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It was recently pointed out that some precise photon-Galileon couplings in four dimensions
(4D)—inspired by a higher dimensional reduction—are enough to obtain a Horndeski theory that is
less constrained by the stringent experimental bounds on the speed of gravitational waves. They imply the
constancy of the ratio of speed of gravity to light throughout cosmic evolution. This holds even if we
include the general scalar potentials G4(z, X) and Gs(x). In this paper we go into the details of this 4D
luminal extension of Horndeski theory including its scalar sector. We also present the complete action
including the general Gs(x, X), Gg(m, X) scalar potentials. Thus we show all the U(1) gauge invariant
vector Galileons in 4D that result from a Kaluza-Klein dimensional reduction from 5D Horndeski. They
provide a consistent coupling of a higher derivative vector to scalar modifications of gravity—namely,
without inducing Ostrogradsky ghosts and keeping gauge invariance—in the aim to explore more universal
couplings of dark energy to other matter, such as vectors and in particular the photon.
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I. INTRODUCTION

The strict experimental bounds on the difference between
the speed of gravitational and electromagnetic waves,
deduced from the event GW 170817 [1], heavily constrained
the application of Horndeski theory/generalized Galileons—
the most general modification of GR with a higher derivative
scalar in the action, but with second order equations of
motion’ [2-4]—for late time cosmology [1,5-10]. The
standard approach to deal with these experimental con-
straints has been simply pragmatical: take advantage of
the generality of Horndeski theory by choosing the four
scalar potentials in the action to satisfy the sub/ luminality of

“Contact author: sa.mironov_1@physics.msu.ru

Contact author: shtennikova@inr.ru

*Contact author: mvalenciavillegas @itmp.msu.ru

'In this work we are only concerned with the classical
solutions and thus, it is relevant that the equations of motion
are of second order. In particular we do not discuss quantum
corrections and the higher derivative operators that could become
relevant in some specific physical situation. Nevertheless, it
would be interesting to assess the quantum robustness of the
aspects discussed in this work.
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the graviton (and other physically compelling conditions in
cosmological solutions). Nevertheless, it was the main point
in a recent work [11] that those constraints on Horndeski
theory assumed that the well-known photon of Maxwell
electrodynamics remains without modifications in the IR
scale of gravity, and that lifting this assumption offers a new
range of possibilities. Indeed, it was shown in [11] that there
can be photon-Galileon couplings that can account for the
exact constancy of the ratio of speed of gravity to light
throughout cosmic evolution, even with the general poten-
tials G4 (7, X) and Gs().? Furthermore, it was also recently
shown for the latter class that the same luminal property holds
on more general spherically symmetric and dynamical
backgrounds [14,15]. Therefore, the latter could be relevant
to promising proposals in Galileons, for instance, the fab four
to address the cosmological constant problem [16] and which
were strictly constrained assuming the minimally coupled
photon [7]. Now, the question of how to recover the usual
Maxwell photon in laboratory tests from that proposed IR
modification was also briefly discussed in [11], and a recent
analysis in beyond Horndeski theory has also touched on the

’A part of the result in [11]—whose scalar sector we show
below—relies on the assumption that the scalar potential Gy
depends only on 7 and not on X. However, one must be aware that
in some physical situations where quantum corrections are
relevant, even if one assumes a X independent Gs(x), quantum
corrections will generate the X dependence in the absence of a
symmetry that avoids it. See for instance [12,13].
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topic of experimental constraints on the new type of photon-
Galileon couplings proposed in [11] and the analogous in the
context of beyond Horndeski [17].

Thus, the exploration of for instance photon-(Dark
Energy) couplings and more broadly Matter-(Dark
Energy) couplings—if we use Galileon models to try to
account for Dark Energy—can be an important new way to
pick up experimentally favored directions in modified
gravity for late time cosmology using laboratory tests.
Indeed, the universal coupling of gravity to all forms of
energy may be a motivation for the exploration of more
ubiquitous couplings of IR modifications of gravity to other
energy sources, specially given the possibility to account for
the speed tests of GW and light with the latter [11]. In this
work we expand on the results shown in the recent letter [11]
without restricting to the luminal cases. We use the same
analysis to show the dimensional reduction of Horndeski
theory in five dimensions (5D) to obtain a broad class of
U(1) gauge invariant vector/ multiscalar Galileons in 4D:
namely, a theory with higher derivatives of a U(1) gauge
invariant vector and two scalars in the action, but with second
order equations of motion for all of the fields. Such types of
theories had been previously obtained from different con-
siderations [18] and also by Kaluza-Klein (KK) reductions
from, for instance, Gauss-Bonnet in 5D [19,20]. Also, more
recently, Horndeski scalar-vector couplings were obtained
from KK reductions of Lovelock theory [21], and biscalar
theories in 2D were obtained from 4D Horndeski [22].
However, given that we start from the most general scalar
modification of Lovelock theory in 5D with higher deriv-
atives in the action, but with second order equations of
motion—Horndeski/ Galileons in SD—we obtain a much
larger class of vector-scalar couplings in 4D, while obvi-
ously preserving the second order equations of motion.
Indeed, since the 5D metric solves second order equations,
its components (4D metric, vector and dilaton) solve also
second order equations as well as the Galileon, by con-
struction. The task of building such gauge invariant vector
Galileons and Einstein-Maxwell Lagrangians in a systematic
way is daunting from other perspectives [23-27], and hence
the interest of using the dimensional reduction also as a tool
to expand the theory space of vector-scalar couplings while
keeping gauge invariance and avoiding the Ostrogradsky
ghost. We, nevertheless, do not aim for completeness, nor for
a complete classification, but rather put emphasis on these
theories with the interest that first, a subclass of it already
leads to a luminal graviton in 4D (for very general scalar
potentials and nonminimal derivative couplings to gravity)
[11]; and second, because being connected to higher dimen-
sional theories® they could be simpler to analyze in some

An additional interest on this regard comes from the very
origin of Galileons, which were inspired by the effective theory of
the DGP model [3] and further relations that have been estab-
lished with higher dimensional theories [28-30], and to string
theory [31].

cases, for instance, in the search for black-hole solutions in
4D [21,32] (See for instance the connection of covariant
Galileons in general D dimensions [33]—a special case of
our starting point, SD generalized Galileons—to Lovelock
theory in yet higher D + N dimensions by KK diagonal
compactifications [28]). Furthermore, vectors have been
long studied for cosmological applications [34-36], and so
the consistent coupling to scalar modifications of gravity—
without inducing ghosts, and keeping gauge invariance—
could shed light on promising theories, however, their
application is beyond the scope of this work.

A derivation of these U(1) gauge invariant vector/
multiscalar Galileons in 4D, which, as is also common,
we denote as SVT (scalar-vector-tensor theories), is given
in Sec. IL.

On the other hand, given the motivation of these SVT
theories for IR modifications of gravity by a scalar field, but
also more ubiquitously coupled to other matter such as the
photon, we start the discussion on the stability of nonsingular
cosmological solutions. Indeed, modified theories of gravity
such as Horndeski theory can violate the null-energy-
condition (NEC) without obvious pathologies. Thus, this
compelling feature has been widely used to build interesting
cosmological solutions not possible in GR, such as non-
singular universes, among others. However, it has been also
shown in the form of a no-go theorem [37,38] that they suffer,
in general, of global stability issues [39-50]. More specifi-
cally, even if far from the most physically relevant phase of
cosmic evolution, instabilities will arise earlier or later in any
nonsingular, nonghosty cosmological solution.” This no-go
was even generalized to multi-Galileons [45] and to a
subclass of Horndeski theory on a spacetime with torsion
[53], although it was also shown to be broken for the full
Horndeski theory with both curvature and torsion [54]. It is
important to mention that an alternative to avoid the no-go is
to consider Beyond-Horndeski theory [46—48,50]. However,
in this work we stay within the Horndeski class, namely, with
second order equations of motion and we use the no-go
theorem in multi-Galileons to show that the theories con-
sidered here also suffer these global instability issues. In
particular, this result applies to the theories with a Luminal
graviton that were proposed in [11].

In Sec. IIT we introduce notation for the first order pertur-
bation on the spatially flat Friedmann—Lemaitre—Robertson—
Walker (FLRW) cosmological background. In Sec. IV we
compute the quadratic action for the tensor and vector sectors
and review the cases in which the automatical luminality of
GWs is achieved. In Sec. IV C—restricted to these luminal
cases—we also discuss the identification of the vector mode
with the photon of Maxwell electrodynamics in the same line
of reasoning that it is common practice to identify the tensor
modes of Horndeski with the graviton of GR.

“This holds at first order and assuming conventional asymp-
totics in the general case. See also [38,46-49,51,52].
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In Sec. V we show the scalar modes and discuss the
stability issues of nonsingular cosmological solutions. We
end with conclusions in Sec. VI.

II. OBTAINING 4D LUMINAL HORNDESKI
FROM A HIGHER DIMENSIONAL REDUCTION

The standard formulation of Horndeski theory/general-
ized Galileons in 4D assumes that the photon is minimally
coupled to gravity. Namely, the scalar field (Galileon)
couples to curvature and it is assumed that the electro-
magnetic 4-vector does not couple to the Galileon. Thus,
the speed of the photon ¢, is a constant throughout cosmic
evolution (1 in our units). In [11] a new type of photon-
Galileon couplings was found—inspired by a KK reduction
of a higher dimensional scalar tensor theory—in such a way
that what is kept constant in time is not the speed of light
but the ratio of speeds of gravity c, and light, namely

=1 (1)

while ¢, (#) and c,(¢) can vary on the cosmological back-

ground. Indeed, it seems clear—up to a caveat to be shown
|

below—that if the graviton and photon in 4D are different
components of the same “gravitational wave” in 5D, then
the speed of gravity and light will coincide in 4D. This
turns out to be the case for a large class—but not all—of
Horndeski theories in 4D with photon-scalar couplings
derived by the KK dimensional reduction. Thus, the
KK reduction is a useful tool to find theories with the
property (1). The latter were the main topic in [11] and in
this work we cover in more detail both of these types
theories, those with and without a luminal graviton.

For completeness, let us review the idea proposed in
[11]. Let us consider generalized Galileons formulated in
5D. It is then clear that we do not aim to compare nor
discuss the fundamental status of the 5D theory against the
4D theory. Both of them are simply modifications of
gravity, but as we will see, with interesting properties in 4D.

Denoting all quantities defined on the 5D manifold M5
with hats, such as R -curvature tensors computed with the
5D metric § (with mostly minus signature)-, and choosing
indices that are capital Latin letters running over the five
dimensions, M =0, 1, 2, 3, 4, while lowercase Greek
letters run over our four dimensions, o = 0, 1, 2, 3, the 5D
Galileons can be written as [4]

S = / dx\/9L,. (2a)
E”:£2+£3+£4+£5+£6 (2b)
‘CZ = F(”’ X)’ <2C)
Ly = K(z, X)Or, (2d)
Ly = =Gy (. X)R + 2G4 (. X)[(Or)* — mppym™N], (2e)
A 1 ~ ~
£5 = G5 (77,', X)GMNﬂ';MN + gGS)((]T, X)[(l:lﬂ)?) —_ 3|:|7[77,';MN7T;MN + 2ﬂ;MN7T;MP7[;pN], (Zf)
3 o eass L paBCD s NP
L= ZG6(77:’ X)(R? — 4R R + R'PPR ) + 3Gex (m. X)(—R((On)* — 74P 7 1)
+ 4RAB|f|ﬂ'7L';AB - 4I,éABJT;ACﬂ';CB - 2RABCDT[;Ac7T;BD) + G6XX(”7 X)((ﬁﬂ')4
- 67Z;ABE;AB(E|JT)2 + Sﬁﬂﬂ;ABﬂ;BCﬂ';CA + 3(zBr.0p5)?* — 6781 37 Pr.pa), (2g)

where 7 is the scalar field (Galileon), X = §"Vr .y, 7.y = 0yn, F.K.G,, Gs,Gg are general scalar potentials,
Ty = VyVyr, Oz = §"NV V7, and we have defined as G4y = 0G,/dX and so on.
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Now, let us consider the 5D Galileons (2) compactified
on a circle. We write the metric as usual in terms of 4,,, a
4-vector A, and a Dilaton ¢, assuming the “cylinder

condition™ [55],

As usual we identify £, as the metric on our 4D spacetime.
Now, at least in the Luminal theories shown in [11]—
considered as IR modifications of gravity—we will identify
A, with the photon because, first, it is a U(1) gauge
invariant theory in 4D and second, because the vector
modes propagate at exactly the same speed as the tensor
modes of Horndeski gravity, which is suggested by recent
observations [1,5—7]. This is further discussed in Sec. IV C,

although this identification is irrelevant for the most part of
this work.

. <hﬂ,,—¢2AMAU ¢2A”
gun =

¢2A1/ _¢2 (4)

and with inverse,

h# hA,
gMN — ( |
WA, = gr+ WUALA,

(5)

. 3 9

F—F+ EXZ / (Gﬁmmer_l + 2G6X7m7m)dX - 7G67m7r71X2 + X/ G6X/r7m7szXv
.9 .

K- K+ EX <G67rmrX + 2G6X7t7[7t)

A 3
G4 d G4 + EX/ (G6JT7ZX_1 + 2G67mX)dX - 3G6JTIZX9

G5 g GS -+ 3/ (G6nX_1 + 2G6”X)dX

With the metric (4) and the cylinder condition, normal-
izing our fields to reabsorb the multiplicative constant in
the action® [ dx*, we rewrite the 5D Galileon (2) as a 4D
theory (See the Appendix A for details)

S = /d4X\/—_h¢(£,, + £¢ + £A), (6)

where £, takes the form of (2), but removing the hat of all
the quantities, namely, computing all curvature tensors and
covariant derivatives with the 4D metric & (the decom-
position of five-dimensional scalar structures in terms of
four-dimensional ones can be found in the Appendix A). In
other words, £, takes the form of the usual Galileons in 4D
plus an extra contribution proportional to the G¢ scalar
potential and its derivatives. Let us note, however, that the
G, terms can be reabsorbed in the usual 4D Horndeski
theory. Indeed, due to the fact that Horndeski theory is
the most general scalar-tensor theory of gravity in four-
dimensional spacetime with second-order equations of
motion, after reduction, we can get rid of all Gg summands
and its derivatives by the following redefinition of scalar
potentials:

3
7
21 3
dX - TXG6IL'7U[ + E / XG6X7m7rdX7 (7b)
(7c)
(7d)

thus the Lagrangian £, can be written explicitly as 4D Horndeski with only four independent scalar potentials
L,r(l:" K, 64, GS) (this is more easily checked at the level of the equations of motion). On the other hand, we define
L such that in it we include all contributions to the action without the 4-vector A# and also not contributing to Horndeski

theory in 4D, [,,,(I:" K. Gy, GS). Namely, it takes the form,

*We assume that M5 can be decomposed as a direct product of a pseudo-Riemannian manifold, M,, and the circle, S!, such that
Ms = M, x S'. This decomposition allows us to expand fields on M5 as Fourier series in the additional coordinate, x*. Specifically, we
have:

p= aneinm

where p represents any field on M, and the coefficients p,, are functions of the coordinates x* on M*. If there are any terms in the series
other than py, the fields defined on M5 would give rise to an infinite number of massive fields after reduction on M*. To avoid this, we
impose the condition that all quantities are independent of the fifth dimension, namely p = p(x*).

(3)

®Namely, in the dimensional reduction we integrate the action (2) on the coordinate x* because all fields of the theory do not depend
on this coordinate.

024028-4



HIGHER DERIVATIVE SCALAR-VECTOR-TENSOR THEORIES ...

PHYS. REV. D 111, 024028 (2025)

£¢ = £K¢ + £4¢ + £5¢ + ‘C6¢v (88_)
1 .
‘CKqﬁ = _K¢’aﬂ;w (Sb)
¢
2 4 .a
Lsp =~ G4(O) + - Gux(Or) gz, (8c)
¢ ¢
1 ) .
Lsy = gGs((Dfﬁ)(Dﬂ) — ¢V rap) — ﬂGsRC/’ T+ ¢G5x¢ “7o((On)? = 74w ), (8d)
6 4 . X . .
‘C6¢ = $G6Gaﬂ¢;aﬂ + $G6xx¢’aﬂ';a((|:'ﬂ') - (Dﬂ)ﬂ;aﬂﬂ"aﬂ + Zﬂ;aﬂﬂ"ﬂ},ﬂ"ya)
6 G ((CI) (O7)2 = (O @B _ (Ol 12 GG v 12 Gevh® v 8
+ A ox((O)(Or)* — (D) 7.y — 2(0x) P m.0p) + b oxGP 1 op 1, + " ox¢ P mp . (8e)
Finally, we write the action for the 4-vector as
Ly =Ly + Lsg + Lea, (9a)
¢2
’C4A = —Z G4FaﬂFaﬂ + ¢2G4xFayFaﬁ7[;/j7l';y (9b)
5 1 1 53 3
‘CSA_G5¢ FaﬁF yﬂﬂ}’_gF FaﬂDﬂ+2Faﬁvaayﬂ/j +G5¢ ¢F0€ﬁF ¢[;ﬂ' —gF Faﬂd)yﬂ'
1 1
+ Gsx¢? < FYF, J(On)z s, — 2 FPFErg, 7T /;JT;(;) (9¢)

3 . 9 . 9¢?
Lo = Ged? <§FaﬂF PR — EFaﬁF 4(0¢) + 7
9

¢
9
24
3 a_p 3 aff B2

+ ERF,I/;FJ, a’m? + ZFaﬁF Ty’ +

18

3
18

)

2

— 3 Goxx (FopF,"nP 7 (On)* + 2F (4 F 5 (On) w P 1% — F (g F 50w w7 — 2F o5 F 5., T mP %)

L44 and the first line of L5, are the Lagrangians for the
photon such that the graviton of Horndeski theory—in the
case of a frozen Dilaton—is luminal even with the general
scalar potentials G4(7z, X) and Gs(7) (namely, if G5 x =0
and so on), respectively. In the case with a general dilaton,
a Luminal graviton is also automatically obtained if we
also consider the second line in £s,. The remaining parts of

9

s 992
FopF,sFPF® 1 3F ,,F "R — % FopF, "7 — 2 F oy F " F s F°

32
3

9 3 9 3
F{zﬁFy(l¢;ﬂ¢;y - gFaﬁva/}yqs;a + Ev{lFaﬁvay/} + ZR{ly/}(sFaﬁFy(S - gFaﬂvaaﬁ¢;y + EF(I/}V{IF/}}/d);y
15 3 3 9 .
F(sz{l/}¢;Y¢’y - Ev(lFﬂYv(lFﬁy + SV{IF//’}’V/}FU/) + G6X <_4F(11Fa/}(|:|ﬂ)2 - ﬁFa//’F(lﬂ(Dﬂ)(ﬁ’yﬂ;Y

9 5o s 9 8 g
% FosF sF *Falal — 6F o4 F,*(Orn) 7P — 7 FosF “nP s

9¢*

aﬂF (Dﬂ)¢yﬂﬂ 6F ﬂ(l:lﬂ)vaﬂ},ﬂ'a + 6FaﬂF "‘V}’ﬂ 57[ﬁ5 + 3FaﬂF},§Ra}/ﬂﬂﬂ' —_ TFaﬂF Fgﬂnyﬂ' 577,'f

9 18
FapFyo™ §70 + 6F yy V7 Fyort™n? — 2 F o F o % 4 6F V! F o, S . FaﬁFy“ﬂ;}"s(ﬁ;,gn’;ﬂ)

(9d)

|

the Lagrangian contain G (7, X) and Gsx (7, X). As we will
see below, in the case that the latter two scalar potentials are
present, the graviton and the vector modes propagate in
general at different speeds, unless there is a specific choice
of scalar potentials and background solutions. Lagrangians
containing “nonluminal” contributions will be generally
named Ly;. An exception to the latter is a branch of
background solutions where luminality of all perturbations
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but a scalar mode is achieved even with Gs(z,X) and
Gg(m, X). This is shown in Sec. V C.

III. NOTATION FOR THE LINEARIZED ANALYSIS

We are concerned with IR modifications of GR and of its
accompanying photon that could be relevant for dark
energy (From now on it will be assumed that we discuss
4D theories, unless otherwise stated). Thus, we will
examine the evolution of the FLRW spatially flat, isotropic
and homogeneous background, and its stability against first
order perturbations of the tensor, vector and scalar modes.

A. Decomposition into irreducible components

We write the perturbed metric and 4-vector as
ds* = h,,dx*dx* = (n,, + 6h,,)dx*dx", (10)
Ar = Ak 4 A1, (11)

while the Galileon z(x*) and the dilaton ¢(x*) are split as
7(t) 4 6x(x*) and (1) + S¢p(x*) respectively, and 7, ¢ will
be understood as background fields or not depending on the
context in linearized expressions.

The background, spatially flat FLRW metric is written as
usual

ds? =, dxtdx? = di* — a(1)*(dx* + dy* + dz?),  (12)

where a(f) is the scale factor. On the other hand, the
transverse vector background A©) is chosen identically to
zero by isotropy considerations, and the other components

of A also vanish on-shell.
The decomposition of perturbations 64, , 6A*, 6z and 5¢
into helicity components in the general case has the form

Shyy = 2® (13a)
Sho; = —0if + Z{, (13b)
Shi; = —2%6;; — 20,0,E — (W + o,WI) + hl,.  (13c)
6Ag =7, (13d)
5A; = d;a + A;, (13e)
om = . (13f)
5 = o, (13g)

where @, 8, ¥, E, y, ¢, a,y are scalar fields, Z, W!' A; are
transverse two-component vector fields (9,27 = o,W! =
0;A; = 0) and hiTj is a transverse traceless two-component
tensor.

The evolution of the cosmological background is deter-
mined by three equations £, = dL/df = 0 where f is one
of the following: r, ¢, hoy, h;;. There is a redundancy due
to little gauge invariance, and thus, we can express, for
instance, £, in terms of the others and their time deriva-
tives. By looking at the equations of the background fields
and the linearized expressions, it becomes evident that it is
useful to define Hy = ¢/¢ in analogy with our Hubble
parameter H = a/a.

B. From 5D diffeomorphisms, to 4D little gauge
and U(1) gauge invariant vector

The initial 5D theory in Eq. (2) is invariant under small
coordinate transformations in M5

M — M — M (14)

As usual, upon dimensional reduction the invariance under
5D diffeomorphisms turns into invariance under 4D dif-
feomophisms and U(1) gauge transformations of the vector
field A,. All fields under the small coordinate shift (14) are

transformed as follows:

h/u/ - h/w + aannga + a/tgar]ya + 51/5“’7,4(11 (153)
A, = A, +E0,AY + AV 0,65 4 9,4, (15b)
@ = @+ 0,0, (15¢)
y =y +E%,n, (15d)

where & = (&, & + 870;&5) T.

IV. LUMINAL GRAVITATIONAL WAVES WITH
L4y AND Ls, VS NONLUMINALITY WITH Ly,

A. The graviton

Expanding to second order the action (6) with (10)—(13),
and using the equations for the background fields and its
2

derivatives to vanish the h;; term, we obtain the quadratic

action for the tensor perturbation of the metric

. F. -
Sk = [ @120 |Gy - 2 T’ 16)

where G, and F, are functions of the background fields
7(t),¢(t),a. They are given in the Appendix C. They
take the same form as in the usual Horndeski theory, up to
Hy, = % contributions.
Let us recall that the squared speed of the tensor modes
2 _ T

Cg—g—’[, (17)
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is different from unity even in the Horndeski theory case,
namely, even if H, = 0. For instance, in the case H;, =0
and with zero scalar potential G5, the speed takes the well
known’ form with F, = 2G, and G, = 2(G4 — 272Gy ).
Thus, only if G4 is a function of z -but not of X- can the
speed of the graviton be exactly unity. In other words,
because for a minimally coupled photon the speed of light
is constant (cf\ =1 in our units), Horndeski theories with
the minimal photon are, in general, heavily constrained by
the precise experimental bounds on the speed of gravita-
tional waves and light [7],

c
0

<5x 10716, (18)
Ca

A way around this strict constraint is to consider Horndeski
theory complemented by the photon-scalar couplings
shown in the actions (9b) and (9c) for the general scalar
potentials G4(z,X) and Gs(x). In those cases, even for
nonzero Hy, the speed of the photon changes with time
in exactly the same way as the speed of graviton so that
c, (1
T(({))
aspect is that the effective metric of both the graviton and
the photon are modified by the same gravitoelectric
Galileon. Indeed, let us now compute the perturbations
to the cosmological background in the vector sector.

= 1 is preserved throughout cosmic evolution. The key

B. Vector sector and the photon

Noticing that the combination

Vi - Wi —ZHWZ +Zl
is gauge-invariant by the transformations

Zi = Zi - azfé-, (193)

W, = W, + a*&), (19b)

obtained from (15a), and expanding to second order the
action (6) with (10)—(13), the vector sector can be written as

2

5 2 6 -\ 2
5S%ect0r = /dt d3xa3¢ <; (gV(A)z) - %f\/ (_ X A)

a

s IC(Y 7)), (20)

where Gy, Fy, K are functions of the background fields.
They are given in the Appendix C.
From (20) it is clear that the vector perturbations of the

metric V and the vector perturbations of the 4-vector A*

"Let us recall that if H 4 = 0 the scalar potential G4 can be fully
reabsorbed by (7).

decouple. The former is nondynamical, and thus we can
write the final action for the vector modes as

. = 2
5S%ect0r = /dt d3xa¢3 (gv(2)2 - FV (g X X) > s (21)

such that they propagate with the speed squared

Ty

o (22)

2
Cy =

As anticipated from the discussion in the previous section,
for the theories (6) with only F(z,X), K(x, X), G4(, X),
and Gs(7) general scalar potentials, we can note that

fV ‘FT
TV_’c 2
G G (23)

and thus, the speed of the graviton and the 4-vector are the
same throughout cosmic evolution z—A’ =1 [11]. Now,

provided the experimental bounds that set the speed of
GWs very close to the speed of light, it is reasonable—at
least in these cases—to identify the 4-vector with the
photon relevant for cosmic evolution. We discuss this
identification from other perspective in Sec. IV C. We will
generally denote these as theories with an exactly “luminal
graviton” or luminal extensions of Horndeski theory.

It is worth to note that a recent work [17] found that, at
least in a cosmological background, the G4(z, X) Luminal
extensions of Horndeski theory -namely, with nonminimal
photon-scalar couplings £44 and with G5 =0- can be
reproduced by disformal transformations of already known
luminal beyond Horndeski theories with a minimally
coupled photon. Thus, in this sense and as far as it is
known, only on a cosmological background, the L4y
Luminal extension of Horndeski maps to a beyond
Horndeski theory.

C. The 4-vector and the photon with £, and L5,

The common practice in IR modifications of GR, and in
particular, in Horndeski theory, is to identify the tensor
modes of perturbations about cosmological background
with the graviton of GR. This identification is clearly
motivated in first place, by the two propagated polar-
izations and in second place, by the fact that the mod-
ifications of GR due to the Horndeski scalar are screened in
solar system tests. See for instance [56—59]. The latter is
specially important provided the stringent experimental
bounds, otherwise, there would be little point in naming
them “IR modifications of gravity” (the theory valid in the
solar system) in the first place.

Similarly, with regards to the vector-Galileon couplings
discussed before L£44, Ls4, there is as a matter of fact, an
experimental motivation to try to identify that U(1) gauge
invariant vector coupled to the Horndeski scalar with the
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photon: the strict bounds on the similarity between the
speeds of gravitational waves and light by the event
GW170817 [1]. These suggest that a graviton even in
modified gravity theories may propagate at the same speed
as light. Assuming the latter, L4, L5, together with
Horndeski theory (in the case of a constant dilaton) expand
the theory space of allowed® theories in what respects these
speed tests, at least within the Horndeski class.” Now, how
to match the IR scalar modification of the familiar photon
of Maxwell electrodynamics to laboratory tests is an
important challenge. This was briefly discussed in con-
nection with the Vainshtein screening of GR modifications
in [11]. And a related discussion on experimental bounds
|

for these sort of scalar-photon couplings was advanced
in [17]. Although this question merits more investigation, it
falls way beyond the scope of this work.

V. SCALAR MODES, A LUMINAL BRANCH
OF SOLUTIONS AND THE STABILITY ANALYSIS
OF THE FLRW BACKGROUND

A. Scalar sector

Expanding to second order the action (6) with (10)—(13),
and partly using the gauge freedom to set the longitudinal
component E to vanish, the quadratic action for the scalar
perturbations has the form

: V)2 \Va e .
582 i = /dt d3xa3¢<A1(‘P)2 + A, ( a2) + A3 ®? +A4<I>a—2ﬁ +A5‘Pa—2ﬂ + Ag®Y
vy Viy VB % v’ ki
+A7®7+A8®7+A9 Z+A10)(‘P+A11(D)(+A12)( +A1%)(
2 (Vx)? : 5 o , )
+ A14()() + A15 7 -+ A17(I))( -+ Am}(q‘ -+ Alglpj( + Az())( -+ CllP(D +C2lP(p + C4)((ﬂ
, VB i . vy VY Vo
+Csyp + C7(ﬂ7 + CWT + Co®gp + Clofﬂ7 + C11§07 + C12(P7
Va) v a Va v
+¢2<B,< a) i +B,(a7;))>, (24)

where coefficients A;, B;, C; are combinations of the Lagrangian functions and their derivatives, written in terms of the
background fields. The explicit form of these coefficients can be found in the Appendix C.

A first important aspect is that the scalar perturbations of A#, namely «, y do not mix with the scalar perturbations of
metric, Galileon or dilaton. We will use this fact later on to discuss the stability of the scalar modes.

The equations of motion obtained from the variations on f, @, y, and « are constraints. The equations from the variations

on y and a are equivalent. They can be written as,

=2 =2 =2 =2
p 1 Vy Vg Vy
oP: 2T a Ay +Ag—- 2 +A11;(+2A3¢+C12 ) +C9¢+A7 ) +A61// (25a)
4
1 . . .
op: ‘D:—A—4(A12)(+A9)(+C8(P+C7<0+Asl//)’ (25b)
=2 =2
Vi Va
a a

The y constraint turns out to be trivial due to the relation

1By + B, +B(3H,+ H) = 0.

Now let us use the residual gauge freedom and set y = 0. Using the constraints (25) back in the quadratic Lagrangian
(24), we integrate out @, f3, y. The terms containing « are canceled automatically. The resulting action contains two dynamic

variables, ¥ and ¢:

8See however [60] for an alternative.

Namely, while keeping second order equations of motion. See however [17] for a recent discussion in beyond Horndeski theory.
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. : V) VeV Vo) .
e = [ arwp((07GY + 010 1020y - 7Y O Y I UL Ry ) (26)
where
4 A3A,2 2 (245C 4 3A4Cy)A 1A5C,2  1C,C
o Y et W Py _ = \2A3L 4%9)01 (At ol Wt b 27
g AT 9" =3 A2 95=9 a2 T3 a, (272)
4 4
1 d [2A%¢a w 1 d [2A,Ca? ¢ d[a’C?
F¥=-A,——— =L Fv=cC, -—— |/, V=T , 27b
S 2 agbdt[ 94, } S " azdt[ 94, } ST dddr |18¢A, (270)
4A,A5C 1 d [AsC,C,a? 1 d [C,Coppd®
=5 3)2 = M,=-g37 : 12261 - 3 2Cofa ’ (27¢)
9 A4 9(1 dt A4 6¢a dt A4

Defining a kinetic matrix Gg and a “gradient” matrix Ffg,
P 1 ~¥e p 1 Yo
[ 9 29 Fs 37
Gs = 1 oY o |’ S -
295 gs 277s s

(28)
it is easily verified that G¢ has nonzero determinant, and
thus there are two degrees of freedom,

1A
detgs = —— !

g 42 (A1C* + A0 +34,0,Cy). (29)
4

Furthermore, a field rotation that diagonalizes the kinetic
matrix does not diagonalize Fg. Thus, the speeds of
propagation of the two scalar modes can be found as
eigenvalues of the matrix Gy~' F. They are not factorized
and their expressions are cumbersome, but we can express
their sum and product in terms of the determinant of both
matrices using the property that the trace of a matrix is the
sum of its eigenvalues, and the determinant of a matrix is
the product of eigenvalues

B detfs

1 2
(e (e = Gge (30a)
1 2 1 1
(P + () = g (AFg - Jorerte + oY)
(30b)
where,
p) 2 d [¢aA?]\ d [C\2d?
det Fg = —— Ay +—— -
s = o\ Tougar | a, | ) dr| A

Ve 2 d @Ay
4 9q2dr | A, '

A particular branch of background solutions where we
solve explicitly the speeds of the scalars is given below,
in Sec. VC.

B. Stability of a nonsingular cosmological
background against perturbations

Let us now discuss the stability of the FLRW back-
ground. Let us first assume a definite sign for the dilaton
background ¢(¢). This is a natural assumption because
otherwise at the vanishing of ¢(¢) the 5D metric would be
degenerate. Indeed, let us recall that the components of the
4-vector background are also vanishing on-shell and by
isotropy.

Now, requiring that the tensor and vector modes are not
ghosts we demand G, > 0 and Gy, > 0. Furthermore, to
avoid gradient instabilities we require that F, > 0 and
Fy > 0. Finally, we assume conventional asymptotics in
that 7, has a nonzero lower bound in the asymptotic past
and future (See for instance [38,51]). Let us note in passing
that for the Luminal extensions of Horndeski theory—
namely, in the cases with £44 and L5, but without G¢ or X
dependance on Gs;—only two conditions are really
required. Indeed, in that case the no-ghost and stability
of the graviton obviously imply the same for the photon.

On the other hand, in the scalar sector it must be required
that detGg > 0 and det Fg > 0.

However, let us now show that well-known no-go
theorems [37,38] for all-time stable, nonsingular cosmo-
logical solutions also apply in this case, even with the
general Galileon and dilaton. Thus even if local stability
can be achieved at some time for some model, it is certain
that—assuming conventional asymptotics and not special
cases (See [38,51,52])—a gradient instability will arise
earlier or later in the evolution.

To this end let us recall that by the analysis of the
previous section, the scalar perturbations of A* decouple
from the scalar perturbations of the metric, Galileon and
Dilaton. In fact, the former are nondynamical. Thus the
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quadratic action for the scalar sector obtained from (6) is
equivalent on-shell to a quadratic action obtained by setting
A* to zero, or L, — 0 in (6). Namely, we can obtain the
same scalar dynamics considering only the £, and L,
in (6). Now, let us recall that using the redefinition of scalar
potentials (7) in £,, we can rewrite this part of the action
only as a function of F, K, Gy, GS (namely, without Gy).
On the other hand, upon the redefinition (7) we obtain
L, = £¢(ﬁ, K.G,.Gs, Gg). Now, following [45,61] let us
define the following multiscalar potentials

1

Gy = Fle.X) + S R(x X, (322)
N 4 . .

G; = K(n,X) +$G4X¢”’ﬂ;a, (32b)

, 2

G3 :$G4(7Z,X), (32C)

~ A | BN

G4 = G4 +ﬂG5 (77:, X)Qb;aﬂ';a, (32d)
A 9 )

G5 = Gs(m. X) + $G6X¢’a”;a7 (32e)
6

G = ;G (32f)

Thus we can rewrite £, + L as

E — G2 - G:I;,ngl + G4R + G4,<1‘/>(|:|¢I|:|¢J
-V, V,¢'VeNrgT) + GLGV V!

1
—% G 1 [O¢'Te’Op* — 30¢UV,V, ¢/ VEVY K
+ 2V, V, ¢! VVAGV, VE K], (33)

where, in our case, ¢’ are the fields 7 and ¢,
X' = h*9,¢'0,¢’, and the index (IJ) denotes the sym-
metrized ~ derivative  f ;) = (9f /0X" + af /oX"")/2.
Thus, the no-go theorem proved in [45] applies to the
theories discussed in this note.

C. A “luminal” branch of background solutions

At this point it is relevant to discuss a cross-check of all
the computations. This discussion will reveal an interesting
aspect of the action (6) when considered within the general
context of vector-scalar Galileons, or SVT theories.

Since the 4D metric, the 4-vector and the Dilaton are
different components of the same 5D metric, it would be
expected that, for instance, their speeds are the same. As we
saw before, this happens in many cases, but not all. In
particular, the speed of the 4-vector and the graviton is

different if the scalar potential G5 depends on X or Gg is
present. The reason behind this difference is that we have
compactified one dimension and broken isotropy in the
spatial dimensions. As a cross-check of our results, let us
restore isotropy and homogeneity in the spacelike dimen-
sions in 5D by setting ¢(z) = a(t) (in fact, the discussion
below only requires us to assume H, = H), in other words,
by considering FLRW in 5D. In that case another of the
equations for the background fields becomes redundant—
namely, the equation for the dilaton background
¢ (£, = 0)—and thus, as expected, only £, =0,&,, =0
are independent. Furthermore, we find in that case that both
the speeds of the graviton and the 4-vector coincide even
including the general potentials Gs(z,X),Gg(x, X).
Finally, the action coefficients are simplified as

C]ZAl, C2:Cg:0,

C9 = _A47 Cll = _2A27

(34)

and the speeds for the scalar modes can be explicitly
written as

=4 [azAAA‘Z} + 64,

(Dy2 24
= , 35
e ) = A a7 — A, (3%2)
2 A ‘7:1
(cP)2 = —3A—? o (35b)

Thus, we verify that the speed of one of the scalars—the

extra scalar mode due to the dilaton—(cgz))z, coincides

with the speed of the tensor and vector modes for all scalar
potentials Gs(z, X) and Gg(x, X).

Let us stress, however, that this special case lacks
physical significance within the context of the KK dimen-
sional reduction. Indeed, for the latter it was natural to
assume that the radius of the compactified fifth dimension
is small, thus necessarily breaking 5D spatial isotropy and
homogeneity, and such that there is in principle no reason to
assume that H, = H.

On the other hand, let us discuss the later result more
broadly: Within the context of all higher derivative SVT,
the last result simply says that the theory (6) is a subclass
with a luminal branch of background solutions. Namely,
without discussing its connection to higher dimensions,
consider the action (6) as an SVT theory for the metric, two
higher derivative scalars ¢ and z—here regarded on equal
footing—and for a U(1) gauge invariant higher derivative
vector A¥, such that the equations of motion are of second
order. This theory has the defining property that it has a
particular branch of cosmological background solutions
(¢p(t) = a(t)) on which luminality of all perturbations,
with the exception of a scalar mode, is achieved for all
scalar potentials up to Gg(x,X). Despite its unphysical
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character in connection with the higher dimensional origin,
this case could be, however, relevant on the search for
vector-Galileon couplings from a broader perspective,
beyond our specific method of KK reductions.

VI. CONCLUSIONS

We expanded on the results shown in a recent letter [11]
and showed a broad class of U(1) gauge invariant vector/
multiscalar Galileons in 4D: namely, a theory with higher
derivatives of a U(1) gauge invariant vector and two scalars
in the action, but with second order equations of motion for
all of the fields. It was obtained from the dimensional
reduction of Galileons in five dimensions (5D). We did not
aim for completeness, nor for a complete classification of
U(1) gauge invariant vector Galileons. Nevertheless, the
theories shown in this work provide a consistent way to
couple vectors to IR scalar modifications of gravity—
without inducing ghosts, and keeping gauge invariance—in
the aim to explore more universal couplings of the scalar of
dark energy to other matter. Furthermore, they are a
specially relevant class of vector Galileons because first,
a subclass of these theories leads to a luminal graviton in
4D even with general G, (r, X) and G5(r) scalar potentials,

|

second, for the whole class of theories up to G (7, X) there
is a particular branch of background solutions where most
modes (tensor, vector and one scalar) propagate at the
same speed, and third, because being connected to higher
dimensional theories they could be simpler to analyze in
some cases, for instance, in the look for black-hole
solutions in 4D.
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APPENDIX A: DETAILS FOR THE
DIMENSIONAL REDUCTION

In this appendix we collect the expressions for all five-
dimensional scalar structures in terms of four-dimen-
sional ones:

N 2 1
R=R- 7 O + 1 FsFP g, (A1)
. 1.
Oz =0z + 545’ T.g, (A2)
iMN UV 1 ay .} 2 1 a 2
oyt = w7 —EF(,/;F ., +F( ) (A3)
. . 3¢ 3 . . | B
ﬂ;MNﬂ"MPﬂ:;pN = M, T — % F(l/}Fﬂsﬂ;aﬂ;yﬂ';ﬁﬁ - I(ﬁ F”/}Fa(;ﬂ;ﬂﬂ”sqb;},ﬂ’y + ﬁ( ’(177.';(1)3, (A4)
GMN _ Ga/)' 1 O] 1 aff ¢2 F FaﬁD 8 F{I/)’ F y 3¢ Fa/)’ F ;0 g F{I/J’v;/ F
TN = Top + E $pUn — 545 Tap =g Lap T+ 5 Ty + B aspm” + X artp
3¢ i 1 .
- ? FaﬁFaﬁﬂ‘7¢;y — ﬁRd)’aﬂ';a, (AS)
4
1P n gt Pupp = 0015005 — P FPF 1 Ty 5 + % (FPF smpn°)* = pFPF1 g 10y 5p* 7
. . 1 .
- FaﬁFay”’y(qb;é”ﬁ)z + E( ;aﬂ’a)“’ (A6)

AR 2 1. 4 9
Run RMN _ pop Ra[)’ _ E R ¢;a/} + Fap Fay R/}y ¢2 + P ¢,a/)’ ¢;u 5— d’ Fop Fay ¢; by + Z Fob Fa)/ F/}‘S Fy(S _ 5 Fap F,,y 45; /}(b;y

2 1 4
—3QFPVIF 5 + 5 VeF VTFy, + 7 (Og)* + > FPF ;06 + 6 F&PF 5F"°F 5,

0 (A7)
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N N 3 5 5
RABCDRABCD = Raﬂy{iRa/)’yﬁ + 3¢2FaﬁF}/5R(zyﬂ5 + gFaﬁFaﬂFyﬁF 5¢4 + gFaﬂFayF/)’(SF (3¢4 - _VYF(lﬁva(lﬁ¢2

—4¢F“ﬁ¢;y(V"Faﬂ—VaFﬂ7) 6(F%¢. ) 6F7F o Dpd.y —|— V7F“ﬁV oFyp

4
" Eqﬁ'aﬂﬁb;aﬂ + 2¢FaﬂFay¢;ﬂy’ (A8)
RABr,p = —lq’r‘“ﬂﬂ (O¢)p7.q + R + — ” FPF 7.y, +— F PNV 5 + 39 parp P,
:AB ¢ af ¢2 a af 2 PBr 2 ay’:p 2 P
¢ .
- FaﬁF ¢’yﬂ'4 (A9)
4 aff Rl
A . L,
R, npc = RVn/my, _aqﬁ’aﬂﬂ?ayﬂ;ﬂi’ q’n (¢zq)*(Op)
+ FBE V(Cﬁﬂ —¢—F5FK7T71' += q’)qbnn +¢(D¢)ﬂ'ﬂ'>
a p 8 p 0 P 0 P
3 4
+F‘lﬁFJ’é(—%Ray”/i”&+¢¢ay”ﬂ”5+ ¢ ay¢/5”5+?6F(lﬁF 57k >
1 1
- ‘% FONIF Pty 45 FOVIE qpmpmsp + 5 (FP 7, )2, (A10)

. 2 : 3¢? :
RY¥Prpcnpp = RPPm gy s — quaﬁ”;aﬂgb’yﬂv +F (T FPm g mgs + §* V' F it 5+ 30F /Py 5

¢, ¢ 1
- EFabe’&ﬂ';(gﬂ';ﬂ},(ﬁ - ? FayFﬁ(sF},Kﬂ';(gﬂ';K - 5 FaﬂFy(Sgb;a},ﬂ;ﬂﬂ';&(ﬁ. (Al 1)

APPENDIX B: DYNAMICS OF THE COSMOLOGICAL BACKGROUND

The equations of motion for the background fields, from the Lagrangian (6) have the form

Sh™: F =2Fyi* — K, 7> + 2Kx7*(H, + 3H) — 6G4H(H; + H) + 24Gyx7*H(H + H ) + 24GyxxH7* (H, + H)
—2Gy,71(Hy + 3H) — 4Gyx,i0° (Hy + 3H) + 10GsyH?*i*(3H y + H) + 4GsyxH*7°(3H, + H))
—9Gs,Hi*(H + Hy) — 6Gsx, Hi*(Hy + H) — 18GgH ,H* + 108Gqy#*HyH® — 18Ge, H*#(3H, + H)

— 12Gex H*#*(3Hy + H) + 216Gexx#* H ,H* + 48Goxxx HyH> 7% — 24Gxx, H* 7> (3H,; + H), (B1)

Sh'': 0 = F = 2Kyiiie> — K #* + 2G4 (2H + 3H* + 2HH, + H,, + H,?) — 4Gux#*(3H* + 2HH , + 2H + H, + H,?)
— 4Gt #(2H + H) + 2G4, (7t + #(Hy + 2H)) 4 2Guppit® + 4G gpxitic® — 4Gyt (Hy + 2H)
— 8Gyxxiti’(Hy + 2H) + Gs,#*(3H* + Hy + H,* + 2H + 2HH ;) + 2Gs, 7 #(H, + 2H)
—4Gsy#*(HH + H® +2H,H* + HyH + HH , + HH ;) — 6GsyitH#*(2H,, + H) — 2Gs,xH7*(H + 2H )
+ 2Gsxiti* (Hy 4 2H) — AGsyxHitie* (H + 2H ) + Gsppit® (Hy + 2H) + 24Ge,xxHiti* (2H y + H)
+ 6G¢H(H,H + HHy* + 2H ,H + 2HyH?) + 6G¢,Hii(2Hy + H) + 6Go,7(2HH , + 2HH > + 2HH
+2H? + 5HyH? + 2H 4H) + 6Gg, Hi*(2H, + H) — 36Gex 7 it H yH?
— 24GexH7*(2H yH + 2H ,H* + HyH + HH ;) 4 48Gg,xHit7*(2H, + H)
+24Ge x> (HyH + HyH* + HHy + HH > + HH + H®) — 144Ggxyiin’ H yH* + 12G gy Hi* (2H,
+ H) = 24Gg,xx i HyH? — 24Goxxn* (2HH4H + 2H ,H> + H,H? + H*H?) — 487’ GoxxxH,H?,  (B2)
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5¢p: 0=Gy(—2HHy + H— Hy — Hy* + 3H?) + Gy,it(H — H,) + 4Guxxiti® (H, — H)
+2Gyx#*(=3H* + 2HH,, — H + Hy + Hy?) — 2Gyxi it (H — Hy) + 2G,x7°(Hy — H)

+ % Gs.#*(3H> —2HH, — H;, — H,* + H) + Gs, 70t (H — H) — %Gs,mjﬁ (Hy—H)
+ 6GsyHiti*(Hy — H) + 2Gsyi* (2H,H* — 3H* —2HH + HyH + HH, + HH ;?)

+ Gsuxi*(Hy — H)(2Hit — it) — 4GsxxHitie*(H — H )

+3GeH(-2H,H* - HyH — HH ;> — 2H ,H + 3HH + 3H?) + 18GeyitH*it(H, — H)

+ 12GexH#*(2HyH* + 2HyH + H,H + HH;* — 3HH — 3H?) — 48G,xHit7*(H; — H)

+ 3G, 7t(=5H,H?* + TH? —2HH , — 2HH > + 4HH — 2H 4H) — 6G¢,Hit(Hy — H)

— 6GerHi*(Hy — H) + 12GexyHit*(2H ,H* + 2H,H + HyH + HH > — 3HH — 36H°)

+ 12Gg,x#> (—~HyH? + 2H® — HyH — HH,, — HH ;* + 2HH) + 12GxxH*#7° (H,, — H)

+ 12GgxxH7* (Hy — H)(H7t — 2it) — 12G gy Hit* (Hy — H) + 24GoxxxH? it (Hy — H), (B3)

where we denote H = a/a and H, = ¢/, dot denotes the derivative with respect to the cosmic time 7.

APPENDIX C: COEFFICIENTS OF THE QUADRATIC ACTION

In the tensor sector we defined G, = % and F, = A,, and in the vector sector

1
gV:Bl, “7:V:§C11 K:12A1 (Cl)

These coefficients and those shown in the quadratic action for the scalar sector are,

Ay = =66, + 12Gx(#)* = 3Gs,(#)* + 6Gsx ()’ (H + Hy) + T2Gexx HH 4 (70)*
+ 72GexHH y(71)* — 36Gex,(7)*(Hy + H) — 18GsHH ;, — 18Gg,(H + H,), (C2)

Ay =26y = Gs,(#1)* = 2Gsx () (7)* = 12Gex H ) (71)* + 12Gex, (i) (70)?
— 12Gex,H (%)} = 24GsxxH (7)) (7)? — 12GexH y2(7%) — 12Gex H 4 (7)?
+ 6GgH y + 6GH 2 + 6Gpy (1t)? + 6GoH it + 6Giy(it), (C3)

Ay = Fy(7)* +4Kx(7)*(Hy + 3H) — K,(7)* = 2G4, 72(H + 3H) 4 42G,x H*(7r)*
+42G,xHH y(7t)* + 996G xx HH y(7t)* + 96Gyxx H* (it)* — 10Gyx,(7)* (Hy + 3H)
— 6G,HH y — 6G4H? — 27Gsx HH 4 (it)* — 27Gsx,H?(7t)* + 18GsxxH ,H* ()
+26GsyxH* (7)° — 18G5, H?(7)* — 18G5, HH 4(7)* + 90Gsx H ,H* (71)* + 30Gsx H* (7)?
+ 456G exxxHyH? (7t)® — 504Goxx . H yH* (71)° — 168Gxx,H> (%) 4+ 972Gexx H yH? (7t)*
—702Gx,HyH*(it)* — 234Gex,H? (7t)* + 306Gex H ,H* (77)* — 36G¢H ,H* — 108G, H 47 H*
—36G,tH? + 2F xx ()* — Ky, (t)* + 2K yx ()>(H, + 3H) + 24G xxx HH 4 (it)°
+ 24G yxxx H? (71)° = 4Gyxxx (1)’ (Hy + 3H) — 6Gsyx, HH 4 ()° — 6Gsyx, H ()
+ 12G5XXXH(,IJH2(”.")7 + 4GsyxxH* ()" + 48G6XXXXH(/)H3(7T)8 - 72G6XXX;;H(/)H2(”")7
= 24Gexxx.H* (%), (C4)
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Ay = 2Ky (%) —=2G4(2H + H,) + 8Gux(7)*(2H + Hy) — 4G yx,(7)* — 2Gy
+ 8Guxx ()" (Hy + 2H) + 10Gsy H?(71)* + 20GsyHH 4 ()* — 3Gs,(7)*(2H + H )
— 2G5y, (7)*(2H + Hy) 4 8GsyxHH 4(71)° + 4GsxxH? () + 216Gexx H yH* (7)*
+ 48Goxxx H 4 H? (71)® — 48Gexx HH y(71)3 — 24GeyxH*(7)° + 108Gy H ,H? ()?
— 144Gey,HH y(71)3 = 12Gex, H*(it)* — 18GoH yH* — 36Ge,HH yit — 18Gg,itH?,

2
As = —=Ay,
5 31
A6:—3A4,
A—2A
7_3 1>

Ag = 2Ky (7)* = 2G4, + 4Gux7t(2H + H ) + 8Guxx (7)*(Hy + 2H) — 4G x,(7)?
+ 12GsyHH y(7)* + 6GsyH?()* = 2Gs,#(2H + H) — 2Gsy,(7)*(H, + 2H)
+ 8GsxxHH y(it)* 4 4GsxxH? (70)* + 48GexxxH yH (#1)° — 48Gexx HH 4 ()"
— 24Goxx H* (71)* + 36GexH ytH* + 144Goxx H yH? (71)* — 48Gey, H*(7r)*
- 96Gex.HH 4(it)* = 12Gg,HH ;, — 6Gg, H?,

Ag - —A8,
AIO - _3A8’

Ay = =2Fyit — 4F yx (71)® + 2K x, (%) + 2K .7t — 4K yx (7)*(H + 3H)
— 6Kx(#)*(H, + 3H) — 36G,x HH it — 36G,xtH* — 144Gy HH 4(77)?
— 144Gy H?(7)* + 16G 4y, ()} (Hy + 3H) + 2G4, (Hy + 3H) — 48Gyxxx HH 4(77)
— 48G yxxxH*(71)° + 8Gyxx,(#)*(Hy + 3H) — 120Gsxx H yH* (it)* — 40Gsyx H ()
—90GsyH ,H?(7)* = 30Gsx H* (71)? + 42Gsx, H*(7)* + 18Gs,tH? + 42Gsx, HH 4(7)?
+ 18G5, HH gt + 12Gsyx,HH y(7t)° + 12Gsxx,H*(7)3 — 24GsyxxH yH* (7)°
— 8GsxxxH*(#1)° = 96Gexxxx HyH (1) = 120Gy xx H 4 H (it)° + 144Gy xxH s H* (it)°
+ 48GsxxxH* (7)® + 792G gxx, HyH* (it)* + 264G ey x H? (it)* — 1080Gxx H yH (7)?
— 180GexH yH? + 7156GexH yH? (71)* + 252Gy, H* (7)* + 18Ge, H* + 54Gg,H 4 H?,

Ay =2Fx7t + 2Ky (7)*(Hy + 3H) = 2K .7t + 12G,x HH 47t + 12G yxtH*
+ 2Gugnt — AGuy, ()2 (5SH + 2H y) — 2G4 H + 24Gyxx HH 4 (it)* + 24Gxx H* (77)?
+ 6GsyH? (7)? + 18GsyHyH?(71)* — 6Gs,tH* 4+ (2H + H ;) Gs,,(7)* — 8Gsy,H* ()’
— 10GsxHH 4 (i)} = 6Gs,HH gt + 12GsyxH ,H* (it)* + AGsyx H* (7t)* + 48GexxxHyH* (%)
+ 144G exx H yH? (7t)® — 96Goxx, HyH* (it)* — 24Ggxx, H* (7t)* + 36Gex H 4t H>
+ 24Gox 2 HH 4 (70)* + 12G 6y, H* (70) — 168Gy, H yH? (77)* — 48Gex, H> (7r)*
+ 112Gz HH it + 6GepnitH* — 6Gg, H* — 12Gg,H yH?,
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Ay = —4Gy, + 8Guxit(H + Hy) + 8Gyxit + 8Gux, (7r)* + 16G xxit(ir)?
— 4G5, 7t(H + Hy) — 2Gs,,(7)? — 4Gyt (71)? — 4Gspit + 8Gsyr it (H + Hy) + 8GsyHH 4 (ir)*
+4GsyH (7)* + 4GsyH* ()? + 4Gy, (#)>(H + H,) + 8Gsyxit(7)*(H + Hy) + 4GsyH 4 (7)?
+ 4GsyH *(71)* — 48Gxx,7t(71)* (Hy + H) + 48Gexx HH 4(it)* + 96Goxxx HH 4t (7)*
+ 48GexxH ,H (7t)* + 48GexxHyH?(7)* + 48Geoxx HH 4 () + 48GexxHH * (%)
— 224Gy, (%)} (Hy + H) + 24Gexy(HH 4it + HH y 7 +HitH > + H4H 7t +H yeH?)
—24Gex,(3(Hy + H)7 it +2HH 4 (7)* + Hy(7)* + Hy(7)? + H(%)? + H*(7)?)
- 12G¢,(H, + Hy* + H+ H> + HH ), (C14)

Ay = Fy + 2Fxx(#t)* = Kx,(%)* — K, + 2Kx7t(Hy + 3H) + 2K xx (7)*(H, + 3H)
— 4G uxx(7)*(Hy + 3H) — 6Gyx,7t(Hy + 3H) + 24Gyyxx HH 4 (70)*
+ 24G xxxH? (7)* + 6G4xH(H + H ) + 48GaxxH(it)*(H + H )
—3Gs,H(Hy + H) = 6Gsxx,HHy(7)* = 6Gsyx, H* (11)* + 264Gexxx H,H (7)*
+ 14Gsyx (7)*H*(3H, + H) + 4Gsyxx (%)’ H*(3H, + H) + 6GsyH?*#(3H 5 + H)
~ 96Gexx(#) H*(3H; + H) — 24Gxxxz(7) H*(3Hy + H) + 48GexxxxH yH* (70)°
— 54Gex#H*(3H, + H) + 18GexH ,H> — 15Gsx,H(71)*(Hy + H) + 252Gexx H ,H* (%), (C15)

Ays = —Fyx + K, — Kx,(71)* = 2Kxyii(7)* — 2Kyit — 2(Hy + 2H)Ky7t + 6G it
+ 6(Hy + 2H)Gax ot + 4Gaxx, it (1)* = 4(Hy + 2H) Gaxxq (1)’ = 8(Hy + 2H) Gaxxxit (1)’
+ 2G4z (7)* + (Hy + 2H)Gsxre (%)’ — 4Guxx (3(2H + Hy) it it
+ (2)*(SH? +2H + Hy + Hy? + 6HH,)) = 2G4 (2H + 3H? + 2HH + Hy, + H,?)
+ Gs,(2H +3H* + 2HH ; + H; + H,?) + Gsx,((#)*(2H + 5H* + 6HH, + Hy + H )
+ (4Hy + 8H)7 it) — Gsxx (10H (7)?#(2H , + H) + 4(#)*(12H4,H* + (H, + H)H
+ H*+ HH, + HH,?)) - 2Gsx((2H + 2Hy)H i +27H> + 5H ,7xH* + 2HH y 7
+ 2HiH y* + 2HH yit + iH*) + 2Gsxx, ((H, + 2H)i(7)* — 2HH 4()* — H*(%)*)
— 4GsxxxHit(7)*(2Hy + H) + 24Gexx,(3H#(7)*(2H, + H)
+ (#)*(HH,* +2H,H* + (Hy + H)H + H> + HH)) + 24Goxxx,H(7)*(2H 43t + #H — H ,H7)
— 48GexxxxH yitH*(it)® — 24GexxxH (i) (8H 4itH + 2H ,H 7 +2H yH*it + H  Hit + HH 4*7)
+ 12GexxzeH(7)*(2Hy + H) — 12GexxH((7)*(8H4H + 8H H?> + 4HH > + 4H ,H) + 9H it it H)
+ 18Gex,(2HH yit + #H?* + 2(H + H,)H 7 +2itH* + 2HitH > 4+ 5HytH* + 2HH j 7r)
+ 6GexnH(7)*(2Hy + H) — 6GoxH(HyH + HH 4* + 2H ,H + 2H 4H?), (C16)

Ay = Fp = 2Fy,(t)* + 6G 4, H* + 2(Hy 4 3H) Gyt +4(3H + H )Gy (7)°
+ 6GsyHH j(it)* + 6Gsy e H* (70)* + 18GptH? + 54G g H yitH? + K 1 (7)?
—2(H, + 3H)Kx,(7)* + 6Gy,HH ) + 9Gs,, HH 4 (7t)* 4+ 9Gs,, H* (i)
— 24G,x,H (7)*(H 4+ Hy) — 24G,xx,H(7)*(Hy + H) — 10Gsx,H*()3(3H, + H)
— 4Gsxx, (7) H*(3Hy + H) — 216GxxH 4 H? (71)* — 108Gy, H ,H (77)*
+ 712G ox2eH* (7)*(3H 4+ H) + 18G g, H yH* + 24G6xx, (%) H*(3H g + H) — 48Goxxx.HyH* (7)°,  (C17)
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Ay = —6Fxit — 6Ky, (i) + 6K 7t — 12K yxit(it)® — 12K it it —12(3H + H ) Kx(7)?
+ 6(4H + H )Gy + 12Gax,, ()} — 48(Hy 4 2H) Gaxxxii(71)* + 6(Hy + 2H) Gy (70)*
+3(Hy + 2H) G (7)? = 12Gyx(Hy 7t +7H > + 2H 7 +97H? + 8HH g7t + (2H + H )#)
+ 12Gyx,((6H + 2H ) (#0)* + 37t i) — 24Gyxx (YH?(71)> + 8HH 4 (#t)® + 4(H, + 2H)it()?
+2H(7t)* + Hy(7)* + Hy*(#0)®) + 24Guxx, (7(7)* — (Hy + 2H) ()*)
+ 6Gsy,((7)*(TH* + 2H + Hy + H,> + 4HH ;) + 5(H, + 2H)7i(7)?)
+ 6Gs, (#(9H> + 2H + H, + H,* + 8HH ) + (Hy + 2H)7t)
—36Gsx((#)*((H + Hy)H + 2H3 + 5SH,H> + HH,> + HH,) + 7t H(H + 2H ))
+ 12Gsyx,(Hy + 2H)#t(71)* — 12Gsxx (T#H?(7)* + 10H ,H?(7)* + 14HH yit(7)
+2(H + Hy)H(7)* + 4H?()* + 2HH ,()* 4+ 2HH ;> (1)*) = 12Gsxx,, () H(H + 2H )
— 24Gsyxx (%)’ #H(H + 2H ;) + 144Gsxxx, (%) #H(2H ; + H)
+ T2Gexx,(16HH 4ii(70)* + 87tH?(7)* + 5H ,H* (it)* + 2HH y*(70)* + 2HH 4(7)*
+2(Hy + H)H(7)* + 4H?(t)*) — 144G exxx.H yH* (7t)® — 288GxxxxH yitH? (7r)°
— 1584GeyxxH yitH?(7)* — 144Gexxx (7)) H(2H4H + 4HyH* + H,H + HH ;?)
— 216GoxxH(71)*(8HyH & 4+ TH yitH* + 2H*H y*7t + 2H ,H? it + 4HH ,H 7)
— 108Gex(HyitH? + Hy it H* + 7H*H* + 2HH ,H 7t +4H ytH )
+ 36Gx,t(18HH yit + 9itH* + 8HH y*7t + 39H ,H*ir + 8HH y 7 +-8(H ; + H)H it +16H> )
+ 712G oxxz () H(2H y + H) + 108Gy, H(7)*(2Hy + H)
+ 18Ge,(2HHy + 2HH > + 2(H + Hy)H + 2H* + 9H  H?), (C18)

%FM — Kx.((#)*(9H? +3H + Hy + Hy* + 6HH ;) + 2 7t(H;, + 3H))
— 6Gyx,(#(H(2H + Hy) + 3H* + HH; + HH,* +4H ,H*) + iH(H + H,))

+ 2Gyxn: 3 #(Hy + 3H) + ()*(6HH 4 + 9H*> + 6H + H,, + H,?))

+ 4Gxx, (8(1)* (Hyy + 3H) = 3(2)*H(H, + H)) = 24Gyxxx, Hit () (H,y + H)

— 12Gxx, (47(7)*H(H + Hy) + ()*(4H,H* + H(Hy + 2H) + 3H> + HH, + HH ?))

+ Gupe(Hy + Hy? + 3H + 6H? + 3HH ;) + 3G, (*(HH,* + H(2H + H,) + 3H® + HH,,
+4H,H?) + iH(H, + H)) + Gsxq ((#)*(3HH > + H(6H + 3H ;) + TH® + 6H ,H> + 3HH )
+ 15it()*H(Hy + H)) — Gsxx, (147 (7)*H*(3H, + H) + 2(7)*H(10H, H* + 6H4H + 3HH
+3H3 +3HyH + 3HH %)) — 3Gsy,((#)*H(3HH ;> + 3HH + 3H® + 10H4H* + 3H ,H

Ay =

+6H, H) + 27 # H*(3Hy + H)) + %Gs,,,m(ir)zH(H(/, + H) 4 2Gsxx, (3#(7)*H(H, + H)

— (#)°H*(3H, + H)) — AGsyxx,7(7) H*(3H s + H) + 3Gsxnr(7)*H(Hy + H)

+ Goxxnr(967(7)*H*(3H, + H) + 12()*H(3HH ;> + SHyH* + 6H4H + 3HH + 3H® + 3H ,H))
+ 24Gxxxna(#(7)°H*(3Hy + H) — HyH? (77)°) — 24Goxxx, (11H yitH? (ir)*

+ (#)°H*(3H,H + 3HyH* + HyH + HH4?))
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+ 12G6xxpnr(7) H*(3H , + H) — 36Gexx,.(TH it H* (77)?

+ (7)*(2H*H? + 6HyHH* + 6H ,H* + 2H ,H*)) 4 Goxnr (5477 H*(3H y + H)
+ 18(%)*(4H ,H* + 4H*H ;> + 144HH 4H + 13H ,H* + 4HH? + 4H%))

+ 18Gexpnr(7)*H*(3H, + H) — 18Gey, H*(#(3H4H + 3HyH*> + HH > + H,H)
+ HyHit) + 9Ge,,H(HyH + HH,* + HH + 2H,H + H* + 3H ;H?)

1
- F'sz(jz')2 + _szﬂ(jz)z - 2FXXﬂﬁ(7.T)2 - FXﬂ(ﬁ- + ”(H¢ + 3H))

2
+ sz(ﬁ- + H(H(f) + 3H)) + KXﬂﬂ(ﬁ-(i[>2 - (ﬂ)3(H¢ + 3H)) + 2G4Xﬂ.’ﬂﬂ.’(ﬁ:)3(H¢ + 3H)
— 2K yx,7t()* (Hy + 3H) — 48Gexxxx.H g it H* ()°, (C19)

1 1 3
B, = 564 — Gux(#)* + ZGSn(ﬁ)z — GsxH () — 6Gexx H* (#1)* + 6Ggx,H (i)’ — 6Gox H ()* + EGsHZ + 3G¢Hr,
(C20)

B, = —G4(3Hy + H) + 2G4x((#)*(3Hy + H) + 7t it) + Gsx, () (2H7 — i) — %G5ﬂ(27’57’t—|—(it)2(H +3H,))

+ 2Gsx(3Hi(7)* + (7)*(3HH , + H + H?)) + 12Gexx(7)*H(67tH + #(2H + H* + 3H4H))
+ 12Gxx H(7t)* (Hit — 27t) 4+ 6GextH (3itH + 27(2H + H? + 3H4H)) — 12Gey, ()*(4Hi + #(3HH, + H))

. . 1
—3GeH(2H + H* + 3HyH) — 3G, (#(3H* + 2H + 6HH ;) + 2H7t) — Gyt + 2Gyx,(7)° — 5 Gsqe(7)?

+ 4Gy x7t(72)3 4 4Gsxx Hit(7)* + 24GxxxitH? (2)° — 12Gx . H (7)* — 6Gy H (77)?, (C21)
Cl - —1231, (C22)

C,=(H,-H)C,,
Cy = =2Kx()* + 4G yxz(#)* + 2Gyp — 24Guxx H (i)’ — 12GuxHit + 6Gsy, H (i)’
+ 6Gs,Hit — 18G5y H?(t)? — 12Gsxx H? (t)* — 144Ggxx H? (%) + 712G exx, H? (7)*
— 48G oy H? ()’ — 36G oy iH? + 144Gy, H? (70)? + 18Ge, H, (C23)

Cs = —2Fy7t + 2K it — 4K xx7t(71)? — 2K 3 (72)? + 4Guxp(%)? — 48Gsxxx Hit (i)
+2Gy4,(2Hy + 3H) — 4Kx(()*(Hy + 3H) + v it) — 12G,x(#(4H?> + 2HH 5 + H)
+ Hit) + 4Gyx,(2(t)*(Hy + 3H) + 37 it) + 8Gyxx, (#)* (it — 3H7)
— 24Gyxx((#)*(2HH , + 4H* + H) + 4Hii(7)?) + 6Gsy, (#)*(#(2H* + 2HH y + H)
+ 5Hit) 4+ 6Gs,(#(4H* + 2HH, + H) + Hit) — 4Gsyx H (it)* (27(5H* + 3H,H + 3H)
+21itH) — 12Gsx#H (#(5H* 4+ 3H,H + 3H) + 3itH) + 12Gsyx, H(%)*(# — H)
+ 24Gexx,H(7t)* (#(5H* + 6H 4H + 6H) + 247tH) — T2Gexx H*(7)?(2#(2H yH
+3H + 3H?) + TitH) — 48GexxxH*(7)*(11#H + #(2H,H + 3H + 3H?))
+ 48GsxxxH*(7)° (3% — Hit) + 36Gex,wH (7(13H* + 8H,H + 8H) + 97tH)
—36GexH*(#(2H4H + 3H + 3H?) + #tH) + 18G,H(2H,H + 2H + 3H?)
+ 3GsH(i0)* + 6GsxrnH (it)* = 24GsyxxitH? (71)° + T2GgxxneH* (i)
— 96GexxxxtH> (7)® + 108Gy, (70)> H? (C24)
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1

C7 — —§C1, (CZS)
1
Cy =5 C\(H ~Hy), (C26)
Cy = —2Kx(7)3 + 6G,H — 24G4x H()* + 4G (72) 4 2G4t — 24Gyxx H()* — 30Gsx H? (7)* + 9Gs,H (i)?
+ 6Gsx,H(7)* = 12GsxyH*(7)° = 216Gy H? (1)* — 48Goxxx H> () + T2G¢xx . H? (2)° — 108Gy H (70)?
+216Ggx,H*(7r)? + 18GgH? + 54Gg,wH? (C27)
Cio = —2Gy; + 4Gux(2H7 + it) + 4Gy, (71)* + 8Gaxxit(#t)* = Gsue(7)? 4 8GsyxHit(7)* — 2G5, (2H7 + i)
+ Gsx(()?(8H? +4H) + 8Hi it) + 2Gsx,(7)*(2H7 — i) + 48Gexx H(7t)*(2iH + #(H + H?))
— 284Gy H(70) + 284Gy x H(7)* (Hit — 2it) + 12G ey H (#H + 27 (H + H?))
— 24Gey i (2(H + 2H?) + 3Hit) — 6Gg,(2H + 3H?) + 48GexxxitH?(7r)* (C28)
Ci1 = —4G, + 24Gex (Hr it +(7)?(H? + H)) + 24Ggx,(70)* (=7t + H(%t)) — 12G¢(H + H?) — 12G¢,(H7 + it)
+ (#)*(2Gsz = 12Ggys) + 4Gsyii(it)* + 48Gexx Hit (1), (C29)
1
C12 - _Cl‘ (C30)
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