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Worldline actions for various twistor particles in Anti de Sitter (AdS) spacetimes are constructed from the
coadjoint orbits of Spð4;RÞ, SUð2; 2Þ, and O�ð8Þ as constrained Hamiltonian systems. The constraints are
associatedwith the coadjoint orbits of the dual groups, respectively identified asOðp;M − pÞ,Uðp;M − pÞ,
and Spðp;M − pÞ. These actions are presented in a universal form by making use of the twistor variables
taking values inR,C, andH, respectively.We find that themassless, themassive, and the conformal particles
(namely the singletons) of any spins appear for the compact dual groups withp ¼ 0 reproducingmany of the
results in earlier literature, whereas more exotic particle species, such as various tachyons, continuous spin
particles, and bitemporal anti de Sitter (BdS) particles appear for the noncompact dual groups.
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I. INTRODUCTION

In this article, we continue the construction [1] of
worldline particle actions to the twistor particles. To begin
with, let us summarize briefly the previous work [1], where
we classified the coadjoint orbits of the isometry groupG of
Minkowski, dS, and Anti de Sitter (AdS) spacetimes,
namely ISOð1; d − 1Þ; SOð2; d − 1Þ, and SOð1; dÞ, and
interpreted them as different particle species. This is based
on Wigner’s idea that fundamental particles carry unitary
irreducible representations of the isometry group, and the
orbit method allows one to construct unitary irreducible
representations out of coadjoint orbits (see, e.g., [2]). This
viewpoint of the relativistic particle dynamics has been
proposed already in early literature, e.g., [3–5]. In this
paper, we use the term particles to designate coadjoint
orbits, even in the case where the physical property for
particle interpretation is rather unclear, such as various
tachyons, continuous spin particles, as well as the ones
living in the bitemporal AdS space, defined as ηABXAXB ¼
1 with η ¼ diagð−1;−1; 1;…; 1Þ that we abbreviate as
bitemporal anti de Sitter (BdS) space.1

The construction of worldline action is given by the
pullback of the Kirillov-Kostant-Souriau (KKS) symplectic

potential, which we reformulate as constrained Hamiltonian
systems by implementing the defining conditions of the
isometry group as constraints. Depending on the choice of
the coadjoint orbits of the isometry groupG, we find different
constrained systems where the constraints are associated
with coadjoint orbits of a Lie group G̃, which we refer to as a
dual group. This choice of name follows from the reductive
dual pair correspondence that arises upon quantizing this
constrained Hamiltonian system. We found that the dual
group ofG ¼ ISOð1; d − 1Þ is G̃ ¼ Spð2M;RÞ ⋉ Heis2M,
and the dual group of G¼SOð1;dÞ and SOð2;d−1Þ is
Spð2ðMþ1Þ;RÞ, for both cases. Here, the number M is
determined by the label of the G-coadjoint orbit: for the
example of a massive spinning particle, it is the number of
rows in the Young diagram representing the spin.
For special dimensions, the double covers of the AdS

group SOð2; d − 1Þ are isomorphic to other classical Lie

groups: fSOþð2; 3Þ ≅ Spð4;RÞ, fSOþð2; 4Þ ≅ SUð2; 2Þ, andfSOþð2; 6Þ ≅ O�ð8Þ. Therefore, the worldline particle
actions of these groups can be constructed by using different
defining conditions, and hence, different dual groups. We
find that the dual groups of G ¼ Spð4;RÞ, SUð2; 2Þ, and
O�ð8Þ are, respectively, G̃ ¼ Oðp;M − pÞ, Uðp;M − pÞ,
and Spðp;M − pÞ. The resulting worldline particle actions
comprise various twistor particles constructed earlier in the
literature, together with several new twistorial models for
more general types of particles.
Descriptions of worldline particles using twistors [8,9]

have a long history: massless/massive and scalar/spinning
twistor particles in flat/AdS spacetime with/without super-
symmetry (SUSY) have been addressed in literature.
These worldline models share the same symplectic
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1In a sense, it is also natural to regard it as the bitemporal dS
space. See [6,7] for the appearance of BdS in other contexts.
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structures [10], but feature slightly different constraints.
Anyway, to describe a massive particle, the constraints
should depend explicitly on the mass label. On the other
hand, to describe a spinning particle, often superscalar
particles are considered where the number of SUSY is
proportional to the maximum spin that the superparticle
contains. In fact, it is also possible to describe a spinning
particle by deforming the constraints so that they depend
explicitly on the spin labels. Our construction follows the
latter method.
The twistor description for worldline particle action

was introduced first for the four-dimensional (4D) mass-
less (super)conformal scalar particle in [11–13], and the
model was generalized to three dimensions (3D) and six
dimensions (6D) in [5,14,15]. Note that the last paper [5]
makes use of the same coadjoint method that we used in
this paper, so our work can be regarded as its generali-
zation to general particle species. See also [16] for related
discussions with more emphasis on the role of division
algebra.
After understanding that a single complex twistor

describes 4D massless scalar, it was subsequently under-
stood that two complex twistors can describe a massive
particle in Mink4 [17]: the relevant Mink3;4 twistor models
with explicit mass and spin label are studied in [18–20] (see
also more recent works in this direction, [21,22], for
superscalar and spin s particles, respectively) where the
constraints are quadratic in twistor variables and involve
the mass and spin label as constant shifts. This is the feature
that our particle models share. Different two-twistor mas-
sive particle models in Mink3, Mink6, and Mink3;4;6 are
considered respectively in [23–25]. In these models, the
mass constraint is given by a determinant condition so they
are quartic in twistor variables, and nonzero spins are
included by SUSY instead of deforming the constraints by
spin labels.
The discovery of AdS/CFT incited motivation to explore

the twistor description for particles living in AdS space-
time. In [26,27], a complex two-twistor model has been
shown to describe massive scalar particles in AdS5. This
model is in fact rather exceptional because in general
massive AdS particles require four twistors instead of two,
as shown for AdS4;5;7 massive scalar particles in [28], and
consistent with the general pattern found in the analysis of
relevant oscillator representations [29]. See also [30–32]
for the AdS5 × S5 massless supertwistor particles. Two-
twistor models for the massless AdS4;5;7 superparticle are
studied in [33–35] in relation with the Mink3;4;6 massive
twistors [23–25], where the AdS5 exception is clarified
further. See also [36,37] for more recent coset constructions
of the Lagrangians for massive (super)twistor particles
in AdS4;5.
As we explained before, to describe a definite spin s

particle, a “spin-shell” constraint must be imposed. If we

remove this constraint in a proper manner, the action can
describe infinitely many particles of any allowed spins, and
hence provides a worldline model for higher spin theory.
Such models for massless higher spin particles have been
considered in [38–42], and massive higher spin models are
also studied in [43,44]. See also [45,46] for the use of
classical twistor variables in constructing higher spin
algebras.
Twistor descriptions are not limited to the ordinary

massless and massive (spinning) particles, but they can
cover also the continuous spin particles: the Mink4 and
Mink6 continuous spin particle actions are obtained respec-
tively in [47–50].
The current paper is organized as follows. In Sec. II, we

begin with the review of the isomorphisms betweenfSOþð2; dÞ and “twistor groups”: Spð4;RÞ, SUð2; 2Þ,
and O�ð8Þ for d ¼ 3, 4, and 6. Then we demonstrate
how various twistor particle actions can be obtained from
coadjoint orbits of twistor groups, by implementing their
defining condition as Hamiltonian constraints. The con-
straints are associated with the coadjoint orbits of dual
groups, respectively identified with Oðp;M − pÞ,
Uðp;M − pÞ, and Spðp;M − pÞ, for d ¼ 3, 4, and 6,
where M is the number of twistors. In Sec. III, for each of
soð2; dÞ coadjoint orbits in the list of classifications
obtained in [1],2 we determine the system of constraints,
associated with the dual groups, of the corresponding
twistor actions. We find dual groups with different M and
p appear for different coadjoint orbits, namely for differ-
ent particle species. In Sec. IV, we summarize the results
according to the dual groups and generalize them by
making use of the dual pair correspondence [1]. For
compact dual groups with M ¼ 1, we find conformal
particles in jF j þ 2 dimensions, and theM ¼ 2 and 4 cases
describe massless and massive particles in AdSjF jþ3,
respectively, while the M ¼ 3 case corresponds to “very
light” massive particles. Noncompact dual groups cover
all other exotic particle species such as continuous spin
particles, tachyons, and BdS particles. In particular, the
continuous spin particles arise for the M ¼ 4 and p ¼ 1

case. In Sec. V, we show how the MinkjF jþ2 or (A)dSjF jþ2

massive twistor particle actions can be obtained by
restricting the massless one of (A)dSjF jþ3. This discussion
is along the line of [35], while we make more emphases on
the algebraic side, such as seesaw dual pairs. Finally, in
Appendix A, we provide complex matrix representations
of quaternion and their use in Poisson algebra, and
Appendix B contains the explicit component expressions
of the AdS generators, which can serve as a dictionary
between vectorial and twistorial descriptions.

2See [51] for the 4D orbit classification based on GLð2;CÞ.
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II. MANIFESTLY COVARIANT WORLDLINE
ACTIONS FROM COADJOINT ORBITS

OF A CLASSICAL LIE GROUP

Let us review the construction of manifestly covariant
particle actions from coadjoint orbits of a classical Lie
group [1].

A. Classical Lie groups

Any classical Lie group is a subgroup of a general linear
group GLðN; FÞ with F ¼ R;C, and H, which preserves
a certain bilinear form: We can define any classical Lie
group as

BðbðNÞ; FÞ ¼ fA∈GLðN; FÞjA†bðNÞA ¼ bðNÞg; ð2:1Þ

where bðNÞ is an element of GLðN; FÞ. The dagger
operation is defined as the composition A† ¼ ðAtÞ� of
the matrix transpose t and the F conjugation �.3 Up to a
GLðN; FÞ conjugation, bðNÞ can be mapped to either
Hermitian or anti-Hermitian with respect to †. A
Hermitian bðNÞ is in the conjugacy class of a flat metric
of ðp;N − pÞ signature: bðNÞ ¼ ηðp;N−pÞ. An anti-Hermitian
bðNÞ is in the conjugacy class of the symplectic matrix:
bðNÞ ¼ ΩðNÞ. With different choices of bðNÞ, we find the full
list of classical Lie groups, besides the GLðN; FÞ itself:

Bðηðp;N−pÞ;RÞ ¼Oðp;N −pÞ; BðΩðNÞ;RÞ ¼ SpðN;RÞ;
ð2:2Þ

Bðηðp;N−pÞ;CÞ ¼Uðp;N −pÞ; BðΩðNÞ;CÞ≅U

�
N
2
;
N
2

�
;

ð2:3Þ

Bðηðp;N−pÞ;HÞ ¼ Spðp;N −pÞ; BðΩðNÞ;HÞ≅O�ð2NÞ:
ð2:4Þ

In the right column, N is even for F ¼ R and C, whereas it
can also be an odd number for H. This is because we can
take the second element of H as a two-dimensional
symplectic matrix: ΩðNÞ ¼ jIðNÞ. Since ΩðNÞ can be diagon-
alized as iηðN=2;N=2Þ, the group BðΩðNÞ;CÞ is isomorphic to
UðN=2; N=2Þ. On the contrary, even though ΩðNÞ can still
be diagonalized as iηðN=2;N=2Þ, the group BðΩðNÞ;HÞ is
not isomorphic to SpðN=2; N=2Þ because the i, the first
element of H, does not commute with a quaternionic
matrix. See, e.g., [[52], Prop. 9.3.2.] for relevant
discussions.

B. Twistor groups

The classical Lie groups BðΩð4Þ; FÞ happen to be iso-
morphic to AdS groups of special dimensions,

BðΩð4Þ;RÞ ¼ Spð4;RÞ ≅ fSOþð2; 3Þ;
BðΩð4Þ;CÞ ¼ Uð2; 2Þ ⊃ SUð2; 2Þ ≅ fSOþð2; 4Þ;
BðΩð4Þ;HÞ ¼ O�ð8Þ ≅ fSOþð2; 6Þ; ð2:5Þ

and they contain GLð2; FÞ whose semisimple part is
isomorphic with the Lorentz subgroups,

GLð2;RÞ ⊃ SLð2;RÞ ≅ fSOþð1; 2Þ;
GLð2;CÞ ⊃ SLð2;CÞ ≅ fSOþð1; 3Þ;
GLð2;HÞ ⊃ SLð2;HÞ ≅ fSOþð1; 5Þ: ð2:6Þ

Here fSOþðp; qÞ designates the double cover of the ortho-
chronous Lorentz group SOþðp; qÞ. Hence, letting jF j be
the real dimensions of F , the twistor group BðΩð4Þ; FÞ is the
double cover of the AdSjF jþ2 isometry group, or equiv-
alently the ðjF j þ 1Þ-dimensional conformal group. This
isomorphism allows one to describe half-integral spins,
which was not possible in the vectorial description based on
the Lie group Oðp; qÞ [1], and it is in the heart of twistor
description of particles and fields: see, e.g., [5,28]. We shall
show how the twistor actions of various AdS particles in the
literature can be recovered, together with many new particle
actions, from a universal expression by applying the
information of the Lie group, that is bðNÞ, and the coadjoint
orbit OG

ϕ , which will be specified by a representative
element ϕ.
All the twistor actions will be described in an equal

footing by taking the advantage of the natural inclusion as
groups of 4 × 4 matrices,

BðΩð4Þ;RÞ ⊂ BðΩð4Þ;CÞ ⊂ BðΩð4Þ;HÞ; ð2:7Þ

with the 2 × 2 matrix subgroups,

GLð2;RÞ ⊂ GLð2;CÞ ⊂ GLð2;HÞ; ð2:8Þ

which contain the Lorentz groups. This allows us to
describe the corresponding twistor actions in a universal
expression in terms of 4MjF j variables, whereM is the rank
of the dual group fixed by the choice of the coadjoint
orbit OG

ϕ .

C. GLðN;FÞ manifestly covariant worldline action

Let us now review the derivation of a manifestly
covariant worldline action with a GLðN; FÞ symmetry
from a coadjoint orbit of the Lie group GLðN; FÞ. On
the group manifold GLðN; FÞ, the matrix components of

3The � conjugation is the identity map for R, the complex
conjugation for C, and the quaternionic conjugation for H.
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Xa
b ∈ F of an element X∈GLðN; FÞ serve a natural and

global coordinate system, and the left-invariant vector
fields are given by V ¼ Va

bXc
a

∂

∂Xc
b
. The symplectic

structure of the cotangent bundle T�GLðN; FÞ prescribes
the geometric action, which reads simply

S½X;P; A� ¼
Z

TrN ½P dX þ AðPX − ϕÞ�R; ð2:9Þ

where X, P, A, and ϕ belong to MatN×NðFÞ. The real part
½•�R stands for

½A�R ¼ 1

2
ðAþ A†Þ; ð2:10Þ

with A† ≔ ðAtÞ�, and the ð•Þ� stands for the conjugate in F .
The real part does not do anything for F ¼ R, but they are
necessary for the correct symplectic potentials for F ¼ C
and F ¼ H. The constraint imposed by the Lagrange
multiplier A can be algebraically solved to give

S½X� ¼
Z

TrN ½ϕX−1dX�R: ð2:11Þ

If the coadjoint matrix ϕ has a rank M ≤ N, we can
transform it into a triangular form and integrate out the
components of X in the lower subspace MatN×ðN−MÞðFÞ.
This brings the reduction of the action into the form

S½X;P; A� ¼
Z

TrM½P dX þ AðPX − ϕ̃Þ�R; ð2:12Þ

where X, P, and A take values inMatN×MðFÞ,MatM×NðFÞ,
and MatM×MðFÞ, respectively. The matrix ϕ̃ is the M ×M
submatrix of the triangulized ϕ, and hence it belongs to
MatM×MðFÞ. In the end, the action describes a G ¼
GLðN; FÞ coadjoint orbit OG

ϕ as a reduced phase space
inside F2MN where the constraints are given through the
moment maps μ̃ðX;PÞ ¼ PX∈MatM×MðFÞ generating
G̃ ¼ GLðM; FÞ under the Poisson bracket. Note also that
the moment maps μðX;PÞ ¼ XP∈MatN×NðFÞ associated
with the original GLðN; FÞ symmetry Poisson-commute
with μ̃. The constraints μ̃ðX;PÞ − ϕ̃ ≈ 0 are associated with
the dual G̃ ¼ GLðM; FÞ coadjoint orbit OG̃

ϕ̃
.

D. BðbðNÞ;FÞ manifestly covariant worldline action

The passage fromGLðN; FÞ to BðbðNÞ; FÞ can be done by
implementing the defining condition (2.1) of BðbðNÞ; FÞ into
the action (2.11) as a constraint. The resulting action reads

S½X; A� ¼
Z

TrN ½ϕX−1dX þ AðX†bðNÞX − bðNÞÞ�R

≅
Z

TrN ½ϕ b−1ðNÞX
†bðNÞdX þ AðX†bðNÞX − bðNÞÞ�R;

ð2:13Þ

where ≅ designates the redefinition of A replacing X−1 by
b−1ðNÞX

†bðNÞ. The constant matrix ϕ belongs to

bðbðNÞ;FÞ ¼ fξ∈MatN×NðFÞjξ†bðNÞ þ bðNÞξ¼ 0g; ð2:14Þ

whereas X takes value in MatN×NðFÞ after introducing the
constraint. If the matrix ϕ∈ bðbðNÞ; FÞ has a rank M, it can
always be mapped to a b̃ðMÞ as

ϕ ¼ T b̃ðMÞT† bðNÞ; ð2:15Þ

in terms of a transformation matrix T ∈MatN×MðFÞ.
Moreover, the mapping has a very simple rule: we can
always choose T such that b̃ðMÞ ¼ ðΩðMÞÞ−1 for bðNÞ ¼
ηðp;N−pÞ and b̃ðMÞ ¼ ðηðq;M−qÞÞ−1 for bðNÞ ¼ ΩðNÞ. In the latter
case, the number q depends on ϕ. The real part is concerned
mostly about the quaternion case since in the real and
complex cases the Lagrangian is already real up to a
boundary term.
After a suitable redefinition of X and A in terms of the

transformation matrix T and integrating out the nondy-
namical components of X in the subspaceMatN×ðN−MÞðFÞ,
the action becomes

S½X;A� ¼
Z

TrM½b̃ðMÞX† bðNÞdXþAðX† bðNÞX − b̃−1ðMÞϕ̃Þ�R;

ð2:16Þ

where X takes value in MatN×MðFÞ and ϕ̃ is given by

b̃−1ðMÞ ϕ̃ ¼ T† bðNÞ T: ð2:17Þ

Here, μ̃ðXÞ ¼ X†bðNÞX are the moment maps generating the
dual symmetry G̃ ¼ Bðb̃ðMÞ; FÞ, and hence ϕ̃ is an element
of bðb̃ðMÞ; FÞ. Note that the moment maps μ̃ of the dual
group Poisson commute with the moment maps μðXÞ ¼
X b̃ðMÞX† generating the original symmetry G ¼ BðbðNÞ; FÞ.

E. Worldline action of twistor particles in AdSjF j + 2
With the choice bð4Þ ¼ Ωð4Þ and ðb̃ðMÞÞ−1 ¼ ηðq;M−qÞ,

the universal action (2.16) can be written in a component
form as
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S½X; A� ¼
Z

½ηIJðXA
JÞ�ΩABdXB

I þ AIJððXA
JÞ�ΩABXB

I − ηJKϕ̃
K
IÞ�R; ð2:18Þ

where ηIJ are the components of ηðq;M−qÞ. The dual
group indices I, J take values in f1;…;Mg for ηðMÞ,
f0; 1;…;M − 1g for ηð1;M−1Þ, and f00; 0; 1…;M − 2g for
ηð2;M−2Þ. These indices should not be confused with the
spacetime coordinate indices. What transforms covariantly
under the spacetime symmetry is the twistor variable with
the indices A, B, which takes four values. They can be
further split into the undotted and dotted bivalued indices α,
β, and α̇; β̇:

ΩAB ¼
 

0 −δβ̇α̇
δαβ 0

!
; XA

I ¼
�
ξαI
πα̇I

�
;

ðXA
IÞ� ¼

�ðξαIÞ�
ðπα̇IÞ�

�
¼
�
ξ̄α̇I
π̄αI

�
; ð2:19Þ

to result in the more familiar form of the twistor action

S½ξ; π; A� ¼
Z

½ηIJðπ̄αJdξαI − ξ̄α̇Jdπα̇IÞ þ AIJðπ̄αJξαI − ξ̄α̇Jπα̇I − ϕ̃JIÞ�R: ð2:20Þ

Here, ðϕ̃IJÞ� ¼ −ϕ̃JI and ðAIJÞ� ¼ −AJI under the F
conjugation. For F ¼ R and C, the Lagrangian without
the projection to the real part ½•�R is already real up to a
boundary term, but for F ¼ H, the (conj) term is necessary
for the reality of the Lagrangian. Note that M corresponds
to the number of twistors.
The Poisson bracket of the action for F ¼ C reads

fξαI; π̄βJg ¼ ηIJδ
α
β; fξ̄α̇I; πβ̇Jg ¼ ηIJδ

α̇
β̇
; ð2:21Þ

where the complex variables and their complex conjugate
are treated independently as usual. For F ¼ R, we may
either begin with the real variables with

ξ̄α̇I ¼ ξαI; π̄αI ¼ πα̇I; ð2:22Þ

or work with the complex variables and treat the above
reality conditions as second class constraints. For F ¼ H,
we may use the 2 × 2 Hermitian matrix representation of a
quaternion, where the Hermicity condition should be
imposed as second class constraints (see Appendix A).
In fact, for a universal treatment of any F, it is convenient to
make use of the following properties of the real part ½•�R.
For any numbers a; b∈ F ,

½ab�R ¼ ½ba�R ¼ ½a�b��R ¼ a0b0−
XjF j−1
r¼1

arbr∈R; ð2:23Þ

where the real components ar are given by

a ¼ a0 ∈R; a ¼ a0 þ a1i∈C;

a ¼ a0 þ a1iþ a2jþ a3k∈H: ð2:24Þ

Then, the Poisson bracket can be expressed as

f½aξαI�R; ½bπ̄βJ�Rg ¼ f½aξαI�R; ½b�πβ̇J�Rg ¼ 1

2
ηIJδ

α
β½ab�R;
ð2:25Þ

for any F numbers a and b. The constraints imposed by the
Lagrange multiplier AIJ are

χ̃IJ ¼ μ̃IJ − ϕ̃IJ ≈ 0; ð2:26Þ

where μ̃IJ are the F -valued functions given by

μ̃IJ ¼ π̄αIξ
α
J − ξ̄α̇Iπα̇J; ð2:27Þ

and they are closed under the Poisson bracket,

f½aμ̃IJ�R; ½bμ̃KL�Rg ¼ 1

2
½ηJKðbaÞμ̃IL − ηJLðb�aÞμ̃IK − ηKIðba�Þμ̃JL þ ηLIðb�a�Þμ̃JK�R: ð2:28Þ
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These Poisson brackets define the dual algebra
g̃ ¼ bðηðq;M−qÞ; FÞ: the functions μ̃IJ are the moment maps
of the dual algebra.
Note that for F ¼ R, the real part does not play any role

and the numbers a, b can be factored out freely, leaving the
usual Lie bracket of the orthogonal algebra soðq;M − qÞ.
For F ¼ C, the above is equivalent to the more usual
expression,

fμ̃IJ; μ̃KLg ¼ ηJKμ̃IL − ηILμ̃KJ: ð2:29Þ

The moment maps μ̃IJ transform under the F conjugate as

ðμ̃IJÞ� ¼ −μ̃JI; ð2:30Þ

and hence the symmetric and antisymmetric parts μ̃ðIJÞ and
μ̃½IJ� have the property

ðμ̃ðIJÞÞ� ¼ −μ̃ðIJÞ; ðμ̃½IJ�Þ� ¼ μ̃½IJ�: ð2:31Þ

This shows that each symmetric component μ̃ðIJÞ is,
respectively, zero, pure imaginary, and pure quaternion
for F ¼ R;C, andH. Therefore, each μ̃ðIJÞ generates the Lie
algebra F̂ that we define as R̂ ≔ oð1Þ ¼ 0, Ĉ ≔ uð1Þ, and
Ĥ ≔ spð1Þ (in other words, F̂ ¼ F=R).
The moment maps μ̃IJ are the image of the co-moment

map m of the dual algebra g̃ ¼ bðηðq;M−qÞ; FÞ,

m

�
1

2
ða�RIJ − aRJIÞ

�
¼ ½aμ̃IJ�R; ∀ a∈ F ; ð2:32Þ

where the basis of g̃ is the subset of FRIJ
4 whose Lie

brackets are inherited from the associative product,

RIJRKL ¼ ηJKRIL: ð2:33Þ

The basis of the coadjoint space g̃� ¼ bðηðq;M−qÞ; FÞ� can be
chosen in the FRIJ basis with5

haRIJ; bRKLi ¼ ½a�b�RδIKδJL: ð2:36Þ

Hence, any elements ξ∈ g̃ and ϕ̃∈ g̃� can be decomposed
in the above basis as

ξ ¼ ξIJRIJ; ϕ̃ ¼ ϕ̃IJRIJ; ð2:37Þ

with ξIJ and ϕ̃IJ in F satisfying

ðξIJÞ� ¼ −ξJI; ðϕ̃IJÞ� ¼ −ϕ̃JI: ð2:38Þ

The bilinear form between ϕ̃ and ξ can be expressed as

hϕ̃; ξi ¼ ½ðϕ̃IJÞ�ξIJ�R ¼ TrM½ϕ̃†ξ�R: ð2:39Þ

The constraints χIJ ¼ μ̃IJ − ϕ̃IJ ≈ 0 are split into the first
and second class constraints. The first class constraints are
the combinations ½ξIJχIJ�R with

ad�½ξIJRIJ �R ϕ̃ ¼ 0; ð2:40Þ

while the rest corresponding to G̃=G̃ϕ̃ ≅ OG̃
ϕ̃
are the second

class constraints. The dimension of the phase space, that is,
the original coadjoint orbit OG

ϕ , is

dimðOG
ϕ Þ ¼ 4MjF j − dimðg̃Þ − dimðg̃ϕ̃Þ

¼ M þMð7 −MÞ
2

jF j − dimðg̃ϕ̃Þ; ð2:41Þ

where the dimension of g̃ is

dimðg̃Þ ¼ MðM þ 1Þ
2

jF j −M: ð2:42Þ

As we shall see later, the possible values of M are 1,2,3,4.
Now let us consider the spacetime symmetry that is

generated by the moment maps,

Lα
β ¼ ξαI π̄βI; Pαβ̇ ¼ ξαI ξ̄β̇I;

Kα̇β ¼ πα̇
I π̄βI; L̄α̇

β̇ ¼ πα̇
I ξ̄β̇I; ð2:43Þ

with the Poisson brackets,

f½aLα
β�R; ½bLγ

δ�Rg¼
1

2
½δαδðabÞLγ

β−δγβðbaÞLα
δ�R; ð2:44Þ

f½aPαβ̇�R; ½bKγ̇δ�Rg¼
1

2
½δαδðabÞL̄γ̇

β̇þδβ̇γ̇ ðbaÞLα
δ�R; ð2:45Þ

f½aL̄α̇
β̇�R; ½bL̄γ̇

δ̇�Rg¼
1

2
½δβ̇γ̇ ðbaÞL̄α̇

δ̇−δδ̇α̇ðabÞL̄γ̇
β̇�R: ð2:46Þ

They are the co-moment map images of the Lie algebra
g ¼ bðΩð4Þ; FÞ generated by the generators of the con-
formal algebra.

4By FRIJ, we mean the basis fRIJg, fRIJ; iRIJg, and
fRIJ; iRIJ; jRIJ;kRIJg for F ¼ R, C, and H.

5It is convenient to use the defining representations of RIJ

and RIJ:

ðRIJÞKL ¼ δKI ηJL; ðRIJÞKL ¼ ηIK δJL; ð2:34Þ

so that the two are related by RIJ ¼ RIJ ¼ ηIK ηJL RKL and
satisfy

hRIJ; RKLi ¼ TrððRIJÞtRKLÞ ¼ δIK δJL: ð2:35Þ
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III. CLASSIFICATION OF TWISTOR
PARTICLES IN AdSjF j + 3

In this section, we determine the coadjoint matrices ϕ
corresponding to different particle species. For each of ϕ,
we identify ðb̃ðMÞÞ−1 ¼ ηðq;M−qÞ, which defines the dual

group, and the dual coadjoint matrix ϕ̃. The classification
of coadjoint orbits has already been carried out in the
soð2; dÞ basis. Therefore, we simply need to transform the
soð2; dÞ basis into the twistor basis. The change of basis
can be made using the spinor representations of soð2; dÞ.
We shall first find the spinor representations of Lorentz
subalgebra soð1; d − 1Þ and extend them to soð2; dÞ.
Let us begin with the d ¼ 3 case, soð1; 2Þ ⊂ glð2;RÞ,

where the gamma matrices are indeed all real and given by

γ
ð1;2Þ

μ ¼ τμ; ð3:1Þ

with

τ0 ¼ iσ2 ¼
�

0 1

−1 0

�
; τ1 ¼ σ1 ¼

�
0 1

1 0

�
;

τ2 ¼ σ3 ¼
�
1 0

0 −1

�
: ð3:2Þ

The τμ matrices satisfy the (anti)commutation relations

½τμ; τν� ¼ 2 ϵμνρτ
ρ; fτμ; τνg ¼ 2 ημν; ð3:3Þ

with the conventions

ϵ012 ¼ 1; ημν ¼ diagð−1; 1; 1Þ: ð3:4Þ

This choice of basis can be extended to the Clifford algebra
Clð2; 3Þ ⊃ bðΩð4Þ;RÞ as

γ
ð2;3Þ

00 ¼ τ̂0 ⊗ 1ð2Þ; γ
ð2;3Þ

μ ¼ τ̂2 ⊗ τμ;

γ
ð2;3Þ

3 ¼ τ̂1 ⊗ 1ð2Þ; ð3:5Þ

while keeping the reality of the gamma matrices, or to
Clð1; 5Þ ⊃ slð2;HÞ with the gamma matrices

γ
ð1;5Þ

μ ¼ τμ ⊗ τ̌1; γ
ð1;5Þ

ω ¼ qω−31ð2Þ ⊗ τ̌0 ½ω¼ 4;5;6�;
ð3:6Þ

where ðq1; q2; q3Þ ¼ ði; j; kÞ are the quaternion bases. The
first element i can serve as

ffiffiffiffiffiffi
−1

p
for the subalgebra

Clð1; 3Þ ⊃ slð2;CÞ. We introduced different notations
τ̂μ ¼ τ̌μ ¼ τμ to make the inclusion structure more clear.
Finally the largest Clifford algebra Clð2; 6Þ ⊃ bðΩð4Þ;HÞ is
realized with the gamma matrices,

γ
ð2;6Þ

00 ¼ τ̂0 ⊗ 1ð2Þ ⊗ τ̌1; γ
ð2;6Þ

μ ¼ τ̂2 ⊗ τμ ⊗ τ̌1;

γ
ð2;6Þ

3 ¼ τ̂1 ⊗ 1ð2Þ ⊗ τ̌1; γ
ð2;6Þ

ω ¼ qω−31̂ð2Þ ⊗ 1ð2Þ ⊗ τ̌0:

ð3:7Þ

These gamma matrices are 8 × 8 with H entries, but the
associated Lie algebra generators are all proportional to 1̌ð2Þ
or τ̌2 (no dependence on τ̌0 and τ̌1), and hence the last
tensor product entry with •̌ can be dropped. In the end, we
identified the spinor representations of all soð2; 6Þ ≅
bðΩð4Þ;HÞ generators. For the realization of bðΩð4Þ;HÞ
with the standard form of Ωð4Þ,

Ωð4Þ ¼ τ̂0 ⊗ 1ð2Þ ¼
�

0 1ð2Þ
−1ð2Þ 0

�
; ð3:8Þ

we have to intertwine the representations as

JAB ¼ Q−1 ½γA; γB�
4

Q ½A;B ¼ 00; μ;ω�; ð3:9Þ

where the intertwiner Q is given by

Q ¼
�
1ð2Þ 0

0 τ0

�
: ð3:10Þ

See Appendix B for the explicit component expressions
of JAB. The dual basis J AB of bðΩð4Þ; FÞ� can also be
represented by 4 × 4 matrices as

J AB ¼ JBA; ð3:11Þ

and satisfy

hJ AB; JCDi ¼ TrðJ ABJCDÞ ¼ δ½A½Cδ
B�
D�: ð3:12Þ

In the following, we find simple matrix expressions of
various coadjoint vectors ϕ by making use of the matrix
representation of J AB introduced above. We then diago-
nalize the matrices ϕ to identify the dual groups and the
corresponding dual coadjoint vectors ϕ̃. The matrix rep-
resentation of each ϕ̃ determines the worldline action of the
corresponding twistor particle: it is enough to put the data
of ϕ̃ into the general expression (2.20) of the twistor action.
Before enlisting our results, let us remark that we

assume none of the parameters of ϕ or ϕ̃ vanish. To
address such a limiting case, we perform separate analyses.
Moreover, we limit ourselves to the coadjoint orbits with at
most two independent labels for simplicity. This will
exclude, for instance, a large class of mixed symmetry
spin particles.
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A. Particles with timelike momenta

We begin with the particle species whose representative
momenta are timelike.
(1) Let us consider first the case of massive scalar

particles. The corresponding coadjoint orbit is given
by the representative vector

ϕ ¼ mJ 000; ð3:13Þ

and it can be written in the 4 × 4 matrix form as

ϕΩ−1
ð4Þ ¼

m
2

�
1ð2Þ 0

0 1ð2Þ

�
: ð3:14Þ

From the above, we identify that the dual group G̃ is
Bðηð4Þ; FÞ, and the dual coadjoint orbit is given by
the coadjoint element

ηð4Þϕ̃ ¼ m
2

�
0 1ð2Þ

−1ð2Þ 0

�
; ð3:15Þ

which immediately specifies the twistor particle
action through (2.20). We remind the reader that
the constraints analysis of particle action can be
universally replaced by the analysis of the dual
stabilizer. For that, it is useful to express the matrix
form (3.15) of the coadjoint element in terms of the
dual basis RIJ as

ϕ̃ ¼ jmj
2

ðR½13� þR½24�Þ: ð3:16Þ

Then, it becomes fairly straightforward to analyze
the stabilizer g̃ϕ̃. We find that g̃ϕ̃ is generated by

R½13� þ R½24�; R½13� − R½24�;

R½12� þ R½34�; R½14� þ R½23�; ð3:17Þ

qαðR11 þ R33Þ; qαðR22 þ R44Þ;
qαðRð12Þ þ Rð34ÞÞ; qαðRð14Þ − Rð23ÞÞ; ð3:18Þ

where ðq1; q2; q3Þ ¼ ði; j; kÞ are the quaternion basis,
and hence the generators containing qα are all absent
for F ¼ R, and only those with q1 ¼ i are present for
F ¼ C. Note that the stabilizer algebra g̃ϕ̃ is iso-
morphic to uð2Þ, uð2Þ ⊕ uð2Þ and uð4Þ for F ¼ R,
C, and H, respectively. Since dimðg̃ϕ̃Þ ¼ 4jF j, we
find the dimension of the coadjoint orbit, according
to (2.41), as

dimðOG
ϕ Þ ¼ 2jF j þ 4: ð3:19Þ

The phase space dimension of a scalar particle in
AdSd is 2ðd − 1Þ, that is, 6,8, and 12 for d ¼ 4, 5,
and 7, respectively, and hence matches the dimen-
sions (3.19) for F ¼ R;C, and H.

(2) Let us move to the case of spinning particles. The
coadjoint orbit with timelike momentum and space-
like spin is given by

ϕ ¼ mJ 000 þ sJ 12 ð3:20Þ

or, in 4 × 4 matrix form, by

ϕΩ−1
ð4Þ ¼

1

2

�
m1ð2Þ sτ0
−sτ0 m1ð2Þ

�
: ð3:21Þ

We can diagonalize this matrix to identify the dual
group G̃ and the corresponding dual orbit. At this
step, we find three subcases to which we accord
different particle interpretations.
(a) The case with jmj > jsj is interpreted as a

massive spinning particle. The dual group G̃
is Bðηð4Þ; FÞ, the same as the scalar case, while
the dual coadjoint orbit is given by the coadjoint
element,

ϕ̃ ¼ ðηð4ÞÞ−1
1

2

� jmþ sjτ0 0

0 jm − sjτ0

�
¼ jmþ sj

2
R½12� þ jm − sj

2
R½34�: ð3:22Þ

The dual stabilizer is

g̃ϕ̃ ≅ uð1ÞR½12� ⊕ F̂R11þR22
⊕ uð1ÞR½34� ⊕ F̂R33þR44

;

ð3:23Þ

where F̂X is the Lie algebra R̂ ¼ oð1Þ ¼ 0, Ĉ ¼
uð1Þ and Ĥ ¼ spð1Þ generated by qαX. In this
spinning case, the dimension of dual stabilizer is
reduced to dimðg̃ϕ̃Þ ¼ 2jF j. Consequently, the
dimension of the coadjoint orbit is increased to

dimðOG
ϕ Þ ¼ 4jF j þ 4: ð3:24Þ

Since the phase space dimension of a massive
spinning particle in AdSd is 2ð2d − 4Þ, it
matches the dimension (3.24) in four, five,
and seven dimensions.

(b) The case with jmj ¼ jsj is interpreted as a
massless spinning particle. In this case, the dual
group G̃ reduces to Bðηð2Þ; FÞ with

ϕ̃ ¼ ðηð2ÞÞ−1jsjτ0 ¼ jsjR½12�: ð3:25Þ
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The dual stabilizer is also half of the massive
case

g̃ϕ̃ ≅ uð1ÞR½12� ⊕ F̂R11þR22
; ð3:26Þ

with dimðg̃ϕ̃Þ ¼ jF j. The dimension of the co-
adjoint orbit is

dimðOG
ϕ Þ ¼ 4jF j þ 2 ð3:27Þ

and matches the phase space dimension of a
massless spinning particle in AdSd, that is,
2ð2d − 5Þ, in four, five, and seven dimensions.

(c) The case with jmj < jsj can be better interpreted
as a particle of mass s and timelike spin m living
in BdS. The dual group is Bðηð2;2Þ; FÞ, while the
dual orbit is given by the same coadjoint element
(3.22) with the same dual stabilizer (3.23).

B. Particles with lightlike momenta

Let us move to the case where the momentum of the
particle is null, namely lightlike. As we will show shortly,
this case includes the massless scalar and continuous spin
particles, together with the massless limit of massive
tachyons.
(1) The coadjoint orbit of the massless scalar particle is

given by

ϕΩ−1
ð4Þ ¼ EJ 00þΩ−1

ð4Þ ¼
E
4

�
1ð2Þ 1ð2Þ
1ð2Þ 1ð2Þ

�
; ð3:28Þ

with J 00þ ¼ 1
2
ðJ 000 þ J 003Þ. The dual group is

G̃ ¼ Bðηð2Þ; FÞ, and the dual coadjoint orbit is the
trivial orbit,

ϕ̃ ¼ 0: ð3:29Þ

In this case, the dual stabilizer coincides with the
dual group itself, and hence dimðg̃ϕ̃Þ ¼ 3jF j − 2.
Consequently, the dimension of the coadjoint orbit,

dimðOG
ϕ Þ ¼ 2jF j þ 4; ð3:30Þ

coincides with the phase space dimension of a scalar
particle in AdSjF jþ3.

(2) The coadjoint orbit with lightlike momentum and
spacelike spin, corresponding to the end point of the
massive tachyonic particle, is given by

ϕΩ−1
ð4Þ ¼ ðEJ 00þ þ sJ 12ÞΩ−1

ð4Þ

¼ 1

2

 
E
2
1ð2Þ E

2
1ð2Þ þ sτ0

E
2
1ð2Þ − sτ0 E

2
1ð2Þ

!
: ð3:31Þ

The dual group is G̃ ¼ Bðηð2;2Þ; FÞ, and the dual
coadjoint orbit is given by

ϕ̃ ¼ ðηð2;2ÞÞ−1
1

4

 
−ð2jsj − ϵÞτ0 −ϵ1ð2Þ

ϵ1ð2Þ ð2jsj þ ϵÞτ0

!
¼ −jsjðR½þ0þ� þR½−0−�Þ þ ϵR½þ0−�: ð3:32Þ

The dual stabilizer is

g̃ϕ̃ ≅RR½þ0þ�þR½−0−�−2R½þ0−� ⊕uð1ÞR½þ0þ�þR½−0−�

⊕ F̂Rðþ0−0ÞþRðþ−Þ ⊕ F̂Rþ0þ0−R−0−0−RþþþR−−
; ð3:33Þ

where the second line is trivial for F ¼ R and
isomorphic to uð1Þ ⊕ uð1Þ and slð2;CÞ for
F ¼ C and H, respectively. Here, the light-cone
indices, V�0 ¼ 1

2
ðV00 � V2Þ and V� ¼ 1

2
ðV0 � V1Þ,

are used also for the dual group indices. Note that
ϵ ≅ λϵ for any λ∈R≠0: it can be rescaled using the
mutual boost in the þ=− and þ0=−0 coordinates.
The presence of ϵ parameters shows that the

corresponding orbit is the special semisimple orbit
discussed in Sec. 7.2 of [1]: when the dual group is
regarded as the spacetime symmetry, the dual orbit
corresponds to the particle with entangled mass and
spin, and the parameter ϵ is associated with a
nilpotent coadjoint element.

(3) The coadjoint orbit with lightlike momentum and
lightlike spin, corresponding to the continuous spin
particle, is given by

ϕΩ−1
ð4Þ ¼ ðEJ 00þ þ ϵJ −2ÞΩ−1

ð4Þ

¼ 1

4

�
E1ð2Þ þ ϵτ1 E1ð2Þ − ϵτ1

E1ð2Þ − ϵτ1 E1ð2Þ þ ϵτ1

�
: ð3:34Þ

In this case, the dual group G̃ is Bðηð1;3Þ; FÞ, and the
dual orbit is given by

ϕ̃ ¼ ðηð1;3ÞÞ−1
ρ

2

�
τ0 0

0 −τ0

�
¼ ρ

2
ðR½01� −R½23�Þ;

ð3:35Þ

with the stabilizer

g̃ϕ̃ ≅ RR½01� ⊕ F̂R00−R11
⊕ uð1ÞR½23� ⊕ F̂R22þR33

:

ð3:36Þ

Here, ρ ¼ ffiffiffiffiffiffiffiffijEϵjp
is the genuine label of the dual

coadjoint orbit, which cannot be freely rescaled.
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C. Particles with spacelike momenta

The particles with spacelike momenta, namely tachyons,
have infinitely many degrees of freedom6 except for the
scalar case. For the spinning cases, there are several
different kinds.
(1) The coadjoint orbit of the tachyonic scalar particle is

given by

ϕΩ−1
ð4Þ ¼ μJ 001Ω−1

ð4Þ ¼
μ

2

�−τ2 0

0 τ2

�
: ð3:37Þ

The dual group is G̃ ¼ Bðηð2;2Þ; FÞ, and the dual
orbit is given by

ϕ̃¼ ðηð2;2ÞÞ−1
jμj
2

�
0 τ2

−τ2 0

�
¼ jμj

2
ðR½001� −R½02�Þ;

ð3:38Þ

with the stabilizer g̃ϕ̃ ≅ glð2; FÞ generated by

R½001� − R½02�; R½000� − R½12�;

R½001� þ R½02�; R½002� − R½01�; ð3:39Þ

qαðR0000 −R11Þ; qαðR00 −R22Þ;
qαðRð000Þ −Rð12ÞÞ; qαðRð002Þ þRð01ÞÞ: ð3:40Þ

(2) The coadjoint orbit with spacelike momentum and
timelike spin is given by

ϕΩ−1
ð4Þ ¼ ðμJ 001 þ νJ 02ÞΩ−1

ð4Þ ¼
1

2

�−μτ2 −ντ1
−ντ1 μτ2

�
:

ð3:41Þ

Up to conjugation, we can take μ ≥ ν > 0.
(a) For μ > ν, the dual group G̃ is Bðηð2;2Þ; FÞ, and

the dual coadjoint orbit is given by

ϕ̃ ¼ ðηð2;2ÞÞ−1
1

2

�
0 μτ0 þ ντ1

μτ0 − ντ1 0

�
¼ μþ ν

2
R½002� −

μ − ν

2
R½01�; ð3:42Þ

with the stabilizer

g̃ϕ̃ ≅ RR½01� ⊕ F̂R00−R11
⊕ RR½002� ⊕ F̂R0000−R22

:

ð3:43Þ

(b) For a short tachyon with μ ¼ ν, the dual group G̃
is Bðηð1;1Þ; FÞ, and the dual coadjoint orbit is
given by

ϕ̃ ¼ ðηð1;1ÞÞ−1ντ0 ¼ νR½01�; ð3:44Þ

with the stabilizer

g̃ϕ̃ ≅ RR½01� ⊕ F̂R00−R11
: ð3:45Þ

(3) The coadjoint orbit with spacelike momentum and
spacelike spin is given by

ϕΩ−1
ð4Þ ¼ ðμJ 001 þ sJ 23ÞΩ−1

ð4Þ

¼ 1

2

�−μτ2 þ sτ1 0

0 μτ2 þ sτ1

�
: ð3:46Þ

The dual group G̃ is Bðηð2;2Þ; FÞ, and the dual
coadjoint orbit is given by

ϕ̃¼ðηð2;2ÞÞ−1
1

2

 
jsjτ0 jμjτ1
−jμjτ1 jsjτ0

!

¼ jsj
2
ðR½000� þR½12�Þþ jμj

2
ðR½002� þR½01�Þ; ð3:47Þ

with the stabilizer

g̃ϕ̃ ≅ uð1ÞR½000�þR½12� ⊕ RR½002�þR½01�

⊕ F̂R0000þR00−R11−R22
⊕ F̂Rð001Þ−Rð02Þ : ð3:48Þ

Note that the second line is trivial for F ¼ R and
isomorphic to uð1Þ ⊕ R and slð2;CÞ for F ¼ C and
H, respectively. The dual coadjoint vector ϕ̃ can be
interpreted as the coadjoint vector of the one-
parameter family of a continuous spinning particle
when the dual group G̃ is regarded as the spacetime
symmetry.

(4) The coadjoint orbit with spacelike momentum and
lightlike spin is given by

ϕΩ−1
ð4Þ ¼ ðμJ 001 þ ϵJ 2þÞΩ−1

ð4Þ

¼ 1

2

0BBB@
0 0 μ −ϵ
0 0 0 μ

μ 0 0 0

−ϵ μ 0 0

1CCCA; ð3:49Þ

with J 2� ¼ 1
2
ðJ 20 � J 23Þ. The dual group G̃ is

Bðηð2;2Þ; FÞ, and the dual orbit is given by

6Quantizations of these particles will lead to irreps, which are
realized by infinite component fields, such as in the continuous
spin case.
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ϕ̃ ¼ ðηð2;2ÞÞ−1
1

4

�
ετ0 2jμjτ1 þ ετ0

−2jμjτ1 þ ετ0 ετ0

�
¼ jμjðR½−0þ� −R½þ0−�Þ þ εR½þ0þ�; ð3:50Þ

with the stabilizer

g̃ϕ̃ ≅ RR½þ0þ� ⊕ RR½þ0−�−R½−0þ�

⊕ F̂Rþ0þ0−Rþþ ⊕ F̂Rðþ0−0ÞþRðþ−Þ : ð3:51Þ

The second line is trivial for F ¼ R and isomorphic
to R ⊕ R and isoð3Þ for F ¼ C and H, respectively.
Here, V� ¼ 1

2
ðV0 � V2Þ and V�0 ¼ 1

2
ðV00 � V1Þ,

and ε ≅ λε for any λ∈R≠0.
The dual coadjoint vector ϕ̃ can be understood

as the coadjoint vector of the entangled short
tachyon if the dual group is regarded as the space-
time symmetry.

D. Particles with entangled mass and spin

Next, we consider the cases that we referred to as
entangled mass and spin, in the sense that the represen-
tative coadjoint vector is given by the sum of two coadjoint
elements in a subtle relation. For detailed discussion, we
refer to our previous work [1].
(1) The coadjoint orbit of one parameter family of

continuous spin particle is given by

ϕΩ−1
ð4Þ ¼ ðsðJ 000 þ J 12Þ þ νðJ 001 − J 02ÞÞΩ−1

ð4Þ

¼ 1

2

�
s1ð2Þ − ντ2 sτ0 þ ντ1

−sτ0 þ ντ1 s1ð2Þ þ ντ2

�
: ð3:52Þ

The dual group G̃ is Bðηð1;3Þ; FÞ, and the dual
coadjoint orbit is given by

ϕ̃¼ ðηð1;3ÞÞ−1
�−jνjτ0 0

0 jsjτ0

�
¼ jνjR½01� − jsjR½23�;

ð3:53Þ

with the stabilizer

g̃ϕ̃≅RR½01� ⊕ F̂R00−R11
⊕uð1ÞR½23� ⊕ F̂R22−R33

: ð3:54Þ

Depending on the value of ν, the cases with ν > s,
ν < s and ν ¼ s may be interpreted as massive,
tachyonic and massless particles of continuous spin,
and the last case coincides with the usual continuous
spin particle treated in (3.35).

(2) The coadjoint orbit of an entangled massless particle
is given by

ϕΩ−1
ð4Þ ¼ ðsðJ 000 þ J 12Þ

þ ϵðJ 000 þ J 001 − J 12 − J 02ÞÞΩ−1
ð4Þ

¼

0BBBB@
s
2

0 0 s
2

0 s
2
þ ϵ − s

2
þ ϵ 0

0 − s
2
þ ϵ s

2
þ ϵ 0

s
2

0 0 s
2

1CCCCA: ð3:55Þ

The dual group G̃ is Bðηð3Þ; FÞ for sϵ > 0 and
Bðηð1;2Þ; FÞ for sϵ < 0. In both cases, the dual
coadjoint orbit is given by

ϕ̃¼ ðηðp;qÞÞ−1
0B@ 0 jsj 0

−jsj 0 0

0 0 0

1CA¼−jsjR½12�; ð3:56Þ

with the stabilizer

g̃ϕ̃ ≅ uð1ÞR½12� ⊕ F̂R11þR22
⊕ F̂R••

: ð3:57Þ

Here, the index • indicates the spatial direction
for the sϵ > 0 case, and the temporal direction for
sϵ < 0.
These cases correspond to the large remnant orbits

of massive spinning orbits in the massless limit
approaching from m > s and m < s, respectively.

(3) The coadjoint orbit of an entangled short tachyon is
given by

ϕΩ−1
ð4Þ ¼ ðνðJ 002 þJ 01Þ

þ ϵðJ 000 þJ 002 −J 21 −J 01ÞÞΩ−1
ð4Þ

¼ 1

2

 
ϵ1ð2Þ þ ðϵþ νÞτ1 ϵτ0 − ðϵ− νÞτ2
−ϵτ0 − ðϵ− νÞτ2 ϵ1ð2Þ − ðϵþ νÞτ1

!
:

ð3:58Þ

The dual group G̃ is Bðηð1;2Þ; FÞ. The dual coadjoint
orbit is given by

ϕ̃¼ ðηðp;qÞÞ−1
0B@ 0 jνj 0

−jνj 0 0

0 0 0

1CA¼−jνjR½01�; ð3:59Þ

with the dual stabilizer

g̃ϕ̃ ≅ RR½01� ⊕ F̂R00−R11
⊕ F̂R22

: ð3:60Þ

This case corresponds to the large remnant orbit of a
tachyonic spinning orbit in the massless limit.
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E. Particles in BdS spacetime

Let us move to consider the particles in bitemporal AdS
(BdS) spacetime defined as the hypersurface ηABXAXB ¼
þL2 with the metric ηAB ¼ diagð− −þ � � � þÞ. BdS was
identified originally in the vectorial description where the
hypersurface equation arises as a constraint. The BdS
particles have many subcases, including the massive spin-
ning particle with jmj < jsj treated before.
(1) The coadjoint orbit of the BdS “massive” scalar is

given by

ϕΩ−1
ð4Þ ¼ mJ 12Ω−1

ð4Þ ¼
m
2

�
0 τ0

−τ0 0

�
: ð3:61Þ

The dual group is G̃ ¼ Bðηð2;2Þ; FÞ, and the dual
coadjoint orbit is given by

ϕ̃¼ ðηð2;2ÞÞ−1
jmj
2

�
τ0 0

0 τ0

�
¼ jmj

2
ðR½000� þR½12�Þ:

ð3:62Þ

The dual stabilizer g̃ϕ̃ generated by

R½000� þ R½12�; R½000� − R½12�;

R½001� − R½02�; R½002� þ R½01�; ð3:63Þ

qðR0000 þR00Þ; qαðR11 þR22Þ;
qαðRð001Þ −Rð02ÞÞ; qαðRð002Þ þRð01ÞÞ ð3:64Þ

is isomorphic to uð1; 1Þ, uð1; 1Þ ⊕ uð1; 1Þ, and
uð2; 2Þ for F ¼ R;C, and H.

(2) The coadjoint orbit of the BdS “massless” scalar is
given by

ϕΩ−1
ð4Þ ¼ EJ 1þΩ−1

ð4Þ ¼
E
2

�
0 τ0 − τ2

−τ0 þ τ2 0

�
;

ð3:65Þ

where J 1þ ¼ 1
2
ðJ 10 þ J 13Þ. The dual group is

G̃ ¼ Bðηð1;1Þ; FÞ and its dual coadjoint orbit is the
trivial orbit

ϕ̃ ¼ 0: ð3:66Þ

The BdS spinning particles exist only in AdSd>4,
and hence we restrict F to C and H.

(3) The coadjoint orbit of a BdS spinning particle with
spacelike momentum and spacelike spin is given by

ϕΩ−1
ð4Þ ¼ ðmJ 12 þ sJ 34ÞΩ−1

ð4Þ ¼
1

2

�
isτ0 mτ0

−mτ0 isτ0

�
:

ð3:67Þ

(a) In the massive case with m ≠ s, the dual group
is Bðηð2;2Þ; FÞ, and the dual coadjoint orbit is
given by

ϕ̃ ¼ ðηð2;2ÞÞ−1
i
2
diagðjmþ sj;−jm − sj;

− jm − sj; jmþ sjÞ

¼ i
2
ðjmþ sjðR0000 þR22Þ

− jm − sjðR00 þR11ÞÞ: ð3:68Þ

For F ¼ C, the stabilizer is

g̃ϕ̃ ≅ uð1ÞiR0000
⊕ uð1ÞiR00

⊕ uð1ÞiR11
⊕ uð1ÞiR22

;

ð3:69Þ

while for F ¼ H, the stabilizer is

g̃ϕ̃ ≅ uð1; 1Þ002 ⊕ uð1; 1Þ01; ð3:70Þ

whereuð1;1ÞIJ¼SpanRfiRII;iRJJ;jRðIJÞ;kRðIJÞg.
(b) In the massless case with m ¼ s, the dual group

is G̃ ¼ Bðηð1;1Þ; FÞ, and the dual coadjoint orbit
is given by

ϕ̃ ¼ ðηð1;1ÞÞ−1ijsj ¼ ijsjðR00 þR11Þ: ð3:71Þ

For F ¼ C, the stabilizer is

g̃ϕ̃ ≅ uð1ÞR00
⊕ uð1ÞR11

; ð3:72Þ

while for F ¼ H, the stabilizer is

g̃ϕ̃ ≅ uð1; 1Þ01: ð3:73Þ

(4) The coadjoint orbit of a BdS spinning particle with
lightlike momentum and spacelike spin is given by

ϕΩ−1
ð4Þ ¼ ðEJ 1þ þ sJ 23ÞΩ−1

ð4Þ

¼ 1

4

 
sτ1 −Eðτ1 þ τ2Þ

Eðτ1 − τ2Þ sτ1

!
; ð3:74Þ

where J 1þ ¼ 1
2
ðJ 10 þ J 14Þ. The dual group is

Bðηð2;2Þ; FÞ and the dual coadjoint orbit is given by
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ϕ̃¼ ðηð2;2ÞÞ−1
1

4

 
iðjsjτ2þ ε1ð2ÞÞ −ε1ð2Þ

ε1ð2Þ ið−jsjτ2þ ε1ð2ÞÞ

!

¼ ijsj
2
ðRzzþRz̄ z̄−Rww−Rw̄ w̄Þþ iεðRzz̄þRww̄Þ:

ð3:75Þ

The dual stabilizer for F ¼ C is

g̃ϕ̃ ≅ uð1ÞiðRzzþRz̄ z̄Þ ⊕ uð1ÞiRðzz̄Þ

⊕ uð1ÞiðRwwþRw̄ w̄Þ ⊕ uð1ÞiRðww̄Þ ; ð3:76Þ

and the dual stabilizer for F ¼ H is generated by

iðRzz þ Rz̄ z̄Þ; iRðzz̄Þ; iðRww þ Rw̄ w̄Þ; iRðww̄Þ;

jRðzw̄Þ; jRðz̄wÞ; kRðzw̄Þ; kRðz̄wÞ: ð3:77Þ

Here, Vz=z̄ ¼ 1
2
ðV00 � iV1Þ and Vw=w̄ ¼ 1

2
ðV0 � iV2Þ

can be viewed as a light-cone basis for complex and
quaternionic space: Rzz̄ and Rwz̄ correspond to the
nilpotent matrices Rzz̄ and Rww̄, namely ðRzz̄Þ2 ¼ 0,
ðRww̄Þ2 ¼ 0, and ½Rzz̄; Rww̄� ¼ 0. Note that ε ≅ λε
for any λ∈Rþ, and its sign is determined by the sign
of Es.

(5) The coadjoint orbit of a BdS spinning particle with
lightlike momentum and lightlike spin is given by

ϕΩ−1
ð4Þ ¼ ðEJ 1þ þ ϵJ 2þ0ÞΩ−1

ð4Þ

¼ 1

4

 
−Eτ2 − ϵτ1 −ðEþ iϵÞτ2
−ðE − iϵÞτ2 −Eτ2 þ ϵτ1

!
: ð3:78Þ

The dual group is Bðηð1;1Þ; FÞ, and the dual coadjoint
orbit is nilpotent and given by

ϕ̃ ¼ ðηð1;1ÞÞ−1
1

4

�
iε ε

−ε iε

�
¼ iεRz̄z; ð3:79Þ

with Vz=z̄ ¼ 1
2
ðV0 � iV1Þ, and ε ≅ λε for any λ∈Rþ.

The sign of ε is fixed by the sign of Eϵ. The dual
stabilizer for F ¼ C is

g̃ϕ̃ ≅ uð1ÞiðRzzþRz̄ z̄Þ ⊕ RiðRzz−2Rz̄zþRz̄ z̄Þ; ð3:80Þ

and the dual stabilizer for F ¼ H is

g̃ϕ̃ ≅ uð1ÞiRzz̄
⊕ isoð1; 1Þ; ð3:81Þ

where isoð1; 1Þ is generated by

iðRzz − Rzz̄ þ Rz̄ z̄Þ; jRzz̄; kRzz̄: ð3:82Þ

(6) The coadjoint orbit of a BdS particle with spacelike
momentum and doubly lightlike spin is given by

ϕΩ−1
ð4Þ ¼ ðmJ 12 þ ϵJ þþ0ÞΩ−1

ð4Þ

¼ 1

4

�
0 2mτ0

−2mτ0 ϵ1ð2Þ þ iϵτ0

�
: ð3:83Þ

Then the dual group is Bðηð2;2Þ; FÞ, and the dual
coadjoint orbit is given by

ϕ̃ ¼ ðηð2;2ÞÞ−1
i
2

0BBB@
m 0 0 0

0 −mþ ε 0 −ε
0 0 −m 0

0 −ε 0 mþ ε

1CCCA
¼ im

2
ðR0000 −R11 − 4Rðþ−ÞÞ þ 2iεR−−; ð3:84Þ

where V� ¼ 1
2
ðV0 � V2Þ. The dual stabilizer for

F ¼ C is

g̃ϕ̃ ≅uð1ÞiðR0000−R11Þ ⊕uð1ÞiRðþ−Þ

⊕uð1Þið2Rþþþ2R−−þRðþ1ÞþRð−1ÞÞ ⊕ heis2; ð3:85Þ

where heis2 is generated by

iðR0000 þ R11Þ; R½001�; iRð001Þ; ð3:86Þ

and the dual stabilizer for F ¼ H is generated by

R½001�; iR0000 ; iR11; iRðþ−Þ; iRð001Þ;

jRð00−Þ; kRð00−Þ; jRð1þÞ; kRð1þÞ;

ið2Rþþþ2R−−þRðþ1Þ þRð−1ÞÞ: ð3:87Þ

Note that ε ≅ λε for any λ∈Rþ and its sign is given
by the sign of mϵ.

(7) The coadjoint orbit of a BdS particle with lightlike
momentum and doubly lightlike spin is given by

ϕΩ−1
ð4Þ ¼ ðEJ 1þþ ϵJ −þ0ÞΩ−1

ð4Þ

¼ 1

4

 
0 −Eðτ2− τ0Þ

−Eðτ2þ τ0Þ −ϵð1ð2Þ þ τ1Þ

!
: ð3:88Þ

The dual group is Bðηð2;1Þ; FÞ, and the dual coadjoint
orbit is nilpotent and given by

ϕ̃¼ ðηð2;1ÞÞ−1
ε

2

0BB@
0 −1 1

1 0 0

−1 0 0

1CCA¼ εR½00þ�; ð3:89Þ
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with V� ¼ 1
2
ðV0 � V1Þ. The dual stabilizer for

F ¼ C is

g̃ϕ̃ ≅ RR½00−� ⊕ uð1ÞiRðþ−Þ ⊕ uð1ÞiR−−
; ð3:90Þ

and the dual stabilizer for F ¼ H is

g̃ϕ̃ ≅ RR½00−� ⊕ isoð3Þ; ð3:91Þ

where isoð3Þ is generated by imaginary generators

qαRðþ−Þ; qαR−−: ð3:92Þ

Note that ε ≅ λε for any λ∈R≠0.

F. Particles on the conformal boundary

The twistor group BðΩð4Þ; FÞ is not only the isometry
group of AdSjF jþ3 but also the conformal group in jF j þ 2

dimensions. The conformal particles living in jF j þ 2
dimensions have very small phase space compared to the
other particles living in AdS or BdS. In this section, we
consider the twistor action for such conformal particles.
(1) The coadjoint orbit corresponding to the conformal

scalar particle is given by

ϕΩ−1
ð4Þ ¼ ϵJ þ0þΩ−1

ð4Þ ¼
ϵ

4

0BBBB@
0 0 0 0

0 1 1 0

0 1 1 0

0 0 0 0

1CCCCA: ð3:93Þ

The dual group is G̃ ¼ Bðηð1Þ; FÞ, and the dual
coadjoint orbit is the trivial orbit

ϕ̃ ¼ 0: ð3:94Þ

(2) The coadjoint orbit of a spinning singleton is
given by

ϕΩ−1
ð4Þ ¼ sðJ 000 � J 12 þ J 34 ∓ J 56ÞΩ−1

ð4Þ

¼ s
2

 
1ð2Þ þ iτ0 ∓ ði1ð2Þ − τ0Þ

�ði1ð2Þ − τ0Þ 1ð2Þ þ iτ0

!
:

ð3:95Þ

The dual group is G̃ ¼ Bðηð1Þ; FÞ, and the dual
coadjoint orbit is a single point,

ϕ̃ ¼ �2jsji: ð3:96Þ

Note here that we use complex entries for the
coadjoint element ϕ, and hence the corresponding

coadjoint orbit does not exist for F ¼ R, as is also
manifest from the use of the elements J 34 and J 56.
For F ¼ C, all sign choices correspond to distinct

cases: they are the massless helicity �s particles.
Note also that we included the uð1Þ part of
bðΩð4Þ;CÞ ≅ uð2; 2Þ through J 56 in a way that the
dual group becomes minimal, that is, Bðηð1Þ;CÞ≅
Uð1Þ, but other choices of uð1Þ are equally viable
with the dual group Bðηð1;3Þ;CÞ ≅ Uð1; 3Þ.
For F ¼ H, the two sign choices are, in fact,

equivalent: they are related by a π rotation by, for
instance, J15, which is a quaternionic matrix. Then,
the opposite helicity can be described by the same
action but with a different isomorphism between
BðΩð4Þ;HÞ ¼ O�ð8Þ and fSOþð2; 6Þ.

IV. CLASSIFICATION OF TWISTOR PARTICLES
ACCORDING TO THE DUAL GROUPS

Let us summarize the results of classification according
to the dual group G̃ ¼ Bðηðp;M−pÞ; FÞ. Since the twistor
group is G ¼ BðΩð4Þ; FÞ, the possible values of M are
restricted to 1, 2, 3, and 4.

A. Compact dual group

All the ordinary twistor particles, namely the massive
and massless, twistor particles in AdSjF jþ3, as well as the
conformal twistor particles in jF j þ 2 dimensions, are
obtained with compact dual groups G̃ ¼ BðηðMÞ; FÞ.
Even though we have limited our focus to the symmetric

spin case, we can fully generalize the analysis when the
dual group is compact. This is thanks to the mileage
that we have in the representation theory side: we know
all the unitary irreducible representations associated with
the dual pair correspondence between BðΩð4Þ; FÞ and
BðηðMÞ; FÞ [53] (also [54–56]). Let us summarize the
results here: the correspondences read for F ¼ R�

n̄þ 1

2
;
n̄
2

�
Spð4;RÞ

↔ ½n̄�Oð1Þ; ð4:1Þ

ðsþ 1; sÞSpð4;RÞ ↔ ½2s�Oð2Þ; ð4:2Þ�
sþ 3

2
; s

�
Spð4;RÞ

↔ ½2s�Oð3Þ; ð4:3Þ

�
sþ 5

2
; s

�
Spð4;RÞ

↔ ½2sþ 1; 1�Oð3Þ; ð4:4Þ

ðsþ nþ 2; sÞSpð4;RÞ ↔ ½2sþ n; n�Oð4Þ; ð4:5Þ

for F ¼ C
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ðsþ 1; s;�sÞSUð2;2Þ ↔ ½�2s�Uð1Þ; ð4:6Þ

ðs1 þ 2; s1; s2ÞSUð2;2Þ ↔ ½s1 þ s2; s2 − s1�Uð2Þ; ð4:7Þ

ðsþ nþ 2; s;�sÞSUð2;2Þ ↔ ½�ð2sþ nÞ;�n�Uð2Þ; ð4:8Þ

ðs1 þ nþ 3; s1; s2ÞSUð2;2Þ ↔

( ½s1 þ s2 þ n; n; s2 − s1�Uð3Þ
½s1 þ s2;−n; s2 − s1 − n�Uð3Þ

; ð4:9Þ

ðs1 þ nþ kþ 4; s1; s2ÞSUð2;2Þ ↔ ½s1 þ s2 þ n; n;−k; s2 − s1 − k�Uð4Þ; ð4:10Þ

and finally for F ¼ H

ðsþ 2; s; s;�sÞO�ð8Þ ↔ ½2s�Spð1Þ; ð4:11Þ

ðs1 þ 4; s1; s2;�s2ÞO�ð8Þ ↔ ½s1 þ s2; s1 − s2�Spð2Þ; ð4:12Þ

ðs1 þ s2 − s3 þ 6; s1; s2;�s3ÞO�ð8Þ ↔ ½s1 þ s2; s1 − s3; s2 − s3�Spð3Þ; ð4:13Þ

ðs1 þ s2 − s3 þ 8þ 2n; s1; s2;�s3ÞO�ð8Þ ↔ ½s1 þ s2 þ s3 þ n; s1 þ n; s2 þ n; s3 þ n�Spð4Þ: ð4:14Þ

In the last case of F ¼ H, the � sign corresponds to two
possible isomorphisms betweenO�ð8Þ and fSOþð2; 6Þ. The
label of Bðηð4Þ; FÞ is ðΔ; s1;…Þwhere Δ is the minimum of
the global energy in AdS or equivalently the conformal
weight, and ðs1;…Þ is the Young diagram representing the
compact rotational subgroup fSOðjF j þ 2Þ. The label
½l1;…� is the Young diagram representing the compact
dual group BðηðMÞ; FÞ, that is, the eigenvalues of the Cartan
subalgebra generators for the highest weight state. From
these results, we can extract the information about their
classical counterpart.
Below, we summarize the classifications we found in

the previous section, which cover only symmetric spin
cases. Then, we complete the classifications by making
use of the results (4.1)–(4.14) obtained in the dual pair
correspondence.
(1) Bðηð1Þ; FÞ

ForM ¼ 1, we find conformal twistor particles in
jF j þ 2 dimensions with the action,

S¼
Z

½π̄α dξα − ξ̄α̇ dπα̇ þAðπ̄α ξα − ξ̄α̇ πα̇ − 2 i sÞ�R;

ð4:15Þ

which reproduces earlier results [5,11–13,15,57].
The constraints are associated with the moment
maps generating F̂ ≅ bðηð1Þ; FÞ symmetry.

For F ¼ R, these constraints disappear, and the
system describes the conformal scalar in three
dimensions. In fact, the same particle action also
describes the conformal spinor in three dimensions.
The distinction between the conformal scalar and
spinor can also be made based on the dual group
Oð1Þ ¼ Z2. Since the latter is a finite group, the
classical particle action itself cannot distinguish the
two, but when we perform quantization, the Z2

symmetry can be imposed as constraints. The even
and odd parts will result in the conformal scalar and
the conformal spinor, respectively.
For F ¼ C, the action describes 4D conformal

particles with helicity s: positive and negative signs
of s correspond to positive and negative helicity,
respectively.
For F ¼ H, it describes 6D conformal antichiral

particles with spin ðs;−sÞ. In this case, the two signs
of s are equivalent and describe the same particle.
For the description of a chiral particle with spin
ðs; sÞ, we can use the same action, but a different

isomorphism between fSOþð2; 6Þ and O�ð8Þ.
The dual coadjoint orbit is trivial for F ¼ R as the

dual coadjoint space itself is trivial. For F ¼ C, the
dual orbit consists of a single point. For F ¼ H, it
is S2 ≅ Spð1Þ=Uð1Þ.

(2) Bðηð2Þ; FÞ For M ¼ 2, we find the massless spin s
particles in AdSjF jþ3, with the action
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S ¼
Z

½π̄α1 dξα1 − ξ̄α̇1 dπα̇1 þA11ðπ̄α1 ξα1 − ξ̄α̇1 πα̇1Þ

þ π̄α2 dξα2 − ξ̄α̇2 dπα̇2 þ A22ðπ̄α2 ξα2 − ξ̄α̇2 πα̇2Þ
þ Að12Þðπ̄αð1 ξα2Þ − ξ̄α̇ð1 πα̇2ÞÞ
þ A½12�ðπ̄α½1ξα2� − ξ̄α̇½1πα̇2� − sÞ�R: ð4:16Þ

Each of the constraints μ̃11, μ̃22, and μ̃ð12Þ generates
F̂ , whereas the moment map μ̃½12� generates Uð1Þ ≅
Oð2Þ (remember μ̃IJ ¼ π̄αIξ

α
J − ξ̄α̇Iπα̇J). This action

reproduces the earlier results of AdSjF jþ3 massless
particles [33–35], where the difference is that the
nonzero spin is introduced by SUSY, instead of
shifting a constraint by spin label s.
For F ¼ R, the constraints associated with μ̃11,

μ̃22, and μ̃ð12Þ are absent, whereas the Uð1Þ con-
straint μ̃½12� ≈ s fixes the spin. The dual coadjoint
orbit is simply a single point in this case.
For F ¼ C, the spin is fixed by the Uð1Þ of the

SUð2Þ generated by μ̃11 − μ̃22 and μ̃12, defining a
coadjoint orbit SUð2Þ=Uð1Þ ≅ S2, whereas the
diagonal Uð1Þ generated by μ̃11 þ μ̃22 has a trivial
coadjoint orbit; that is, the constraint is given with-
out any constant shift.
For F ¼ H, the dual group Bðηð2Þ;HÞ is Spð2Þ,

and the constraints define a six-dimensional coad-
joint orbit Spð2Þ=½Uð1Þ × Spð1Þ�.
In fact, for F ¼ C and H, any system of con-

straints can be mapped to

A11ðμ̃11 − il1Þ þ A22ðμ̃22 − il2Þ þ Að12Þμ̃ð12Þ

þ A½12�μ̃½12�; ð4:17Þ

with l1 ≥ l2, using a suitable transformation
of Bðηð2Þ; FÞ, that is, Uð2Þ or Spð2Þ. Note that for
F ¼ H we can change the sign of li by, for instance,
an adjoint action of j on the ii component, and hence
positive and negative li are equivalent: both signs
correspond to the same orbit. On the contrary, for
F ¼ C, positive and negative li correspond to
distinct orbits.
The massless spin s action (4.16) corresponds to

the case with ½l1;l2� ¼ ½s;−s�, while we may
consider the more general case with ½l1;l2�.
Let us first consider the case with l2 ≤ 0.

According to (4.7) and (4.12), the action with
the constraints (4.17) describes a massless particle
of mixed symmetry spin ðs1; s2Þ in AdS5 and
ðs1; s2;�s2Þ in AdS7, for s1 > js2j. The two signs
reflect the two possible isomorphisms between
O�ð8Þ and fSOþð2; 6Þ. The labels ðs1; s2Þ and
½l1;l2� are related by

½l1;l2� ¼ ½s1 þ s2; s2 − s1� ¼ s1½1;−1� þ s2½1; 1�:
ð4:18Þ

Note that for s1 ¼ js2j the action with (4.18)
describes, in fact, a massive particle: the quantiza-
tion of the model would generate a small finite mass.
Let us now turn to the remaining case of l2 > 0.

For F ¼ H, a positive l2 is equivalent to a negative
l2, as we explained above. Therefore, it is sufficient
to consider the F ¼ C case only. According to (4.8),
this new case corresponds to a massive particle of
mass m > s and spin ðs;�sÞ, where ½l1;l2� is
parametrized by

½l1;l2� ¼ ½�mþ s;�m − s� ¼ s½1;−1� �m½1; 1�:
ð4:19Þ

Note that in the case of a massless particle of
symmetric spin ðs; 0Þ (4.16), the Uð1Þ part of the
constraints does not have a constant shift. In the case
of a massless particle of mixed symmetry spin
ðs1; s2Þ (4.18) or a massive particle of mixed
symmetry spin ðs;�sÞ (4.19), the Uð1Þ part has
the shift 2s2 or �2m. In other words, the first spin
label s1 is always fixed by the SUð2Þ orbit data s,
whereas the Uð1Þ orbit position, say n, determines
the second spin label as s2 ¼ jnj

2
for jnj

2
< s. For

jnj
2
≥ s, it rather determines the mass value asm ¼ jnj

2

while the second spin label is fixed by s2 ¼ sgnðnÞs.
The latter type of massive twistor action in AdS5 was
considered in [26] for the scalar case with s ¼ 0, and
its quantization was discussed in [58]. See, e.g., [35]
for an early account for the AdS5 exception. Let us
remark that the distinction between the two cases
jnj ≥ 2s and jnj < 2smay invoke subtle issues when
spin is introduced by SUSY, and this point has not
been addressed in earlier literature.

(3) Bðηð3Þ; FÞ
For M ¼ 3, we find the case of entangled mass

and spin (3.55) with sϵ > 0. The action is given
simply by

S ¼
Z

½δIJðπ̄αI dξαJ − ξ̄α̇J dπα̇IÞ þ AðIJÞμ̃ðIJÞ

þ A½12�ðμ̃½12� − sÞ þ A½23�μ̃½23� þ A½31�μ̃½31��R;
ð4:20Þ

where I; J ¼ 1; 2; 3. This action describes the very
light massive particle of spin s: the corresponding
orbit of AdSjF jþ3 is the massive part of the massless
limit of the massive spinning orbit, which arises
together with the massless orbit. Let us refer to this
special orbit as the orbit of “very light mass.” The
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very light massive orbits have the same classical
Casimir values as the massless ones, so we cannot
distinguish the very light massive particles from the
massless ones in terms of the classical mass param-
eter. If we quantize the particle actions, the classical
mass parameters will acquire a small quantum
correction, from which we can distinguish the two
cases.
For F ¼ C and H, we can perform a Bðηð3Þ; FÞ

rotation to transform the constraints in a way that the
part with nontrivial shifts is

A11ðμ̃11 − il1Þ þ A22ðμ̃22 − il2Þ þ A33ðμ̃33 − il3Þ;
ð4:21Þ

with l1 ≥ l2 ≥ l3. Again, for F ¼ H, the sign
of li can be set to be non-negative. Note that the
case (4.20) corresponds to ½l1;l2;l3� ¼ ½s; 0;−s�,
while a more general case ½l1;l2;l3� ¼ ½s1 þ s2;
−s2;−s1� corresponds to the light massive particle of
mixed symmetry spin ðs1; s2Þ, according to the first
case of (4.9). For F ¼ H, we can turn on even the
third spin label s3, according to (4.13), to describe
the particles of mixed symmetry spin ðs1; s2; s3Þ by
the action with the constraints,

½l1;l2;l3� ¼ ½s1 þ s2; s1 − s3; s2 − s3�: ð4:22Þ

For F ¼ C, the label m ≥ s1 in

½l1;l2;l3� ¼
(
½mþ s2; m − s1; s2 − s1�
½s1 þ s2;−mþ s1; s2 −m� ð4:23Þ

corresponds to the mass of the AdS5 particle
of mixed symmetry spin ðs1; s2Þ, according to
(4.9). Note that the two options for ½l1;l2;l3�
describe exactly the same particle, and they can
be distinguished only by the Uð1Þ shift value
2ðs2 ∓ ðs1 −mÞÞ.

(4) Bðηð4Þ; FÞ
For M ¼ 4, we find the action for a particle of

mass m and spin s as

S¼
Z �

δIJðπ̄αI dξαJ − ξ̄α̇J dπα̇IÞþAðIJÞμ̃ðIJÞ

þA½12�
�
μ̃½12�−

jmþ sj
2

�
þA½34�

�
μ̃½34�−

jm− sj
2

�
þA½13�μ̃½13� þA½14�μ̃½14� þA½23�μ̃½23� þA½24�μ̃½24�

�
R
;

ð4:24Þ

where I; J ¼ 1; 2; 3; 4. For s ¼ 0, this action repro-
duces the scalar twistor model [28], where the dual
group symmetry was referred to as R-symmetry.
Again, for F ¼ C and H, with a Bðηð4Þ; FÞ

rotation, the action can be transformed so that the
constraints with nontrivial shifts are

A11ðμ̃11 − il1Þ þ A22ðμ̃22 − il2Þ þ A33ðμ̃33 − il3Þ
þ A44ðμ̃44 − il4Þ; ð4:25Þ

where the case (4.24) corresponds to
½l1; l2; l3; l4� ¼ ½sþm

2
; −sþm

2
;− −sþm

2
;− sþm

2
�. For

F ¼ C, this can be generalized to

½l1;l2;l3;l4� ¼
�
s1þ 2s2þmþn

2
;
−s1þmþn

2
;

−
−s1þm−n

2
;−

s1 − 2s2þm−n
2

�
;

ð4:26Þ

and the corresponding action describes a AdS5
particle of mass m and mixed symmetry spin
ðs1; s2Þ, according to (4.10). Note that n only enters
the Uð1Þ constraint as the shift 2ðs2 þ nÞ. For
F ¼ H, the general case

½l1;l2;l3;l4� ¼
�
s1þ s2þ s3þm

2
;
s1− s2− s3þm

2
;

×
s2− s3− s1þm

2
;
s3− s1−s2þm

2

�
ð4:27Þ

describes an AdS7 particle of mass m and mixed
symmetry spin ðs1; s2;�s3Þ, according to (4.14).
Again, the� signs correspond to two isomorphisms
between O�ð8Þ and fSOþð2; 6Þ.

B. Noncompact dual group

In the case of noncompact dual groups, we find various
exotic particle species. In this case, we have very limited
information about unitary irreducible representations
because they are not of the highest weight type and the
relevant dual pair correspondence is much harder to
analyze. We can regard the situation as the mileage of
the classical analysis for the representation theory. Let us
remind the reader again that we have limited to the case
with two labels for simplicity, but the full cases can be
treated by the same method.
(1) Bðηð1;1Þ; FÞ

In this case, we find short massless spinning
tachyon (3.44). This is to be compared with the
massless spinning particles with Bðηð2Þ; FÞ, which is
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the shortening point of the massive spinning particle.
For F ¼ C and H, we also have BdS particles: the
short massless one with spacelike spin (3.71) and the
one with lightlike momentum and spin (3.78). Note
that for F ¼ C with Bðηð1;1Þ;CÞ ¼ Uð1; 1Þ, the three
cases (3.44), (3.71), and (3.78) correspond, respec-
tively, to the two-sheet hyperboloid, one-sheet
hyperholoid, and cone coadjoint orbits of SUð1; 1Þ.

(2) Bðηð2;1Þ; FÞ
This case includes the maximal nilpotent orbit,

namely the BdS particle of lightlike momentum and
doubly lightlike spin (3.88). Besides it, we find also
large remnant orbits (3.56) and (3.59) appearing in
the short massless limit of the BdS particle (the
jmj < jsj case of a massive spinning particle) and
the tachyon (3.41). The latter two cases are to be
compared with the case of Bðηð3Þ; FÞ, namely the
large remnant orbit appearing in the massless limit of
massive spinning orbit.

(3) Bðηð2;2Þ; FÞ
This case includes all kinds of “long” tachyons:

the ones with timelike spin (3.42), spacelike spin
(3.47), and lightlike spin (3.50). Moreover, it con-
tains all kinds of “long” BdS particles: the one
appearing as the jmj < jsj subcase of a massive
spinning particle, the ones with spacelike momen-
tum and spacelike spin (3.68), lightlike momentum
and spacelike spin (3.75), and spacelike momentum
and doubly lightlike spin (3.84).

(4) Bðηð3;1Þ; FÞ
Finally, this case contains the massive, massless,

and tachyonic continuous spin particles (3.53). The
action reads

S¼
Z

½ηIJðπ̄αI dξαJ − ξ̄α̇J dπα̇IÞþAðIJÞμ̃ðIJÞ

þA½01�ðμ̃½01� − jνjÞ−A½23�ðμ̃½23�− jsjÞ
þA½02�μ̃½02� þA½03�μ̃½03� þA½12�μ̃½12� þA½13�μ̃½13��R;

ð4:28Þ

where I; J ¼ 0, 1, 2, 3 and ηIJ ¼ diagð−1;þ1;þ
1;þ1Þ. It can be viewed as the twistorial counterpart
of the vectorial description of the continuous spin
particles [1], which are related to a variety of
continuous spin fields identified by Metsaev [59].
See also [60] for other vectorial models of ðAÞdS4
continuous spin particles.

V. DIMENSIONAL REDUCTION

Many of the twistor literatures concern massless
and massive particles in flat spacetime, MinkjF jþ2. In our
construction, only conformal particles are defined in jF j þ
2 dimensions, namely MinkjF jþ2, AdSjF jþ2, and dSjF jþ2

boundaries of AdSjF jþ3. These conformal particles are
massless but their spins are rather special carrying the
ðjF j − 1Þ-row box Young diagram representation. In fact, a
more general type of particles in MinkjF jþ2, AdSjF jþ2,
and dSjF jþ2 can be obtained from AdSjF jþ3 particles by

restricting the isometry BðΩð4Þ; FÞ ≅ fSOþð2; jF j þ 2Þ to
the subgroups HΛ, that is, HΛ¼0 ≅ ˜ISOþð1; jF j þ 1Þ,
HΛ<0 ≅ fSOþð2; jF j þ 1Þ, and HΛ>0 ≅ fSOþð1; jF j þ 2Þ.
Note that the conformal particles, namely singletons, are
precisely the ones that stay irreducible under this restric-
tion. The restriction of G ¼ BðΩð4Þ; FÞ to the subgroup HΛ

defines a new dual group H̃Λ that includes the original dual
group G̃ ¼ Bðηðq;M−qÞ; FÞ. This situation can be depicted
by the so-called seesaw diagram:

ð5:1Þ

The seesaw duality asserts that the restriction of unitary
irreducible representations on the left-hand side is governed
by the restriction on the right-hand side, and vice versa.

More precisely, for the irreps πGλ of G and πH̃Λ
τ of H̃Λ

branching respectively to HΛ and G̃ as

πGλ ¼ ⨁
σ
N σ

λπ
HΛ
σ ; πH̃Λ

τ ¼ ⨁
ρ
Ñ ρ

τπ
G̃
ρ ; ð5:2Þ

the multiplicities N σ
λ and Ñ ρ

τ are related by

N σ
λ ¼ Ñ θðλÞ

ϕðσÞ; ð5:3Þ

where θ and ϕ are the bijective maps of the ðG; G̃Þ irreps
and the ðHΛ; H̃ΛÞ irreps, respectively. Here, we consider
the classical counterpart of the seesaw dual pair, which we
may refer to as symplectic seesaw reduction. The irreps
correspond to coadjoint orbits, and the restriction of an
irrep down to the irreps of a subgroup corresponds to the
foliation of coadjoint orbits into the coadjoint orbits of the
subgroup. Note that the restriction to HΛ¼0 to obtain
massive twistor particles has been discussed already in
[35]. Here, we generalize the idea with extra emphasis on
seesaw dual pairs.
Let us consider the reductive subgroup GLð2; FÞ of

BðΩð4Þ; FÞ,

Lα
β ¼ ξαIπ̄βI; L̄α̇

β̇ ¼ πα̇
I ξ̄β̇I: ð5:4Þ

We may separate each of Lα
β and L̄α̇

β̇ into the traceless and
trace parts: the traceless part can be expressed as
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LðαβÞ ¼ ξðαI π̄βÞI; L̄ðα̇ β̇Þ ¼ πðα̇I ξ̄β̇ÞI; ð5:5Þ

by lowering indices with the Levi-Civita symbols, which
are Lorentz invariant tensors only for F ¼ R and C. One
combination of the traces is the center of GLð2; FÞ,

D ¼ Lα
α þ L̄α̇

α̇ ¼ ξαI π̄αI þ πα̇
I ξ̄β̇I; ð5:6Þ

which is nothing but the dilatation generator. The other
combination of the traces,

E ¼ Lα
α − L̄α̇

α̇ ¼ ξαI π̄αI − πα̇
I ξ̄β̇I; ð5:7Þ

takes value in F̂ : it vanishes for F ¼ R and generates the
central Uð1Þ for F ¼ C. For F ¼ H, the three real gen-
erators in E are parts of the Lorentz subgroup SLð2;HÞ.
Since we consider the (jF j þ 2)-dimensional isometry
subgroup of BðΩð4Þ; FÞ, the dilatation generator D will
be discarded from the hΛ. Moreover, among the translation
and special conformal generators,

Pαβ̇ ¼ ξαI ξ̄β̇I; Kα̇β ¼ πα̇
I π̄βI; ð5:8Þ

we retain only the linear combinations

Pαβ̇ þ ΛKβ̇α: ð5:9Þ

As we consider a subgroup HΛ, the dual group enhances
from G̃ to H̃Λ. This means that on top of the G̃ generators,

μ̃IJ ¼ π̄αIξ
α
J − ξ̄α̇Iπα̇J; ð5:10Þ

we have additional generators that commute with HΛ.
It is not difficult to enlist all possible candidates because
the invariance under LðαβÞ and L̄ðα̇ β̇Þ implies that the
α, β indices should be contracted: the possible moment
maps are

ξαI ξαJ; π̄αI ξ
α
J; π̄αI π̄αJ; ð5:11Þ

and their � conjugates. For F ¼ R and C, we can proceed to
check the translational invariance to find that the additional
dual generators are

MIJ ¼ ξαI ξαJ − Λπ̄αI π̄αJ; M̄IJ ¼ ξ̄α̇I ξ̄α̇J − Λπα̇I πα̇J:

ð5:12Þ

For F ¼ R, the original dual generators formOðp;M − pÞ,
and real MIJ are antisymmetric and hence span a
[MðM − 1Þ=2]-dimensional space. The whole dual group
becomes a real form of OM ×OM. For the p ¼ 0 example,
we find the seasaw pairs for Λ < 0 and Λ > 0 as

ð5:13Þ

For F ¼ C, the original dual generators form Uðp;M − pÞ, and complex MIJ are antisymmetric and hence span a
[MðM − 1Þ]-dimensional space. The whole dual group becomes a real form of O2M. For the p ¼ 0 example, we find the
seasaw pairs for Λ < 0 and Λ > 0 as

ð5:14Þ

TheM ¼ 1 case provides the conformal particles having
a very special restriction property: it branches into at most
two irreps of the isometry subgroup. For F ¼ R and C, it
happens that the conformal particles cover all massless
particles.

The M ¼ 2 case provides all massive particle species in
jF j þ 2 dimensions, that is, those appearing in the dimen-
sional reduction of the most general “massless particle” in
AdSjF jþ3. Here, we used the quotation marks for massive
and massless because these cover not only the standard
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massive and massless particles with compact dual groups
but also the analog ones in tachyonic spectra or BdS with
noncompact dual groups.
To reiterate, for Λ ≠ 0, the restriction (5.1) to 3D and 4D

isometry groups leads, respectively, to the dual pairs

ðSpð2;RÞ2; Oðp; 2 − pÞ ×Oðq; 2 − qÞÞ;
ðSpð2;CÞ; Oð2;CÞÞ ð5:15Þ

and

ðSpð4;RÞ; Oðp; 4 − pÞÞ; ðSpð1; 1Þ; O�ð4ÞÞ: ð5:16Þ

Therefore, one simply recovers dual pairs of another type,
which describe all possible massive particles in (A)dS3 and
(A)dS4, respectively. For Λ ¼ 0, the restriction provides an
equally good description, even though it does not corre-
spond to a reductive dual pair (as the Poincaré group is not
reductive).
Note that the restriction (5.1) toHΛ¼0 reproduces the 3D

and 4D massive twistor models [18–22] with the dual
groups containing respectively Oð2Þ and Uð2Þ: these flat
space twistor models can be regarded as the flat limit of
(A)dS massive twistors described by the dual pairs (5.16)
with p ¼ 0. The restriction also reproduces the 4D
continuous spin twistor model [47–49], with the dual
group containing Uð1; 1Þ. This model can be regarded as
the flat limit of the AdS continuous spin twistor described
by ðSpð4;RÞ; Oð3; 1ÞÞ.

The particle description provided by the restriction (5.1)
has the manifest covariance of the full bulk Lorentz
symmetry, as opposed to the original particle descriptions
based on ðBðΩð4Þ; FÞ; Bðηðp;M−pÞ; FÞÞ having only manifest
boundary Lorentz covariance: for the example of massive
particles in AdS4, the original description makes use of a
real twistor having only manifest 3D boundary Lorentz
covariance, while the restriction (5.1) makes use of complex
twistors having manifest covariance of the 4D bulk Lorentz
symmetry. Note, however, that the two descriptions are
identical: they are simply related by a change of variables.
Let us also mention that the quantization of twistor

models leads to the oscillator representations governed
by dual pair correspondences. These representations are
isomorphic to the spinor-helicity representations: the mass-
less [61–64] and massive [65–67] in flat space, as well as
their (A)dS counterparts [68–71].
For F ¼ H, the situation is different: we should require

the invariance under E (5.7) too, since it is a part of the
Lorentz algebra. We find thatMIJ no longer commute with
E. If we had included MIJ, which are [Mð2M − 1Þ]-
dimensional, together with the original dual generators
Spðp;M − pÞ, the enhanced dual group would have been a
real form of GL2N , which is dual to a real form of GL4: for
instance, Uð2; 2Þ containing the AdS5 group or GLð2;HÞ
containing the dS5 group, instead of the six-dimensional
isometry group. The 6D isometry group HΛ is a subgroup
of O�ð8Þ, at the same time including SUð2; 2Þ and
SLð2;HÞ, but not Uð2; 2Þ and GLð2;HÞ:

ð5:17Þ

Note that the isometry groups fSOþð2; 5Þ or fSOþð1; 6Þ of
(A)dS6 are not isomorphic to another twistor group, which
prevents one from finding a dual pair containing them in the
same symplectic group in general. Indeed, dual pairs
involving, say Oð2; 5Þ for the sake of definiteness, are
of the form

ðOð2; 5Þ; Spð2K;RÞÞ ⊂ Spð14K;RÞ ð5:18Þ

for some K, whereas the twistorial setup for F ¼ H consists
of dual pairs

ðO�ð8Þ; SpðMÞÞ ⊂ Spð16M;RÞ; ð5:19Þ

so that in order for the first pair to be contained in the
second one, the rank K and M should verify 14K ¼ 16M,
which forbids low values for them.7

The impossibility of recoveringHΛ with F ¼ H as part of
a dual pair, which in turn forms a seesaw pair with
ðO�ð8Þ; SpðMÞÞ, may be understood by recalling that the

7A possible alternative is to allow for another dual pair,
ðH0; H̃0Þ ⊂ Spð2K0;RÞ such that 7K þ K0 ¼ 8M. For instance,
one could be tempted to consider the pair H0 ¼ Spð1Þ and
H̃0 ¼ Oð1Þ ≅ Z2, but its direct product with the dual pair
containing Oð2; 5Þ for K ¼ M is not embedded in the O�ð8Þ
dual pair. Let us also point out that Oð2; 5Þ × SUð2Þ is the
bosonic subgroup of Fð4Þ, which appears as the symmetry group
of Romans supergravity [72]. This may suggest that the seesaw
mechanism discussed here also works in 6D in the supersym-
metric context.
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setup of Howe duality is quite peculiar from the point of
view of dualities in representation theory. In general, a
duality in the context of representation theory designates a
situation wherein a reducible representation V of a given Lie
groupG is decomposed as a direct sum of tensor products of
irreps of G and irreps of its centralizer, say A, in a certain
subalgebra of the endomorphism algebra of V, such that
pairs of irreps appear only once, and each G-irrep appears
with a unique irrep of theA. The dual pair correspondence,
or Howe duality, corresponds to V being the Fock space of
N pairs of (bosonic) oscillators, and the relevant subalgebra
of its endomorphism algebra being the Weyl algebra. On
top of that, if G is a reductive subgroup of Spð2N;RÞ, then
its centralizer in theWeyl algebra can be characterized using
invariant theory for classical groups: since by assumption G
is a product of real forms of the general linear, orthogonal,
or symplectic groups of various ranks, its invariants are
generated by products of the elementary invariant tensors,
which are the Kronecker delta, a metric of a given signature
and the canonical symplectic form. Since Spð2N;RÞ is
canonically embedded in theWeyl algebra as its subspace of
quadratic operators (in the oscillators), so is G, and by the
previous comment, G-invariant operators are necessarily
products of quadratic ones, the latter being built using the
elementary invariant tensors to contract two oscillators. In
other words, the centralizer of G in the Weyl algebra is
generated by quadratic invariants, and therefore character-
izing this centralizer boils down to identifying the central-
izer of G in Spð2N;RÞ—the problem can be reduced to
studying the quadratic subspace of theWeyl algebra, i.e., the
image of the symplectic group in it. This latter aspect is the
specificity of Howe duality, and what makes it so appealing
and efficient in many contexts. However, the general
problem of decomposing a space under the joint action
of a group G and its centralizer (in a certain subalgebra of
endomorphism), though still well-posed, generically cannot
be reduced to the analysis of the centralizer of G in another
finite-dimensional Lie group such as the symplectic group.
Consequently, one should not expect that the centralizer

of any Lie group G in the Weyl algebra is generated by a
quadratic operator only, even when G is embedded in
quadratic operators: the number of oscillators should be
such that it allows the action of the elementary G-invariant
tensors, without leaving too big of an invariant subspace.
Such conditions were studied by Howe in his seminal
papers [55,56] containing the classification of reductive
dual pairs. The case ofHΛ with F ¼ H is illustrative of this
difficulty, as even if it is contained as a subgroup in O�ð8Þ,
the Fock space relevant for the latter does not allow for a
decomposition appropriate for invariant tensors of the
former (due to the dimensional mismatch mentioned at
the beginning of the previous paragraph). This explains
why the centralizer of HΛ for F ¼ H is generated by a
subgroup contained in the same symplectic group as
O�ð8Þ. In fact, one should expect its centralizer to be

generated by operators of order higher than quadratic, as is
suggested by the existence of a quartic operator which
can be used to define the mass of particles. Indeed,
nonquadratic but quartic mass constraints have been
considered in [23–25], and it was explained in [35] how
these massive Mink3;4;6 particles can be obtained from the
massless AdS4;5;7 particles by adding the mass constraint.
Note also the recent 6D flat continuous spin twistor model
[50] can be understood as a restriction of an exotic AdS7
massless particle with the dual pair ðO�ð8Þ; Spð1; 1ÞÞ by a
quartic mass constraint.
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APPENDIX A: QUATERNION-SYMPLECTIC
STRUCTURE

In this section, we provide an alternative way to handle
the quaternion-symplectic structure. Instead of expanding
quaternions by the typical basis i, j, k, we may use the 2 × 2
complex matrix representation of quaternion:

q ¼
 
q11 q12
q21 q22

!
; q̄ ¼

 
q̄11 q̄12
q̄21 q̄22

!
; ðA1Þ

with q̄ij ¼ ðqjiÞ� and additional relations

q11 ¼ ðq22Þ�; q12 ¼ −ðq21Þ�: ðA2Þ

In this complex matrix description, the dot product is given
by the trace

p • q ¼ 1

2
p̄i

jqji ¼
1

2
q̄ijpj

i: ðA3Þ

The relations (A2) imposed on ξαI
i
j and πα̇I

i
j can be

considered as second class constraints, and hence can be
imposed after all the computations where we use the
Poisson bracket (not the Dirac bracket) given by

fξαIik; π̄βJjlg ¼ ηIJδ
α
β δ

i
l δ

j
k; fξ̄α̇Iik;πβ̇Jjlg ¼ ηIJδ

α
β δ

i
l δ

j
k;

ðA4Þ

where i, j, k, l ¼ 1; 2.
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APPENDIX B: ADS GENERATORS

In this appendix, we provide the explicit component expressions of the bðΩð4Þ; FÞ generators.
Generators of spð4;RÞ

J000 ¼
1

2

�
0 1ð2Þ

−1ð2Þ 0

�
; J001 ¼

1

2

�
0 τ2

τ2 0

�
; J002 ¼ −

1

2

�
0 τ1

τ1 0

�
; J003 ¼

1

2

�
1ð2Þ 0

0 −1ð2Þ

�
; ðB1Þ

J01 ¼
1

2

�
τ2 0

0 −τ2

�
; J02 ¼

1

2

�−τ1 0

0 τ1

�
; J03 ¼ −

1

2

�
0 1ð2Þ
1ð2Þ 0

�
; ðB2Þ

J12 ¼ −
1

2

�
τ0 0

0 τ0

�
; J13 ¼ −

1

2

�
0 τ2

−τ2 0

�
; J23 ¼

1

2

�
0 τ1

−τ1 0

�
: ðB3Þ

Generators of uð2; 2Þ

J004 ¼
i
2

�
0 τ0

τ0 0

�
; J34 ¼

i
2

�
0 −τ0
τ0 0

�
; J14 ¼ −

i
2

�
τ1 0

0 τ1

�
; ðB4Þ

J04 ¼ −
i
2

�
τ0 0

0 −τ0

�
; J24 ¼ −

i
2

�
τ2 0

0 τ2

�
; J56 ¼

i
2

�
1ð2Þ 0

0 1ð2Þ

�
: ðB5Þ

Generators of o�ð8Þ

J005 ¼
j
2

�
0 τ0

τ0 0

�
; J35 ¼

j
2

�
0 −τ0
τ0 0

�
; J15 ¼ −

j
2

�
τ1 0

0 τ1

�
; ðB6Þ

J05 ¼ −
j
2

�
τ0 0

0 −τ0

�
; J25 ¼ −

j
2

�
τ2 0

0 τ2

�
; J46 ¼ −

j
2

�
1ð2Þ 0

0 1ð2Þ

�
; ðB7Þ

J006 ¼
k
2

�
0 τ0

τ0 0

�
; J36 ¼

k
2

�
0 −τ0
τ0 0

�
; J16 ¼ −

k
2

�
τ1 0

0 τ1

�
; ðB8Þ

J06 ¼ −
k
2

�
τ0 0

0 −τ0

�
; J26 ¼ −

k
2

�
τ2 0

0 τ2

�
; J45 ¼

k
2

�
1ð2Þ 0

0 1ð2Þ

�
: ðB9Þ
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