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Magnetars are neutron stars with superstrong magnetic fields. Some of them (soft-gamma repeaters,
SGRs) demonstrate gigantic flares whose nature is still unclear. At the decay phase of such flares, one often
observes quasiperiodic oscillations (QPOs), which are treated as stellar oscillations triggered by the flares.
We study, for the first time, magnetoelastic oscillations of magnetars possessing toroidal magnetic fields
confined in the stellar crust, without imposing axial symmetry of perturbations. We show that the Zeeman
effect makes the oscillation spectrum much richer than for axially symmetric oscillations. The main
properties of theoretical QPO spectra are discussed, as well as their potential to interpret observations and
explore magnetar physics.
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I. INTRODUCTION

Zeeman splitting of quantum energy levels by a magnetic
field is a famous physical effect. It is remarkable that it can
be observed on a macrophysical level in such exotic objects
as magnetars, which are neutron stars with superstrong
magnetic fields. The Zeeman effect can split the oscillation
frequencies of magnetars, which is useful for exploring
basic properties of these objects.
Neutron stars attract great attention because they contain

matter under extreme physical conditions; many properties
of this matter are still not clear (e.g., Refs. [1,2]). Generally,
neutron stars consist of two main layers: the outer layer
often called the crust, and the core. For a typical neutron
star with the mass M ∼ 1.4M⊙ (M⊙ being the solar mass),
the radius is R ∼ 12 km. The crustal matter consists
mainly of ions (atomic nuclei), electrons, and (at densities
ρ≳ 4 × 1011 g cm−3) free neutrons. The crust depth is
∼1 km, and its mass is ∼0.01M⊙. At the crust bottom,
the density reaches about one half of the saturation
density of nuclear matter (the latter being about
ρ0 ≈ 2.8 × 1014 g cm−3). As a rule, atomic nuclei in the
crust form Coulomb crystals. Under the crust, there is a
bulky and massive core containing superdense nuclear
matter. The central density reaches several ρ0.

Magnetars form a special class of neutron stars (see
Ref. [3] for a comprehensive review). Many problems of
their structure and evolution are still under debate, employing
rather controversial models, although it is generally believed
that the presence of strong magnetic fields is crucial. Wewill
be interested in an important group of magnetars called soft-
gamma repeaters (SGRs). Occasionally, they demonstrate
extremely powerful flares (with total energy release up to
∼1046 erg). At the decay phase of these flares, one often
detects quasiperiodic oscillations (QPOs) of x-ray and soft
gamma-ray emissionwith typical frequencies froma few tens
of Hz to several kHz.
Neither the mechanism of triggering the flares nor the

mechanism of QPO generation are known, and we will not
study them here. Nevertheless, it is commonly thought that
the flares are regulated by strong magnetic fields (e.g.,
Ref. [3]), and the QPOs are associated with oscillations of
magnetars excited in the flares.
The QPOs were theoretically predicted in Ref. [4]. They

were discovered [5–7] in 2005–2006 after processing
the observations of the giant flare of SGR 1900þ 14
(27 September 1998) and the hyperflare of SGR 1806 − 20
(27 December 2004). These observations, as well as later
observations of other SGRs, have been processed and
reprocessed (e.g., Refs. [8–11]).
Magnetar QPOs are usually treated as torsional neutron

star pulsations associated with sufficiently slow elastic
shear perturbations in crystallized crust and/or Alfvén
perturbations due to the elasticity of magnetic field lines.
Their typical propagation speeds are the shear and Alfvén
velocities. Shear perturbations exist in the crystallized
crust, but Alfvén perturbations are not necessarily confined
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there: they can propagate to other magnetized regions of
stars. In the absence of magnetic field, they are purely
torsional shear modes. In the presence of the field, they are
called torsional magnetoelastic, or just magnetoelastic
modes. In very high fields, crystal elasticity may become
unimportant.
The theory of torsion shear oscillations began in the

1980s [12–14]. It was further elaborated after the discovery
of QPOs (see, e.g., Refs. [15–26]), simultaneously with the
rapidly developing theory of magnetoelastic oscillations
(e.g., Refs. [27–47]). The latter publications have been
mostly restricted to studying axially symmetric magnetic
fields and deformations of fluid elements. These studies
neglected the Zeeman splitting of oscillation frequencies by
magnetic fields, which made the family of theoretical
frequencies incomplete.
The Zeeman splitting of magnetar QPOs was first

discussed and properly estimated by Shaisultanov and
Eichler [48] in 2009, but their publication did not attract
much attention. Two other publications [49,50] on the
subject, devoted to magnetars with dipole magnetic fields
in the crust, appeared only recently. They demonstrated,
using the first-order perturbation theory with respect to
magnetic field strength, that the Zeeman effect greatly
enriches the QPO spectrum and strongly affects the QPO
interpretation.
Here, we use the same formalism for studying the

combination of axially symmetric poloidal and toroidal
fields (Sec. II), and we apply the results to the case of
purely toroidal fields (Sec. III). The latter case is simpler
and can be done with more confidence. We discuss the
relation of new theoretical results to observations in Sec. IV
and conclude in Sec. V.

II. THEORY

A. General remarks

Since the standard formalism for studying magnetoe-
lastic oscillations in magnetars is well known (e.g.,
Refs. [38,39]), we describe it briefly. A nonoscillating star
is assumed to possess a stationary magnetic field BðrÞ,
which is not too strong (≲5 × 1015 G) to violate global
stellar sphericity. The oscillations are thought to be small
and are treated in the linear approximation as the non-
dissipative motion of incompressible matter and magnetic
field perturbations frozen into that matter. In this case, local
matter elements move along respective spherical surfaces
and produce neither perturbations of the pressure nor the
generation of gravitational waves. We focus on the pertur-
bations located mostly in the magnetar crust.
According to calculations (e.g., Ref. [25]), the most

important place for driving the crustal oscillations is the
layer near the crust bottom, at ρ ∼ 1014 g cm−3. A charac-
teristic estimate of the shear velocity there, defined by the
shear modulus μ of the crystal, is vμ ∼

ffiffiffiffiffiffiffiffi
μ=ρ

p
∼ 108 cm s−1.

A typical estimate of the Alfvén velocity gives
vA ¼ B=

ffiffiffiffiffiffiffiffi
4πρ

p
∼ 3 × 107B� cm s−1, where B� is the mag-

netic field in units of 1015 G. The velocities vμ and vA
become comparable at B ∼ Bμ ∼ 3 × 1015 G. This is a
characteristic field strength that separates two regimes
in which the oscillations are mainly determined by
shear effects (B≲ Bμ) and Alfvén waves (B≳ Bμ). As
demonstrated below, for high oscillation frequencies, Bμ

becomes lower.

B. Reference frames

We will use three different reference frames.
First, we can employ the standard Newtonian approach

in spherical coordinates ðr; θ;ϕÞ. It is simple and clear.
Second, we can describe the neutron star crust in full

general relativity (GR) with the metric

ds2 ¼ −c2e2Φdt2 þ e2Λdr2 þ r2ðdθ2 þ sin2θdϕ2Þ; ð1Þ

where t is the Schwarzschild time (for a distant observer), r
is the circumferential radius, and θ and ϕ are ordinary
spherical angles, while ΦðrÞ and ΛðrÞ are two metric
functions determined by solving the standard GR equations
for a spherical star (e.g., Ref. [2]).
Third, taking into account that the crust is thin and has

low mass, we can also use a simplified GR description with
the metric (1), where Φ and Λ are taken to be constant:

Λ ¼ −Φ; eΦ ¼ ffiffiffiffiffiffiffiffiffiffiffiffi
1 − xg

p
: ð2Þ

Here, xg ¼ 2GM=ðc2RÞ is the neutron star compactness
parameter, G is the gravitational constant, and c is the
velocity of light, whileM and R are the gravitational stellar
mass and circumferential radius, respectively.
This approximation is well known in neutron star

physics; it has been used for studying various problems
of the structure and evolution of the crust (e.g., Ref. [2]). It
allows one to introduce a local crustal reference frame,
which is nearly flat, and then solve the corresponding
Newtonian problem in that frame. For comparison with full
GR, one should transform the results for a distant observer.
Note that dr in GR is a proper measure of circumferential

distances, while proper distances in the radial direction are
measured by dr̃ ¼ eΛdr. Then, while using the simplified
GR description after starting from Newtonian equations in
the crustal reference frame, it would be better to treat radial
derivatives of any function f (designed formally as ∂f=∂r)
in a Newtonian solution as ∂f=∂r̃ → e−Λ∂f=∂r, keeping r
for measuring circumferential distances. Note also that
if ω̃ is an oscillation frequency in the crustal frame, then
a distant observer detects the redshifted frequency
ω ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − xg
p

ω̃.
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C. Standard equations

To outline the equations which govern magnetoelastic
oscillations, we follow Refs. [49,50] and disregard tempo-
rarily the GR effects using the Newtonian approach.
The oscillations excite small velocities of matter ele-

ments vðr; tÞ, small displacements of these elements uðr; tÞ,
and small variations of magnetic fields B1ðr; tÞ. All these
quantities oscillate as eiωt, where ω is the angular oscil-
lation frequency. This overall oscillating factor in the
linearized oscillation equations can be dropped, leading
to the stationary wave equation for small (generally
complex) amplitudes uðrÞ and B1ðrÞ, and for ω:

ρHω
2u ¼ Tμ þ TB: ð3Þ

Here, ρH ¼ ρþ P=c2 is the enthalpy density of neutron star
matter, a proper measure of inertial mass density, deter-
mined by the real mass (energy) density ρ and by the
pressure P. Furthermore, Tμ and TB are the mean volu-
metric densities of forces (with minus sign) determined,
respectively, by the crystal elasticity and Alfvén perturba-
tions. In the case of elasticity,

Tμi ¼ −
∂σik
∂xk

; σik ¼ μ

�
∂ui
∂xk

þ ∂uk
∂xi

�
; ð4Þ

with σik being the tensor of shear deformations and μ the
shear modulus in the isotropic crystal approximation. In the
case of magnetic forces,

TB ¼ 1

4π
B×curlB1; B1 ¼ curlðu×BÞ: ð5Þ

The equations should be supplemented with boundary
conditions. Since local matter elements move along respec-
tive spheres, the crust-core interface remains spherical.
Generally, Alfvén perturbations can propagate outside the
crust, and one needs additional dynamical equations in the
outside magnetized regions with corresponding outside
boundary conditions. In Secs. II D and II E, we argue that
our restricted problem can be studied by solving dynamical
equations in the crust and by requiring the radial compo-
nents of shear stresses to vanish at crust boundaries.

D. Case of B= 0

This case has been solved in full GR (e.g., [13,29]), and
we discuss these solutions. Any stationary wave function
uðrÞ has two nontrivial components, uϕ and uθ (since
ur ¼ 0).
It is instructive to introduce the full set of basic wave

functions for torsion oscillations at B ¼ 0 (e.g., [49]). They
can be specified by the three quantum numbers ðn;l; mÞ,
where n ¼ 0; 1; 2;… is the number of radial nodes, l is the
orbital quantum number which runs integer values l ≥ 2 in
the given problem, andm is the azimuthal quantum number

running integer values from −l to l. The basic wave
functions read

uϕðr; θ;ϕÞ ¼ rYðrÞeimϕ dP
m
l

dθ
; ð6Þ

uθðr; θ;ϕÞ ¼ rYðrÞeimϕ imPm
l

sin θ
; ð7Þ

where r is the circumferential radius, Pm
l ðcos θÞ is an

associated Legendre polynomial (e.g., Ref. [51]), and
YðrÞ ¼ YnlðrÞ is a radial wave function obeying the
equation

Y;rr þ
�
4

r
þΦ;r − Λ;r þ

μ;r
μ

�
Y;r

þ
�
ρH
μ
e−2Φω2

μ −
ðlþ 2Þðl − 1Þ

r2

�
e2ΛY ¼ 0: ð8Þ

The symbols ; r and ; rr in the subscripts mean derivatives
over r. The frequencies of such pulsations are denoted
as ωμ.
These oscillations are locked in the crystalline crust,

R1 ≤ r ≤ R2, where R1 labels the boundary between the
crust and the liquid stellar core, while R2 labels the outer
boundary of the crystal, which is very close to the stellar
radius R. At both boundaries, the radial shear stresses
should vanish: Y;rðR1Þ ¼ Y;rðR2Þ ¼ 0. Such oscillations
are degenerate in m: ωμ ¼ ωμnl, and Y ¼ YnlðrÞ are
independent of m. The boundary value Y0 ¼ YðR2Þ char-
acterizes the angular amplitude of oscillations (in radians)
of the outer boundary of the crystal. If m ¼ 0, crystalline
matter oscillates along respective circles (uθ ¼ 0, at con-
stant r and θ); meridional motions appear at m ≠ 0. Any
specific stellar model affects only YðrÞ; the angular
dependence of uðrÞ stays standard.
It is important that oscillation frequencies ωμ can be

expressed as ratios of integrals over the crystallized
matter [13] (also see, e.g., [25,26]):

ω2
μ ¼

R
dVμ½r2eΦ−ΛjY;rj2 þ ðlþ 2Þðl − 1ÞjYj2�R

dVr2ρHeΛ−ΦjYj2
; ð9Þ

where dV ¼ r2dr̃ sin θdθdϕ is a proper volume element,
with dr̃ ¼ eΛdr. We will use this GR equation throughout
the paper for calculating ωμ.
One can check that, starting from the Newtonian

approach and switching to the simplified GR approach
(2), one comes to an expression which is fully consistent
with (9). According to Ref. [26], in this case one can safely
replace xg ¼ 2GM=ðc2RÞ by x�g ¼ 2GM�=ðc2R�Þ, where
M� is the gravitational mass enclosed in a sphere of any
radius R� within the crust.
The functions (6) and (7) will be used as basic wave

functions for studying magnetoelastic oscillations.
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E. First-order perturbation theory

Following Refs. [48–50], we continue studying magne-
toelastic oscillations using the first-order perturbation
theory (FOPT), where the magnetic term TB in Eq. (3)
is treated as a perturbation. We begin with the plain
Newtonian approximation.
For simplicity, we study the B-field configurations which

are axially symmetric with respect to the magnetic axis z:

Br ¼Brðr;θÞ; Bθ ¼Bθðr;θÞ; Bϕ¼Bϕðr;θÞ: ð10Þ

The field components Br, Bθ, and Bϕ can be arbitrary
functions of r and θ satisfying magnetic flux conservation;
Br and Bθ are the poloidal field components, while Bϕ is
the toroidal one. We will also impose the mirror symmetry
of BðrÞ lines with respect to the magnetic equator.
Our zeroth-order solutions are those described in Sec. II D.

Zeroth-order wave functions u are localized in the crust, and
oscillation frequencies ωμ are degenerate in m. A first-order
correction to ωμ will break the degeneracy owing to the
Zeeman effect. The problem is similar to finding a first-order
correction to a nonperturbed degenerate energy level of a
quantum system (e.g., Ref. [52]). In the case of not-too-
strong Zeeman splitting, it is sufficient to use (2lþ 1)
zeroth-order wave functions u corresponding to a zeroth-
orderωμ at given n and l, and calculate then the perturbation
matrix Tm0m [of dimension ð2lþ 1Þ × ð2lþ 1Þ] on this
restricted basis of zeroth-order states:

Tm0m ¼
Z
crust

dVu�nlm0TBðunlmÞ: ð11Þ

This matrix naturally occurs [49] if we multiply Eq. (3) by u�
and integrate over the star. Since zeroth-order states are
confined in the crust, the integration is restricted by the crust
alone. One can easily check that, for the chosenmagnetic field
configuration (10), the matrix Tm0m is diagonal due to
integration over ϕ from 0 to 2π. This means that the magnetic
interactiondoesnotmix thestateswithdifferentm, so the labels
ðn;l; mÞ retain their previousmeaning (as in Sec. II D). Then,
any first-order “magnetically corrected” oscillation frequency
with fixed n and l is given by the sum rule [49]:

ω2 ¼ ω2
μ þ ω2

B; ð12Þ

where

ω2
μ ¼

R
dVu�TμR
dVρHju2j

; ω2
B ¼

R
dVu�TBR
dVρHju2j

: ð13Þ

Hence, the true oscillation frequency ω is formally
expressed via two frequencies, ωμ and ωB, and ωμ can
be expressed as in Eq. (9).
Under the formulated assumptions, the sum rule (12) is

exact. It has to be true in full GR.
Since ωμ is independent of B, all magnetic effects,

including the Zeeman splitting, are incorporated in ωB. The
derivation of (12) suggests that ωB is smaller than ωμ, but
we will extend Eq. (12) to higher B. We will present
additional arguments in favor of this extension in Sec. III.
The ratios of integrals in Eq. (13) are of similar origin.

The quantity ω2
B can be rewritten as

ω2
B ¼

R
dVJBR

dVρHju2j
; JB ¼ 1

2π

Z
2π

0

dϕu�TB: ð14Þ

Here, JB ¼ JBðr; θÞ is an effective “energy density” u�TB
in a matter element at fixed r and θ averaged over ϕ (or,
equivalently, over the pulsation period if we formulated
time-dependent perturbation theory). The averaging can be
done analytically and separately, because the dependence
of u�TB on ϕ in the assumed axial symmetry of B is
standard. This greatly simplifies the result, because many
u�TB terms are canceled out. Taking TB from Eq. (5), the
magnetic field configuration from Eq. (10), and using the
magnetic flux conservations, by direct calculation we
obtain another sum rule:

IB ≡ 4πJB ¼ IBp þ IBt; ð15Þ

where the terms IBp and IBt contain only poloidal and
toroidal field components, respectively.
It is convenient to write IBp ¼ IBp0 þ IBp1. The term

IBp0 was obtained in [49] for describing fundamental
oscillations (n ¼ 0, Y ¼ Y0; see Sec. III C):

IBp1 ¼ ðBθBθ;θ cot θ þ BrBθ cot θ þ rBrBθ;r cot θ − B2
θÞP2

;θjYj2 − ðBθBθ;θ þ BrBθ þ rBrBθ;rÞP;θP;θθjYj2 − B2
θP;θP;θθθjYj2

þ ½B2
θP

2
;θ − ðBθBθ;θ þ B2

θ cot θ þ 2BrBr;θ þ BrBθ þ rBrBθ;rÞPP;θ þ BrðBθ;θ þ Bθ cot θ þ rBθ;rθ þ rBθ;r cot θ

− Br;θθ þ Br;θ cot θÞP2�jYj2ðm= sin θÞ2: ð16Þ

The indices θ and r after commas in the subscripts again denote the respective partial derivatives; P ¼ Pm
l ðcos θÞ.
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The second term IBp1 reads

IBp1 ¼ rY�P;θBr½Y;rP;θðBθ cot θ − 2Br − rBr;rÞ − Y;rBθP;θθ − rY;rrBrP;θ�
− rY�Y;rBθP;θ½P;θBr cot θ þ P;θBr;θ þ P;θθBr − ðm= sin θÞ2PBr�
− rY�PBrðm= sin θÞ2½P;θBθY;r − PðBθ;θ þ Bθ cot θ − 2BrÞY;r þ rPBrY;rr þ rPBr;rY;r�: ð17Þ

It is needed for studying oscillations with radial nodes
(n > 0).
Finally, in the presence of a toroidal field, we obtain

IBt ¼ jYj2PBϕðm= sin θÞ2½ðm= sin θÞ2PBϕ

− P;θθBϕ − 2P;θBϕ;θ þ P;θBϕ cot θ

þ PBϕ;θ cot θ − PBϕ;θθ − PBϕ=ðsin θÞ2�: ð18Þ

Equations (16)–(18) make the integration over dV in the
nominator of (14) quite feasible. It is reduced to the
integrations over θ (from 0 to π) and r (from R1 to R2).
The integration in the denominator is also simplified, as
detailed in [49].
Now, we return from the Newtonian approach to the

simplified GR approach (Sec. II B). As a result, Eq. (14)
takes the same form as in Ref. [49]:

ω2
B ¼ ð1 − xgÞ

R R2

R1
drr2

R
π
0 sin θdθIB

4π
R R2

R1
drr2ρH

R
π
0 sin θdθjuj2

¼ ð1 − xgÞ
R
crust dVIB

4πΞðl; mÞ Rcrust dVjYj2ρHr2 ; ð19Þ

where dV is the same as in Eq. (9) (including angular
integration, with constant Λ), and the normalization coef-
ficient Ξðl; mÞ reads [49]

Ξðl; mÞ ¼ 2lðlþ 1ÞðlþmÞ!
ð2lþ 1Þðl −mÞ! : ð20Þ

The factor ð1 − xgÞ accounts for the gravitational redshift of
the squared oscillation frequency, and r is the circum-
ferential radius. The field BðrÞ is treated as the magnetic
field in the crustal reference frame. While calculating IB
from Eqs. (16)–(18), it is desirable to calculate radial
derivatives as prescribed in Sec. II B. This was not done
in our previous work (Refs. [49,50]). This is not an error,
but rather a trick to be more consistent with GR.
Note that the function YðrÞ was not included in IB or in

the denominator of the expression for ω2
B in Ref. [49]. That

paper was devoted to fundamental oscillations, in which
case YðrÞ was set to be constant (see Sec. III C) and
naturally dropped from the ratio of integrals.
So far, we have not used the assumed symmetry of

B-field lines with respect to the magnetic equator. Imposing
this assumption, we evidently obtain that oscillation

frequencies with m ≠ 0 and opposite m become equal.
Accordingly, the frequencies can be labeled by the indexm,
which runs the integer values m ¼ 0; 1;…l. The frequen-
cies withm ¼ 0 are nondegenerate, while those withm > 0
are now degenerate twice.

F. Alfvén wave problem

Calculations in Sec. II E have been performed using the
FOPT with respect to the magnetic field strength. It is
expected to be accurate for describing the Zeeman splitting
at not-too-high magnetic fields. Its firm applicability
conditions deserve further attention, particularly, in view
of the Alfvén wave problem.
The theory assumes vanishing elastic shear stresses at the

boundaries of crystallized matter. Nevertheless, in the
presence of Alfvén perturbations, there are additional mag-
netic stresses, which should appear in higher-order versions
of the perturbation theory. Alfvén perturbations can spread
magnetoelastic oscillations outside the crust. This impor-
tant effect has been studied in many publications—e.g.,
Refs. [27,28,30,33–38]. These studies have been mainly
restricted to axially symmetric perturbations which drive the
oscillations only with m ¼ 0 (see Sec. III). More work is
required to explore all consequences of this effect.

III. TOROIDAL MAGNETIC FIELDS

A. Squared magnetic frequency ω2
B

Here we focus on the case of a pure toroidal magnetic
field B determined by Bϕðr; θÞ in Eq. (10). This case has
attracted little attention, but it is important and very simple.
To avoid discussing the Alfvén wave problem (Sec. II F),
we restrict ourselves to the field configurations confined
fully in the solid crust. The magnetoelastic oscillations
cannot then spread outside. Such toroidal fields should be
supported by poloidal electric currents located in the crust.
In this case, in Eq. (19), we have IB ¼ IBt.
By way of illustration, we consider a toroidal magnetic

field of the form

Bϕ ¼ B0 sin θψðxÞ; x ¼ R2 − r
R2 − R1

: ð21Þ

Here, B0 is the maximum field in the crust. The dependence
of Bϕ on r is now determined by a dimensionless function
ψðxÞ of a dimensionless depth x that varies from x ¼ 0 at
the outer surface of the crystalline matter (r ¼ R2) to x ¼ 1
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at the crust bottom (r ¼ R1). The function rψðxÞ is often
called the source function (e.g., [53]). We assume that
ψ → 0 as x → 0 and x → 1 to avoid electric currents at both
boundary surfaces. The maximum value ψ ¼ 1 occurs at
the depth where Bϕ reaches its maximum. Note that in our
calculations, R2 has been taken to be only slightly lower
than R, so that the difference can be safely neglected in final
expressions.
The dependence of Bϕ on θ in Eq. (21) is fixed. Then,

Bϕ;θ ¼ Bϕ cot θ and Bϕ;θθ ¼ −Bϕ, and Eq. (18) reduces to

IBt ¼ jYj2lðlþ 1Þm
2P2B2

ϕ

sin2 θ
; ð22Þ

where the differential equation for P ¼ Pm
l ðcos θÞ has been

used (e.g., [51]). Now, the integration over θ in the
nominator of (19) is carried out analytically, and we come
to the very simple expression

ω2
B ¼ ð1 − xgÞ

m2B2
0

R R2

R1
drψ2jYj2r2

4π
R R2

R1
drρHjYj2r4

: ð23Þ

It shows the Zeeman splitting of oscillation frequencies ω,
in which ω2

B ∝ m2 and the Legendre polynomials
Pm
l ðcos θÞ are integrated out. At m ¼ 0, we have

ωB ¼ 0, and the total oscillation frequency in Eq. (12)
becomes ω ¼ ωμ, being independent of B. In Eq. (23), we
are left with the ratio of two simple radial integrals, which
can be easily computed for any given model of the neutron
star crust and any meaningful function ψðrÞ.

B. Neutron star models

For illustration, we use neutron star models based on
one equation of state (EOS) of dense matter called the
BSk21 EOS. It belongs to a family of well-elaborated
Brussel-Montreal EOSs. They are unified: energy-density
functionals, employed for constructing the EOSs in the
crust and the core, are the same. The core is assumed to
contain nucleons, electrons, and muons. The BSk21
crust consists of electrons and spherical atomic nuclei.
In deep crustal layers (ρ ≥ 4.28 × 1011 g cm−3), there
appear free neutrons, and near the crust-core interface
(ρcc ≈ 1.34 × 1014 g cm−3), there occurs an admixture of
free protons.
Various properties of neutron stars with the BSk21 EOS

are described by convenient analytic approximations in
Ref. [54]. The maximum mass of the neutron star mass is
2.27M⊙; its radius R ¼ 11.25 km. The neutron star with
the canonical mass of 1.4M⊙ has radius R ¼ 12.60 km,
and the core radius R1 ¼ 11.55 km. A lighter 1M⊙ star has
R ¼ 12.48 km and R1 ¼ 10.92 km. Avery massive 2.2M⊙
star has R ¼ 11.81 km and R1 ¼ 11.39 km. We will begin
with the 1.4M⊙ model and then extend the results over the
(1 − 2.2ÞM⊙ mass range.

We will use the same microphysics of the crust as in
Refs. [26,49,50].

C. Fundamental modes (n= 0): Theory

Here, using the FOPT, we study fundamental oscillation
modes, with nodeless (n ¼ 0) radial wave function YðrÞ.
This case is important, because it corresponds to magnetar
QPOs with frequencies lower than a few hundred Hz.
Corresponding wave functions are known (e.g., Ref. [25])
to be nearly independent of r, and they can be approxi-
mated by a constant, Y → Y0. This constant drops out in the
ratios of integrals in all the expressions for ωμ and ωB—
e.g., in Eqs. (9) and (23).
Then, the exact GR equation (9) becomes

ω2
μ ¼

1

4
ðlþ 2Þðl − 1Þω2

μ0; ð24Þ

where ωμ0 is the frequency of the lowest torsion funda-
mental mode (l ¼ 2):

ω2
μ0 ¼

4
R
crust dVμR

crust dVr
2ρHeΛ−Φ

¼ ð1 − xgÞ
8Wμ

3I0
: ð25Þ

The last expression is obtained by employing our
simplified GR model of the crust (Sec. II B), in which
eΦ−Λ → ð1 − xgÞ. Accordingly, ω2

μ0 is determined by I0,
which is the standard moment of inertia of the crust in the
crustal reference frame, and by Wμ, which is the shear
modulus μ integrated over the crust in the same frame.
In calculations, we use the well-known expression
μ ¼ 0.1194niZ2e2=ai [55], where ni is the number density
of atomic nuclei, Ze is the electric charge of one nucleus,
and ai ¼ ð4πni=3Þ−1=3 is the ion-sphere radius. Since the
Coulomb binding energy per nucleus is ≈0.9Z2e2=ai, we
have Wμ ¼ 0.133WC, with WC being the Coulomb energy
of the crust.
As for the squared magnetic frequencyωB, given by (23),

it can be written as

ω2
B ¼ m2ω2

B0; ω2
B0 ¼ ð1 − xgÞ

2WB

I0
; ð26Þ

where

WB ¼
Z
crust

dV
B2
ϕ

8π
¼ κ

3
B2
0R

2
2ðR2 − R1Þ ð27Þ

is the magnetic energy of the crust, and

κ ¼
Z

1

0

ðr=R2Þ2ψ2ðxÞdx ð28Þ

is a dimensionless numerical coefficient. This coefficient
depends mostly on ψðxÞ. Also, it slightly depends on a
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stellar model because of the factor ðr=R2Þ2 which slowly
decreases from its maximum value 1 at x ¼ 0 to ðR1=R2Þ2
at the crust bottom. For Bϕ configurations different from
Eq. (21), a numerical factor in Eq. (26) will differ from 2.
According to Eqs. (25) and (26), the physical meanings

of ωμ0 and ωB0 are similar: while the former is determined
by the Coulomb energy of the crust, the latter is determined
by the magnetic energy.
To be specific, we will mainly use

ψ0ðxÞ ¼ 16x2ð1 − xÞ2; ð29Þ

although we will try other ψðxÞ’s which renormalize κ.
Neglecting the factor ðr=R2Þ2 ≈ 1 in Eq. (28), we obtain an
estimate κ0 ≈ 128=315 ¼ 0.40635.
Now, we can rewrite Eq. (26) as

ω2
B ¼ m2ω2

B0�B
2�; B� ¼

B0

1015 G
; ð30Þ

where ωB0� is a convenient measure of ωB at a typical value
of B0 ¼ 1015 G; ωB0� is independent of l, m, as well as a
specific value of B0, but it depends on ψðxÞ.
Then, the frequency of any fundamental magnetoelastic

oscillation mode (n ¼ 0, any allowable l and m), as
calculated in the FOPT, is determined by the two auxiliary
frequencies, ωμ0 andωB0�, which are one and the same for a
given stellar model. Note that ωB0 ∝ B0

ffiffiffi
κ

p
.

In cyclic frequencies, ν ¼ ω=ð2πÞ, we have

ν20lm ¼ 1

4
ðlþ 2Þðl − 1Þν2μ0 þm2ν2B0�B

2�; ð31Þ

with the two constants νμ0 and νB0� .
As discussed in Refs. [25,26], the simplistic l depend-

ence of Eqs. (25) and (31) can be violated at l ≫ 10.
Equation (31) can also become inaccurate at large m, but
this is not vitally important for applications (see Sec. IV).

D. Fundamental modes for a 1.4M⊙ star

Here we discuss fundamental magnetoelastic oscillation
frequencies calculated for a 1.4M⊙ neutron star model with
the BSK21 EOS.
We begin with the FOPT results assuming ψðxÞ¼ψ0ðxÞ;

see Eq. (29). The frequencies are given by Eq. (31), being
determined by the two numbers νμ0 and νB0�, listed in
Table I.
Figure 1 presents the frequencies ν0lm for l ¼ 2;…; 10

and all allowable m at ν ≤ 130 Hz as a function of B0. One
can see nine bunches of νðB0Þ curves. Each bunch
corresponds to a fixed l and contains lþ 1 curves (with
m from 0 to l) plotted in one color. The lowest (dashed)
curve in a bunch refers tom ¼ 0. In our approximation, it is
independent of B0, being solely determined by the elastic
shear, ν ¼ νμ. With increasing m, other (solid) curves in a

bunch branch upwards, demonstrating Zeeman splitting.
Neglecting the Zeeman effect leads to the loss of all
oscillation modes with m > 0.
As long as B0 ≪ 1014 G, the spitting is almost invisible,

but it becomes more pronounced with increasing B0. Note
that some low-m modes are nearly indistinguishable in
Fig. 1. For instance, the frequencies with l ¼ 2 at m ¼ 0
and m ¼ 1 nearly coincide (although they would diverge at
B0 ≳ 5 × 1015 G). With increasing l, the number of
Zeeman components in a bunch grows, and the Zeeman
splitting becomes visible at lower B0.
It is important to mention crossings of pairs of modes

from different bunches at sufficiently high B0. Such
crossings turn usually to well-known quasicrossings due
to resonance interactions of the modes (see, e.g., Ref. [52]).
These effects are not described by our FOPT approach: one

TABLE I. Eight auxiliary constant frequencies (in Hz), which
determine the magnetoelastic oscillation spectrum (different l
and m) of fundamental modes (n ¼ 0, first two values), and
ordinary modes (Sec. III F) with n ¼ 1 (next three values) and
n ¼ 2 (last three values) for a 1.4M⊙ neutron star with the BSk21
EOS.

νμ20 νB0� νμ1 δνμ1 δνB1� νμ2 δνμ2 νB2�

23.06 4.192 829.7 12.98 15.98 1327 14.87 22.96

FIG. 1. Frequencies of fundamental (n ¼ 0) magnetoelastic
oscillations, as calculated using the FOPT, versus the maximum
toroidal magnetic field B0 in the crust for a 1.4M⊙ neutron star
model (BSk21 EOS). Shown are the bunches of modes with l
from 2 to 10, and m from 0 to l in each branch. The frequencies
with m ¼ 0 (dashed lines) are independent of B.
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needs to include higher-order perturbation terms. This can
be an interesting problem for the future.
Figure 2 is a sketch of the same picture as in Fig. 1, but

extended to higher frequencies by including additional
bunches with l from 11 to 14. To avoid plotting overdense
Zeeman splittings at high l, each bunch is specified by the
frequencies of the lowest (m ¼ 0) and highest (m ¼ l)
modes drawn in one color. A space between these limiting
frequencies is darkened. Roughly speaking, in the ν-B0

plane, one can distinguish domains of two types: forbidden
(white) and allowed (darkened) ones. The region of rather
low ν and B0, where neighboring bunches do not cross,
contains a lot of white domains which are forbidden for
oscillations of a given star. The darkened domains at higher
ν and B0 are densely filled with Zeeman structures. If
observed oscillation frequencies fall into these domains, it
will be easy to explain them for the given star. One needs
B0 ≳ 1015 G for reaching these “allowable” domains at
ν≳ 140 Hz, but B0 ≳ 3 × 1015 G at ν≲ 140 Hz.
So far, we have studied only one radial profile [Eq. (29)]

of BϕðrÞ through the neutron star crust. In Fig. 3, we plot
this profile by the thick black line (line 0). This profile is
centered at x ¼ 1=2, just in the middle between the inner
and outer boundaries, R1 and R2. For exploring the
sensitivity of our results to the profile shape, we have
considered three more ψðxÞ models plotted in Fig. 3 by
thinner lines 1, 2, and 3. The profiles 1 and 2 are slightly
narrower; the peak of profile 1 is shifted to the surface,
while the peak of profile 2 is shifted to the stellar core. The
shifts are symmetric with respect to x ¼ 1=2. The profile 4

is again centered at x ¼ 1=2, being noticeably narrower
than other profiles. Actually, we just set ψ4ðxÞ ¼ ψ2

0ðxÞ.
Corresponding oscillation frequencies are compared in

Fig. 4. For clarity, we plot only two oscillation bunches, for
l ¼ 4 and 7.
The thick black lines refer to our basic model; they are

the same as in Fig. 1. Other lines in Fig. 4 refer to models 1,

FIG. 2. Same as in Fig. 1, in a sketchy manner but for a higher
number of bunches (l ≤ 14). Frequencies in each bunch fall in
darkened space between the lowest (m ¼ 0) and highest (m ¼ l)
frequencies. See the text for details.

FIG. 3. Four versions of the function ψðxÞ, that determines the
radial behavior of Bϕ, versus dimensionless depth x within the
crystalline layer. The thick line 0 is the basic version, in Eq. (29).
The other versions, 1–3, are for checking the sensitivity of
oscillation frequencies to the shape of the BϕðrÞ profile.

FIG. 4. Sensitivity of magnetoelastic oscillation frequencies to
the radial dependence of Bϕ. We show two bunches of oscillation
modes, with l ¼ 4 and 7, versus B0 for four versions of the
function ψ in Fig. 3. See the text for details.
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2, and 3. Changing ψðxÞ renormalizes the frequency νB0� in
Eq. (31). Instead of νB0� ¼ 4.19 Hz for model 0 in Table I,
we would have 3.87, 3.81, and 3.59 Hz for models 1, 2, and
3, respectively. The renormalized νB0� for models 1 and 2,
as well as respective oscillation spectra in Fig. 4, appear to
be very close. The frequencies for model 1 are slightly
higher because of somewhat higher crustal magnetic energy
WB [see Eq. (27)] due to the factor ðr=R2Þ2 under the
integral in Eq. (28). The lower the value of WB, the weaker
the magnetic field effect on oscillation frequencies.
A funny but noteworthy effect of frequency degeneracy

is visible in Fig. 4: accidentally, the oscillation frequency at
l ¼ 7 and m ¼ 6 for the basic model 0 coincides with the
frequency at l ¼ 7 and m ¼ 7 for model 4, and the two
curves merge. Similar degeneracies are discussed below
in Sec. IV.

E. Restricted variational estimates

So far, we have presented only FOPT calculations of
magnetoelastic oscillation frequencies. Here, we check
these results using restricted variational estimates. To this
aim, we use the expression ν2fYg ¼ ν2κfYg þ ν2BfYg as a
functional of the radial wave function YðrÞ. In the FOPT,
this wave function is constant, Y ¼ Y0, and drops out of the
theory. Using YðrÞ as a variational function for minimizing
ν2fYg allows us to estimate the validity of the FOPT and
possible deviations of ν from the FOPT values.
For studying the fundamental oscillations, the variational

function YðrÞ should have no nodes at R1 ≤ r ≤ R2. Also,
it should satisfy proper boundary conditions [Y;rðrÞ ¼ 0 at
r ¼ R1 and R2]. The functionals ν2κfYg and ν2BfYg are
given by Eqs. (9) and (23), respectively. As before, we
employ our 1.4M⊙ stellar model. The radial dependence of
Bϕ is given by Eq. (29). The variational function has been
chosen in the form

YðrÞ ¼ ½1þ w sin2ðπx=2Þ�Y0; ð32Þ

where x is the same dimensionless depth as in Eq. (21), and
w is a single variational parameter. Then, YðrÞ varies
monotonically from Y0 at r ¼ R2 to ð1þ wÞY0 at
r ¼ R1. We have tried some other functions which ampli-
fied variations near the surface or near the crust bottom, but
they have not led to much better variational estimates of ν.
Since our approach is oversimplified anyway (e.g., it
neglects possible mixtures of states with different l and
m), we would not like to complicate the variational
function.
Figure 5 compares the FOPT frequencies, calculated at

l ¼ 4 and l ¼ 7 (black curves), with corresponding
variational estimates (blue curves) for B0 ≤ 4 × 1015 G.
Variational estimates are naturally smaller than the FOPT
values. As expected, the difference grows up with increas-
ing B0 and m. At l ¼ 7, the difference is more pronounced
than at l ¼ 4, and it becomes visible at lower B0.

Otherwise, both approaches seem to be in a reasonable
qualitative agreement. This allows us to expect that using
the FOPT at B0 ≲ 4 × 1015 G does not lead to serious
errors.

F. Zeeman splitting of fine structures
of ordinary modes (n > 0)

Let us focus on ordinary magnetoelastic modes which
exist in addition to fundamental modes, and which are
characterized by the presence of nodes of the radial wave
function YðrÞ. Typical frequencies of these modes are
higher than several hundred Hz. We restrict ourselves by
the FOPT approximation.
The ordinary modes are different from fundamental

ones. In the absence of a magnetic field, for a fixed
n > 0 there exist a family of closely spaced frequencies
νμnl which slowly grow up with increasing l ¼ 2; 3;…
Their spectrum resembles the fine structure of atomic
energy levels. Such spectra have been studied in
Ref. [26] in full GR, with the result that for any fixed n
they are accurately fitted as

ν2μnl ¼ ν2μn þ ðlþ 2Þðl − 1Þδν2μn; ð33Þ

with only two constant auxiliary frequencies, νμn and δνμn.
The magnetic correction νBnlm can be calculated using

Eq. (23) with the wave functions YnlðrÞ computed in the
same way as described in Ref. [49]. The result can be
written in a form similar to Eq. (30),

FIG. 5. Oscillation frequencies calculated using the FOPT
compared with variational estimates. Shown are the magnetoe-
lastic oscillation frequencies versus B0 for two bunches of modes
with l ¼ 4 and 7 at various m.
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ν2Bnlm ¼ m2ν2Bn�B
2�; ð34Þ

where νBn� is a single “magnetic” auxiliary frequency for a
fixed n. It is independent of l because YnlðrÞ is nearly
independent of l at n > 0 [26].
Now, a squared total FOPT frequency of an ordinary

magnetoelastic oscillation is

ν2nlm ¼ ν2μn þ ðlþ 2Þðl − 1Þδν2μn þm2ν2Bn�B
2�: ð35Þ

It is determined by the three constants νμn, δνμn, and νBn�
for a given fine structure with fixed n.
For our 1.4M⊙ star, these constants, with n ¼ 1 and 2,

are listed in Table I: νμn and δνμn are taken from [26],
while the constants νBn� are original, calculated assuming
ψðxÞ ¼ ψ0ðxÞ.
For example, Figs. 6 and 7 show the fine structure and its

Zeeman splitting for a family of oscillation frequencies
with n ¼ 1, for values of l from 2 to 6, and all values of m.
Bunches of curves with higher l ¼ 7; 8;… are not plotted
for simplicity. Figure 6 is restricted by B0 ≤ 1015 G and by
a narrow frequency interval of the width ≈10 Hz. Figure 7
is an extension to B0 ≤ 4 × 1015 G and to higher ν for
demonstrating a general view.
The fine structure itself (B0 ¼ 0) is shown by horizontal

dashed lines. The lowest frequency is 830.1 Hz. All five
plotted frequencies fall within the 4 Hz window.

The Zeeman effect splits the fine-structure components
into bunches of modes with the same l but different m.
Because the difference of frequencies between fine-struc-
ture components is small, the bunches start to cross (Fig. 6)
at smaller B0 ≲ 1015 G than for the fundamental modes
(Sec. III D).
At B0 ≳ 1015 G, one gets distinctly different bunches

(Fig. 7). These can can be numbered by the index m, and
the curves within any bunch can be numbered by l. Such a
rearrangement of the structure of bunches resembles the
well known Paschen-Back effect in atomic physics (e.g.,
Ref. [52]). The higher the l, the lower the B0 at which the
rearrangement occurs.
By adding oscillation frequencies with higher l, we

would obtain a dense sequence of magnetoelastic oscil-
lations at the same n ¼ 1. Any high-frequency magnetar
QPO observed in this range would be consistent with this
theory. This adds to our discussion (Sec. III D) of allowed
(darkened) regions of oscillation frequencies in Fig. 2.
The situation with cases of two or more nodes (n ≥ 2) is

similar. The frequencies of these oscillations are even
higher. For instance, the lowest frequency for the same
neutron star model at n ¼ 2 is 1.327 kHz.

G. Self-similarity: Different masses

Table I contains eight constants which are sufficient to
calculate frequencies of magnetoelastic oscillations with
n ¼ 0, 1, and 2 for our 1.4M⊙ neutron star model with the
toroidal magnetic field geometry defined by Eq. (29).
Now, we employ the self-similarity relations [26], which

allow one to extend these results to a range of stellar masses
with fixed EOSs. For instance, in Ref. [26], the auxiliary
frequencies denoted here as νμ0, as well as νμn and δνμn

FIG. 6. Zeeman splitting versus B0 of fine-structure compo-
nents of oscillations with one radial node. We plot the splitting for
bunches with l from 2 to 6. Adding bunches with larger l would
fill the range of higher ν. For example, at l ¼ 7, 8, 9 and 10, the
basic fine-structure frequencies [Eq. (33)] νμ1l are 835.2, 836.8,
8.386, and 840.6, respectively.

FIG. 7. Same as in Fig. 6, but for a wider range of B0 and ν.
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with n > 0, were calculated at M=M⊙ ¼ 1; 1.2; 1.4;…2.2
(the BSk21 EOS) and fitted by simple expressions. To
simplify using these results, all frequencies were fitted [26]
by analytic functions of the neutron star mass and radius,

δνμn ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − xg

p
δfμn

R10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δαμnxg þ δβμnx2g

q ; ð36Þ

νμn ¼
M1

R2
10

fμn
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ αμnxg þ βμnx2g

q
; ð37Þ

where xg is defined in Eq. (2); R10 ¼ R=10 km, M1 ¼
M=M⊙; and fμn, αμn, βμn, δfμn, δαμn, and δβμn are fit
parameters. For n ¼ 0; 1, and 2, we reproduce these fit
parameters in Table II. Note that νμ0, δνμ1, and δνμ2 have to
be calculated using Eq. (36), while νμ1 and νμ2 must
use Eq. (37).
Here, we compute the magnetic auxiliary frequencies

νnB� at n ¼ 0, 1, and 2 on the same grid of masses.
Considering the self-similarity of such frequencies in the
same manner as in [26], we obtain that they can be fitted by

δνBn� ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − xg

p
δfBn

R10

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ δαBnxg þ δβBnx2g

q ; ð38Þ

where δfBn, δαBn, and δβBn are the fit parameters which we
list in Table II.
As a result, Table II contains 24 fit parameters, which

allows one to calculate all FOPT frequencies of magne-
toelastic oscillations for fundamental modes (n ¼ 0), and
two series of ordinary modes (n ¼ 1 and 2) in neutron stars
with the BSk21 EOS at any mass M ranged from 1M⊙ to
2.2M⊙. These stars possess a toroidal magnetic field
localized in their crust and obeying Eq. (29).
Note that in the indicated mass range, the radii R (in km)

of these stars can be fitted by

R ¼ Rmin þ 3.552ðM=MmaxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ðM=MmaxÞ

p
; ð39Þ

where Rmin ¼ 11.246 km is the radius of the star with the
maximum mass Mmax ¼ 2.27M⊙. The maximum relative
fit error is 0.6%. This facilitates the calculation of oscil-
lation frequencies.

The suggested analytic fits are fairly accurate: the fitted
oscillation frequencies do not deviate from the initially
calculated ones by more than a few percent. This is much
better than needed for analyzing current data on magnetar
QPOs (Sec. IV). Besides, one cannot seriously believe that
magnetars possess purely toroidal magnetic fields of this
specific geometry, and that the FOPT is the best tool to
describe the oscillations.
Moreover, we had no intention to obtain such accurate

fits: they seem to result from natural self-similarity
relations [26]. As shown in Ref. [26], similar relations
are valid for a wide class of EOSs. We do not consider other
EOSs here, because we do not expect to obtain anything
qualitatively different.
One can formulate other self-similarity relations, which

will be discussed in the next section.

IV. DISCUSSION

We have calculated frequencies of magnetoelastic oscil-
lations in the crust of neutron stars with toroidal magnetic
fields of specific geometry [Eqs. (21) and (29)], fully
localized in the crust. This allows us to avoid studying the
leakage of Alfvén perturbations outside the crust (Sec. II F)
and makes the theory more reliable. The assumed BðrÞ
structure is just a convenient simplified toy model, which
can reflect general features of magnetoelastic oscillations.
The QPO data were mostly obtained from observations

of the giant flare from SGR 1900þ 14 and the hyperflare
from SGR 1806 − 20. The QPO frequencies were found by
processing and reprocessing the observed light curves of
these flaring magnetars—e.g., Refs. [5,7–10]. The results
are summarized, for instance, in Ref. [46]. The QPOs at
frequencies 28, 53, 84, and 155 Hz were detected from the
giant flare of SGR 1900þ 14. The QPOs at 18, 26, 30, 92,
and 150 Hz (as well as those at 17, 21, 36, 59, and 116 Hz
with a lower significance) were found from the hyperflare
of SGR 1806 − 20.
Nevertheless, there was one publication, Ref. [11], based

on a procedure of removing the noise of observed signals at
ν≲ 150 Hz using some original version of Bayesian
analysis. It did not confirm the statistical significance of
all low-frequency QPOs reported previously from both
flares, but it discovered two new QPOs at 9.2 and 7.7 Hz
from the SGR 1806 − 20 hyperflare. An additional con-
firmation of these results, reported by one group in one
publication, would be welcome, but it has not appeared in

TABLE II. Fit parameters in Eqs. (36)–(38) which determine magnetoelastic oscillations of fundamental modes
(n ¼ 0) and ordinary modes with n ¼ 1 and n ¼ 2 for neutron star models with the BSk21 EOS at M ≥ 1M⊙.

n δfμn [Hz] δαμn δβμn fμn [Hz] αμn βμn δfBn� [Hz] δαBn� δβBn�

0 44.59 2.411 −1.968 0 � � � � � � 9.940 5.662 −4.504
1 24.61 2.166 −1.801 1171.7 −1.508 1.326 40.00 6.779 −5.381
2 27.35 1.750 −1.340 1821.5 −1.342 1.163 61.01 8.000 −5.923
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six years. In its absence, we follow Refs. [23,46] and
employ the familiar set of observable QPOs, which was
accepted and analyzed in many publications.
Although strict explanation of the data with our toy

model cannot be serious, Figs. 8 and 9 present two
illustrative possibilities.
In Fig. 8, we compare the frequencies of three QPOs

(dotted lines), supposed to be observed from the giant
flare of SGR 1900þ 14, with the frequencies of magne-
toelastic oscillations calculated (Fig. 1) for our 1.4M⊙
magnetar model at different values of B0. By choosing
B0 ¼ ð1.7–1.9Þ × 1015 G, we can explain these QPOs,
assuming the excitation of oscillations with certain l
and m. The QPO at 28 Hz corresponds to l ¼ 2 and
m ¼ 2; and the QPO at 53 Hz corresponds to l ¼ 4 and
m ¼ 3; while the 84 Hz QPO corresponds either to
l ¼ m ¼ 6, or to l ¼ 7 and m < 2. The fourth QPO, at
155 Hz, is not plotted, but it is evidently explained in
this model.
Figure 9 is similar, but it is designed to interpret a

much richer spectrum of QPOs observed from the hyper-
flare of SGR 1806 − 20. These QPOs cannot be explained
by assuming the 1.4M⊙ neutron star. A higher mass is
required for the QPOs with the lowest frequencies (e.g.,
Refs. [49,50]): higher M reduces oscillation frequencies
due to stronger gravitational redshift. In Fig. 9, we
assume the 2.2M⊙ star. Choosing B0 in the range
ð2.7� 0.12Þ × 1015 G, we can be reasonably consistent

with the data, except for the triplet of QPOs with the lowest
frequencies (17, 18, and 21 Hz). This is not explained by
our particular model, but it can be easily attributed to
deviations from the idealized BðrÞ configuration, given by
Eqs. (21) and (29).
These exercises demonstrate oncemore that including the

Zeeman splitting greatly affects the interpretation of
observedQPOs. In fact, it is sufficient to focus on explaining
low-frequency oscillations (ν≲ 100 Hz), because the
region of higher frequencies will be densely covered by
Zeeman structures anyway. All low-frequency oscillations
belong to fundamental modes whose consideration is
especially simple.
The model of toroidal magnetic fields studied above is

the simplest one. Because of that, we can formulate
additional self-similarity rules, specific for this particular
model. One needs only two numbers, νμ0 and νB0�, to
construct the FOPT oscillation frequencies, given by
Eq. (31). To interpret the QPOs from one flare of a given
SGR, it would be highly unreasonable to fix the neutron
star model. It would be more profitable to consider νμ0 and
the product ðνB0�B�Þ as two independent fit parameters and
try to find reliable best fits. In the case of success, at the
next step, one can analyze these two best-fit values with the
hope to understand which neutron star and magnetic field
parameters are physically sound. Because the fit gives the
product ðνB0�B�Þ, there appears to be internal ambiguity of
the interpretation: the same value of the product will
correspond to a family of different magnetic strengths
B0 and geometries, as well as different parameters of the
magnetar crust.

FIG. 8. Calculated frequencies of magnetoelastic oscillations
versus B0 for a 1.4M⊙ magnetar model with the BSk21 EOS
(from Fig. 1) are confronted with observations of QPOs from the
giant flare of SGR 1900þ 14 (dotted lines). For illustration, the
vertical darkened strip shows a possible range of B0 for this
particular toy model. See the text for details.

FIG. 9. Same as in Fig. 8, but employing the 2.2M⊙ neutron
star model for explaining QPOs observed from the hyperflare of
SGR 1806 − 20.
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Let us remark that in Refs. [49,50], we have studied
similar magnetoelastic oscillations of magnetars using the
FOPT but assuming a purely dipole magnetic field in the
crust. Those results can be sensitive to a leakage of Alfvén
perturbations outside the crust that was neglected.
Nevertheless, the calculated spectra of magnetoelastic
oscillations taking into account the Zeeman splitting
appeared rather similar to those obtained here (the largest
difference was that the magnetic frequency νB depended on
l and did not vanish atm ¼ 0). Illustrative attempts [49,50]
to interpret the same spectra of QPOs in the flaring SGR
1900þ 14 and SGR 1860 − 20 led to the same conclusions
as here: (i) SGR 1900þ 14 may have a typical neutron star
mass, but SGR 1860 − 20 needs to be massive. (ii) One
needs magnetic fields B∼ a few 1015 G in both SGRs, and
the field of SGR 1806 − 20 is somewhat higher.

V. CONCLUSIONS

We have studied the Zeeman splitting of magnetoelastic
oscillation frequencies of soft-gamma repeaters (SGRs),
which are magnetars—neutron stars possessing very strong
magnetic fields. The QPOs appear in occasional powerful
flares of SGRs and can contain potentially important
information on the physics of magnetar structure and
evolution.
The Zeeman splitting of magnetar QPOs was predicted

in Ref. [48]. Afterwards, its study has been elaborated in
two recent publications [49,50].
In Sec. II, we present the first-order perturbation theory

(FOPT) of magnetoelastic oscillations localized in the
magnetar crust, assuming axial symmetry of the crustal
magnetic field BðrÞ and the presence of both poloidal and
toroidal field components.
In Sec. III, we apply these results for studying magne-

toelastic oscillations in the presence of a purely toroidal
magnetic field, which forbids the propagation of Alfvén
perturbations outside the crust. The toroidal field is taken in
the form of Eq. (21). We describe the amazing simplicity of
the spectrum of fundamental oscillations (without radial
nodes) and check the validity of FOPT calculations using a
restricted variational method. We analyze ranges of frequen-
cies densely covered by numerous Zeeman components; at
higher frequencies, these ranges occur in lower magnetic
fields. These results are in good qualitative agreement with
those obtained previously [49,50] for dipole magnetic fields
in themagnetar crust. In addition, we study, for the first time,
the effects of magnetic fields on subsets of fine-structure
components of ordinary oscillations (with radial nodes).
Their Zeeman splitting creates additional frequency ranges
densely filled with Zeeman structures.
Our calculations are mostly performed for the 1.4M⊙

magnetar model with the BSk21 EOS (Table I), but the self-
similarity relations [26] allow us to extend the results to a
wider range of neutron star masses and describe the
oscillation spectra of numerous modes by a very limited

amount of constants (Tables I and II). Similar description
can done for other EOSs.
Our schematic analysis of QPOs observed during the giant

flare ofSGR1900þ 14 and thehyperflare ofSGR1806 − 20
supports previous conclusions [48–50] that theZeeman effect
is very important for a proper interpretation of the data. The
main focus should be on low-frequency QPOs (ν≲ 150 Hz)
which can be interpreted as produced by fundamental
magnetoacoustic oscillations at not-too-high magnetic fields
B≲ 3 × 1015 G. Higher-frequency QPOs fall within the
range of frequencies densely covered by Zeeman structures
even at lower B. The presented theory can identify them, but
the identification will be highly ambiguous.
On the other hand, we should state that neither theory nor

observations are ready for detailed analysis. The status of
observations is outlined in Sec. IV. It has to be clarified.
The present version of the theory can be improved in many
ways. It would be more realistic to consider the magnetar’s
magnetic field as a combination of toroidal and poloidal
components (Sec. II). In such studies, one needs to go
beyond the FOPT and analyze the quasicrossings of
different modes and the propagation of Alfvén perturba-
tions outside the neutron star crust (Sec. II F). It is also
desirable to solve the whole problem in full GR.
Let us stress again that the present calculations are

performed for one EOS of neutron star matter and the
standard microphysics of the crust. One can vary the EOS
and crustalmicrophysics, including differentmodels of shear
modulus, possible nuclear pasta layers at the crust bottom,
and nucleon superfludity there, as discussed, for instance, in
Sec. IVand inRefs. [26,49]. Thiswill affect the interpretation
of QPOs at the stage of accurate quantitative analysis.
Combining our results with the formalism of solving the

Alfvén wave problem (Sec. II F) seems most important.
Assuming a purely toroidal magnetic field localized in the
crust, we artificially avoided it in this paper, but this step is
inevitable. In more realistic cases, Alfvénic perturbations
propagate into the stellar core and interact with the Alfvénic
perturbations available there. This can affect crust-core
coupling, the damping of magnetoelastic oscillations, and
the loss of their coherence. As a result, magnetar QPOs will
depend on the structure, composition, and microphysics of
the entire star (particularly, on nucleon superfluidity and
magnetic field geometry in the core) in a complicated way.
As mentioned in Sec. II F, this effect has been studied in
numerous publications. Unfortunately, all of them have
been restricted by axially symmetric perturbations, while
we stress the importance of axially asymmetric perturba-
tions and suggest elaborating the Alfvénic wave problem
accordingly. Such elaboration would require a lot of effort.
In addition, let us mention the longstanding problem of

QPO formation, meaning a detailed mechanism for trans-
forming oscillations of surface neutron star layers into
observable QPOs. The problem seems important and
feasible but remains unsolved.
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Finally, we note that by demonstrating the Zeeman
splitting of oscillations on a macroscopic (stellar) level,
a magnetar behaves like a microscopic quantum object,
resembling one giant atomic nucleus, just as Lev Landau
envisioned a neutron star [56] in the very beginning in the
1930s (see Ref. [57] for details).
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