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Local quantum detection of the cosmological expansion: Unruh-DeWitt
detectors in spatially compact Milne cosmology
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We analyze the excitations and deexcitations of an inertial Unruh-DeWitt detector in the (1 + 1)-

dimensional expanding Milne cosmology with compact spatial sections, coupled to a real massless scalar

field with either untwisted or twisted boundary conditions, prepared in the conformal vacuum. We find the

detector’s response as a function of the energy gap, the Milne spatial circumference parameter, the

interaction duration, the age of the Universe at the switch-on moment, the detector’s peculiar velocity at

the switch-on moment, and, for the untwisted field, the state of the zero mode. Asymptotic analytic results

are obtained at large energy gap and at large circumference parameter, in each case recovering the

Minkowski vacuum response in the leading order, and in the double limit of small circumference parameter

and late cosmological time, recovering the response in a static Minkowski cylinder. Numerical results are

given in the interpolating regimes. The results confirm the detector’s sensitivity to both classical and

quantum properties of its environment.
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I. INTRODUCTION

Quantum phenomena accessible to local observers, such
as ourselves, are localized in space and time. In relativistic
quantum field theory, however, the quantum state of the field
may encode nonlocal information, a prime example being the
Reeh-Schlieder correlations in Minkowski vacuum [1]. In
particular, in an expanding cosmology, the state of a quantum
field would typically be set by initial conditions in the early
Universe [2,3], and these initial conditions may be sensitive
to the spatial topology [4]. Local quantum observations may
therefore carry an imprint of the history and the global
properties of the spacetime [5-8].

In this paper we consider a local quantum observer in an
expanding Milne universe in 1 + 1 spacetime dimensions.
The Milne universe is a Friedmann-Lemaitre-Robertson-
Walker (FLRW) cosmological spacetime whose scale
factor expands at constant rate, it has vanishing spacetime
curvature, and in four spacetime dimensions it has negative
spatial curvature [9,10]. While a constant expansion rate
has limited applicability in the description of own
Universe [11-15], we shall utilize the Milne universe as
an arena for analyzing local observations of a globally
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defined quantum state in a mathematically simple setting.
In particular, the absence of spatial curvature in the (1 4 1)-
dimensional Milne spacetime allows us to disentangle
effects due to the size of the Universe from those due to
the Universe’s age and expansion rate.

Concretely, we consider a (1 + 1) Milne spacetime with
spatial topology S'. In this spacetime, the ratio of the spatial
circumference and the cosmological time remains constant
as the Universe evolves, and the value of the constant is a
freely specifiable “universe size” parameter. Classically, the
universe size parameter can be determined by experiments
involving communication that circumnavigates the
Universe, for example by sending and recapturing light
rays. Our interest is to observe the universe size parameter
via local quantum equipment, through the imprint of this
parameter in the conformal vacuum of a quantized real
massless scalar field.

As the local quantum equipment, we furnish an observer
with an Unruh-DeWitt detector [16,17], a spatially point-
like two-state quantum system, linearly coupled to the field.
The detector is characterized only by the gap between its
two energy levels, and it can be regarded as a simplified
model of atomic interactions with the electromagnetic
field [18,19]. To avoid effects due to acceleration, we
consider observers who are inertial but may have a nonzero
peculiar velocity, defined as the velocity with respect to the
comoving cosmological observers.

To summarize, the classical input consists of the universe
size parameter, the age of the Universe when the detector is
switched on, the detector’s peculiar velocity at the switch-
on event, and the duration of the interaction in the detector’s
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proper time. The quantum input consists of the detector’s
energy gap, the choice of the conformal vacuum as the
field’s initial state, and a potential subtlety concerning zero
modes, described in the next paragraph. The output consists
of the detector’s response, defined as the transition prob-
ability between the detector’s two states. We shall analyze
how the detector’s response depends on the classical and
quantum input, including the universe size parameter.

The remaining potential subtlety is that a real scalar field
on a spacetime with S' spatial topology can have either
periodic or antiperiodic boundary conditions in the spatial
S'. For periodic boundary conditions, a massless field has a
zero-momentum field mode, known as the zero mode, and
this mode does not admit a conformal Fock vacuum [2,20].
Additional quantum input is hence required to specify the
zero mode state [5,21-24], and this additional input affects
the detector’s response [6,25-27]. A similar subtlety arises
even for massive fields in cosmologies with certain types of
initial singularities [5,6], and the detector’s response for a
massive scalar field in 1 + 1 Milne under this subtlety was
addressed in [6]. Our setting is an extension of [6] to a
massless field, exploring a complementary region of the
parameter space, and using special features of the massless
field to corroborate numerical simulations with analytic
results in asymptotic regimes.

One general feature evident in our results is that
excitation probabilities are lower than deexcitation prob-
abilities, and this disparity grows as the energy gap
increases, as one would expect. The detailed profile of
the transition probabilities as a function of the energy gap
exhibits additional smaller scale structure, in the form of
resonance peaks whose locations depend on the other
parameters; in particular, the distance between the peaks
decreases when the interaction duration increases.
Increasing the duration also increases the overall magnitude
of the probability, and for the antiperiodic field this increase
is approximately linear, as one might expect, whereas the
increase for the periodic field is more complicated due to
significant contributions from the zero mode.

Varying the universe size parameter is more subtle. With
the other parameters fixed, in the limit of a large size
parameter the response develops an infrared divergence,
characteristic of a massless field in 1+ 1 dimensions,
whereas in the limit of a small size parameter the response
decays to zero, due to the increasing frequency of the
lowest positive frequency field mode. However, if the limit
of a small size parameter is taken simultaneously with the
limit of late cosmological time, keeping the product of the
two constant, we recover the response to a field on a static
cylinder [25].

The detector’s peculiar velocity has only a minor effect
on the locations of the peaks in the response, but the heights
of the individual peaks increase significantly as the peculiar
velocity increases, and this effect is greatest in the peaks at
small values of the energy gap. The large gap behavior, by

contrast, is close to the large gap behavior in Minkowski
vacuum, where a peculiar velocity is not defined.

For the periodic field, the contribution to the detector’s
response from the zero mode introduces additional exci-
tation and deexcitation structure at small values of the
energy gap, and this structure is sensitive to the choice of
the zero mode state, the interaction duration, and the
universe size parameter, but it is less sensitive to the
detector’s peculiar velocity.

The structure of the paper is as follows. In Sec. II we
introduce the spatially compactified 1 + 1 Milne space-
time, and we describe how an inertial observer in this
spacetime can perform a classical experiment, sending light
rays around the Universe, to determine the size and age of
the Universe and their own peculiar velocity, despite the
geometry being locally Minkowski. Section III presents
first the Fock quantization of a real massless scalar field in
this spacetime, with both periodic and antiperiodic boun-
dary conditions, and then sets up the formulas for the
response of an inertial Unruh-DeWitt detector that is
linearly coupled to this field. The main results of the paper
consist of the analysis of the detector’s response in Secs. IV
and V, in Sec. IV by analytic methods in several asymp-
totic regimes, and in Sec. V by numerical simulations.
Section VI gives a brief summary and discussion. The
figures produced by the numerical analysis of Sec. V are
collected in Appendix A, and the asymptotic analysis of the
large gap regime is collected in Appendixes B-D.

We use the sign convention (—,+), such that timelike
squared distances are negative, and unitsin whichc = # = 1.

II. THE SPACETIME GEOMETRY

A. Milne metric

The Milne spacetime is a simple expanding cosmology
which dates back to the 1930s [28,29] whose most notable
feature is a constant rate of expansion, otherwise known as a
“coasting” model [14]. Such a model is clearly at odds with
the conventional ACDM model which predicts an accelerat-
ing rate of expansion, but there is some debate whether
current observation rules out such a model [11,30], most
recently with the questioning of assumptions made when
analyzing supernovae la data [13,15]. A comprehensive
history of the cosmological context can be found in [14].

The Milne cosmology also has several enticing features
when compared with ACDM models, not requiring any
inflationary theory to explain the flatness fine-tuning
problem or the horizon problem [14,31,32] and solving
other issues such as the synchronicity problem [12].

The Milne model is used here as a basis for investigat-
ing quantum mechanics in expanding spacetimes in a
similar context to previous work [6]. It can be obtained
from the future wedge |X| < 7 in Minkowski space with
the Minkowski coordinates (7,X), by the coordinate
transformation,
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T =t cosh(ax), (2.1a)

X = ¢ sinh(ax), (2.1b)

where 0 <t < o0, —o0 <x < o0, and a iS a positive
parameter of dimension inverse length. The resulting
metric is

ds? = —dr* + a?2dx2. (2.2)
Figure 1 shows a spacetime diagram with the old and new
coordinates.

As the Milne universe is just a coordinate transformation
in a subset of Minkowski spacetime, no geometric experi-
ment will be able to distinguish between the two. To
obtain a (1 + 1)-dimensional expanding spacetime with an
invariant notion of spatial size, we introduce a spatial
periodicity by the identification (z, x) ~ (¢, x + L), where L
is a positive parameter of dimension length. In terms of the
Minkowski geometry, this means introducing a periodicity
under a boost of rapidity aL, and therefore the outcomes of
any experiments should depend on a and L only through
the dimensionless combination & := aL, which we call the
“universe size parameter”. The periodic identification
makes the former coordinate singularity at 7 = |X| a true
singularity [33], and Poincaré invariance is broken in the
system as is true with any quotient of Minkowski [34].
Specifically, inertial observers possess an invariant notion
of a peculiar velocity, as we shall discuss in Sec. II B below.

B. A classical experiment

We now describe a classical experiment by which an
inertial observer in our spatially compact Milne universe
can determine the universe size parameter &, the age of the
Universe, and their peculiar velocity. This experiment will
require information to travel around the spacetime, and it
would therefore not be feasible for cosmologically large
universes. Similar experiments can be carried out in other
geometries that are quotients under a discrete isometry,
such as Minkowski spacetime identified under a spatial

N T

X

FIG. 1. 1+ 1 Milne spacetime shown as the future quadrant
|X| < T in 1 4+ 1 Minkowski space with the Minkowski coordi-
nates (7, X). In terms of the coordinates (7, x) in (2.2), the (green)
hyperbolas are spacelike surfaces of constant ¢, and the straight
(red) lines are timelike surfaces of constant x. The coordinate
singularity = O consists of the future light cone T = |X]|.

translation, and they can be used to clarify apparent
paradoxes in relativistic communication scenarios [34-36].

Recall that an observer’s peculiar velocity in a FLRW
metric is defined as the velocity relative to the comoving
reference frame at the same event [37]. In an expanding
FLRW metric, the peculiar velocity of any noncomoving
inertial observer will hence decrease in time. For an inertial
observer moving through our spatially compact Milne
(2.2), an experiment should therefore be able to determine
not only the universe size parameter £, but also the age of
the Universe 7, and the observer’s peculiar velocity v at the
event where the observer performs their experiment.

An experiment that accomplishes this is as follows. The
observer shines a light beam simultaneously in both the
right (increasing x) and left (decreasing x) directions at
cosmological time 7, starting a stopwatch. The observer
records their proper time 7z when the right-moving light
beam returns and their proper time z; when the left-moving
light beam returns. A spacetime diagram of the experiment
is shown in Fig. 2. The observer also measures f , the ratio
of the frequency emitted over the frequency received. In
terms of the underlying Minkowski geometry, f can be
understood as the Doppler shift between two inertial
observers receding from each other with rapidity & which
means that the light will be redshifted, and f = ¢¢ > 1. In
terms of the observed quantities (zg, 7, ,f), we then find

E=Inf. (2.3a)
= M, (2.3b)
TR + 7L

(2.3¢)

FIG. 2. A spacetime diagram of a classical experiment by
which an inertial observer can determine the universe size
parameter &, their peculiar velocity, and the cosmological time.
The straight (blue) lines are multiple copies of the observer’s
worldline, embedded in the future quadrant of 1 + 1 Minkowski,
and identified by (¢, x) ~ (#,x + L). A pair of light beams (red), at
45° from the vertical, are shown emitted by one copy of the
observer at cosmological time #, and recaptured by neighboring
copies of the observer at the black dots, having circumnavigated
the Universe. The observer in the figure has a positive peculiar
velocity, and hence the left-moving light beam is captured earlier
than the right-moving light beam.
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where v is the peculiar velocity at the event where the light
beams are sent. Note from (2.3b) that the observer is
comoving if and only if the right-moving and left-moving
beams are received at the same moment.

This classical experiment illustrates the accessibility of
the system parameters to a classical observer, but the
experiment is necessarily global in that it requires a
circumnavigation of the Universe. We next consider a
quantum experiment that is local and is thus better suited to
a large universe such as our own.

II1. QUANTUM FIELD THEORY
A. Constructing the field

For writing down the quantum field theory, it is con-
venient to express the metric (2.2) in conformal coordinates
(n,x) where

n=a'In(at) (3.1)

is the conformal time. The metric then takes the form,

ds? = 2¥(—dn? + dx?), (3.2)
therefore giving solutions that are conformal to a slab of
Minkowski. In these conformal coordinates, we then work
with the action for a real, massless, scalar Klein-Gordon
field,

1
S = —5/ V/—9dndxV V¥, (3.3)
which gives the field equation
(—=0; + %) = 0. (3.4)

At this point, the compact spacetime presents us with two
valid boundary conditions under the quotient map which
results in two distinct field theory solutions. Perhaps the more
intuitive option is the untwisted case, which has periodic
boundary conditions such that the quotient map g transforms
the fieldas g: ¢p — ¢. A twisted field solution is also possible,
which transforms as g:¢ — —¢ giving antiperiodic boun-
dary conditions. It is worth noting here that for a complex-
valued field any phase change is possible under the quotient
map [38], but since we restrict ourselves to a real-valued field
only sign changes are possible.

At this point, we are equipped to solve for mode
solutions of the field, normalized under the Klein-
Gordon inner product

(Unv Um) = l/dx(U:laﬂUm - Umantt) = 5nm‘ (35)

Conformal coordinates allow us to find the mode function
solutions with positive conformal frequency as in [25], with
the result,

U, (x.1) = exp (—ilky|n + ik,x). (3.6)

1
2|k, |L
where L is the period of x as introduced in Sec. [T A, and k,,
varies depending on the twisted or untwisted nature of
the field,

2nz/L untwisted, n # 0,

! { (2n+ )z/L

3.7
twisted. (37)

Note here that the untwisted field’s oscillatory solution is
divergent for n = 0. This field mode with zero frequency
requires separate analysis, solving the field equation for a
mode which is constant in x we find the normalized zero
mode of the field as

S ki S (3.8)

Uan 2LIm(Z)’

where ¢ a complex parameter satisfying Im({) > 0. It is
worth noting that if we write this zero mode in coordinate
time, it takes the form,

In(at) + al

V2aLIm(al)’

such that the dimensionless parameter combination af
presents itself as simpler representation of this zero mode
ambiguity, and the geometric parameters combine into aL
as is expected given the geometric arguments in Sec. II.

With this full set of field modes, noting this distinct
nonoscillatory behavior of the n = 0 mode of the untwisted
field, we can expand the quantum field as

Uzm<t7 x) = (39)

$(x,n) =Y U,(x.m)a, + Us(x.m)an,  (3.10)

where the creation and annihilation operators satisfy the
usual commutation relations,

[an’ aL] = 5}Lm~ (311)
It follows that ¢ satisfies the canonical commutation
relations. A vacuum |0) is then defined as the state
annihilated by all the annihilation operators,

a,|0) =0 Vn. (3.12)
The vacuum defined in this way is called the conformal
vacuum with respect to the oscillatory modes of the field
since it is defined with respect to the annihilation operators

of the conformal field modes and is the conventional choice
for the field state before any interactions. Since the
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nonoscillatory zero mode has a parametric freedom, a
unique preferred vacuum state cannot be defined, and each
value of ¢ will correspond to a different vacuum state. The
impact of this { parameter in the massive case is analyzed at
length in [6], and its impact on an observer’s measurements
in our massless case will be investigated numerically in
Sec. VA.

B. Detector

To probe the quantum field established above, we utilize
an Unruh-DeWitt detector [16,17]. This is a qubit coupled
to the field in a way analogous to the electromagnetic field
interaction with atomic orbitals, being a good leading-order
approximation in processes without angular momentum
exchange [18,19]. To begin, first establish the qubit
subsystem as having two accessible states, a state with
zero energy, |0)p, and second state with energy , |) .
Note that we place no restrictions on the sign of w, a
freedom that will be clarified below.

We then couple this system to the field via the interaction
Hamiltonian,

H(z) = 2x(2)u(z)$(X(2)). (3.13)
where A is a coupling constant, y(z) is a real-valued
switching function that controls the strength of the cou-
pling, u(z) is the monopole moment operator of the
detector,

p(z) = e w) (0l + e [0)p{wlp.  (3.14)
and ¢(x(z)) is the field operator to which the detector is
coupled, pulled back to the detector worldline X(7).

We prepare the system so that before the interaction the
detector is in its zero energy state |0),, and the field is in
the state |0) (3.12), which is the conformal vacuum for the
oscillator modes, and for the zero mode of the untwisted
field it is the state pararametrized by the zero-mode
parameter ¢ in (3.8). Expanding the interaction (3.13) in
time-dependent perturbation theory in the coupling constant
A, we find that the leading order probability of the detector
transitioning to the state |w) ,,, regardless the final state of the
field, is proportional to the response function [2,39],

Flw) = /oc /00 dedy(t)y(7))e ") G(z,7'), (3.15)
where

G(z.7) = (0l (x(2))p(x())|0)

is the pull-back of the Wightman function of the field to the
detector’s worldline. The detector’s transition is an excita-
tion for w > 0 and a deexcitation for w < 0.

(3.16)

Next, we address the choice of y. We will use a sharp
switching function, with an instantaneous switch-on at time
7; and switch-off at time 77, such that

(1) :=0(r —7,)0(1; — 7). (3.17)
This choice of switching allows us to reduce the number of
variable parameters in the system, since a smoother switch-
ing function would introduce further parametric depend-
ence in the final response function. There will still be some
effect from the switching itself, but that effect will be
constant. A further benefit is the simplification of the
response function to

Flw) = /Tf /Tf dede'e () G(7, 7). (3.18)

This sudden switching produces irregularities and non-
Lorentzian contributions in dimensions greater than
(24 1), which are often addressed by introducing an
infinitesimal spatial extent [40,41], or by defining the
switching function as a limiting case [42], and it is
impossible to regularize in more than 5 dimensions [43].

We further specialize our system to only look at inertial
observers. We define the velocity parameter v as the
detector’s peculiar velocity at (z,x) = (fy,0), identically
to the classical experiment shown in Fig. 2. Without loss of
generality, we also take the proper time of the observer as
zero at this initial point #y, such that times afterwards are
effectively durations from that point and 7 is the duration
of the interaction.

Before writing the transition rate for our system, let us
first identity our system parameters. Just defined is the
observer velocity v, but other dimensionless parameters
include the universe size parameter £ = alL, and the zero
mode ambiguity which we will write as two real parameters
such that al = ge’ and 0 < 0 < 7, g > 0.

There are also three dimensionful parameters present in
our system, the cosmological time at switch on ¢, the
interaction duration 7, and the detector gap parameter w.
To simplify and dedimensionalize these parameters, we
choose 7, as a convenient reference scale which we use
to define

1= ot (3.19a)

o =1/t (3.19b)
as our dimensionless gap parameter x4 and our dimension-
less proper time o, such that 6, = 7,/ is the dimension-
less interaction duration. In terms of these parameters, the
response function of the detector to the oscillatory field
modes can be written
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21
Fosc:_o e frT 2+f; 2, 3.20
2> 5 (S WP+ P, 320
where
f,ﬂf(u)—/afdxexp [i <yx+%ln(x+ai)>}, (3.21a)
0 ¢
ar =/ 11 i 1; (3.21b)

are the contributions from left and right moving mode
functions, and M, differs for twisted and untwisted fields as

{21171'
M, =
2n-1)z

untwisted,
] (3.22)
twisted.

The untwisted field’s zero mode gives an additional
response of the form,

+ — -2 i0 1— —ipos |2
8&q sin OBu
where the functions g* are given by
g (u) =e " In(o; +a)
— e My (ina™) — Ey (in(oy +a*))].  (3.24)

and E; is the principal branch of the complex analytic
continuation of the exponential integral as defined
in [44] [Eq. (6.2.1)].

We now take several analytical limits and turn to
numerical modelling in the interpolating regimes to under-
stand the sensitivity of the detector to system parameters.

IV. ASYMPTOTIC REGIMES

This section comprises a discussion of several analytical
limiting cases of the detector’s response function. We
investigate the impact of large detector energy gap and note
the differing behavior of excitations and deexcitations,
followed by limits of large and small universe size parameter
£, and the simultaneous small size, late time limit.

A. Large energy gap

In this subsection we find asymptotic expansions of the
detector’s response function (3.20) for large positive and
large negative gap values w. Large positive gap corresponds
to a large excitation gap, requiring a lot of energy to change
the detector state. Conversely, large negative gap corre-
sponds to a large deexcitation where the detector loses a
large amount of energy, so it is expected to be more likely.
Detailed calculations are shown in Appendixes B and C and
show the large excitation gap behavior to follow,

_ In(tyw)

b 10
and large deexcitation gap to follow,
s -2
Flw) ==+ O(0*In|a|), (4.2)

]

in line with expectations that deexcitation is more likely. It
is found that the zero mode of the untwisted field is
subleading in the detector response for large @, and the
behavior of both twisted and untwisted fields is identical to
leading order.

Note that the error term in (4.2) should be understood as
O(w™?In |w/w,|), where @, is an arbitrary positive con-
stant of dimension inverse length, making the expression
dimensionally consistent. The value of @, is of no
consequence, since changing @, adds to @~ In|w/wy| a
multiple of @2, which is subdominant. We use a similar
shorthand in error terms involving logarithms in the rest of
the paper.

Figure 3 shows these expansions alongside the numeri-
cally evaluated field response, and there is good corre-
spondence especially for large w.

These expansions also show identical leading order
behavior to the large @ expansion in infinite Minkowski,
not only in the dependence on w, but also the coefficient of
the leading response. This quantitative agreement, detailed
in Appendix D, shows that as the gap gets larger the system
is less sensitive to the universe size, a proposition that is
reinforced by the numerics in Sec. V.

B. Small and large spatial sizes

We here investigate the impact of small and asymptoti-
cally large values of the universe size parameter &

1. Oscillator modes

The response of the detector to the oscillatory field
modes shows similar asymptotic behavior to periodic
Minkowski, otherwise called the static cylinder universe.
As the universe size approaches zero, the response of the
detector to the oscillatory modes of the field (3.20)
vanishes. This is behavior that can be understood in terms
of the energy of the oscillatory modes, since their minimum
energy increases as the universe size decreases. As their
minimum energy increases, the detector will be less able to
exchange energy with these modes, and therefore its
response to them will decrease. As the size of the
Universe approaches zero, their energy diverges and they
invoke no response in the detector.

For large values of the universe size parameter, an
infrared divergence appears in the detector response to
the oscillatory modes (3.20). This is symptomatic of the
infrared divergence present in the (1 + 1)-dimensional
Minkowski Wightman function for a massless field, which
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-20 -15 —-10 =5 0 5 10 15 20
o
FIG. 3. The response function for the twisted field as a function

of the dimensionless energy u = wt,, with the parameter values
& =10,7;/ty = 1 and v = 0 (blue). The graph shows oscillations
of characteristic period of approximately 5, with a falloff at large
|| and a suppression of excitations compared with deexcitations,
as was to be expected. The falloff at large positive u is consistent
with the leading term in the asymptotic expansion (4.1), shown in
red, but containing still oscillations around this term within the
plotted range. Similar behavior is seen for the falloff at large
negative y and the leading term in the asymptotic expansion (4.2),
shown in green.

often requires separate careful treatment by the introduction
of an infrared cutoff [45].

As an alternative to these universe size limits, we also
note here a simultaneous transformation which can be used
to recover the response of the detector to a field defined on
the static cylinder. We present a simultaneous late time and
small universe size limit via direct comparison to periodic
Minkowski with the spatial extent of the Milne universe at
the switch-on time f, such that

[ =1y (4.3)
With this comparison, it is possible to take asymptotic
limits of £ while maintaining a fixed finite cylinder size / by
moving ¢, along with it, such that £ - 0 and ¢, — c0. To
see this explicitly, we first recall the response of the detector
only to the oscillatory field modes, postponing investiga-
tion of the zero mode for the time being. We write the Milne
response (3.20) as F = F, + F, where

I 1] [z
n=1"""n

corls(omsann| (457 )]

represent the contributions from left-moving and right-
moving mode functions. In this form, replacing ¢, with [/¢

2, (4.4)

recovers a finite limiting case. As £ — 0 the limit creates a
natural logarithm of an exponential, simplifying to

T M 2
/fdrexp [ir(aﬂr ”lai>” :
0

This can be verified to be the response of an inertial detector
in a static cylinder by comparison to the results of [25].

(4.5)

I 1
Fi=ydoar

n=1

2. Zero mode

Analysis of the detector’s response to the zero mode of
the untwisted field yields further insights, distinct to that of
the oscillatory modes. For a fixed value of the zero mode
ambiguity parameter ¢, as £ — 0 the detector’s response to
the zero mode diverges where its response to the oscillatory
mode vanishes, as is evident from the 1/ dependence in
the detector’s response (3.23). Thus, the detector’s response
to a small universe will be dominated by the zero mode
response.

As the size parameter of our periodic Milne geometry is
increased, £ — oo, the response of the detector to the zero
mode (3.23) tends towards zero. This is in line with expect-
ations from the oscillatory modes since £ — oo again recovers
Minkowski behavior, wherein there is no zero mode.

As another limiting case, we again take the simultaneous
late time, small universe limit. However, our zero mode
parameter ¢ is made dimensionless by comparison to our
geometric Milne parameters, and therefore needs to be
appropriately transformed. Given the definition of the zero
mode parameters from Sec. III B,

a¢ = qe", (4.6)

we transform ¢ as

:Zie):l_qia:l i0 4.7
(=0~ e~ 1pet, 47)

such that p = ¢g/&. With this transformation, we take the
& — 0, ty = oo limit in the zero mode after mode function
substitution but before simplifying the integral into known
functions. This makes it easier to show that

Tr . .
/ f eitw (T + lpeﬁ) dr
0 4

is the response of the detector to the zero mode in the static
cylinder spacetime. Thus, in the simultaneous limit of late
time and small universe size, Milne is again shown to
recover the behavior of the static cylinder.

Finally, it is worth noting that in several limiting regimes
the zero mode of our periodic Milne resembles the infrared
ambiguity present in the infinite Minkowski response. First,
we recall the detector’s response to this Minkowski
ambiguity as calculated in Appendix D,

1 2

Fanl@) = 3500

(4.8)
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5 wt;

Fmo(w) = (1 = In(mgzy)) 4—f;sinc2 (Tf) (4.9)
where my is the infrared cutoff. Note that this cutoff has a
similar effect on the field theory, presenting an ambiguity
that gives the system no well-defined Fock space. For the
detector’s response to the zero mode in periodic Milne
(3.23), taking either an early time, large universe limit, or
simply taking the modulus of the free zero mode parameter
q to be large, we see a response

2
pTy . wty
F 2 (2
” 7 3G ( 2 >

which has the exact same dependence on system param-
eters as the infrared ambiguity in Minkowski, up to a
relation between the zero mode parameter and the infrared
cutoff they are identical.

(4.10)

V. NUMERICAL RESULTS

Via numerical evaluation, we show the response of the
detector to have several notable features, as seen in Fig. 3.
There is a smaller scale oscillation alongside a nonoscilla-
tory component that gradually increases up until a peak
near small negative p, before falling off quickly at positive
u. This general shape could be expected since positive y
corresponds to excitation which requires energy and is
therefore less likely than deexcitation, and is predicted by
asymptotic expansion as evidenced by Sec. IVA. The
response to the untwisted field also includes contributions
from the zero mode, which provides a pronounced
deviation from the twisted field.

We provide in Appendix A several figures wherein a
single system parameter is varied when compared to that of
Fig. 3, and in this way we gain insight into how these
parameters impact the generic features of the detector’s
response. The impact of the zero mode ambiguity param-
eter ¢, universe size parameter &, interaction duration oy,
and detector peculiar velocity » are all discussed in the
remainder of this section.

A. Zero mode

We first turn our attention to the effect of the zero mode
parameter on the detector’s response to the untwisted field,
fixing other parameters such that o, =1, £ =10, v =0
identically to that already seen for the twisted case in Fig. 3.
The zero mode contribution included in Fig. 4 is seen to
have one peak at positive y and one peak at negative py,
approximately at the same |u|, with some smaller scale
oscillations that interfere near 4 = 0 but a rapid falloff such
that the graph quickly approaches the same shape as the
twisted response shown in Fig. 3. This rapid falloff in the
numerics is consistent with asymptotics calculated in
Appendixes B and C.

For large modulus of the zero mode parameter, ¢, the
response is dominated by the sinc? behavior predicted in
the analytical work of Sec. IVB. For small ¢, the
symmetric two-peaked response dominates, similar to
the massive case investigated in [6]. The response of the
detector to the zero mode is minimized for ¢ of order unity,
but the exact value that minimizes this response will likely
depend on other system parameters.

For a fixed modulus ¢g of the zero mode parameter,
changes in the phase @ determine which of the two peaks is
more prominent. For 6 close to zero the two peaks are of
similar magnitude, but as € increases to z the peak at
positive u becomes comparatively larger. The small 6
response diverges as could be expected from the analytical
form of detector’s response to the zero mode (3.23), and the
response is minimized for 6 ~ 37 /2.

B. Universe size

The effect of varying the universe size parameter is seen
in Fig. 5, which shows the response for selected values of &,
including the value &£ = 10 of Fig. 3. For negative y, the
detector’s response to the oscillatory modes show an
insensitivity to the universe size parameter; even as the
universe size triples the response is only shifted by
approximately 15%. By contrast, positive g exhibits a
doubling of the peak height over this same parameter
range. Thus, excitations are more sensitive to universe size
changes than deexcitations.

The response to the zero mode in the untwisted field
shown in Fig. 5(b) is much more sensitive, when ¢&
decreases towards 10 the zero mode response starts to
dominate even when the zero mode parameters are chosen
to minimize it. This behavior is as could be expected given
the 1/¢& correspondence in the detector’s response to the
zero mode (3.23), and the contrasting behavior of the zero
mode is in line with expectations calculated in Sec. IV B.

C. Interaction duration

Figure 6 displays the detector’s response for a variety of
durations of the interaction, increasing it from the value

For both the twisted and untwisted fields, as the duration
increases the oscillation frequency of the response as a
function of the gap parameter increases linearly, the only
parameter that we have found to do so. This change can be
expected from the asymptotic expansions calculated in
Appendix B, since the next to leading order term in this
expansion oscillates with a frequency linearly dependent on
. The overall shape of the response also increases with the
interaction duration, with the numerics showing that neg-
ative y more closely approximates y~' for large o +, Whichis
to be expected given the asymptotic expansion (4.2).

Given that our switching function (3.17) equals unity
during the detector’s operation, one expects the overall
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magnitude of the response to depend linearly on the
duration of the interaction, and the numerical results for
the twisted field in Fig. 6(a) are consistent with this
expectation. For the untwisted field, however, the contri-
bution of the zero mode brings in additional effects: in
Fig. 6(b), over the parameter range probed therein, the
detector’s response approximately quintuples when the
duration doubles.

D. Detector velocity

Peculiar velocities from » =0 to » = 0.9 are investi-
gated in Fig. 7 and show the locations of the minima and
maxima in the response of the detector to the oscillatory
modes are only marginally affected by the change in
observer velocity. By contrast, the maxima increase in
height significantly, with the peaks closer to 4 = 0 showing
the most prominent changes. For sufficiently high veloc-
ities, the peak closest to y = 0 becomes the maximum of
the response, whereas the large |u| peaks show less change.
This could be expected since the large |u| behavior is
identical to Minkowski, and it is therefore insensitive to
changes in velocity.

The untwisted field’s zero mode also provides interesting
behavior as shown in Fig. 7(b). The contribution from the
zero mode is suppressed at higher velocities, showing that a
fast observer sees a signal dominated by the contributions
from the oscillatory field modes.

VI. SUMMARY AND DISCUSSION

We have investigated a local quantum observer in an
expanding (1 + 1)-dimensional Milne universe with com-
pact spatial sections. We modeled the observer as a point-
like two-level system, an Unruh-DeWitt detector, coupled
linearly to a real massless scalar field, with periodic or
antiperiodic boundary conditions. The field was prepared in
the conformal vacuum, except for the zero mode of the field
with periodic boundary conditions, for which we therefore
considered a family of Fock-type states labeled by a
complex-valued parameter since it does not possess a
conformal vacuum. We analyzed how the transitions in
an inertial Unruh-DeWitt detector depend on the age and
size of the universe and the detector’s peculiar velocity. In
this scenario, the local quantum machinery enables a local
detection of properties of the spacetime and the observer’s
motion that are classically accessible only via nonlocal
observations.

The detector’s response as a function of the energy gap @
has the expected feature that excitations are suppressed
compared with deexcitations, and we showed analytically
that the excitation probability has the large gap falloff
O(w™?Inw), whereas the deexcitation probability has the
weaker large gap falloff O(|w|™!). These falloffs agree with
those for an inertial detector in Minkowski vacuum. For
smaller |w|, the response exhibits significant smaller scale

structure in the form of resonance peaks whose locations
and heights depend on the geometric parameters described
above, as well as the duration of the interaction and, for the
periodic field, on the choice of the zero mode parameter.
We postpone the discussion of the zero mode contributions
to the following paragraph. Without the zero mode con-
tributions, the dependence of the response on the duration
is broadly similar to that of an inertial detector in
Minkowski vacuum, but varying the other parameters
introduces other features. For example, our numerical plots
show that the detector’s peculiar velocity has only a minor
effect on the locations of the resonance peaks, but the
heights of the peaks increase significantly as the peculiar
velocity increases, most notably at small |w|. The numerical
plots show subtle dependence on the age of the Universe
and on the spatial size, but one general feature, seen both
numerically and analytically, is that the transition proba-
bilities are suppressed when the spatial size decreases. In
the limit of observations at late cosmological time, with
spatial circumference at the observation time fixed, we
recover the response of a detector on a static cylinder.

Now return to the zero mode of the periodic field, which
has no counterpart in Minkowski vacuum. We found that
the zero mode contribution to the detector’s response is
very sensitive not only to the choice of the zero mode
parameter, but also to the other system parameters. The
zero mode contribution often dominates the total response,
with a bimodal pair of excitation and deexcitation peaks at
small values of w, although the peaks become suppressed
when the zero mode parameter is close to 1 or the detector
is moving fast. The phase of the zero mode parameter
affects which of the two peaks is more prominent, similarly
to what happens with the corresponding mode for the
massive field [6]. In the small universe limit, the zero mode
contribution diverges, completely dominating the oscilla-
tory mode contributions which tend to zero. In the large
universe limit, the zero mode contribution has a character-
istic sinc squared divergence, similar to the infrared
divergence in the response of an inertial detector in
Minkowski vacuum. This sinc squared profile also emerges
when the zero mode parameter is large and the other
parameters are fixed.

Our Unruh-DeWitt detector was switched on and off
sharply. Whilst this allows the duration of the interaction to
be defined cleanly, it has the side effect that the response
bears some imprint of the kicks at the switch-on and switch-
off moments. In four or more spacetime dimensions, the
effect from the kicks would in fact be divergent [40—43]. A
version of our analysis with a smoother switching would
therefore be more readily comparable to that of a detector in
four-dimensional spacetime. A version of our analysis for a
four-dimensional Milne universe with compact spatial
sections would however be qualitatively different in that
the universe size parameters would be discrete rather
than continuous, because of the Mostow-Prasad rigidity
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theorem [46]. Further, a four-dimensional Milne universe
has limited applicability in the description of our own
Universe, because of its constant expansion rate [11-15].

In four-dimensional cosmological spacetimes that model
our own Universe more closely, an Unruh-DeWitt detector as
a late time probe of early universe phenomena has been
considered in [7] in a setting with spatial flatness and T3
spatial topology, with careful attention to the detector’s
switching, in a communications channel setting in [47],
and in a non-Markovian memory setting in [48]; all of these
analyses could be generalized to explore the effect of the five
continuous shape parameters that the 73 spatial topology
admits [49,50], and the effects due to the choice of the zero
mode state with this spatial topology. As amodel of a detector
operating in the inflationary cosmological era, all of these
analyses could be further adapted to locally de Sitter

cosmologies with 73 spatial topology, providing insights
into the special issues that arise with a massless minimally
coupled field in de Sitter spacetime [21,24,51]. Another
direction of work would be to compare the detector’s
response with the field’s renormalized stress-energy tensor,
and specifically the contributions to each from the zero mode,
as done for the massive field in 1 + 1 dimensions in [6]. We
leave these questions subject to future work.
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APPENDIX A: FIGURES
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FIG. 4. The response function for the untwisted field as a function of the dimensionless energy u, with the parameter values £ = 10,
77/ty = 1, and v = 0, and with selected values of the zero mode parameter ¢ as shown. (a) Selected values of the zero mode parameter
magnitude ¢ (0 = n/4). (b) Selected values of the zero mode parameter phase 6 (¢ = 1).
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FIG.5. The response function for the twisted (a) and untwisted (b) field as a function of the dimensionless energy p, with the parameter

values 7,/ty = 1 and v = 0, and with selected values of the size parameter £ as shown. (a) Detector response to the twisted field for
selected universe size parameter values, . (b) Detector response to the untwisted field for selected universe size parameter values, &, with
the zero mode parametrized by ¢ = 1, 0 = z/4.
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FIG. 6. The response function for the twisted (a) and untwisted (b) field as a function of the dimensionless energy y, with the parameter
values £ = 10, and v = 0, and with selected values of the interaction duration oy as shown. (a) Detector response to the twisted field for
select values of detector interaction duration o. (b) Detector response to the untwisted field for select values of detector interaction
duration o, with the zero mode parametrized by ¢ = 1, 0 = z/4.
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FIG.7. The response function for the twisted (a) and untwisted (b) field as a function of the dimensionless energy y, with the parameter
values § = 10, and 65 = 1, and with selected values of the detector’s peculiar velocity v as shown. (a) Detector response to the twisted
field for select values of detector peculiar velocity . (b) Detector response to the untwisted field for select values of the detector peculiar
velocity v, with the zero mode parametrized by ¢ = 1, 0 = z/4.

APPENDIX B: LARGE DETECTOR "y
EXCITATION GAP . 5 [( }

This section is dedicated to asymptotic expansion of the
response of the detector (3.20) for large positive y. As such,

' ' : @) ry (Y0 x(r, —2x)
we require a large p asymptotic expansion of Su' = ——/ —— 5 ¢e"dy. (B3d)
q ge p asymp p 02 (@ (x + r,,)5

) (B3c)

l\)|om

> 1 —11 (0 2
Z (Ifu(@ ) + | fula)?) (Bla) It can be shown that |f£l)| <cip 1|f£l)| and |f£l)| <
= M o f 510)| where ¢, ¢, are independent of both y and n. It
follows that for large positive y we have

fmm—f”wm[@wﬁmﬂ} (B1b)

0 -
¢ fal = 17101+ OG™). (B4)
_ l+v (Blc) where the error term is independent of n.
1 Fo Split (B1a) into contributions from left and right movers
such that
2nn untwisted
(2n— 1)z twisted (B1d) 1+ 1
n— wisted. v -
Fu)=S , S u ], (BS
W) ( l—vﬂ>+ ( 1+v'u) (B5)

First, define r, = M, /ué, p = a+ o, and rewrite (B1b)
with the substitution y(x) = x + r,, In(x) to find the integral, ~ and expand S as

o = [ e (82 ) z
n\& ) = () x—l—rne Y ZV fnalu”
and repeatedly integrate by parts to find _ i 1 | f(O) (a. p)|? -1y)2
=) —Ifu (ap)P(1+0w™)
M
0, (1), £0) e
Falasp) = fo” + fu’ + fu (B3a) © 1 0)
- =(1+(9(/¢‘1))Zﬁlfn (o p)?
f(o) - |:xmrn+lelyx:|/3 (B3b) n=1 n
T liu(x )], = (1+0@™")S a, ), (B6)
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where the third equals sign follows from the n-independ-
ence of the error term in (B4) and from the observation that
(1+0w™")>=1+0O("). This tells us that we can
work with our leading order contribution SO but con-
tributions from other terms will come into play at one order
of u lower. We can expand S as

B Zaﬁ cos (/mf + M,,/l))
B+ ra)(a+r,)

1
= — (8 (o) + SV (1) + 8 (w)),

=

where

7~ (2n+1)(an + b)*

n=

Q| — l\)‘,_ §,|><

{()wgzb“(ﬂ

{ (M§X+7r uéx (ﬂ§x+
"\
T

2

where y and y’ are the digamma [44] [Eq. (5.2.2)] and
trigamma [44] [Eq. (5.15.1)] functions respectively, y is the
Euler-Mascheroni constant arising from the known value of
w(1/2) [44] [Eq. (5.4.13)], and the series expansion [44]
[Eq. (5.7.6)] has been used to obtain the trigamma. For
large p, make use of expansions [52] [Eq. (2.4)] and [44]
[Eq. (5.15.8)] to find

L [Inu+ln<@> +y - 1}
z r

+0(u?).

SV (x, ) =
(B11)

0)

To characterize S, ", define again a := 27/, but newly
define ¢ := a + n/éu, d :== f + x/Eu and write

0 ei;mfeiﬂi (e2n'i/1)n

0)/ \_
SZO (Iu>7—26¥ﬂRe LZ; (2n+1>(an+c)(an+d)

]. (B12)

We give A a small positive imaginary component ze such
that the sum converges, and will later take the € — O limit in

(B8)

=1 (?
A= 5ln<a>.

To further characterize S (10%, the twisted and untwisted fields

must be evaluated separately from here onwards.

1. Twisted field

In pursuit of an expression of SEO) (x,p) in terms of
known functions, define

a:=2xr/éu (B9a)

bi:=x+n/u, (B9b)

offset the sum over n by one such that our sum starts from
zero, and split by partial fractions,

e % ) % )

>+21n2+7},

“Mé%

2b—a n+b/a

(B10)

I
the distributional sense. Splitting by partial fractions and
using known functions, this can be rearranged to

iHo s aind—e B 1
Sgo)(ﬂ)z—Re[ie ﬂzf [ R("zﬂJr At % 1)

—/}R(’@Jr A+ ie/x, 1)” _5)

5 - (B13)

where R(a,x,s) is the Lipschitz-Lerch zeta function as
defined in [53], and s,(u) is a more delicate term with
complex branches. To find a precise form, write it as

00 z;wf m/l—e)2n+l_|_e—iyaf(e—i7r/l—s>2n+l

Zo 2n +1
M)

cosh e

= cos (uoy) tanh™! (

sinh(€) + isin (ﬂﬂ))] ' (B14)

+ %sm (ko) [1“ < sinh(e) — i sin(7A)

025008-13



ADAM S. WILKINSON and JORMA LOUKO

PHYS. REV. D 111, 025008 (2025)

The first term is well-defined in the € — 0 limit, so we only
need focus on the second. For sin(z4) > 1, the ¢ — 0 limit
gives iz, whereas for sin(z4) < 1 the limit yields —iz. It is
therefore convenient to define

+1 2n<x<(2n+1
E(x):{ nex<@tl) N BIs)
-1 (2n-1)<x<2n
= sgn(sin (7x)), (B16)
such that
1
$,(u) = ——cos (uoy) In |tan <ﬂ>‘
b2 2
- ”“2“) sin(uo). (B17)

Note that this expansion is undefined when A is an
integer.

The Lipschitz-Lerch zeta functions in (B13) can be
expanded using [53] [Eq. (7)], which can be written as

] 1
m/l ﬂ 1 ! —
R (x i) 2’ > 2sin (74) x *

and can be substituted back into (B13) to give

O(x2), (BI8)

1
83 () = —cos (uay)In

A 1_ )
tan <7> ‘ + 3 E(A) sin (uo )

1 2 sin(uoy)

sy CE)

(B19)

This, along with the expansion of Sg()),

expansion,

gives the final

S(O) — _ 252 Re aﬂe’ﬂl’/ (ezﬂil—s)Q

M

Flu) _ 1inp
T
1 (e | 20, )
b= 2+ 1+ ty—1
MzZﬂ[ (2\/f V1—1?

TA_
+ cos(uoy) [1n tan< )’—Hn tan( > >H
+ 2 sin(uoy)[B(2,) + B2 + OG),  (B20)
where we expand the definition of A such that
1
N :_m(“i“’f). (B21)
¢ ot
2. Untwisted field
For the untwisted field, SEO) takes the form,
SO ) = ﬁi; (B22)
PR =0 “~ n(an + x)*’

where a = 2x/Eu. We again expand in terms of partial
fractions,

0) I 1 1 X = 1 a

S 2N - 2

! 271'2{ n—l—x/a} 27raz(n+x/a) +27rx
a

n

1 /
=3, w(ax+ 1) +y—axy'(ax)] + Tmx
Ay (Pex _ s -2
o [In ( 2;;) +y 1] + o +O(u=), (B23)

using the same expansions [52] [Eq. (1.3)] and [44]
[Eq. (5.15.8)] for trigamma and digamma functions.

The untwisted expression for Sgo) (1) continues similarly

to the twisted field, by the introduction of a small positive
imaginary component to 4 we find

2 (W) r_o

(27zn + ﬂcfa (27m + ,u.fﬁ)]

e —e\n ﬂ 0 (eZIEiﬂ—e)n a 0 (eZﬂM—e)n
n—+wi +6fn2:: n—+ wy + Z n

Gf n=1

= —lRe[eiﬂ"f (GKR(WI,/I—i— ie/2m, 1) —ER(WZ,ﬂ +ie/2m, 1) +2—7[ <§—|—l))} —|—%s2(,u), (B24)
/

ué p

where the elementary term comes from inserting the n = 0 sum terms, and the new variables are defined by

_ 1P

' g

_ pea
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Again, s, is a more delicate term with complex branch-
ing behavior,

) o 27[1/1—
Sy = —Re{ tHoy E :|
=1

— RC[ ipos In (1 ZJrMe—e)]
(

Rele#r In (1 — bcos® — ibsin@)], (B26)
where two constants have been introduced for simplicity, b
is a positive constant that will be 1 in the limiting case and
0 = 2zA. To maintain the branches of the logarithm, we
calculate the argument of the logarithm for » =1 and
ensure it is in the same quadrant of the complex plane as for

b < 1. For b = 1, this argument is

0 0 . 1
5 eXp <E +1 <7’l — E) 77.') s (B27)

for some integer n. This must be in the 4th quadrant for
sin@ > 0, and enforcing this restraint gives n = —|1],
where |x] is the floor function. This must also be in the
1st quadrant for sin @ < 0 and on the real line for sinf = 0,
both of which give the same restraint for the full range of 6,
and therefore 4, values. The expansion is undefined when A
takes integer values, similarly to the twisted case.

Now it is possible to take the principal valued logarithm
as € — 0 and calculate

X = 2{sin

s2(u) = Re[er In (2|Sin(ﬂ/1)|ei”<{’1}‘%))]
 cos(uay) In(2lsin(r2))

+asinguny) (1) - 5). (B25)

where {x} denotes the fractional part of x. The full
expression of S, is therefore

1 .
S, =——-Re {e”‘”f (ﬁR(WM, D - LR 1)
(o2
f

m of
+% (i ;))] + ICOS(,qu) In(2[sin(nd)])

+ sin(uoy) ({z} - 5) . (B29)

The untwisted field also has the notable addition of the
zero mode (3.23), at which point we note that the
exponential integrals are O(u~!) [54] and therefore do
not contribute to order O(x~2) in the response. The zero
mode will, however, have contributions at O(u~2) origi-
nating from the other terms in (3.23).

Thus, the untwisted field has similar but distinct large
positive p behavior of

F IIn 1 42
(zﬂ) ==+ [1“ <§2
1y Tu Hr b4

2
0f+1+

2os )+ I
y—
V1—12?

+ cos(uoy) In [2[sin(zA_)|[sin(z4, )[] + sin(uo ) ({A-} + {4, } - 1)]

\ln[(of +at)(op +a7)] -

2qei9(ei/mf _ 1) ‘2

8&q sin Ou>

where 1. is defined similarly by (B21), and the last written
term is the contribution from the zero mode.

APPENDIX C: LARGE DEEXCITATION GAP

Large deexcitation gaps correspond to large negative .
Our starting point is identical to Appendix B, with our
oscillatory response function,

2
) = 2| (F WP+ 1f0P]  (c1a

n=1

FE / dxexp[(,ux—l—M?ln( ))} (CIb)

+0u), (B30)
1+
ap = IZFU ﬂi:ai‘FGf (CIC)
2nmw untwisted
M, = ] (C1d)
(2n— 1)z twisted,

however a difference will present itself when it comes to the
substitution,

M
y = x +—"In(x). C2
7 (x) (C2)
To illustrate this, define A = —p > 0 and write
M
y=x——"In(x) = x —r, In(x), (C3)

EA
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which is a two-to-one relation, and so the substitution needs
to be treated more carefully. Note three distinct domains
covering (r,,) a.e.,

D r,<ay (C4a)
(M) ay <r, <P (C4b)
(my s, > e, (Cae)

where we discard r, = a,, f,, finding that (f*) has
distinct behavior in each region. Again, split the response
function (Cla) into left and right moving field modes,

- )
defining
S(a,u) = ,,i; |f3£,an)|2

= |fn(a r”iﬁ|fn(a Z |fr}‘(4a)|2

n=1 " ry>a r,>p n

=S + S + Sam- (Co)

Sqy and Sq) continue in a very similar fashion to
Appendix B, giving expansions of digamma and trigamma
functions, and giving a final form of both §; and S3
O(u~?1n|u|). The untwisted zero mode is O(u~?) as was
calculated in Appendix B 2. The finite sum Sy involves
the integral,

1) = / ? dx exp [—iAGx—r, In(x))],  (C7)

a

and since a < r,, < p for S,, this integral contains a single
minimum in the phase at x = r,. Thus, methods of
stationary phase such as [54] [Eq. (3.2)] can be used to find

I(M):ﬁexpMAr( —lnrn)—%)}

+O(A™) (C8)
giving
r,<p r,<p
2rr, v/3 _
r,>a r,>a
The number of terms in this sum is
EAf—a) EAoy
N = = , C10
2 2w ( )

and so we get the final expression for S,

(o3
Say = -L+O(u). (C11)

A

Since this is the dominant term in the expansion, the full
expansion for F at large negative x4 can be found as

264
=% O n ).

F(u) P

(C12)

APPENDIX D: LARGE EXCITATION AND
DEEXCITATION GAPS IN MINKOWSKI

In this appendix, we look at the large positive and
negative gap asymptotics of the response of a detector in
(1 + 1) Minkowski, given by

Flw) = Aoo ds [sin(a)s) + gcos(cos) In(mgs) | 1,(s),

(Dla)

1

(s) =3 | dur(uetu=s) (D1b)

as obtained in [45] [Eq. (3.3a)], where m parametrizes the
infrared ambiguity present for nonderivative coupling.

As the Minkowski vacuum is invariant under trans-
lations, the interaction does not have a distinguished
starting time, and we may therefore take the switching
function to be

do-o(2+7)o(3-7).

where A is the duration of the interaction. From (D1b) we
then have

(D2)

1
I,(s) = =50(8 = 5)O(A + 5)(A=s]).  (D3)
Substituting (D3) in (D1), we obtain
,7:(0)) — F() (a)) _,_.7:'(4')(0))’ (D4a)
FO(w) = _;/A ds sin (ws)(A - s), (D4b)
0
1 [a
Fl)(w) = —;/ cos (ws) In(mgs)(A —s).  (Déc)
0
F) (D4b) evaluates to
FO)(w) = A sin(wA). (Ds)
20) 20
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To evaluate F(©) (D4c), we first integrate by parts,
integrating the trigonometric factor, with the result,

1 A

F) (@) = vl ds sin(ws) <$ - ln(m05)>

A A? A
- Si(wA) + > sinc? <a)7>

1

A
ds si 1 ,
ol ssin(ws) In(mys)

(Do)
where in the last equality we have used the definition of the
sine integral [44] [Eq. (6.2.9)]. In the remaining integral
in (D6), we again integrate by parts, using sin(ws) =
411 (1 - cos(ws))], obtaining

A |

Fl)(w) = —Si(wA) + ——Cin(wA)
0y 1 Wz
A? A
+3_sine? (%) (1-1In(md)), (D7)

using the definition of the cosine integral [44] [Eq. (6.2.12)].

Collecting, and using [44] [Eq. (6.2.10)], we have

A 1 in(wA
F(w) = —si(wA) + —Cin(wA) + %&)2)
b0 10) 2w

2 w
+ s—”sinc2 <TA> (1 =1In(myA)). (D8)

By the large argument asymptotics of si and Cin [44], F (@)
has the large positive @ asymptotics,

In(wA) _
F(w) =——=>+0(a7?), (D9)
T
and the large negative @ asymptotics,
A1 A
Flo) =2 ML) +O™?).  (D10)
|| W

[1] H. Reeh and S. Schlieder, Bemerkungen zur Unitirdquiva-
lenz von Lorentzinvarianten Feldern, Nuovo Cimento 22,
1051 (1961).

[2] N.D. Birrell and P.C.W. Davies, Quantum Fields in
Curved Space, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
1982).

[3] V. Mukhanov and S. Winitzki, Introduction to Quantum
Effects in Gravity (Cambridge University Press, Cambridge,
England, 2007).

[4] J.J. Levin, Topology and the cosmic microwave back-
ground, Phys. Rep. 365, 251 (2002).

[5] L.H. Ford and C. Pathinayake, Bosonic zero-frequency
modes and initial conditions, Phys. Rev. D 39, 3642 (1989).

[6] V. Toussaint and J. Louko, Detecting the massive bosonic
zero-mode in expanding cosmological spacetimes, Phys.
Rev. D 103, 105011 (2021).

[7] L.J. Garay, M. Martin-Benito, and E. Martin-Martinez,
Echo of the quantum bounce, Phys. Rev. D 89, 043510
(2014).

[8] V. Toussaint and J. Louko, Vacua in locally de Sitter
cosmologies, and how to distinguish them, Phys. Rev. D
109, 025007 (2024).

[9] E. A. Milne, World structure and the expansion of the
universe, Nature (London) 130, 9 (1932).

[10] W. Rindler, Relativity: Special, General, and Cosmological
(Oxford University Press, New York, 2000).

[11] J. T. Nielsen, A. Guffanti, and S. Sarkar, Marginal evidence
for cosmic acceleration from type la supernovae, Sci. Rep.
6, 35596 (2016).

[12] A. Avelino and R. P. Kirshner, The dimensionless age of the
universe: A riddle for our time, Astrophys. J. 828, 35
(2016).

[13] L. Tutusaus, B. Lamine, A. Dupays, and A. Blanchard, Is
cosmic acceleration proven by local cosmological probes?,
Astron. Astrophys. 602, A73 (2017).

[14] J. Casado, Linear expansion models vs. standard cosmol-
ogies: A critical and historical overview, Astrophys. Space
Sci. 365, 16 (2020).

[15] R. Mohayaee, M. Rameez, and S. Sarkar, Do supernovae
indicate an accelerating universe?, Eur. Phys. J. Special
Topics 230, 2067 (2021).

[16] W. G. Unruh, Notes on black-hole evaporation, Phys. Rev.
D 14, 870 (1976).

[17] B.S. DeWitt, Quantum gravity: The new synthesis, in
General Relativity: An Einstein Centenary Survey, edited
by S.W. Hawking and W. Israel (Cambridge University
Press, Cambridge, England, 1979).

[18] E. Martin-Martinez, M. Montero, and M. del Rey, Wave-
packet detection with the Unruh-DeWitt model, Phys.
Rev. D 87, 064038 (2013).

[19] A.M. Alhambra, A. Kempf, and E. Martin-Martinez,
Casimir forces on atoms in optical cavities, Phys. Rev. A
89, 033835 (2014).

025008-17


https://doi.org/10.1007/BF02787889
https://doi.org/10.1007/BF02787889
https://doi.org/10.1016/S0370-1573(02)00018-2
https://doi.org/10.1103/PhysRevD.39.3642
https://doi.org/10.1103/PhysRevD.103.105011
https://doi.org/10.1103/PhysRevD.103.105011
https://doi.org/10.1103/PhysRevD.89.043510
https://doi.org/10.1103/PhysRevD.89.043510
https://doi.org/10.1103/PhysRevD.109.025007
https://doi.org/10.1103/PhysRevD.109.025007
https://doi.org/10.1038/130009a0
https://doi.org/10.1038/srep35596
https://doi.org/10.1038/srep35596
https://doi.org/10.3847/0004-637X/828/1/35
https://doi.org/10.3847/0004-637X/828/1/35
https://doi.org/10.1051/0004-6361/201630289
https://doi.org/10.1007/s10509-019-3720-z
https://doi.org/10.1007/s10509-019-3720-z
https://doi.org/10.1140/epjs/s11734-021-00199-6
https://doi.org/10.1140/epjs/s11734-021-00199-6
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.14.870
https://doi.org/10.1103/PhysRevD.87.064038
https://doi.org/10.1103/PhysRevD.87.064038
https://doi.org/10.1103/PhysRevA.89.033835
https://doi.org/10.1103/PhysRevA.89.033835

ADAM S. WILKINSON and JORMA LOUKO

PHYS. REV. D 111, 025008 (2025)

[20] R. Rajaraman, Solitons and Instantons. An Introduction
to Solitons and Instantons in Quantum Field Theory
(North-Holland Publishing Company, Amsterdam, 1982).

[21] B. Allen and A. Folacci, Massless minimally coupled
scalar field in de Sitter space, Phys. Rev. D 35, 3771 (1987).

[22] J. Garriga and A. Vilenkin, Quantum fluctuations on domain
walls, strings, and vacuum bubbles, Phys. Rev. D 45, 3469
(1992).

[23] G. McCartor and D. G. Robertson, Bosonic zero modes in
discretized light cone field theory, Z. Phys. C 53, 679
(1992).

[24] K. Kirsten and J. Garriga, Massless minimally coupled
fields in de Sitter space: O(4)-symmetric states versus
de Sitter—invariant vacuum, Phys. Rev. D 48, 567 (1993).

[25] E. Martin-Martinez and J. Louko, Particle detectors and the
zero mode of a quantum field, Phys. Rev. D 90, 024015
(2014).

[26] J. Louko and V. Toussaint, Unruh-DeWitt detector’s re-
sponse to fermions in flat spacetimes, Phys. Rev. D 94,
064027 (2016).

[27] E. Tjoa and E. Martin-Martinez, Vacuum entanglement
harvesting with a zero mode, Phys. Rev. D 101, 125020
(2020).

[28] E. A. Milne, Relativity, gravitation, and world-structure,
Philosophy 11, 95 (1936).

[29] A.G. Walker, On Milne’s theory of world-structure, Proc.
London Math. Soc. 2, 90 (1937).

[30] D. Rubin and B. Hayden, Is the expansion of the universe
expanding? All signs point to yes, Astrophys. J. Lett. 833,
L30 (2016).

[31] A. Batra, D. Lohiya, S. Mahajan, and A. Muhkerjee,
Nucleosynthesis in a universe with a linearly evolving scale
factor, Int. J. Mod. Phys. D 09, 757 (2000).

[32] S. Gehlaut, P. Kumar, Geetanjali, and D. Lohiya, A concord-
ant “freely coasting cosmology”, arXiv:astro-ph/0306448.

[33] S. W. Hawking and G. FE. R. Ellis, The Large Scale Structure
of Space-Time, Cambridge Monographs on Mathematical
Physics (Cambridge University Press, Cambridge, England,
1973).

[34] J.-P. Uzan, J.-P. Luminet, R. Lehoucq, and P. Peter, The twin
paradox and space topology, Eur. J. Phys. 23, 277 (2002).

[35] T. Dray, The twin paradox revisited, Am. J. Phys. 58, 822
(1990).

[36] R.J. Low, An acceleration-free version of the clock paradox,
Eur. J. Phys. 11, 25 (1990).

[37] D.H. Weinberg, M.J. Mortonson, D.J. Eisenstein, C.
Hirata, A. G. Riess, and E. Rozo, Observational probes of
cosmic acceleration, Phys. Rep. 530, 87 (2013).

[38] A. Higuchi, L. Schmieding, and D. S. Blanco, Automorphic
scalar fields in two-dimensional de Sitter space, Classical
Quantum Gravity 40, 015009 (2023).

[39] W. Junker and E. Schrohe, Adiabatic vacuum states
on general space-time manifolds: Definition, construction,
and physical properties, Ann. Henri Poincaré 3, 1113
(2002).

[40] S. Schlicht, Considerations on the Unruh effect: Causality
and regularization, Classical Quantum Gravity 21, 4647
(2004).

[41] J. Louko and A. Satz, Excited by a quantum field: Does
shape matter?, J. Phys. Conf. Ser. 68, 012014 (2007).

[42] A. Satz, Then again, how often does the Unruh—DeWitt
detector click if we switch it carefully?, Classical Quantum
Gravity 24, 1719 (2007).

[43] L. Hodgkinson and J. Louko, How often does the Unruh-
DeWitt detector click beyond four dimensions?, J. Math.
Phys. (N.Y.) 53, 082301 (2012).

[44] NIST Digital Library of Mathematical Functions, edited by
F. W.J. Olver, A.B. Olde Daalhuis, D. W. Lozier, B. 1.
Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V.
Saunders, H. S. Cohl, and M. A. McClain (2024), https://
dimf.nist.gov/ (Release 1.2.0 of March 15, 2024).

[45] J. Louko, Unruh-DeWitt detector response across a Rindler
firewall is finite, J. High Energy Phys. 09 (2014) 142.

[46] G.D. Mostow, Strong Rigidity of Locally Symmetric
Spaces, Annals of Mathematical Studies Vol. 78 (Princeton
University Press, Princeton, NJ, 1974).

[47] A. Blasco, L.J. Garay, M. Martin-Benito, and E. Martin-
Martinez, Timelike information broadcasting in cosmology,
Phys. Rev. D 93, 024055 (2016).

[48] J.-T. Hsiang and B.-L. Hu, Non-Markovianity in cosmol-
ogy: Memories kept in a quantum field, Ann. Phys.
(Amsterdam) 434, 168656 (2021).

[49] J. Wolf, Spaces of Constant Curvature (AMS Chelsea
Publishing, Providence, Rhode Island, 2011).

[50] J. Louko and P.J. Ruback, Spatially flat quantum cosmol-
ogy, Classical Quantum Gravity 8, 91 (1991).

[51] B. Allen, Vacuum states in de Sitter space, Phys. Rev. D 32,
3136 (1985).

[52] N. Elezovi¢, Asymptotic expansions of exponentials of
digamma function and identity for Bernoulli polynomials,
arXiv:1312.1604.

[53] C. Ferreira and J. L. Lépez, Asymptotic expansions of the
Hurwitz—Lerch zeta function, J. Math. Anal. Appl. 298, 210
(2004).

[54] R. Wong, Asymptotic Approximations of Integrals, Classics
in Applied Mathematics (SIAM, Philadelphia, 2001).

025008-18


https://doi.org/10.1103/PhysRevD.35.3771
https://doi.org/10.1103/PhysRevD.45.3469
https://doi.org/10.1103/PhysRevD.45.3469
https://doi.org/10.1007/BF01559747
https://doi.org/10.1007/BF01559747
https://doi.org/10.1103/PhysRevD.48.567
https://doi.org/10.1103/PhysRevD.90.024015
https://doi.org/10.1103/PhysRevD.90.024015
https://doi.org/10.1103/PhysRevD.94.064027
https://doi.org/10.1103/PhysRevD.94.064027
https://doi.org/10.1103/PhysRevD.101.125020
https://doi.org/10.1103/PhysRevD.101.125020
https://doi.org/10.1017/S0031819100033301
https://doi.org/10.1112/plms/s2-42.1.90
https://doi.org/10.1112/plms/s2-42.1.90
https://doi.org/10.3847/2041-8213/833/2/L30
https://doi.org/10.3847/2041-8213/833/2/L30
https://doi.org/10.1142/S0218271800000682
https://arXiv.org/abs/astro-ph/0306448
https://doi.org/10.1088/0143-0807/23/3/306
https://doi.org/10.1119/1.16373
https://doi.org/10.1119/1.16373
https://doi.org/10.1088/0143-0807/11/1/003
https://doi.org/10.1016/j.physrep.2013.05.001
https://doi.org/10.1088/1361-6382/aca73f
https://doi.org/10.1088/1361-6382/aca73f
https://doi.org/10.1007/s000230200001
https://doi.org/10.1007/s000230200001
https://doi.org/10.1007/s000230200001
https://doi.org/10.1088/0264-9381/21/19/011
https://doi.org/10.1088/0264-9381/21/19/011
https://doi.org/10.1088/1742-6596/68/1/012014
https://doi.org/10.1088/0264-9381/24/7/003
https://doi.org/10.1088/0264-9381/24/7/003
https://doi.org/10.1063/1.4739453
https://doi.org/10.1063/1.4739453
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://dlmf.nist.gov/
https://doi.org/10.1007/JHEP09(2014)142
https://doi.org/10.1103/PhysRevD.93.024055
https://doi.org/10.1016/j.aop.2021.168656
https://doi.org/10.1016/j.aop.2021.168656
https://doi.org/10.1088/0264-9381/8/1/013
https://doi.org/10.1103/PhysRevD.32.3136
https://doi.org/10.1103/PhysRevD.32.3136
https://arXiv.org/abs/1312.1604
https://doi.org/10.1016/j.jmaa.2004.05.040
https://doi.org/10.1016/j.jmaa.2004.05.040

	Local quantum detection of the cosmological expansion: Unruh-DeWitt detectors in spatially compact Milne cosmology
	I. INTRODUCTION
	II. THE SPACETIME GEOMETRY
	A. Milne metric
	B. A classical experiment

	III. QUANTUM FIELD THEORY
	A. Constructing the field
	B. Detector

	IV. ASYMPTOTIC REGIMES
	A. Large energy gap
	B. Small and large spatial sizes
	1. Oscillator modes
	2. Zero mode


	V. NUMERICAL RESULTS
	A. Zero mode
	B. Universe size
	C. Interaction duration
	D. Detector velocity

	VI. SUMMARY AND DISCUSSION
	ACKNOWLEDGMENTS
	APPENDIX A: FIGURES
	APPENDIX B: LARGE DETECTOR EXCITATION GAP
	1. Twisted field
	2. Untwisted field

	APPENDIX C: LARGE DEEXCITATION GAP
	APPENDIX D: LARGE EXCITATION AND DEEXCITATION GAPS IN MINKOWSKI
	References


