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A hybrid of the critical three-dimensional Gross-Neveu and Thirring models deformed by explicit parity-
breaking operators is studied in the large-N expansion and using the renormalization group. The regime of
coupling constants where the theory is stable is identified and criteria for the occurrence of fixed points in
that regime are found. For a certain range of Chern-Simons level, we find stable charge-gapped phase with
spontaneously broken approximate scale invariance and a parametrically light dilaton. The Chern-Simons
level can be tuned to the stability edge, resulting in exact scale invariance which is spontaneously broken,
accompanied by a massless dilaton. For another, narrow range of Chern-Simons levels, we find a conformal
window where the theory flows to a Wilson-Fisher-like fixed point and is a novel (and rare) example of a
nonsupersymmetric nontrivial parity- and time-reversal-violating three-dimensional conformal field theory
with scalar, spinor, and vector fields.
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I. INTRODUCTION

The Gross-Neveu model in three dimensions has become
an important paradigm. It is a relativistic quantum field
theory which, for sufficiently strong coupling, exhibits a
chiral symmetry-breaking quantum phase transition in a
context which can be studied systematically in a large-N
expansion. Moreover, with the advent of two-dimensional
Dirac materials and their emergent massless Dirac fermions
[1–5], its quantum phase transition has been used as a
model of the transition between a Dirac semimetal and a
Mott insulator that is driven by strong short-ranged
interactions [6–13]. Although N is typically small in a
Dirac material, the large-N limit is still thought to provide
important clues about the nature of the phase diagram and
the phase transition.
In some beautiful recent work using the functional

renormalization group [14–17], the possibility of adding
explicit chiral (or parity) symmetry-violating deformations
to the critical three-dimensional Gross-Neveu model has
been explored, and it has been argued to lead to interesting
behavior. At first glance, explicitly breaking the symmetry
which protects the mass of the fermions would have
the rather bland consequence of simply gapping the
fermion spectrum, resulting in an insulator, albeit, if the

deformation breaks parity and time-reversal symmetry, an
insulator with a zero field Hall conductivity, similar to
Haldane’s parity-violating model of graphene [18].
What was shown [14–17] was the emergence of a line of

renormalization group fixed points such that, at the end
points of the line, a nonzero chiral condensate could form
and the fermion spectrum becomes gapped. The scale
invariance of the fixed point is spontaneously broken by
the vacuum expectation value of the fermion mass operator.
This scale symmetry breaking is accompanied by a
massless Goldstone boson, which plays the role of a
dilaton. The result is the interesting scenario of a topo-
logical insulator with a gapless exciton where the exciton
couples to energy and momentum density like a dilaton,
and it could have important implications for the bulk
properties of a Dirac material.
The functional renormalization group computations

which are used to arrive at this conclusion are approximate.
They are known to become exact in the large-N limit.
Motivated by this, the current authors examined the
simplest scenario for a parity-violating deformation of
the Gross-Neveu model using a direct application of the
large-N expansion [19]. It was confirmed that, indeed, in
the strict infinite-N limit, the scenario described above was
realized in precisely the way that it is described. There is
indeed a line of fixed points parametrized by the coupling
constant for an exactly marginal parity-violating operator.
When the tunable coupling was tuned to an end point of its
line of fixed points, the vacuum energy became indepen-
dent of the chiral condensate. Selecting a nonzero value for
the chiral condensate breaks scale invariance, and the
spectrum of the theory contains a massless dilaton.
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However, in Ref. [19], it was also demonstrated that
when one relaxes the infinite-N limit, so that N is large
but finite, and the leading corrections in the 1=N
expansion are taken into account, the line of fixed points
are no longer fixed points. Rather, the coupling constant
which parametrized that line obtains a beta function
which is of the order of 1=N. What is more, the energy
landscape is no longer flat for any value of the chiral
condensate. Most importantly, and unfortunately, the
theory becomes unstable.
It is easy to understand the origin of the problem with

stability. The limit of infinite chiral condensate is governed
by the ultraviolet fixed points of the theory. The ultraviolet
fixed points turn out to occur in the regime where the
large-N effective potential is unbounded from below and
the theory has runaway behavior—negative infinite energy
as the chiral condensate goes to infinity.
The details of how this occurs are summarized in

Ref. [19]. In that reference, the same quantum field theory
model, but in 3þ ϵ dimensions, with ϵ ∼ 1=N was shown
to be stable. In essence, the positions of the ultraviolet fixed
points depend on ϵ and, if ϵ is made sufficiently large, the
ultraviolet fixed points migrate back into the regime where
the model is stable. When that occurs, we have an explicit,
systematically analyzable example of the phenomenon
where an approximate scale symmetry is spontaneously
broken by the formation of a chiral condensate and the
spectrum of the quantum field theory contains a pseudo-
dilaton. This scenario is one of few mechanisms whereby a
scalar field mass is naturally protected from large quantum
corrections, and it has potentially important phenomeno-
logical applications, both in the context of the standard
model of elementary particle physics [20–32] and in atomic
physics, where it potentially describes an exotic new phase
of matter [33,34].
As interesting as this is, its occurrence only in 3þ ϵ

dimensions, with ϵ ∼ 1
N makes its relevance to two (space)

dimensional Dirac material, where N is small and the
spacetime dimension is strictly three, obscure at best. In
this paper, we shall report the results of our subsequent
cursory search for nonsupersymmetric variants of the three-
dimensional Gross-Neveu model whose parity-violating
deformations can exhibit interesting large-N behavior and
which are stable at large but finite N and at precisely three
spacetime dimensions. What we find is that, for some range
of its parameters, a hybrid of the three-dimensional Gross-
Neveu and Thirring models perturbed by parity-violating
operators has interesting stable solutions.
Introducing the Thirring interaction leads to an emergent

vector field, and we shall find that the radiative corrections
that the vector field mediates are essential in modifying the
beta functions so that stable solutions exist. When the
vector field is present, among the marginal parity- and time-
reversal-violating operators is a Chern-Simons term with a
coefficient ðNκÞ=4π where we shall assume that, when

N ∼∞, κ is a parameter of the order of one and, even
if Nκ is an integer, in this large-N limit, κ can be varied
continuously. The Chern-Simons coefficient has only finite
renormalization, and only at one loop; therefore, its tree
level value can be regarded as a tunable parameter. When
this parameter is within a certain range, jκj≲ κcrit with
κcrit ∼ 0.162…, there is a single ultraviolet fixed point
(shared by all of the marginal and relevant coupling
constants), and this fixed point is inside the regime where
the model is stable. The field theory with couplings tuned to
this ultraviolet fixed point is an exotic parity- and time-
reversal-violating conformal field theory with scalar,
spinor, and vector fields. Moreover, we shall show that,
in the vicinity of this fixed point, the theory flows to a
gapped phase which has spontaneously broken approxi-
mate scale symmetry and the parametrically light dilaton.
There is a second, separate, smaller range of the Chern-

Simons coefficient κcon;− < jκj < κcon;þ, with κcon;− ∼
0.272… and κcon;þ ∼ 0.283…, where there is an infrared
as well as two ultraviolet fixed points. In this entire range,
only one of the ultraviolet fixed points occurs inside in the
stable regime, and the other is outside. It is in this range
where, as well as the quasi-scale-invariant solutions of the
type that we have discussed above, we shall find a second
interesting particular solution of the field theory. It involves
renormalization group trajectories which are trapped
between the stable ultraviolet fixed point and a Wilson-
Fisher type of infrared fixed—in a conformal window. The
chiral condensate vanishes and the fermions are gapless,
even when the theory has explicit parity and time-reversal
violation. In particular, when tuned to the infrared fixed
point, the model should be a conformal field theory, one
which contains scalar, spinor, and vector fields and which
breaks parity and time-reversal invariance.
We note that all of the fixed points that we find in the

regime where the theory is stable are conformal field
theories. A very interesting phenomenon occurs when
the Chern-Simons level is fine-tuned to an edge of the
stability regime, κ → �0.162… or κ → �0.283… whence
an ultraviolet fixed point occurs precisely at the stability
edge. In that case, the effective potential becomes a flat
function of the chiral condensate, similar to what occurs in
the strict infinite-N limits of the Gross-Neveu and Gross-
Neveu-Thirring models. Like in those cases, the condensate
can take up any value, and, when the value is nonzero, it
breaks the scale symmetry spontaneously and the spectrum
contains an exactly massless dilaton. This provides a highly
nontrivial realization of this phenomenon in a fully inter-
acting nonsupersymmetric field theory which is under good
analytic control if N is large enough that the large-N
expansion is reliable.
In the remainder of this paper, we will describe how we

obtain these results in some detail. The paper is organized
as follows. In Sec. II, we shall review the essential features
of the three-dimensional Gross-Neveu model. In Sec. III,
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we review the results of Ref. [19] and the demonstration
that, at large but finite N, the Gross-Neveu model with a
parity-breaking marginal operator added to the action
becomes unstable. In Sec. IV, we discuss a hybrid of the
Gross-Neveu and Thirring models with parity-breaking
operators, and we compute the relevant beta functions. In
Sec. V, we outline the details of the large-N expansion
applied to the latter model. In Sec. VI, we discuss an
alternative model which is parity and time-reversal sym-
metric but where the Gross-Neveu coupling breaks an
internal discrete symmetry. In Sec. VII, we summarize our
results and conclusions.

II. THE THREE-DIMENSIONAL
GROSS-NEVEU MODEL

The three-dimensional Gross-Neveu model describes
self-interacting relativistic fermions:

SGN ¼
Z

d3x

�
iψ̄aðxÞ=∂ψaðxÞ þ

g
2N

ðψ̄aðxÞψaðxÞÞ2
�
; ð1Þ

where the repeated index a ¼ 1;…; N is summed. Here and
in the following, we will take the spacetime as three-
dimensional Euclidean space. We will take the Dirac field
ψaðxÞ to be a complex two-component spinor representation
of the Euclidean Lorentz group SO(3). As well, there is a
global Oð2NÞ symmetry (which can be found by writing the
action with Majorana rather than complex fermions) [35].
In three dimensions, the four-fermion operator has

classical dimension four, and it is an irrelevant operator.
The quantum field theory described by (1) is, therefore, not
renormalizable in conventional perturbation theory which
would expand in the coupling constant g. However, this
quantum field theory is renormalizable in the 1=N expan-
sion [36–43]. This is most easily seen by introducing the
Hubbard-Stratonovich scalar field ϕðxÞ and using the
action

SGN ¼
Z

d3x

�
iψ̄aðxÞð=∂þ ϕðxÞÞψaðxÞ þ

N
2g

ϕ2ðxÞ
�
: ð2Þ

The action (1) can be recovered from (2) by integrating out
the scalar field. With the action as presented in Eq. (2), both
ψðxÞ and ϕðxÞ have classical dimension one, and the action
contains all of the relevant and marginal local operators that
are compatible with the Poincaré and Oð2NÞ symmetries as
well as the discrete spacetime symmetries C, P, and T.
Then, renormalization of the large-N expansion, order by
order in the dimensionless constant 1=N, does not require
the addition of any counterterms with local operators which
are not already present in the action (2).
The analog of chiral symmetry in three dimensions is

spacetime parity and time reversal. These are symmetries of
the field theory described by the actions in Eqs. (1) or (2).
The parity transformation is

P∶ ðx10; x20; x30Þ ¼ ð−x1; x2; x3Þ;
ψðxÞ → γ1ψðx0Þ; ψ̄ðxÞ → −ψ̄ðx0Þγ1;
ϕðxÞ → −ϕðx0Þ;
ψ̄ðxÞψðxÞ → −ψ̄ðx0Þψðx0Þ: ð3Þ

When the coupling constant g is sufficiently large, the
Gross-Neveu model (1) or (2) exhibits a phase transition
whose order parameter is the chiral condensate
h0jψ̄ðxÞψðxÞj0i or the vacuum expectation value of the
scalar h0jϕðxÞj0i, both of which become nonzero.
These condensates break the spacetime parity and time-
reversal symmetries while leaving the Oð2NÞ flavor
symmetry intact.
There are versions of the Gross-Neveu model, obtained

by modifying the interaction, where the breaking is of an
internal chiral symmetry rather than parity. Their analysis is
in most aspects very similar to what we do in the following.
We will give an example of such a model in Sec. VI.
When g is tuned to its critical value, the quantum

field theory defined by Eq. (2) is a three-dimensional
conformal field theory. This has been confirmed by explicit
computation to a relatively high order of the large-N
expansion [44–47]. For certain small values of N, it is
also consistent with lattice simulations [48,49] and with
recent work using the conformal bootstrap [50].

III. PARITY-VIOLATING DEFORMATION
OF THE GROSS-NEVEU MODEL

The only classically marginal local operator that one
could add to the action in (2) is a cubic term in the
scalar field:

δS ¼
Z

d3x
Nλ

6
ϕ3ðxÞ: ð4Þ

Such a term breaks parity and time-reversal invariance
explicitly. The possibility of adding this coupling to the
critical Gross-Neveu model has been examined in some
detail [19]. In this section, we shall review some of the
results of that study.
Once the parity- and time-reversal-violating interaction

(5) is added to the theory, generally all other relevant and
marginal operators which are now unsuppressed by sym-
metry must be added to the action. These include a fermion
mass term ∼

R
imψ̄ðxÞψðxÞ and a scalar field tadpole

∼
R
Nλ1ϕðxÞ. Indeed, such terms are needed as counter-

terms to cancel ultraviolet divergences which occur in
perturbation theory. We can always use a field redefinition
ϕðxÞ → ϕðxÞ þ const to remove the residual part (after
counterterms have been chosen) to set one of these
operators to zero. Generally, we will do this to set the
fermion mass operator ∼

R
imψ̄ðxÞψðxÞ to zero. This is
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tantamount to defining the fermion mass as being propor-
tional to the vacuum expectation value of the scalar field.
In the large-N limit, in the leading order of the

1=N expansion, the full effective action is given by the
expression

lim
N→∞

1

N
Γ½ψ ;ϕ� ¼ − ln det ð=∂þ ϕðxÞÞ

þ
Z

d3x

�
1

N

XN
a¼1

iψ̄aðxÞð=∂þ ϕðxÞÞψaðxÞ

þ λ1ϕðxÞ þ
1

2g
ϕ2ðxÞ þ λ

6
ϕ3ðxÞ

�
: ð5Þ

The solution of the quantum field theory is found from the
nonlocal classical field theory (5) by finding solutions of
the field equations that are gotten by setting the first
functional derivatives of the effective action to zero.
Then the irreducible correlation functions are obtained
by taking functional derivatives of the effective action by
the classical fields and evaluating the quantities that are
obtained this way on the solutions of the field equations.
If we seek a Poincaré invariant solution of (5), the spinor

field must vanish and the scalar field must be a constant
equal to the condensate:

ϕ0 ¼ h0jϕðxÞj0i: ð6Þ

The value of ϕ0 must minimize the effective potential
which, to the leading order at large N, has a very simple
form. It is obtained from the effective action (5) by putting
ψðxÞ ¼ 0 and ϕðxÞ ¼ ϕ0 to get [19]

lim
N→∞

1

N
Veff ¼

1

2g
ϕ2
0 þ

1

6π
jϕ0j3 þ λ1ϕ0 þ

λ

6
ϕ3
0: ð7Þ

The first two terms on the right-hand side of Eq. (7) are the
contribution of the trace of the logarithm of the Dirac
operator, the first term on the right-hand side of Eq. (5).
That trace log is formally parity covariant, and, with a
parity covariant ultraviolet regularization, it must be an
even function of ϕ0. It contributes the first two terms on the
right-hand side of Eq. (7), which are indeed even in ϕ0.
In addition to those terms, 1=g has been renormalized by

a linearly divergent counterterm, and λ1 is not renormalized
at this leading order. What is more, there are no logarithmic
divergences, and, as a consequence, at this leading order in
N, the renormalization scale decouples. The constants λ1,
1=g, and λ are freely tunable parameters.
The effective potential in Eq. (7) is bounded from below,

and the field theory that it describes is stable when λ is in
the range

−
1

π
< λ <

1

π
: ð8Þ

In this stability regime, the effective potential (7) exhibits
quantum phase transitions typical of a cubic potential as the
dimensionful constants λ1 and 1=g are varied. There are
possible phases with either zero or nonzero values of ϕ0

which correspond to an ungapped and a gapped fermion
spectrum, respectively.
There is also a scale-invariant limit of this theory where

we put the dimensionful couplings to zero, λ1 ¼ 1=g ¼ 0,
and we get

lim
λ1 ;1=g→0
N→∞

1

N
Veff ¼

�
1

π
þ sgnðϕ0Þλ

� jϕ0j3
6

: ð9Þ

When jλj < 1=π, this potential is minimized at ϕ0 ¼ 0.
In this scale-invariant theory, the fermions are massless.
If we examine the two-point function of the scalar field
[see Eq. (26) below], we find

ΔðpÞ ¼ 1

N
8ffiffiffiffiffi
p2

p þOð1=N2Þ: ð10Þ

This propagator has the two-fermion cut singularity on the
half line p2 ∈ ð−∞; 0Þ, but it does not have a pole
singularity. In this case, the scalar is truly an auxiliary field.
If we further tune the dimensionless coupling constant to

the edge of the stability regime,

λ →
1

π
or λ → −

1

π
; ð11Þ

we find

lim
λ→�1

π

lim
λ1 ;1=g→0
N→∞

1

N
Veff ¼

(
2
π
jϕ0j3
6

sgnðϕ0λÞ ¼ 1;

0 sgnðϕ0λÞ ¼ −1:
ð12Þ

In this scenario, for a particular sign of the condensate ϕ0,
the effective potential (12) is flat, and it is independent of
the magnitude of ϕ0. The sign of the condensate ϕ0 is then
determined to be opposite to the sign of λ. However, the
magnitude of the condensate is not determined by the
potential. It can take up any value. When it takes up a
nonzero value, it breaks the scale invariance of the potential
and of the effective action. The set of all possible
symmetry-breaking vacua, that is, all nonzero values of
ϕ0 with a given sign, form an orbit of the scale symmetry.
This scenario is a spontaneous breaking of the scale

symmetry. This symmetry breaking is accompanied by a
massless Goldstone boson, a dilaton. The fluctuations of
the scalar field ϕðxÞ in the flat direction are the dilaton.
The dilaton can be seen explicitly by using the effective

action (5) to evaluate the scalar field two-point function.
It is given by [see Eq. (26) below]

ΔðpÞ ¼ 1

p2

π=NR
1
0 dα

αð1−αÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2
0
þp2αð1−αÞ

p
þjϕ0j

þOð1=N2Þ: ð13Þ
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When jϕ0j ≠ 0, this expression has a pole at p2 ¼ 0 as
well as the fermion-antifermion cut on the interval
p2 ∈ ð−∞;−4ϕ2

0Þ. The spectrum now contains a massless
scalar field which is interpolated by ϕðxÞ. This physical
massless scalar field is the dilaton.
However, if we remain at large N, but we relax the

infinite-N limit and we turn on 1=N corrections, the
scenario that we have described above becomes unstable.
The reason for this can be understood by the fact that the
corrections contain logarithmic divergences. The dimen-
sionful couplings obtain corrections to their tree-level beta
functions:

βλ1 ¼ 2λ1 þOð1=NÞ; ð14Þ

β1=g ¼
1

g
þOð1=NÞ; ð15Þ

and the coupling λ obtains a nonzero beta function which is
of the order of 1=N [19]:

βðλÞ ¼ 32

π2N
ðλ − 8λ3Þ þOð1=N2Þ: ð16Þ

Although this beta function is small at large N, when N is
finite, λ is no longer tunable. It is a running coupling which
depends on the renormalization scale.
Moreover, the limit of the off-shell effective action and

the effective potential for large values of the condensate,
jϕ0j → ∞, like the asymptotic high-energy limit, is gov-
erned by the ultraviolet fixed points. These occur where
the dimensionful parameters λ1 and 1=g are set to zero,
λ1 ¼ 1=g ¼ 0, and, in addition, at the zeros of the beta
function for λ (16) which correspond to ultraviolet fixed
points. These occur at

λ�UV ¼ � 1ffiffiffi
8

p : ð17Þ

These fixed points turn out to be at values of λ which are
outside of the stability regime (8); that is, they occur where

jλ�UVj ¼
1ffiffiffi
8

p >
1

π
: ð18Þ

As a consequence, as long as these first few orders of the 1=N
expansion are accurate, the effective potential is unbounded
from below. It is minimized by a runaway condensate,
jϕ0j → ∞. This conclusion holds as long as N is large
enough that our formulas for the beta functions are valid.

IV. THE GROSS-NEVEU-THIRRING MODEL AND
ITS PARITY-VIOLATING DEFORMATION

Among the simple variants of the three-dimensional
Gross-Neveu model with parity-breaking operators added,

the model in (2) coupled to an additional vector field turns
out to have a stable large-N limit for some range of freely
tunable parameters. We will show this explicitly in the
context of the large-N expansion, and it should be valid
when N is large enough that the expansion is reliable.
Before we proceed, we will review some features of the

parity symmetric theory. A hybrid of the three-dimensional
Gross-Neveu model and Thirring models is obtained by
adding a vector-vector interaction

δST ¼ −
Z

d3x
η

2N

�X
a

ψ̄aγμψa

�
2

ð19Þ

to the action of the Gross-Neveu model in Eq. (1). This
interaction breaks some of the flavor symmetry explicitly. It
reduces the Oð2NÞ symmetry to U(N). It preserves space-
time C, P, and T invariance. Just as the Gross-Neveu
interaction can be rewritten using a Hubbard-Stratonovich
scalar field ϕðxÞ as in Eq. (2), the Thirring interaction (19)
can be represented by introducing a Hubbard-Stratonovich
vector field AμðxÞ so that the hybrid model has the
Euclidean action

SGNT ¼
Z

d3x

�
iψ̄aðxÞð=∂þ i=AðxÞ þ ϕðxÞÞψaðxÞ

þ N
2g

ϕ2ðxÞ þ N
2η

A2
μðxÞ

�
: ð20Þ

If we compute the effective action using a gauge-
invariant regularization such as dimensional regularization,
the mass term for the vector field, N

2ηA
2
μðxÞ, is not corrected.

This is guaranteed by the Ward-Takahashi identity for the
U(1) global symmetry, and it holds to all orders in
perturbation theory. In that case, the Thirring coupling
1=η does not renormalize at all. The choice of a gauge-
invariant regulator, or, alternatively, the use of counterterms
which cancel gauge-variant local operators which might
appear in the effective action due to higher-order radiative
corrections, is a choice of short-distance physics. We will
make this choice in the following. This “hidden gauge
symmetry” of the Thirring model interactions is already
well recognized in existing literature [51–55]. For our
present case, this leaves the constant 1=η a freely tunable
dimensionful constant, and the operator N

2ηA
2
μðxÞ the only

gauge-variant term in the effective action, to all orders
in 1=N.
The critical theory that is obtained by tuning the

dimensionful coupling constants to their ultraviolet fixed
points 1=g → 0; 1=η → 0 is a conformal field theory. This
is in line with known results [48–59].
The only Poincaré and gauge-invariant marginal oper-

ators that we can add to the action of the hybrid Gross-
Neveu-Thirring model are the cubic scalar self-coupling
of the scalar field

R
N λ

6
ϕ3ðxÞ and a Chern-Simons term
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R
Ni κ

4π AdA for the vector field. These terms violate parity
and time-reversal symmetry explicitly. The action with
them added is

S ¼
Z

d3x

�
iψ̄aðxÞð=∂þ i=AðxÞ þ ϕðxÞÞψaðxÞ

þ Nλ1ϕðxÞ þ
N
2g

ϕ2ðxÞ þ N
λ

6
ϕ3ðxÞ

þ N
2η

A2
μðxÞ þ Ni

κ

4π
ϵμνλAμðxÞ∂νAλðxÞ

�
: ð21Þ

As for the deformed Gross-Neveu model, we can always
choose counterterms which set the fermion mass operatorR
imψ̄ðxÞψðxÞ to zero. As it was there, this is equivalent to

the field redefinition ϕðxÞ → ϕðxÞ þ const so the vacuum
expectation value of the scalar field is proportional to the
fermion mass.
The effective potential to the leading and next-to-leading

orders in N is given by the expression

1

N
Veff ½ϕ0� ¼ λ1ϕ0 þ

ϕ2
0

2g
þ λϕ3

0

6
þ jϕ0j3

6π

þ 1

2N

Z
d3p
ð2πÞ3 fln ½Δ

−1ðpÞ� þ Tr ln ½Δ−1
μν ðpÞ�g

þ countertermsþOð1=N2Þ: ð22Þ

The scalar and vector field propagatorsΔ andΔμν are given
in Eqs. (26)–(34) below.
The first line in Eq. (22) is the leading order of the

effective potential at large N. At this lowest order of 1=N
perturbation theory, the vector interaction does not con-
tribute to the effective potential at all. The leading-order
effective potential is identical to that of the deformed
Gross-Neveu model which we have already described
in the discussion around Eqs. (7)–(13). This includes the
tunability of the coupling constants in the effective action
and the effective potential and the fact that the effective
potential is stable in the regime jλj ≤ 1=π. As in the
deformed Gross-Neveu model, the theory becomes scale
invariant when the dimensionful parameters are tuned to
zero: λ1 ¼ 1=g ¼ 1=η ¼ 0.
Also, as in the deformed Gross-Neveu model, when the

remaining coupling is tuned to the edge of the stability
regime, jλj ¼ 1=π, the effective potential becomes flat.
A condensate can form, and when it does, it breaks the scale
symmetry. In that case, the scalar field propagator is
identical to the one quoted in Eq. (13), where it
exhibits the massless dilaton pole. The vector field
propagator is [see Eqs. (30)–(34) below] that of a
topologically massive photon.
The second line in Eq. (22) contains the leading

corrections to the large-N limit. It has the contributions

from the fluctuations of the scalar and the vector field.
What is now different from the deformed Gross-Neveu
model that we described in the previous section is the
contribution of the vector field contained in the trace-log
term with the vector field propagator.
The vector interaction contributes to the renormalization

of the theory and, in particular, to the beta function for λ
which now has the form

βðλ; κÞ ¼ −
1

2π2N
½ð8λÞ3 þ ζðκÞð8λÞ þ ιðκÞ� þOð1=N2Þ;

ζðκÞ ¼ −8
ð κ
2πÞ4 þ 10ð κ

2πÞ2ð 116Þ2 − 3ð 1
16
Þ4

½ð κ
2πÞ2 þ ð 1

16
Þ2�2 ;

ιðκÞ ¼ 4

�
κ

2π

��
1

16

�
2 3ð 1

16
Þ2 − 5ð κ

2πÞ2
½ð κ
2πÞ2 þ ð 1

16
Þ2�3 : ð23Þ

At this order, this beta function depends only on λ and
the Chern-Simons level κ, and it is independent of the
dimensionful constants λ1, 1=g, and 1=η. Also, we note that
the Chern-Simons coefficient κ does not have a renorm-
alization group flow. It can be treated as a tunable
parameter.
It is interesting to note that, in the limit as κ → ∞ where

we might expect the vector field to decouple, as its
topological mass becomes large, the beta function in
Eq. (23) indeed reproduces the deformed Gross-Neveu
model beta function in Eq. (16) whose ultraviolet fixed
points are outside of the stability regime (and we have
already argued that the field theory is unstable in that case).
On the other hand, the limit as κ → 0 of the beta

function (23) produces

lim
κ→0

βðλ; κÞ ¼ −
ð8λÞ
2π2N

½ð8λÞ2 þ 24� þOð1=N2Þ; ð24Þ

which has only one ultraviolet fixed point which is an
ultraviolet fixed point located at λ�UV ¼ 0. This fixed point
is inside the stability regime, and we will argue that, in
this case, the quantum field theory, as well as being a
conformal field theory when it is tuned to this fixed point,
has an interesting, stable, gapped solution. In this sense,
inclusion of the Thirring model coupling, in addition to
the Gross-Neveu coupling, has given us a stable deformed
field theory, at least where κ ∼ 0. In that field theory, the
particle spectrum has fermions with mass gap ∼jϕ0j, a
vector field with a topological mass which is also ∼jϕ0j,
and a light pseudodilaton scalar field with mass ∼ 1

N jϕ0j.
We expect this to remain so for some range of values of
the parameter κ near zero. Here, the scalar field is a spin
zero exciton—a bound state of a fermion and an
antifermion.
The beta function is graphed for various values of κ in

Figs. 1–3. For the range of κ that is depicted in the graph in
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Fig. 2, we can see that, as κ sweeps across that range, the
ultraviolet fixed point moves across the stable region. It is
contained inside the stable region when

−κcrit ≲ κ ≲ κcrit;

where κcrit ∼ 0.162…. Stable solutions exist when κ is in
this range.
There is another, separate, more narrow regime with

κcon;−< jκj< κcon;þ and κcon;−∼0.272…, κcon;þ ∼ 0.283…,
where the beta function has three zeros, two ultraviolet
fixed points, and an infrared fixed point and one of the two
ultraviolet fixed points is in the stable regime. It is seen in
the diagram in Fig. 1 and further depicted in the diagram in
Fig. 3. For this case, if we initiate the renormalization group
flow of λ in the domain of attraction of the ultraviolet fixed
point which is in the stable regime, we can obtain a stable
gapped solution of the theory. In the next section, we will
argue that, for renormalization group flows toward the
infrared, away from this ultraviolet fixed point, the two
different possible directions that the flow can go have
markedly different behaviors. If λ flows to the strong
coupling side of the fixed point, there is a stable gapped

solution of the theory very much as it was in the previous
stability regime that we have described in the paragraphs
above. It results in a phase where all of the fields are gapped
and the scalar field is parametrically light.

FIG. 1. The beta function βðλ; κÞ as a function of λ, plotted on
the horizontal axis, and κ, plotted on the vertical axis, is depicted.
The beta function is positive in the reddish region, negative in the
bluish region, and zero along the dashed lines. For fixed values of
κ, the central dashed line is ultraviolet fixed points, and those
fixed points are inside the stability regime, −1=π < λ < 1=π, for
the range of kappa −κcrit < κ < κcrit where κcrit ∼ 0.162… is
noted on the vertical axis. The second regime where a stable
solution exists is near the top and the bottom of the figure. There,
the cubic nature of the beta function provides two more zeros; for
a fixed value of κ, they are an ultraviolet and infrared fixed point,
and the ultraviolet fixed point is inside the stability regime for
κcon;− < jκj < κcon;þ with κcon;− ∼ 0.272… and κcon;þ ∼ 0.283….

FIG. 2. The β function βðλ; κÞ is plotted on the vertical axis
versus λ, which is plotted on the horizontal axis, for various
values of κ, depicted by the separate curves. The intersection of a
curve with the horizontal axis is the ultraviolet fixed point for that
value of κ. The stability bounds are denoted by the faint vertical
dotted lines. We can see that the fixed point is in the stable region,
−1=π < λ�UV < 1=π when −0.162≲ κ ≲ 0.162. The slanted,
dashed line is a graphic of the equation of motion (58). The
equation of motion is satisfied when that line intersects the beta
function. Note that this is always slightly outside of the stability
regime. This is needed so that the solution has lower energy than
the trivial solution at jϕ0j ¼ 0 and is thereby a global minimum of
the effective potential.

FIG. 3. The β function βðλ; κÞ is plotted on the vertical axis
versus λ, which is plotted on the horizontal axis, for three values
of κ ∼ κcon;�, depicted by the three separate curves. The inter-
sections with the horizontal axis are fixed points. The stability
bounds are denoted by the faint vertical dotted lines. The
ultraviolet fixed point is in the stable region −1=π < λ�UV <
1=π when the Chern-Simons coefficient is in the narrow range
κcon;− ≲ κ ≲ κcon;þ which are depicted on the vertical axis
and which have the approximate values κcon;− ∼ 0.272… and
κcon;þ ∼ 0.283….
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On the other hand, if λ flows away from the ultraviolet
fixed point to the weaker coupling side—where the infrared
fixed point is located—we find a truly exotic phase of this
system. Toward the infrared, the coupling λwill flow until it
encounters the infrared fixed point. Remarkably, in this
phase, even though the symmetries which protect the
fermion mass are explicitly broken, the condensate van-
ishes, ϕ0 ¼ 0, and the fermion is massless. This solution
describes a “conformal window” with an infrared fixed
point which is a very close analog to the Wilson-Fisher
fixed point—it is a repulsive fixed point for the dimen-
sionful couplings λ1, 1=g, and 1=η—which must, therefore,
be fine-tuned to reach it—and an attractive fixed point for
the coupling λ. In this unexpected place, we find a
conformal field theory. This interesting fact certainly
deserves further study beyond the scope of what we can
present in this paper.
Then, finally, in both of the cases that we have

described above, we can fine-tune the Chern-Simons
level so that the ultraviolet fixed point sits precisely at
the edge of the stability regime. In this case, as we shall
argue in the next section, the effective potential for the
condensate becomes flat, independent of the condensate.
The field theory sitting at this fixed point is scale
invariant, and, when the condensate takes up a nonzero
value, the scale invariance is spontaneously broken. This
symmetry breaking is accompanied by a massless dilaton.
This as a realization of the phenomenon which we
described in the introduction and which we argued
generically occurs only in the infinite-N limit of the
deformed Gross-Neveu or Gross-Neveu-Thirring models,
in what is now the fully interacting theory with order 1=N
corrections turned on. We have not checked that this
phenomenon survives the next order corrections in the
large-N expansion. However, if we conjecture that it does
survive, this fine-tuned version of the deformed Gross-
Neveu-Thirring model should, for some range of large N,
have an exact scale symmetry-breaking solution of
the sort that was envisioned in the functional renormal-
ization group literature which motivated the current
work [14–17]. Instead of occurring at the edge of a line
of fixed points, it occurs when the isolated ultraviolet
fixed point lies on the stability edge.
In the next section, we will present some of the details of

the large-N expansion applied to this model, including
some of the details of how we arrived at the conclusions of
this section.

V. DETAILS OF THE LARGE-N EXPANSION

In this section, we shall present the details of the
computations which led us to the conclusions which we
have outlined in the previous sections.
The effective action at the leading order in large N is

given by the expression

lim
N→∞

Γ½ψ ;ϕ;A� ¼−NTr ln ½i=∂þ=Aþ iϕ�

þ
Z

d3x

�
iψ̄aðxÞð=∂þ i=AðxÞþϕðxÞÞψaðxÞ

þNλ1ϕðxÞþ
N
2g

ϕ2ðxÞþN
λ

6
ϕ3ðxÞ

þ N
2η

A2
μðxÞþNi

κ

4π
ϵμνλAμðxÞ∂νAλðxÞ

�
:

ð25Þ

We extract a factor of N from the Chern-Simons level, Nκ.
Since we will always assume that N is very large, if Nκ is
quantized, we can still take κ to be a continuously varying
parameter, and we will assume that this parameter does not
grow as we scale N to infinity.
We will look for Poincaré-invariant solutions of this

theory described by (25) which have the classical fields
AμðxÞ ¼ 0, ψðxÞ ¼ 0, and ψ̄ðxÞ ¼ 0 and for which
ϕðxÞ ¼ ϕ0 is a spacetime-position-independent constant.
The effective potential for ϕ0, to the leading and next-to-
leading orders in 1=N, is then given by the expression in
Eq. (22) above, which we recopy here for the readers’
convenience:

1

N
Veff ½ϕ0� ¼ λ1ϕ0 þ

ϕ2
0

2g
þ λϕ3

0

6
þ jϕ0j3

6π

þ 1

2N

Z
d3p
ð2πÞ3 fln ½Δ

−1ðpÞ� þ Tr ln ½Δ−1
μν ðpÞ�g

þ countertermsþOð1=N2Þ:

The first line in this equation is simply the effective
action (25) evaluated on the classical fields, of which only
ϕ0 is nonzero. The remaining variable ϕ0 should be
determined to minimize Veff ½ϕ0�. The second line in the
above equation is due to the fluctuations of the fields ϕðxÞ
and AμðxÞ about their classical values, and it has the form of
the trace logs of the inverse propagators of the scalar and
vector fields. Those inverse propagators can be obtained by
taking two functional derivatives of the effective action in
Eq. (25) and then evaluating the quadratic forms obtained
on the classical fields.
The inverse propagator for the scalar field in the

background field ϕ0 is given by the second functional
derivative of the effective action (25) by ϕ, evaluated on the
background fields AμðxÞ ¼ 0 ¼ ψðxÞ ¼ ψ̄ðxÞ, ϕðxÞ ¼ ϕ0,

Δ−1ðx;yÞ¼N
�
1

g
þλϕ0

�
δðx−yÞ

−NTr

�
x

				 1

i=∂þ iϕ0

				y
��

y

				 1

i=∂þ iϕ0

				x
�
; ð26Þ
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which is easily evaluated to give the momentum space
function

Δ−1ðpÞ ¼ N

�
1

g
þ λϕ0 þ

1

π

Z
1

0

dα
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϕ2
0 þ p2αð1 − αÞ

q �

¼ N

�
1

g
þ λϕ0 þ

jϕ0j
2π

þ 4ϕ2
0 þ p2

4πp
arctan

p
2jϕ0j

�
:

ð27Þ

The inverse propagator for the vector field in the back-
ground field ϕ0 is obtained in a similar way as

Δ−1
μν ðx; yÞ ¼ NTrγμ

�
x

				 1

i=∂þ iϕ0

				y
�
γν

�
y

				 1

i=∂þ iϕ0

				x
�

þ N
η
δμνδðx − yÞ; ð28Þ

which, in momentum space, must take the form

Δ−1
μν ðpÞ ¼ Πe

�
δμν −

pμpν

p2

�
− Πoϵμλνpλ þ

N
η

pμpν

p2
ð29Þ

so that the vector field propagator is

ΔμνðpÞ ¼
ΠeðpÞðδμν − pμpν

p2 Þ þ ΠoðpÞϵμλνpλ

ΠeðpÞ2 þ ΠoðpÞ2p2
þ η

N

pμpν

p2
:

ð30Þ

The one-loop integrals in Eq. (28) are easily evaluated to
give the parity-even part:

ΠeðpÞ ¼
N
η
þ N
2π

Z
1

0

dα
αð1 − αÞp2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

αð1 − αÞp2 þ ϕ2
0

p ð31Þ

¼ N

�
1

η
þ p2 − 4ϕ2

0

8πp
arctan

p
2jϕ0j

þ jϕ0j
4π

�
ð32Þ

and the parity-odd part

ΠoðpÞ ¼ N

�
κ

2π
−
ϕ0

4π

Z
1

0

dαffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
αð1 − αÞp2 þ ϕ2

0

p �
ð33Þ

¼ N

�
κ

2π
−

ϕ0

2πp
arctan

p
2jϕ0j

�
; ð34Þ

respectively. Here, we have used a regularization to define
the formally linearly divergent one-loop integrals which

lead to the expressions above. If the regularization respects
the Ward-Takahashi identity for the global U(1) symmetry
(dimensional regularization is a good example of such), the
divergent terms drop out, and the remaining integrations are
ultraviolet finite and result in the expressions (31)–(34).
We note that the parity-odd part of the irreducible vector

field two-point function has the low- and high-energy
behaviors

lim
p

jϕ0 j→∞
ΠoðpÞ ¼ N

κ

2π
;

lim
p

jϕ0 j→0
ΠoðpÞ ¼ N

�
κ

2π
−
1=2
2π

sgnðϕ0Þ
�
: ð35Þ

The low-energy limit exhibits the shift of the Chern-Simons
level k → k − N

2
sgnðϕ0Þ and κ → κ − 1

2
sgnðϕ0Þ resulting

from integrating out N species of massive complex Dirac
fields [60,61]. Moreover, as long as the charged fields have
a mass gap, in this case as long as jϕ0j is nonzero, there is a
no-renormalization theorem which asserts that the shift of
the low-energy limit in Eq. (35) does not obtain contribu-
tions beyond one loop [62,63]. Here, the only one-loop
order contributions are included in the leading order in
largeN, which is contained in the result in Eq. (35). Among
other things, this implies that we require no Chern-Simons
counterterms to renormalize the two-point function of the
vector field, or any of the other correlation functions, at any
order of perturbation theory.
The high-energy limits jpj ≫ jϕ0j of the inverse propa-

gators are

lim
p

jϕ0 j→∞

1

N
Δ−1ðpÞ ¼

hp
8

i
; ð36Þ

lim
p

jϕ0 j→∞

1

N
Δ−1

μν ðpÞ ¼
hp
16

i�
δμν −

pμpν

p2

�
þ κ

2π
ϵμνλpλ

þ 1

η

pμpν

p2
; ð37Þ

lim
p

jϕ0 j→∞
det

1

N
Δ−1

μν ðpÞ ¼ p2

��
κ

2π

�
2

þ
�
1

16

�
2
�
·
1

η
; ð38Þ

respectively.
The order 1=N corrections in (22) are ultraviolet diver-

gent, and they require regularization and renormalization.
To this end, we define the integral by imposing an ultra-
violet hard cutoff Λ on the magnitude of the momentum
integration variable. We then perform an asymptotic
expansion of the integrands about the large p=jϕ0j limit
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to identify the ultraviolet divergent parts of the integral.
Then we add and subtract the divergent parts to obtain the
expression for the scalar field contribution:

1

2

Z
Λ d3p
ð2πÞ3 ðln ½Δ

−1ðpÞ� − ln ½Δ−1ðpÞ�ϕ0¼0Þ

¼ 1

2

Z
Λ d3p
ð2πÞ3 ln

�
Δ−1ðpÞ
N½p

8
�
�

¼ C1ϕ0 þ C2ϕ
2
0 þ C3ϕ

3
0 þ C4jϕ0j3

þ 1

2

Z
d3p
ð2πÞ3

�
ln

�
Δ−1ðpÞ
N½p

8
�
�
− ð� � �Þ

�
: ð39Þ

The terms with C1;…; C4 are the ultraviolet divergent
contributions. Their coefficients have the explicit expressions

C1 ¼
1

4π2

Z
Λ

0

dp

�
512λ

g2ðpþ jϕ0jÞ
−
64λ

g
þ 8pλ

�
; ð40Þ

C2 ¼
1

4π2

Z
Λ

0

dp

�
512λ2 − 32

gðpþ jϕ0jÞ
− 32λ2 þ 4

�
; ð41Þ

C3 ¼
1

4π2

Z
Λ

0

dp

�
512λ3 − 96λ

3ðpþ jϕ0jÞ
�
; ð42Þ

C4 ¼
1

4π2

Z
Λ

0

dp

�
−

32

3πðpþ jϕ0jÞ
�
: ð43Þ

The last term on the right-hand side of Eq. (39) has the
ultraviolet divergent terms subtracted. As it is now finite, the
ultraviolet cutoff is removed.
There are a few notable features of the above

development:
(i) The terms with C1;…; C4 contain quadratic, linear,

and logarithmic divergences, all of which have been
defined by imposing the cutoff Λ.

(ii) We have cut off the infrared limit of the logarithmi-
cally divergent integrals in C1;…; C4 by replacing a
factor of p in the denominator by pþ jϕ0j. We are
free to do this, as these terms are both added and
subtracted in Eq. (39). We do this in order to
minimize our introduction of dimensionful param-
eters in the last line in Eq. (39).

(iii) The divergent terms should be canceled by adding
the appropriate counterterms to the original action.
However, these divergent terms are not all analytic in
ϕ0, since the term jϕ0j3 appears with a logarithmi-
cally divergent coefficientC4. This singular term can
be removed only by a wave-function renormaliza-
tion for the scalar field, ϕ → Z

1
2ϕ. This is made

possible by the existence of the leading-order term
jϕ0j3
6π in the effective potential (22). It is easy to
confirm independently that the wave-function re-
normalization that is necessary to render the jϕ0j3
terms finite in the effective potential has the same

singular contribution at the order of 1=N as the
scalar field wave-function renormalization, which is
computed more generally from Feynman diagrams
and which is needed to renormalize the correlation
functions of the field theory.

(iv) Once the wave-function renormalization is taken
care of, the remaining divergent terms renormalize
the tree-level terms with λ1, 1=g, 1=η, and λ in the
action. The logarithmic divergences will give rise to
or correct leading-order beta functions for these
couplings. For the dimensionful couplings, which
already have tree-level beta functions,

βλ1 ¼ 2λ1 þOð1=NÞ;

β1=g ¼
1

g
þOð1=NÞ;

β1=η ¼
1

η
: ð44Þ

These are the tree-level beta functions associated with
the classical scaling dimensions of the associated
operators plus order 1=N corrections. Our main point
here is that, since the 1=N contributions are small and
we can check that they are all proportional to the
constants λ1, 1=g, and 1=η, their ultraviolet fixed
point remains positioned at λ1 ¼ 1=g ¼ 1=η ¼ 0.

(v) In the ultraviolet finite fourth line in Eq. (39), we can
remove the ultraviolet cutoff. That line is then a
function of the dimensionful parameters 1=g and ϕ0

only. This becomes particularly simple when we put
1=g → 0, whence it is a function of ϕ0 only, and
dimensional analysis tells us that it must have the form

lim
1=g→0

1

2N

Z
d3p
ð2πÞ3

�
ln

�
Δ−1ðpÞ
N½p

8
�
�
− ð� � �Þ

�
ð45Þ

¼ ξ1
N
ϕ3
0 þ

ξ2
N
jϕ0j3: ð46Þ

We shall not need explicit expressions for the quan-
tities ξ1 and ξ2 since, in our subtraction scheme, they
will be absorbed by counterterms.

The contribution of the fluctuations of the vector field to
the effective potential is given by

1

2

Z
d3p
ð2πÞ3 ðTr ln ½Δ

−1
μν ðpÞ� − Tr ln ½Δ−1

μν ðpÞ�ϕ0¼0
Þ

¼ 1

2

Z
Λ d3p
ð2πÞ3 ln

�
ΠeðpÞ2 þ p2ΠoðpÞ2
N2½ð 1

16
Þ2 þ ð k

2πÞ2�p2

�

¼ D1ϕ0 þD2ϕ
2
0 þD3ϕ

3
0 þD4jϕ0j3 þD5ϕ0jϕ0j

þ 1

2

Z
d3p
ð2πÞ3

�
ln

�
ΠeðpÞ2 þ p2ΠoðpÞ2
N2½ð 1

16
Þ2 þ ð k

2πÞ2�p2

�
− ð� � �Þ

�
;

ð47Þ
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where the coefficients are given by

D1 ¼
Z

Λ

0

dp
4π2

�
2048π3κ

ηð64κ2 þ π2Þ2 −
64πκp

64κ2 þ π2

þ 1048576π3κ3 − 49152π5κ

η2ð64κ2 þ π2Þ3ðpþ jϕ0jÞ
�
;

D2 ¼
Z

Λ

0

dp
4π2

�
8π4 − 1536π2κ2

ð64κ2 þ π2Þ2

þ 98304π4κ2 − 384π6 − 524288π2κ4

ηð64κ2 þ π2Þ3ðpþ jϕ0jÞ
�
;

D3 ¼
Z

Λ

0

dp
4π2

�
512π5κ − 163840π3κ3=3
ð64κ2 þ π2Þ3ðpþ jϕ0jÞ

�
;

D4 ¼
Z

Λ

0

dp
4π2

�
10240πκ2 − 96π3 þ 32πð64κ2 þ π2Þ=3

ð64κ2 þ π2Þ2ðpþ jϕ0jÞ
�
;

D5 ¼
Z

Λ

0

dp
4π2

�
256κ

64κ2 þ π2
−

8192π2κ

ηð64κ2 þ π2Þ2ðpþ jϕ0jÞ
�
:

There are some notable features about the contribution
in Eq. (47).

(i) The D5 term on the right-hand side of Eq. (47),
that is, ∼Λϕ0jϕ0j, is not analytic in the scalar field.
This divergence is a symptom of a singular con-
tribution to the fermion mass operator
∼
R
d3xi 1

N δmψ̄ðxÞψðxÞ which, in our renormaliza-
tion scheme, must be canceled by a field translation
ϕ0 → ϕ0 þ δϕ0. Under this field translation, the
leading-order jϕ0j3 term in the effective potential
changes as

N
6π

				ϕ0 þ
δm
N

				3 ≈ N
6π

jϕ0j3 þ
δm
2π

ϕ0jϕ0j:

This provides the counterterm that is needed to cancel
the ultraviolet divergent nonanalytic ∼Λϕ0jϕ0j term
which arises in the next-to-leading-order effective
potential (47).

(ii) As in the case of the scalar correction, the logarith-
mically divergent terms in Eq. (47) also contain
terms of the form

∼jϕ0j3 ln
Λ
jϕ0j

:

As in the case of the scalar contribution that we have
discussed above, cancellation of these ultraviolet
singularities is achieved by wave-function renormal-
ization. This contributes singular terms to the scalar
field wave-function renormalization factor Z in

ϕðxÞ → Z
1
2ϕðxÞ:

(iii) The vector field correction in (47) will contribute to
the beta functions of λ1 and 1=g at the order of 1=N.
It turns out that the contributions are all proportional

to one of the constants λ1 or 1=η. This means that the
beta functions for all three of the dimensionful
couplings are proportional to the dimensionful
couplings, with their signs determined by the dom-
inant tree-level terms. They still have an ultraviolet
fixed point located at λ1 ¼ 1=g ¼ 1=η ¼ 0.

(iv) As it was for the scalar field contribution, the last
terms in Eq. (47) are now ultraviolet finite. The cutoff
can be removed, and, when λ1 ¼ 1=g ¼ 1=η ¼ 0, the
only dimensionful quantity they depend on is ϕ0,
whence simple dimensional analysis tells us that

1

2

Z
d3p
ð2πÞ3

�
ln

�
ΠeðpÞ2 þ p2ΠoðpÞ2
N2½ð 1

16
Þ2 þ ð k

2πÞ2�p2

�
− ð� � �Þ

�

¼ ζ̃1ϕ
3
0 þ ζ̃2jϕ0j3

and where ζ̃1 and ζ̃2 are finite numbers. As before, we
shall not need to compute them as, in our subtraction
scheme, they will be absorbed by counterterms.

In the following, we will seek a particular gapped solution
of the field theory which involves a simplification of the
renormalization group flow. To find this solution, we begin
with the ultraviolet limit where jϕ0j → ∞ and where the
dimensionful coupling constants are tuned to zero, which is
their ultraviolet fixed point λ1 ¼ 0, 1=g ¼ 0, 1=η ¼ 0. In
this limit, λ is also in the vicinity of its ultraviolet fixed point
λ�UV. We assume that this ultraviolet fixed point is in the
stable regime. Then, as we lower jϕ0j from infinity, we keep
the dimensionful couplings tuned precisely to their ultra-
violet fixed point, so that they do not flow. On the other
hand, λ flows as we lower jϕ0j. We proceed to lower jϕ0j
until we arrive at that value of λ and ϕ0 where the equation of
motion is satisfied. This gives us a particular solution of the
theory. More general solutions would be obtained by letting
all of the couplings flow as we lower jϕ0j. We will not
consider that more general scenario here.
Let us proceed by assuming that the power law singu-

larities ∼Λ3, ∼Λ2, and ∼Λ are canceled by counterterms
and then the renormalized couplings λ1, 1=g, and 1=η are
tuned to zero but that we have yet to perform the wave-
function and coupling constant λ renormalizations.
Combining the leading order and the corrections that we
have described above, the resulting, partially renormalized
effective potential is given by the expression

Veff ½ϕ0�

¼ N

�jϕ0j3
6π

þ λ
ϕ3
0

6

�

þ jϕ3
0j

4π2

�
10240πκ2 − 96π3

ð64κ2 þ π2Þ2 −
32

3π

64κ2

64κ2 þ π2

�
ln

Λ
jϕ0j

þ ϕ3
0

4π2

�
512

3
λ3 − 32λþ 512π3κ

3

3π2 − 320κ2

ð64κ2 þ π2Þ3
�
ln

Λ
jϕ0j

þOð1=NÞ: ð48Þ
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To complete the renormalization of the effective poten-
tial, we introduce a positive parameter μwith the dimension
of mass and which will play the part of the renormalization
scale. The construction that we shall use in the following is
very close to the one originally pioneered by Coleman and
Weinberg [64] in their analysis of dynamical symmetry
breaking. Accordingly, we shall use the renormalization
scheme where

Veff ½ϕ0�
			
jϕ0j¼μ

¼ N

�
1

π
þ sgnðϕ0Þλ

�
μ3

6
: ð49Þ

This scheme fixes the wave-function renormalization
and the renormalization of λ uniquely. From these, we
deduce the renormalization group functions

γ ¼ −
1

2Z
μ
∂

∂μ
Z

¼ −
1

4π2N

�5
8
ð κ
2πÞ2 − 3

8
ð 1
16
Þ2

½ð κ
2πÞ2 þ ð 1

16
Þ2�2 −

32
3
ð κ
2πÞ2

½ð κ
2πÞ2 þ ð 1

16
Þ2�

�

þOð1=N2Þ ð50Þ
and the beta function for λ which we have quoted in
Eq. (23) and which, for the reader’s convenience, we
recopy here:

βðλ; κÞ ¼ −
1

2π2N
½ð8λÞ3 þ ζðκÞð8λÞ þ ιðκÞ�;

ζðκÞ ¼ −8
ð κ
2πÞ4 þ 10ð κ

2πÞ2ð 116Þ2 − 3ð 1
16
Þ4

½ð κ
2πÞ2 þ ð 1

16
Þ2�2 ;

ιðκÞ ¼ 4

�
κ

2π

��
1

16

�
2 3ð 1

16
Þ2 − 5ð κ

2πÞ2
½ð κ
2πÞ2 þ ð 1

16
Þ2�3 :

To obtain a renormalization group improved effective
potential, we proceed by demanding that the renormalized
effective potential obey the renormalization group equation

½μ∂μ þ γϕ0∂ϕ0
þ βðλ; κÞ∂λ�Veff ½ϕ0� ¼ 0: ð51Þ

Alongside this, we may utilize the fact that the effective
potential has mass dimension 3, leading to the expression

½μ∂μ þ ϕ0∂ϕ0
− 3�Veff ½ϕo� ¼ 0: ð52Þ

Together, these yield the equation

�
μ∂μ þ 3

γ

1 − γ
þ βðλ; κÞ

1 − γ
∂λ

�
Veff ½ϕ0� ¼ 0: ð53Þ

The effective potential that solves the above equation,
together with the boundary condition (49), is

Veff ½ϕ0� ¼ Nz̃ðtÞ3 jϕ0j3
6

�
1

π
þ sgnðϕ0Þλ̃ðtÞ

�
; ð54Þ

where

t≡ ln

�
μ

jϕ0j
�
; z̃ðtÞ ¼ exp

�
−
Z

t

0

ds
γðsÞ

1 − γðsÞ
�
; ð55Þ

and the cubic coupling obeys

dλ̃ðtÞ
dt

¼ −
βðλ̃ðtÞ; κÞ
1 − γðtÞ ; λ̃ð0Þ ¼ λ: ð56Þ

Here, we have denoted the wave-function factor and the
running coupling by z̃ðtÞ and λ̃ðtÞ since, because of the 1

1−γ
factor, they satisfy a slightly nonstandard flow equation.
We emphasize that the fixed points of the flow of λ̃ are the
same as those of λ.
If the trivial strong coupling fixed points of the dimen-

sionful couplings survive at all orders, the expression for
the effective potential in Eq. (54) is essentially exact. It
describes the full effective potential of this model when
λ1 ¼ 1=g ¼ 1=η ¼ 0. The only approximation that we shall
make going forward is our partial knowledge of the
renormalization group functions—we have determined
them only to their first nontrivial order ∼1=N.
In particular, at this point we can address the issue of

global stability of the effective potential. The limit at
jϕ0j → ∞ is the asymptotic limit of the flow, t → −∞,
toward ultraviolet fixed points of the beta function, if they
exist. In order for the potential to be positive and bounded
from below in this limit, we require that the renormalization
group flow is attracted to an ultraviolet fixed point which is
in the stability regime, jλj ≤ 1=π. This is the criterion for
global stability. Examining the beta function in Eq. (23)
(and Figs. 1–3), we see that is so only for one of two ranges
of the parameter κ, specified in those figures. We must,
therefore, assume that κ is in one of those ranges.
The physical values that ϕ0 must take up are at minima

of the effective potential, with the lowest minimum being
the stable one. The extrema of the effective potential
occur at zeros of the first derivative, those values of ϕ0 for
which

∂ϕ0
Veff ½ϕ0� ¼ 0: ð57Þ

From this equation, by taking the derivative of Eq. (54)
explicitly, we learn that the extrema occur either at ϕ0 ¼ 0

or at that value of ϕ0 where λ̃ðtÞ solves the equation

1

π
þ λ̃ðtÞsgnðϕ0Þ ¼ −

βðλ̃ðtÞ; κÞ
3

sgnðϕ0Þ: ð58Þ

The latter Eq. (58) is interesting from the point of view of
our large-N approximate solution of the theory, since in that
case β ∼ 1=N and the solution occurs where the running
coupling has run, within accuracy 1=N, to the edge of the
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stability regime at jλ̃j ¼ 1=π. In fact, generally, for this
solution to be the global minimum, that is, for

Veff ½ϕ0� ≤ Veff ½0� ¼ 0; ð59Þ

ϕ0 should occur where λ̃ has run to a point outside of the
stability regime. Equation (58) tells us that this is so when
its right-hand side is negative, that is, where

βðλ̃ðtÞ; κÞsgnðϕ0Þ > 0 ð60Þ

or when ϕ0 and βðλ̃ðtÞ; κÞ have the same signs.
We can confirm that, in this case, Eq. (58) is actually an

equation for a local minimum by examining the second
derivative:

∂
2

∂jϕ0j2
Veff ½ϕ0�

				
∂

∂jϕ0 jVeff ½ϕ0�¼0

¼ N
z̃3ðtÞ

ð1 − γðtÞÞ2
jϕ0j
2

βðλ̃ðtÞ; κÞð1þ β0ðλ̃ðtÞ; κÞÞsgnðϕ0Þ:

ð61Þ
This is indeed positive when Eq. (60) is satisfied if, in
addition to that,

∂λ̃βðλ̃ðtÞ; κÞ > −1

at the position of the solution. This is certainly the case for
our perturbative solution where β0 ∼ 1=N.
In the cases where there is a single ultraviolet fixed point in

the stability regime, the task of finding the particular solution
of this theory has been reduced to solvingEq. (58),which is an
equation for the coupling constant. We began at infiniteN by
observing that tuning λ to the edge of the stability regimewas
interesting. We find at the next to leading order that λ is no
longer tunable; however, itmust satisfyEq. (58). Since, in that
equation,β ∼ 1=N, this implies that λ self-tunes to roughly the
sameplace.Beginning the flow to the infrared at a placewhich
is a slightly larger or slightly smaller value than λ�UV simply
chooses the sign of ϕ0, and the flow proceeds until λ is just
outside of the stability range, at one edge or the other
depending on the sign of ϕ0.
In the case where there are an ultraviolet and an infrared

fixed point, the flow to the infrared which begins on the
strong coupling side of the infrared fixed point, the side
which is away from the infrared fixed point, also flows to
the edge of the stability range as described above. A flow
to the infrared which begins on the weaker coupling side of
the ultraviolet fixed point, on the other hand, flows to the
infrared fixed point where ϕ0 ¼ 0. This flow describes the
conformal window. In this case, the coupling constant tunes
itself to the infrared fixed point, and the theory should be a
conformal field theory. This theory occurs at the infrared
fixed point which is a quantum analog of the Wilson-Fisher
fixed point of classical statistical models where, like those,

it is of mixed stability. It occurs at the ultraviolet fixed
points of the couplings λ1, 1g, and

1
η and at the infrared fixed

point of λ.
Finally, there is the interesting possibility where we tune κ

so that an ultraviolet fixed point sits precisely at the stability
edge. The values of κ where this occurs are the extreme ones
jκj ¼ 0.162…; 0.283…. In these cases, when the coupling
constants are tuned to the ultraviolet fixed point, the effective
potential in (54) is flat and, consistent with this, because the
beta function vanishes and jλ̃j ¼ 1=π, Eq. (58) is satisfied for
any value of ϕ0 which has sign opposite to that of λ. In this
case, the condensate, ϕ0 can take up any value which has the
correct overall sign. If this value is nonzero, it breaks the
scale symmetry spontaneously. The scalar field becomes
massless, playing the role of the dilaton. It is the only
massless field. The fermion spectrum is gapped and the
vector field hand has a topological mass.

VI. A PARITY-CONSERVING VARIANT

If N is even, we can formulate a variant of the Gross-
Neveu interaction which drives a phase transition which
breaks an internal discrete symmetry rather than parity and
time-reversal invariance. This version of the Gross-Neveu
interaction would have the form

SGN ¼
Z

d3x
g
2N

�XN=2

a¼1

ðψ̄aψa − χ̄aχaÞ
�2

; ð62Þ

where we retain the notation ψa for the first N=2 spinor
fields and we rename the remainder of them as χa. With the
Thirring interaction added, and after introducing the scalar
and vector Hubbard-Stratonovich fields, and adding the
relevant and marginal symmetry-breaking operators, the
action can be written as

S ¼
Z

d3x

�
iψ̄aðxÞð=∂þ i=AðxÞ þ ϕðxÞÞψaðxÞ

þ iχ̄aðxÞð=∂þ i=AðxÞ − ϕðxÞÞχaðxÞ þ Nλ1ϕðxÞ

þ N
2g

ϕ2ðxÞ þ N
λ

6
ϕ3ðxÞ þ N

2η
A2
μðxÞ

�
ð63Þ

where the index a on ψa and χa runs over a ¼ 1;…; N=2.
This model has UðN=2Þ × UðN=2Þ flavor symmetry. It also
has an internal Z2 symmetry:

Z2∶ ϕðxÞ → −ϕðxÞ;
AμðxÞ → AμðxÞ;
ψaðxÞ → χaðxÞ;
χaðxÞ → ψaðxÞ;
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which is broken explicitly by the introduction of the
couplings λ1ϕðxÞ and +λ

6
ϕ3ðxÞ. The discrete spacetime

symmetriesC, P, and T remain intact. The Yukawa coupled
field ϕðxÞ is now a scalar rather than a pseudoscalar. The
Chern-Simons term for the vector field is absent.
This model shares many features with the parity-

violating version of the previous section, including an
identical effective potential for the vacuum expectation
value ϕ0 at the leading order of large N and a beta function
for the Z2 violating coupling λ which, at the order of 1=N,
is identical to that of the previous model with κ ¼ 0, the one
quoted in Eq. (24) which we recopy here:

βðλÞ ¼ −
ð8λÞ
2π2N

½ð8λÞ2 þ 24� þOð1=N2Þ:

This beta function has a single ultraviolet fixed point
located at λ�UV ¼ 0, which is inside the stable regime.
This is a parity-preserving model which will also have a
stable gapped phase with a pseudodilaton.

VII. CONCLUSION AND DISCUSSION

We have studied a variant of the three-dimensional
Gross-Neveu model—the Gross-Neveu-Thirring model—
whose deformation by adding marginal and relevant parity
and time-reversal symmetry-breaking operators has, for a
range of its parameters, interesting stable solutions—
conformal field theories when the coupling constants are
tuned to fixed points which are in the stable regime—and
interesting stable gapped phases otherwise. The gapped
phases are characterized by the presence of a light scalar, an
exciton which plays the role of a pseudodilaton. Its mass is
a factor of 1=N smaller than that of the spinor and vector
field masses.
A second type of solution that we have found is an

ungapped phase which exists in a conformal window,
where the spinor field is massless and there exists a
nontrivial infrared fixed point where the model is a
conformal field theory. It would be very interesting to
understand whether this latter phase or a close analog could
occur in a realistic setting like a Dirac material. Graphene
itself has a large dynamical regime where many of its
properties are scale symmetric to a good approximation.
This is usually attributed to weak coupling—the fact that
the many possible interactions would be ineffective in
violating scale symmetry. This is in slight contradiction
with the fact that the Coulomb interaction, for example, is
relatively strong and does not have a convergent perturba-
tion theory. A scale symmetric phase trapped in the window

between infrared and ultraviolet fixed points would be a
fascinating option there.
Finally, when the Chern-Simons level is fine-tuned in

such a way that an ultraviolet fixed point sits precisely at
the stability edge, we find a rare example of a non-
supersymmetric quantum field theory with exact scale
invariance, a conformal field theory, where the scale
invariance can be spontaneously broken so that it has a
gap in the fermion spectrum, and a topologically massive
vector field but accompanied by a massless dilaton. What is
more, this interesting example occurs in the context of an
interacting field theory which is systematically analyzable
in a controlled approximation, the 1=N expansion.
The instability which plagues the deformed Gross-Neveu

model is very similar to the one which occurs for the large-
N ðϕ2Þ3 vector model in three dimensions. The coupling
constant in that model also has an ultraviolet fixed point
was originally found by Pisarski [65] and which occurs
outside of the regime in which the theory would be stable.
This destabilizes the apparent strong coupling Bardeen-
Moshe-Bander phase of the model that was originally
found to be there in the infinite-N limit [66]. A symptom of
the instability is that the dilaton, which was massless in the
strict large-N limit, gets a tachyonic mass at the order of
1=N [67]. It would be interesting to adapt some of the
technique which we have developed here to better under-
stand that theory.
After this work was completed, the authors learned of

other recent work where the beta functions of the model
that we consider as well as some other interesting cases are
computed [68]. We agree with that work on issues where
we overlap. We also note that the existence of fixed points
of the renormalization group flow in more general theories
with non-Abelian Chern-Simons terms have been exam-
ined for a large array of theories and many such fixed points
have been found [69]. It would be very interesting to
reexamine those examples to see whether fixed points of
those more general theories can also occur at the stability
edge and can then have gapped phases with a dilaton, in
addition to the scale-invariant theories which occur at the
fixed points.
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