3.36)
for our example. We will now show, for the illustrative case
b ¼ 0, that this is indeed true.
It is known in the literature, cf., e.g., [50,51,55,56], that

for a smooth function f the integral

Z
d∘fðXÞ ð3:52Þ

is convergent21 if X is a semimartingale with respect to
either its past (for a process evolving forward in time) or
future (for a process evolving backward in time) states. If
b ¼ 0, X is a left-continuous Poisson process, which is a
semimartingale with respect to the future states. In this
case, this integral is evaluated as

Z
d∘fðXÞ ¼

Z
ΔfðXÞ þ

Z
∂ifðXþÞd∘X̄i; ð3:53Þ

where the integrand is evaluated on its right limit.22 Hence,
by imposing this convergence requirement, the differential
constructed in Eq. (3.36) should be given by

d∘fðXÞ ¼ ΔfðXÞ þ ∂ifðXþÞd∘X̄i; ð3:54Þ

We note that in order to obtain this form for the
differential, one must fix an ordering in prescription in
Eq. (3.36) and allow for a nontrivial commutator of the
form

½ed�∘ X̄i
∂i ; eΔX

0
∂0 � ≠ 0: ð3:55Þ

The nontriviality of this commutator is related to a violation
of Fubini’s theorem, reflecting noncommutativity of the
integral operations23:

Z Z
fðX0; X̄iÞΔX0d∘X̄i ≠

Z Z
fðX0; X̄iÞd∘X̄iΔX0:

ð3:56Þ

One may now generalize Eq. (3.54) to a product
of functions by imposing the same time-ordering as in
Eq. (3.54). This yields

d∘ðfgÞ ¼ fðXþÞΔgþ ΔfgðXÞ þ ∂ifðXþÞd∘X̄igðXÞ
þ fðXþÞ∂igðXþÞd∘X̄i;

¼ fðXþÞd∘gþ d∘fgðXÞ; ð3:57Þ

which coincides with the one obtained for purely discrete
processes in Eq. (3.38). Hence, the given argument sug-
gests that, for b ¼ 0, Eq. (3.46) remains valid in the given
example, such that

p̂iðfgÞ ¼ e−p̂0=κðfÞp̂iðgÞ þ p̂iðfÞg: ð3:58Þ

IV. CONCLUSIONS

We have argued that spacetime noncommutativity is
inherently linked to a fundamental discreteness in the
evolution of physical systems on spacetime. We started,
in Sec. II, by reviewing Feynman’s argument [23] that the
noncommutativity of quantum mechanics manifests in the
path integral formulation through the nondifferentiability of
the paths that the path integral sums over. We then repeated
this argument for noncontinuous paths, and showed in
Eq. (2.32) that this discreteness can be associated to a
noncommutativity of spacetime coordinates.
In Sec. III, we provided an additional argument in

support of the relation between discreteness and spacetime
noncommutativity by showing that the study of discrete
trajectories induces a modification of the Leibniz rule as in
Eq. (3.38). This modification can be related to the deformed
Leibniz rule obtained in models of spacetime noncommu-
tativity in which the four-momentum is described by a non-
Abelian Lie group.
In both cases, we illustrated our results by focusing on a

model with a discrete time coordinate and continuous space
coordinates. Here, we assumed that the dynamics in the
time coordinate was governed by a Poisson process with
jump size κ. In this example, we were able to mimic the
properties of the κ-Minkowski noncommutative space-
time. In Sec. II, we saw that the noncommutativity relation
of this model could be obtained in this specific example.
Then, in Sec. III we saw that various deformations of the
Leibniz rule could be obtained depending on whether the
trajectory was assumed to be left- or right-continuous. We
then pointed out that this choice for the left or right limit
corresponds to a choice of basis for the κ-Poincaré algebra.

21Convergence refers to the convergence of the Itô sums (A17)
and (A18) that define the integral.

22A convergence requirement is that the integrand is predict-
able with respect to X when X is evolved forward in time,
predictability means that the value of f½XðtÞ� can be predicted
from the knowledge of all previous states fXðtÞ∶t∈ ½0; tÞg. For
continuous trajectories, this is always true. However, for
discontinuous trajectories, it is only true for fðX−Þ, as a jump
may occur at time t, and no information about this jump is given
by the previous states. On the other hand, when X is evolved
backward in time, as considered here, predictability means that
the value of f½XðtÞ� can be predicted from the knowledge of all
future states fXðtÞ∶t∈ ðt; TÞg. For discontinuous trajectories, it
is only true for fðXþÞ, as a jump may occur at time t, and no
information about this jump is given by the future states. This
enforces the projection on the right limit.

23This is again related to the fact that the integral only
converges if the correct time ordering is applied: the integrand
must be projected on the right limit, whereas the integral is taken
along a left continuous process.
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We note that, as shown by Eqs. (2.32) and (3.38), the
noncommutative features that were obtained in this work
arise due to the discreteness of the model. In the examples,
the discreteness was imposed in a stochastic way using a
Poisson process, as this provides a natural way to imple-
ment the required discreteness. Moreover, from the sto-
chastic analysis perspective, it has the advantage of being a
semimartingale, such that one can integrate along the
process, with a quadratic variation given by the suggestive
structure relation d½x; x� ¼ κ−1dx. It remains an open
question, however, whether the implementation using a
Poisson process is essential for recovering the models of
spacetime noncommutativity studied in the literature.
The implementation of the discreteness using a stochas-

tic model has the advantage that the discreteness, and thus
the noncommutativity, may appear for any value of the
proper time τ, whereas a deterministic implementation
would predetermine the times τk at which the discreteness
occurs. As the dynamics is continuous in between these
points, the noncommutativity only occurs at these pre-
determined points. Moreover, the choice for a Poisson
process, may not only be argued by the fact that it is one of
the most elementary discrete-time stochastic processes, but
also by the fact that the Poisson process allows for a
Lorentz invariant embedding in the spacetime, as pointed
out within the causal sets program [60,61].
In relation to the exploration of different discrete models,

one may wonder whether other types of spacetime non-
commutativity can be obtained using similar methods. We
emphasize that the analysis in this work, in particular
Eq. (2.32), implies a Lie algebra valued type of noncommu-
tativity, where commutators are of the form ½xi; xj� ¼ Cij

k x
k.

This leaves the question whether the argument can
be generalized to obtain other types of spacetime non-
commutativity, such as the Moyal type with commutator
½xi; xj� ¼ Bij. A starting point for such a study could be the
observation that the Heisenberg commutation relations can
be related to a discontinuity of the paths of a Wiener process
when analyzed in phase space. It is important to keep inmind,
however, that we arrived at the Lie algebra valued type of
noncommutativity by implicitly assuming that the discrete-
ness of the paths was such that it satisfies the Hölder
condition, cf. Sec. III B, for all α ≤ 0. This distinguishes
our analysis from a phase space formulation of the paths of
the Wiener process. In the latter case, the canonical type
½xi; pj� ¼ Ai

j is obtained, but the paths associated to the
position have Hölder parameter α < 1=2, whereas the paths
associated to momentum have holder parameter α < −1=2,
cf., e.g., [62]. This suggests that the type of noncommuta-
tivity is related to the degree of regularity of the paths that are
being studied. Clearly, more work is needed to make this
observation precise, which we will leave for future work.
The observation that the regularity of the paths is key to

understanding the divergent structure of quantum theories
in the path integral formulation is not new. For example, in

Ref. [63], it was suggested that the divergences in quantum
theories could be tamed by regularizing the paths in the
path integral. Interestingly, this also led to modified
uncertainty principles, which have also been associated
to spacetime noncommutativity, e.g., [64]. In contrast, in
this work, we considered paths that have less regularity
than the ones in the standard quantum mechanical path
integral. The lack of regularity was then associated to a
noncommutativity of spacetime, where the cutoff scale κ
corresponds to the size of the jumps in the paths. As
discussed in the Introduction, this cutoff scale could also be
used to regularize quantum theories.
Our study opens several avenues for further investiga-

tion. For instance, exploring additional models of Lie-
algebra type space-time noncommutativity, like the
slð2;RÞ noncommutativity describing quantum particles
coupled to 2þ 1-dimensional gravity [18] or the so-called
ρ-Minkowski noncommutative spacetime [65]. In that case
it is known that time has a discrete spectrum [22], but it
would be interesting to check if they admit a similar
stochastic interpretation as presented in this work.
Another important task would be to attempt at establishing
an explicit dictionary between stochastic and noncommu-
tative differential calculus, both in the κ-Minkowski case
we considered in the present work [66,67] and in other
relevant noncommutative models. Finally, the potential
relevance of nontrivial coproducts for the generators of
translations in models of deformed kinematics associated to
polymer quantization [21] suggests that this popular model,
used to study effective models of quantum gravitational
effect, might also admit a description in terms of funda-
mental stochastic structure.
More broadly, the argument presented in this work

suggests that stochastic structures could provide rigorous
mathematical tools to model space-time discreteness and
thus provide valuable insights for a variety of approaches to
quantum gravity.
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APPENDIX: THE WIENER PROCESS

In this appendix, we recall some properties of the Wiener
process. Here, we focus on the properties that are essential
for our discussion on phase space noncommutativity. For a
more detailed discussion of the Wiener process we refer to
textbooks such as [42,50,53,68,69].
We start by introducing theWiener process as the limit of

a scaled random walk. Thus, we will consider a discrete
time parameter k∈N0, and we define a coin toss experi-
ment with sample space Ω ¼ fH; Tg, sigma algebra
ΣðΩÞ ¼ f∅;Ω; fHg; fTgg and a probability measure
P∶ΣðΩÞ → ½0; 1� generated by PðfHgÞ ¼ 1

2
.

We introduce such a coin toss experiment for every l∈N
and i∈ f1;…; ng, and we assume that all these experiments
are mutually independent. We can now introduce the
random variables Jil∶ Ωi

l → f−1;þ1g, such that

Jil ¼
�þ1 if ωi

l ¼ H;

−1 if ωi
l ¼ T:

ðA1Þ

In addition, we define the sum

Wi
k ¼ Wi

0 þ
Xk
l¼1

Jil; ðA2Þ

where W0 ∈Zn denotes the initial position. Then, the
collection of random variables W ¼ fWkjk∈N0g denotes
an n-dimensional random walk W∶ N0 ×Ω → Zn with
sample space Ω ¼ Πn

i¼1Πl∈NΩi
l.

In order to construct a continuum limit of this process,
we define a continuous version, W∶ Rþ ×Ω → Rn, of the
discrete process by linear interpolation. Thus, we define

WiðtÞ ¼ Wi
btc þ Ji⌈t⌉ðt − btcÞ: ðA3Þ

This allows to introduce the scaled random walk: for any
N ∈N, we define

XðNÞðtÞ ¼
ffiffiffiffi
α

N

r
WðNtÞ; ðA4Þ

where α∈ ½0;∞Þ. The limiting process

XðtÞ ¼ lim
N→∞

XðNÞðtÞ ðA5Þ

is a Wiener process with diffusion constant α and initial
position Xð0Þ.
The Wiener process itself is defined within this con-

tinuum limit. By definition, a continuous Rn-valued con-
tinuous time stochastic process is a function X∶ Rþ ×
ðΩ;Σ;PÞ → ðRn;BðRnÞ, where Rþ represents the time
interval and BðRnÞ is the Borel sigma algebra on Rn.
Moreover, ðΩ;Σ;PÞ is a probability space, such that for

every ω∈Ω Xð·;ωÞ∶Rþ → Rn is a continuous trajectory,
and the probability for selecting this path is given by the
probability measure P∶Σ → ½0; 1�. Using this terminology,
we can now provide the definition of the Wiener process.
Definition (Wiener process a.k.a. Brownian Motion). A

stochastic process X∶ Rþ × ðΩ;Σ;PÞ → ðRn;BðRnÞÞ is a
Wiener process with diffusion constant α∈ ð0;∞Þ, if it is
almost surely continuous and has independent normally
distributed increments, i.e.,

(i) Pðlims→t jjXs − Xtjj ¼ 0Þ ¼ 1;
(ii) ∀ t1 < t2< t3 < t4∈Rþ;ðXt4 −Xt3Þ⊥⊥ðXt2 −Xt1Þ;
(iii) ∀ t1 < t2 ∈Rþ; ðXt2 − Xt1Þ ∼N ð0; αδijðt2 − t1ÞÞ,

where N ðμ; σ2Þ denotes the normal distribution with mean
μ∈Rn and covariance matrix σ2 ∈Rn×n.
The proof that the scaled random walk converges to this

process is a result of the central limit theorem. As this proof
can be found in many textbooks on Brownian motion,
e.g., [68], we will not discuss it in detail here. We point out,
however, that the scaled random walk, as discussed above,
is not the only process that converges to the Wiener
process. One can construct other discrete time processes
that converge to a Wiener process in their respective
continuum limits.

1. Velocity

Having introduced the Wiener process, we discuss the
notion of velocity for this process. In this subsection, wewill
provide a heuristic overview, which suffices to support the
arguments in Sec. II B. For a more rigorous construction of
the velocity of a Wiener process, which exists as a distri-
bution in the Hölder space C−1=2, we refer to, e.g., [62].
We start by considering the scaled random walk,

XðNÞ∶ Rþ ×Ω → Rn, for which we can define two differ-
ent velocities, which we call the forward and backward
velocities

Vi
ðNÞþðtÞ ¼ lim

ϵ→0þ

Xi
ðNÞðtþ ϵÞ − Xi

ðNÞðtÞ
ϵ

;

Vi
ðNÞ−ðtÞ ¼ lim

ϵ→0þ

Xi
ðNÞðtÞ − Xi

ðNÞðt − ϵÞ
ϵ

: ðA6Þ

Evaluating these expressions yields

Vi
ðNÞþðtÞ ¼

( ffiffiffiffiffiffiffi
αN

p
Ji⌈Nt⌉ if Nt∈RþnN0;ffiffiffiffiffiffiffi

αN
p

JiNtþ1 if Nt∈N0

ðA7Þ

and

Vi
ðNÞ−ðtÞ ¼

( ffiffiffiffiffiffiffi
αN

p
Ji⌈Nt⌉ if Nt∈RþnN0;ffiffiffiffiffiffiffi

αN
p

JiNt if Nt∈N0:
ðA8Þ

Let us make two remarks:
(i) ∀ t∈RþVðNÞ� ∈ fþ ffiffiffiffiffiffiffi

αN
p

;−
ffiffiffiffiffiffiffi
αN

p g;
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(ii) The definition of velocity is unambiguous, i.e.
VðNÞþ ¼ VðNÞ−, on the open intervals t∈ ðkN ; kþ1

N Þ
for every k∈N0. However, it may be ambiguous at
the isolated points t∈ fk

N jk∈N0g.
Furthermore, we note that any linear combination of the
form

VðNÞa ¼ aVðNÞþ þ ð1 − aÞVðNÞ− ðA9Þ

with a∈ ½0; 1� provides a notion of velocity for the scaled
random walk. This is particularly true for the case a ¼ 1

2

which can be written as

VðNÞ∘ðtÞ ¼ lim
ϵ→0þ

XðNÞðtþ ϵÞ − XðNÞðt − ϵÞ
2ϵ

: ðA10Þ

In the continuum limit, one can use Eq. (A6) to define a
velocity of the form

ViþðtÞ ¼ lim
ϵ→0þ

lim
N→∞

Xi
ðNÞðtþ ϵÞ − Xi

ðNÞðtÞ
ϵ

;

Vi
−ðtÞ ¼ lim

ϵ→0þ
lim
N→∞

Xi
ðNÞðtÞ − Xi

ðNÞðt − ϵÞ
ϵ

: ðA11Þ

However, Eqs. (A7) and (A8) cannot be used, as these
expressions only hold for finite N. Nevertheless, if we
naively swap the limit, we can apply these results and find

lim
N→∞

jVi
ðNÞ�ðtÞj ¼ ∞: ðA12Þ

Moreover, the size of the intervals on which the velocity is
unambiguously defined tends to 0, which implies that the
set of isolated points at which the velocity is ambiguous,
becomes dense in Rþ. These two facts reflect the difficulty
in defining a velocity for a Wiener process. Moreover, they
are the source of the phase-space noncommutativity gen-
erated by the Wiener process, as discussed in Sec. II C.
As suggested by this naive analysis, it is indeed true that

there is no well-defined notion of velocity for the Wiener
process. More precisely, the limits

lim
ϵ→0þ

Xiðtþ ϵÞ−XiðtÞ
ϵ

and lim
ϵ→0þ

XiðtÞ−Xiðt− ϵÞ
ϵ

ðA13Þ

are ill defined for every t∈Rþ [42]. However, by averaging
over all paths, one can construct well-defined forward and
backward velocity fields [25]. These are given by the
conditional expectations

vþðx; tÞ ¼ lim
ϵ→0þ

E
�
Xðtþ ϵÞ − XðtÞ

ϵ

����XðtÞ ¼ x
�
;

v−ðx; tÞ ¼ lim
ϵ→0þ

E

�
XðtÞ − Xðt − ϵÞ

ϵ

����XðtÞ ¼ x

�
: ðA14Þ

These fields are not equal to each other, which reflects the
fact that for every24 ω∈Ω the sample path Xð·;ωÞ∶Rþ →
Rn of the Wiener process X∶Rþ×ðΩ;Σ;PÞ→ ðRn;BðRnÞÞ
is continuous for every t∈Rþ, but nowhere differentiable.
More generally, any linear combination of the form

va ¼ avþ þ ð1 − aÞv− ðA15Þ

with a∈ ½0; 1� defines a velocity of the process. As in
Eq. (A10), we denote the special case a ¼ 1=2 by

v∘ ¼
vþ þ v−

2
: ðA16Þ

The existence of the two linearly independent velocity
fields allows to construct two velocity processes in terms of
an integral expression. This requires an Itô integral: given a
differential form ω∈T�Rn, and a Wiener process X, the Itô
integral over ω along X is given by

Z
T

0

ωiðXðtÞ; tÞdþXiðtÞ

¼ lim
N→∞

XN−1

k¼0

ωiðXðtkÞ; tkÞ½Xiðtkþ1Þ − XiðtkÞ�; ðA17Þ

where f0 ¼ t0 < t1 < … < tN ¼ Tg is an arbitrary parti-
tion of ½0; T�. Similarly, the backward Itô integral is
given by

Z
T

0

ωiðXðtÞ; tÞd−XiðtÞ

¼ lim
N→∞

XN
k¼1

ωiðXðtkÞ; tkÞ½XiðtkÞ − Xiðtk−1Þ�: ðA18Þ

Using the existence of the Itô integral, one can now define
velocity processes V� as processes satisfying

E

�Z
T

0

ωiðXðtÞ; tÞVi
�ðtÞdt

�
¼ E

�Z
T

0

ωiðXðtÞ; tÞd�XiðtÞ
�
:

ðA19Þ

We summarize by noting that the velocity V� of the Wiener
process XðtÞ, which was naively defined in Eq. (A13), is ill
defined, as reflected by Eq. (A12). Nevertheless, we have
found various properties of this process:

(i) Its first moment is given by Eq. (A14):
E½V�ðtÞjXðtÞ� ¼ v�ðXðtÞ; tÞ;

(ii) it has an action with respect to integration as given
in Eq. (A19).

24Up to a set A ⊂ Ω with vanishing measure, i.e., PðAÞ ¼ 0.
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2. Quadratic variation

An important concept in the study of stochastic proc-
esses is the notion of quadratic variation. For a discrete time
process W∶ N0 ×Ω → Rn it is defined by the square
bracket

½Wi;Wj�k ≔
Xk
l¼1

ðWi
l −Wi

l−1ÞðWj
l −Wj

l−1Þ: ðA20Þ

For the random walk this can be evaluated, yielding

½Wi;Wj�k ¼
�
k if i ¼ j;

k − 2L if i ≠ j;
ðA21Þ

where L ∼ Binðk; 1
2
Þ is binomially distributed.

The definition can easily be extended to the scaled
random walk XðNÞ. Indeed, for every tk ¼ k

N ∈Rþ with
k∈N0, we can define the quadratic variation as

½Xi
ðNÞ; X

j
ðNÞ�ðtkÞ ¼

Xk
l¼1

½Xi
ðNÞðtlÞ − Xi

ðNÞðtl−1Þ�

× ½Xj
ðNÞðtlÞ − Xj

ðNÞðtl−1Þ�: ðA22Þ

This expression can be evaluated, which yields

½Xi
ðNÞ; X

j
ðNÞ�ðtkÞ ¼

�
αtk if i ¼ j;

α
�
tk − 2L

N

�
if i ≠ j;

ðA23Þ

where L ∼ Binðk; 1
2
Þ is again binomially distributed.

More generally, for a continuous time stochastic process
X∶ Rþ ×Ω → Rn, one can define, for every bilinear form
h∈T2ðT�RnÞ, the integral over h along the quadratic
variation of X as

Z
T

0

hijðXðtÞ; tÞd½Xi; Xj�ðtÞ

¼ lim
N→∞

XN−1

k¼0

hijðXðtkÞ; tkÞ

× ½Xiðtkþ1Þ − XiðtkÞ�½Xjðtkþ1Þ − XjðtkÞ�; ðA24Þ

where f0 ¼ t0 < t1 < … < tN ¼ Tg is an arbitrary parti-
tion of the interval ½0; T�. Thus, for a continuous time
stochastic process the quadratic variation is given by

½Xi; Xj�ðtÞ ¼
Z

t

0

d½Xi; Xj�ðsÞ: ðA25Þ

For the Wiener process, one can calculate this quadratic
variation by taking the continuum limit of the scaled
random walk. Using Eq. (A23), it is easy to see that
the diagonal elements converge to αt, while the off-
diagonal elements converge to the delta distribution, as
limN→∞N ð0; t

NÞ ¼ δð0Þ, by the central limit theorem.
Therefore,

½Xi; Xj�ðtÞ ¼ αδijt; ðA26Þ

such that

d½Xi; Xj�ðtÞ ¼ αδijdt: ðA27Þ

We note that the last expression allows to define a second
order velocity given by

Vij
2 ¼ d½Xi;Xj�

dt
¼ lim

ϵ→0

½Xiðtþ ϵÞ−XiðtÞ�½Xjðtþ ϵÞ−XjðtÞ�
ϵ

:

ðA28Þ

Furthermore, we note that the integral over quadratic
variation can be expressed in terms of the Itô integrals
(A17) and (A18) asZ

d½Xi; Xj�ðtÞ

¼ lim
N→∞

XN−1

k¼0

½Xiðtkþ1Þ − XiðtkÞ�½Xjðtkþ1Þ − XjðtkÞ�

¼ lim
N→∞

�XN
k¼1

XiðtkÞ½XjðtkÞ − Xjðtk−1Þ�

−
XN−1

k¼0

XiðtkÞ½Xjðtkþ1Þ − XjðtkÞ�
	

¼
Z

XiðtÞd−XjðtÞ −
Z

XiðtÞdþXjðtÞ: ðA29Þ
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