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In this paper we found the multiplicity distribution of the produced dipoles in the final state for dipole-
dipole scattering in the zero dimension toy models. This distribution shows the great differences from the
distributions of partons in the wave function of the projectile. However, in spite of this difference the
entropy of the produced dipoles turns out to be the same as the entropy of the dipoles in the wave function.
This fact is not surprising since in the parton approach only dipoles in the hadron wave function which can
be produced at t ¼ þ∞ and measured by the detectors. We can also confirm the result of Kharzeev and
Levin that this entropy is equal to SE ¼ ln ðxGðxÞÞ, where we denote by xG the mean multiplicity of the
dipoles in the deep inelastic scattering. The evolution equations for σn are derived.
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I. INTRODUCTION

Zero transverse dimension toy models can be viewed as a
realization of the Pomeron calculus or more generally of
Reggeon field theory (RFT). Over the years they have been
intensively used to model high energy collisions in QCD.
These models [1–17] encode various fundamental features
of QCD such as unitarity, but are much simpler than the
latter and frequently solvable analytically. Hence they
provide a valuable playground to gain intuition about the
dynamics of real QCD.
In this paper, we continue the exploration of the

toy world following our early papers on the subject,
Refs. [15–17]. We consider dipole-dipole scattering and
focus on particle production in the final state. There are two
motivations behind this work. First, multiplicity distribu-
tion of produced particles is an important experimental
observable measured in most of the experiments ranging
from DIS to heavy ion collisions [18–49].1 Particularly,
measuring the multiplicity distribution of soft hadrons in
heavy ion collisions was instrumental to identify thermo-
lization and hydrodynamization of produced QGP. A
quantity tightly related to the multiplicity distribution is
the entropy of produced particles. It is believed to provide a

valuable insight about particle production mechanism,
particularly about the decoherence processes taking place
throughout the scattering process. There are quite a few
theoretical approaches to entropy production in high energy
collisions [50–71], which we will not review here. Experi-
mental works on the subject have been reported too [18].
As the second motivation behind this work, we were

triggered by the recent ideas put forward in [69–71]. There,
the 2 → n process has been identified with formation of a
maximal entropy classical state, the saturon. Furthermore,
this classical state was speculated to mimic a black hole
formation through two graviton collision. One of the key
assumptions of [69–71] is about the large n behavior of the
2 → n cross section, σð2 → nÞ.
Having a realistic toy model of particle production at

hand makes it possible to check the main assumption of
these papers.
Our discussion starts (Sec. II) from reviewing two toy

models. The first one is the Balitsky, Fadin, Kuraev and
Lipatov (BFKL) cascade model which mimics the
Mueller’s dipole model in QCD [72]. This model lacks
both s and t-channel unitarity [15,73] and hence has to be
corrected. A more realistic model is the unitary toy model
(UTM) first introduced in [7] and later explored in
[12,15,16,73]. These past studies have been mainly focused
on formulation of RFT and computation of total S-matrix.
Particle production in the toy world was originally

addressed by Mueller and Salam in [7]. Using the AGK
cutting rules [74] applied to the BFKL cascade model, they
derived a formula (denoted as MS formula below) for
multiplicity distribution of produced particles (dipoles).
The MS formula turns out to be frame dependent (violates
the t-channel unitarity) and hence requires revision. Our
prime goal in this paper is precisely to fill this gap. We
believe that all defects of the MS formula stem from the
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1It is almost impossible to collect all references on the
measurement of multiplicity. We concentrated mostly on high
energy pp collisions since in the paper we consider this particular
process.
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violation of t-channel unitarity in the BFKL cascade model.
Hence, we are going to discuss mainly the UTM which is
free from these shortcomings. While the total S-matrix is
based on the knowledge of elastic amplitudes only, particle
production requires additional information about inelastic
processes. Our basic ideas are the same as in Ref. [7]: we
are going to explore the fact that the scattering amplitudes
in all known zero dimension models can be calculated in
the Pomeron calculus. First, we recall that it is proven in
Refs. [75,76] that the s-channel unitarity for the BFKL
Pomeron has the form,

2ImGIPðYÞ≡ 2NðYÞ ¼ σBFKLin ðYÞ; ð1Þ

where GIP is the Green’s function for the BFKL Pomeron
and σBFKLin ðYÞ is the inelastic cross sections of produced
gluons with mean multiplicity n̄ ¼ ΔY, where Δ is the
intercept of the BFKL Pomeron. We also know that
produced gluons have the Poisson distribution with this
mean multiplicity (see Ref. [76] and Appendix A).
The second ingredient is the AGK cutting rules [74],

which allow us to calculate the imaginary part of the
scattering amplitude, that determines the cross sections,
through the powers of ImGBFKLðYÞ. Our master formula
takes the form of convolution for the cross section of
produced n gluons,

σnðYÞ¼
X
k

σAGKk ðYÞ|fflfflfflfflffl{zfflfflfflfflffl}
∝ðImGIPÞk

ðΔkYÞn
n!

e−ΔkY|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
Poisson distribution

⟶
Y≫1

σAGKk¼n=ðΔYÞðYÞ: ð2Þ

A mindful reader recognized that our approach has been
very successful in describing the multiparticle production
processes in the framework of soft Pomeron calculus (see
Ref. [77]) and follows the main ideas of Ref. [7]. This
approach has at least two advantages: (i) it can be easily
generalized to the QCD case, and (ii) it replaces in
economic way a mess of parton interactions during
propagation of the parton cascade (see Fig. 1) from the

moment of interaction of wee parton with the target (t ¼ 0
in Fig. 1) till it reaches the detectors (t ¼ ∞ in Fig. 1).
In Sec. II we mostly review the results of Refs. [15–17].

The Secs. III–V are the main part of our paper in which
discuss our approaches to production of dipoles. In Sec. III
we compute the dipole multiplicity distributions in the final
state based of the AGK cutting rules and the structure of the
Pomeron exchange [see Eqs. (1) and (2)]. This distributions
show quite different behavior in comparison with the
multiplicity distribution in the wave function of the
projectile.
In Sec. IVwe generalize the approach of Refs. [14,78–81]

to theUTMcascade and show that theAGKcutting rules can
be replaced by the evolution equations for σn.
In Sec. V we find that the entropy of the produced gluons

turns out to be the same at the entropy of the dipoles in the
wave partonic function of the projectile. In conclusions we
summarize our results.

II. SCATTERING AMPLITUDES IN ZERO
TRANSVERSE DIMENSIONS MODELS

Pomeron calculus in zero transverse dimensions models
QCD for dipoles of fixed sizes. Due to simplicity of the toy
models of this type, they can be formulated as Reggeon
field theory (RFT) for interacting bare Pomerons, and
studied analytically. By bare Pomeron we mean a
BFKL-like elastic scattering amplitude for dipole-dipole
scattering (below, we will also refer to “cut” Pomerons,
which is a total inelastic cross section in the same dipole-
dipole process). One hopes that the study of these models is
a useful endeavor assuming they retain some important
features of real QCD.
Several models of this type have been recently consid-

ered in the literature. They all share the following simple
probabilistic expression for the total S-matrix for scattering
of n dipoles of the projectile on m dipoles of the target:

SðYÞ ¼
X
n;m

e−mnγPP
n ðY0ÞPT

mðY − Y0Þ: ð3Þ

t ime

interaction t=0

dipole

detectors t=

8
dipole

FIG. 1. The sketch of dipole-dipole interaction in the parton approach. The lines denote partons (dipoles).
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Here γ ∼ α2s is the Born approximation to the dipole-dipole
scattering amplitude at energies. PP

n ðY0Þ is the probability
to find n dipoles in the projectile boosted to rapidity Y0, and
similarly for the target. The probabilities are found by
solving the evolution equation in rapidity, and it is in the
form of this equation that the models differ from each other.
The important consistency condition on the evolution is
t-channel unitarity, which is essentially the requirement that
the S-matrix does not depend on the reference frame, that is
the choice of Y0 at a fixed Y [7,12,15–17].
In this section we discuss the scattering amplitude

for the unitarity toy model (UTM). This model satisfies
both the t (see Refs. [7,12,15]) and s (see Ref. [15]) channel
unitarity conditions. Requiring Y0 independence of the
S-matrix in Eq. (3) one is lead to the evolution equation for
PUTM
n ðYÞ [7,12],

dPUTM
n ðYÞ
dY

¼ −
Δ

1 − e−γ
ð1 − e−γnÞPUTM

n ðYÞ

þ Δ
1 − e−γ

ð1 − e−γðn−1ÞÞPUTM
n−1 ðYÞ: ð4Þ

Equation (4) can be rewritten as the general equation for
the generating function of UTM,

∂

∂Ỹ
Zðu; ỸÞ ¼ −ð1 − uÞð1 − e−γu

∂

∂uÞZðuỸÞ
¼ ðu − 1ÞðZðu; ỸÞ − Zðe−γu; ỸÞÞ; ð5Þ

where [17]

Zðu; ỸÞ ¼
X∞
n¼0

CnðγÞΦnðu; γÞeΔnỸ : ð6Þ

Φnðu; γÞ are the eigenfunctions of the Hamiltonian:
H ¼ −ð1 − uÞð1 − e−γu

∂

∂uÞ with the eigenvalues Δn ¼
exp ðnγÞ − 1. CnðγÞ ¼ exp ðnðnþ1Þ

2
γÞ. The scattering ampli-

tude for dipole-dipole scattering takes the form [17],

SðỸÞ ¼ Zðe−γ; ỸÞ ¼
X∞
n¼0

CnðγÞΦnðe−γ; γÞeΔnỸ ; ð7Þ

where we use Eq. (6). For small γCnΦnð1 − γ; γÞ ¼
ð−γÞnn!þOðγnþ1Þ, leading to

SðỸÞ ¼
X∞
n¼0

ð−γÞnn! eΔnỸf1þOðγÞg: ð8Þ

Equation (8) has natural interpretation in the Pomeron
calculus (see Appendix B and Fig. 9).
Using n! ¼ R∞0 dτe−ττn we can rewrite Eq. (8) as

follows:

SðỸÞ ¼
Z

∞

0

dτe−τ
X∞
n¼0

ð−γτÞneΔnỸ : ð9Þ

Equations (8) and (9) give the asymptotic series for the
scattering amplitude. However, one can see that each term
of this series has intercept which is large that γnðΔn ¼
eγn − 1 > γnÞ and therefore, series of Eq. (9) cannot be
Borel summed. In Ref. [17] it is suggested the following
expansion for summing these series:

exp ðΔnỸÞ ¼ e−Ỹ
X∞
j¼0

eγnjỸj

j!
: ð10Þ

Plugging Eq. (10) into Eq. (9) we obtain

SðỸÞ ¼
Z

∞

0

dτe−τ
X∞
n¼0

ð−γτÞne−Ỹ
X∞
j¼0

eγnjỸj

j!
: ð11Þ

Both series are absolutely converged and changing the
order of summation we have

SðỸÞ ¼ e−Ỹ
X∞
j¼0

Yj

j!

Z
∞

0

dτe−τ
X∞
n¼0

ð−γτÞneγnj: ð12Þ

Summing over n we obtain

SðỸÞ ¼ e−Ỹ
X∞
j¼0

Yj

j!

Z
∞

0

dτe−τ
1

1þ τγNj

¼ e−Ỹ
X∞
j¼0

Ỹj

j!
1

γNj
exp

�
1

γNj

�
Γ
�
0;

1

γNj

�
; ð13Þ

whereNj ¼ eγj. It is easy to see that the series in Eq. (13) is
absolutely converged and gives the analytical function for
the scattering amplitude. It is worthwhile mentioning that
Eqs. (10) and (13) give a way of summing the asymptotic
series, which is quite different from the Borel summation,
which is used to sum such series.
In Refs. [15,17] it was suggested a continuous approach

to the UTM in which Pn − Pn−1 were replaced by dPn=dn
and a contribution of d2Pn=dn2 was neglected. In this
approach Eq. (9) takes the form,

SCAðỸÞ ¼
Z

∞

0

dτe−τ
X∞
n¼0

ð−γτÞn eΔnỸ

¼
Z

∞

0

dτe−τ
1

1þ γτeΔỸ

¼ 1

γNðỸÞ exp
�

1

γNðỸÞ
�
Γ
�
0;

1

γNðỸÞ
�
; ð14Þ

where NðỸÞ ¼ eΔỸ and Γð0; zÞ is incomplete Gamma
function. It is worthwhile mentioning that in Eq. (14)
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the Borel summation has been used. It is shown in Ref. [17]
that Eq. (14) can be reproduced directly from Eq. (3) in the
BFKL limit where in Eq. (4) we replace eγn by 1þ γn.
The scattering with the nuclear target has been discussed

in Refs. [16,17]. From Eq. (7) this amplitude has the
following form:

SAðỸÞ ¼ Zðe−γA; ỸÞ ¼
X∞
n¼0

CnðγÞΦnðe−γA; γÞeΔnỸ : ð15Þ

In the kinematic region γA≳ 1 but γ ≪ 1 CnðγÞ → 1 and
Φnðe−γA; γÞ → ð−eγAÞn leading to

SAðỸÞ ¼
X∞
n¼0

ð−eγAÞneΔnỸ

¼ e−Ỹ
X∞
j¼0

Ỹj

j!

X∞
n¼0

ð−eγðjþAÞÞn

¼ e−Ỹ
X∞
j¼0

Ỹj

j!
1

1þ eγðjþAÞ ; ð16Þ

in Eq. (15) we assume that nucleus is the state of A dipoles.

III. AGK CUTTINGRULES ANDMULTIPARTICLE
PRODUCTION IN THE UTM

The scattering amplitude depends on the parton wave
function of the fast projectile and on Pn [see Eq. (3)] at
τ ¼ 0 in Fig. 1. Interaction of wee parton at τ ¼ 0 destroys
the coherence of partons in the wave function. Hence after
this interaction the partons start to interact between
themselves, these interactions are difficult to tackle. In
the Introduction we have described our approach which is
based on the AGK catting rules and on the proven fact that
imaginary part of the Pomeron Green’s function leads to the
cross section of the produced gluons in QCD.2

A. Continuous approximation

For arbitrary Y we have to use the scattering amplitude in
a general form of Eqs. (7) and (13), However, in the
continuous approximation we can restrict ourselves by
Eq. (14) which is much simpler. It has the following simple
form:

SðYÞ ¼
X∞
k¼0

ð−1ÞkCkðγÞ½NðYÞ�k; C0 ¼ 1; ð17Þ

with Ck ¼ γkk!. NðYÞ denotes the imaginary part of the
Pomeron Green’s function [see Eq. (1)], and it equals to
exp ðΔ1ỸÞ. In the toy world, as well as in QCD [72] the

imaginary part of the Pomeron Green’s function coincides
with the multiplicity of dipoles in the BFKL cascade.
Each term in Eq. (17) is a contribution of k BFKL

Pomerons. The Pomeron Green’s function GIPðYÞ depend
on rapidity but not on γ, while the dependence on γ comes
through the coefficientsCk. The latter have interpretation of
multi-Pomeron residues (impact factors). The expansion
[Eq. (17)] is not general, because not every function SðYÞ is
expandable in powers of NðYÞ ¼ ImGIPðYÞ. A compact
representation of Eq. (17) in the UTM has the form
[see Eq. (14)],

SCA ¼
Z

∞

0

dte−t
1

1þ tγNðYÞ : ð18Þ

The Pomeron plays two fold role in the scattering ampli-
tude. First, it gives the scattering amplitude of two dipoles
at high energy. The interaction of the Pomerons with the
colliding dipoles and between them provides the shadow-
ing in the amplitude which has been taken into account in
Eq. (18). Second, the imaginary part of the Pomeron
exchange due to the unitarity constraints of Eq. (1) give
the cross section of produced gluons. The AGK cutting
rules allows us to calculate the cross section proportional to
ðImGIPðYÞÞn ¼ ðσBFKLin ðYÞÞn3 out of the contribution to the
total cross sections of k exchanged Pomerons (∝ Gk

IPðYÞ).
The AGK rules give

n≥1∶ σknðYÞ¼Ckð−2Þk−n
k!

ðk−nÞ!n!ðσ
BFKL
in ðYÞÞn ð19aÞ

n¼0∶ σk0ðYÞ¼ð2−2kÞCkð−NðYÞÞk: ð19bÞ

Here n ¼ 0 is the diffractive dissociation.
The total “production” of n cut Pomerons is the sum over

all exchanges (k ≥ n),

σAGKn ¼
X
k¼n

σkn ¼
X∞
k¼n

Ckð−2Þk−n
k!

ðk − nÞ!n! ðσ
BFKL
in ðYÞÞn

¼
X∞
k¼n

ð−1Þk−nCkð2NðYÞÞk k!
ðk − nÞ!n! ; ð20Þ

where Eq. (1) was used to get the last expression.
While for the UTMmodel, the coefficients Ck are known

explicitly, in general they could also be conveniently
expressed as follows:

Ck ¼
ð−1Þk
k!

dk

dNk SðYÞjN¼0
: ð21Þ

Substituting Ck into Eq. (20),

2It should be mentioned that on QCD the partons at τ ¼ 0 are
colourless dipoles while at τ ¼ ∞ the gluons are produced.

3This contribution in the widely accepted slang is called the
contribution of k cut Pomerons.
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σAGKn ðYÞ ¼
Z

∞

0

dte−t
ð2tγNðYÞÞn

ð1þ 2tγNðYÞÞnþ1

¼ 1

2γNðYÞ k!U
�
kþ 1; 1;

1

2γNðYÞ
�
; ð22Þ

U(a,b,z) is the Tricomi confluent hypergeometric function
(see Ref. [82], formula 13.1.3). We note two interesting
limits of Eq. (22),

σkðY <YmaxÞ¼
1

2γN
k!U

�
kþ1;1;

1

2γN

�

→

8>><
>>:

1
γNK0

�
2
ffiffiffiffiffiffi
kþ1
2γN

q �
for 2γNk>1

k!ð2γNÞk for 2γNk<1

: ð23Þ

Coming back to Eq. (23) one can see that we indeed have
σð2 → nÞ, which behaves as σð2 → nÞ ¼ Cnn!αn [70,71]
where α is the four boson coupling constant is small in the
t’Hooft limit: α → 0; λt ¼ αNc ¼ finite. However, α in
Eq. (23) is replaced by the BFKL contribution: 2γNðYÞ.
Note that this contribution gives the scattering amplitude of
two dipoles (four dipoles interaction) but depends on
energy increasing with it. Due to this growth, at large
energies σn ∼ n!ð2γNÞn does not contribute [see Eq. (23)],
and the unitarity is saturated by the states with multiplicities
n ≥ N. None of these states look classical.
Summing over n (the sum starts from n ¼ 1) we obtain

the total inelastic cross section,

σin ¼
X∞
n¼1

σAGKn ¼ 1 − SðYÞ
���
N→2N

: ð24Þ

In the BFKL formalism (see Appendix A), the inelastic
cross section for production of n—partons [σBFKLn ðYÞ] from
a single Pomeron obeys the evolution equation,

dσBFKLn ðYÞ
dY

¼ ΔσBFKLn−1 ðYÞ: ð25Þ

The solution takes the form,

σBFKLn ðYÞ ¼ 2
ðΔYÞn
n!

;

σBFKLin ¼
X∞
n¼0

σBFKLn ðYÞ ¼ 2 exp ðΔYÞ ¼ 2N; ð26Þ

consistently with the unitarity condition of Eq. (1). Here the
factor 2 comes from the unitarity condition for n ¼ 0. The
probability PIP

n ðYÞ to find n partons in the final state is thus,

PIP
n ðYÞ ¼

σBFKLn ðYÞP∞
n¼0 σ

BFKL
n ðYÞ ¼

ðΔYÞn
n!

e−ΔY; ð27Þ

which is a Poisson distribution with the average number of
partons n̄1 ¼ ΔY ¼ lnN. This is the result for a single cut
Pomeron. For k cut Pomerons, the distribution is Poisson
again, but now with the average number n̄k ¼ kn̄1 ¼
kΔY ¼ lnNk. This corresponds to probabilities PIP

n ðkYÞ.
To find the multiplicity distribution of particles in the

final states one needs to convolute σkðYÞ from (22) with the
distribution of particles inside k cut Pomerons Eq. (27),

σf:s:n ðYÞ ¼
X∞
k¼1

σAGKk ðYÞPIP
n ðkYÞ: ð28Þ

In Eq. (28) f.s. stands for the final state.

B. Arbitrary Y

For general approach we have to use the scattering
amplitude in a general form of Eqs. (7) and (13).
The AGK cutting rules [74] allows us to calculate the

contributions of n-cut Pomerons if we know Fk: the
contribution of the exchange of k-Pomerons to the cross
section. They take the form,

n ≥ 1∶ σknðYÞ ¼ ð−1Þk−n k!
ðn − kÞ!n! 2

kFkðγ; YÞ ð29aÞ

n ¼ 0∶ σk0ðYÞ ¼ ð−1Þkð2k − 2ÞFkðγ; YÞ; ð29bÞ

σtot ¼ 2
X∞
k¼1

ð−1Þkþ1Fkðγ; YÞ; ð29cÞ

where σtot is the total cross section and σ0 denotes the
cross section with the multiplicity of produced dipoles
which is much less than ΔY. In other words, it is the cross
section of the diffraction production. From Eq. (9) one can
see that

Fkðγ; YÞ ¼
Z

∞

0

dτe−τðτγÞkeΔkỸ : ð30Þ

Using Eq. (10) we can rewrite Eq. (30) in the following
form:

Fkðγ; YÞ ¼ e−Ỹ
X∞
j¼0

eγkjỸj

j!

Z
∞

0

dτe−τðτγÞk: ð31Þ

Bearing in mind Eq. (29a) we can introduce

σAGKn ¼
X∞
k¼n

ð−1Þk−n k!
ðk − nÞ!n! 2

kFkðγ; YÞ;

σAGKin ¼
X∞
n¼1

σAGKn ; ð32Þ
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which is the cross section of production of n-cut Pomerons
in our process and σAGKin is the inelastic cross section.
Plugging Eq. (30) into Eq. (32) and summing over k we

obtain

σAGKn ¼ e−Ỹ
X∞
j¼0

Yj

j!

Z
∞

0

dτe−τ
ð2τγNjÞn

ð1þ 2τγNjÞnþ1

¼ e−Ỹ
X∞
j¼0

Ỹj

j!
n!

1

γNj
U

�
nþ 1; 1;

1

γNj

�
: ð33Þ

Using Eq. (23) for Uðnþ 1; 1; 1
γNj

Þ we can take the
integral over j in Eq. (34) using the method of steepest
descent. The equation for the saddle point value of j j ¼ jSP
takes the form,

ln Ỹ − ln jSP þ γ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ 1

2γNjSP

s
¼ 0: ð34Þ

The solution to Eq. (34) at large Ỹ has the form,

jSP ¼ Ỹ exp

 
γ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ 1

2γNðỸÞ

s !
with NðỸÞ ¼ eγỸ : ð35Þ

Plugging Eq. (35) into Eq. (33) we obtain

σAGKn ¼ 1

γNðỸÞexp
 
−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kþ1

2γNðỸÞ

s
−γ2Ỹ

kþ1

2γNðỸÞ

!
: ð36Þ

In Eq. (36) we use the asymptotic expression for

K0

�
2
ffiffiffiffiffiffiffiffiffiffiffi
kþ1

2γNðỸÞ
q �

for simplicity.

Figure 2 illustrates the difference between the exact
solution to Eq. (34) and the approximate solution at large Ỹ.

C. Interaction with nuclei

The scattering matrix for interaction with a nucleus target
has been written in Eq. (16). Applying the AGK cutting
rules we obtain for σAGK;An the following expression:

σAGK;An ¼ e−Ỹ
X∞
j¼0

Ỹj

j!
ð2γeγðjþAÞÞn

ð1þ 2γeγðjþAÞÞnþ1

⟶
γeγðjþAÞ≫1

e−Ỹ
X∞
j¼0

Ỹj

j!
1

2γeγðjþAÞ exp
�
−

n − 1

2γeγðjþAÞ

�
:

ð37Þ

Equation (37) differs from the BFKL multiplicity distri-
bution due to sum over j which stems from the enhanced
diagrams. Plugging in this equation j ¼ Ỹ we obtain
that

σAGK;An ¼ 1

2γeγðjỸþAÞ exp
�
−

n − 1

2γeγðỸþAÞ

�
; ð38Þ

which is the BFKL distribution with the mean multiplicity
in eγA times larger that in the BFKL cascade for one
dipole.

Y=200
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201.0

201.2

201.4
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P

Y=20

0 100 200 300 400
20

21

22

23

24

25

k

j S
P

FIG. 2. jSP of Eq. (34) versus n at different Y (red curves). The blue curves show the saddle point value of jSP given by Eq. (35).
Δ ¼ 0.2 and γ ¼ 0.025.
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VI. EVOLUTION OF σn IN PARTON APPROACH

It has been shown in Refs. [78,79] (see also
Refs. [14,81]) that instead of using the AGK cutting
rules, we can write the evolution equation in parton
approach. This equation is based on two principle ingre-
dients. The first one is that only partons in the parton wave
function of the fast hadron at t → −∞ in Fig. 3 can be
produced at t → þ∞ and are measured by our detectors.
This point was proven in Refs. [78,79], and the proof is
used the results of Ref. [80]. These papers show that
neither production of the new partons nor annihilation of
the partons in the hadronic wave function contribute to σn,
including single diffraction. The proof is general and does
not depend on the specific interaction between partons.
Actually this feature allows us to apply parton approach
for discussing the multiplicity distributions of produced
partons. It has been demonstrated [14,79,81] that the AGK
cutting rules provides these features in the framework of
the parton approach.

A. BFKL cascade

The second principle feature has been proven for the
BFKL parton cascade [14,78,79,81] we can write the
following evolution equations (see Fig. 4) which we present
for simplicity for the toy models4:

dN0ðYÞ
dY

¼ ΔðN0ðYÞ − N2
0ðYÞÞ; ð39aÞ

dσsdðYÞ
∂Y

¼ΔðσsdðYÞþσ2sdðYÞ−4σsdðYÞN0ðYÞþ2N2
0ðYÞÞ;
ð39bÞ

dσ1ðYÞ
dY

¼Δðσ1ðYÞ−2σ1ðYÞð2N0ðYÞ−σsdðYÞÞÞ; ð39cÞ

dσ2ðYÞ
dY

¼Δðσ2ðYÞþ2σ2ðYÞσsdþσ21ðYÞ−4N0ðYÞσ2ðYÞÞ;
ð39dÞ

dσnðYÞ
dY

¼ Δ
�
σnðYÞ þ 2σnðYÞσsd

þ
Xn
k¼1

σn−kðYÞσkðYÞ − 4N0ðYÞσnðYÞ
�
; ð39eÞ

where Δ is the intercept of the BFKL Pomeron, N0 is the
imaginary part of the elastic amplitude, σsd is the cross
section of the single diffraction, and σn is the cross section
of production of nΔY number of partons.
The graphic forms of these equations are shown in Fig. 4.

It turns out that all numerical factors in this figure
reproduce the AGK cutting rules. In this figure we consider
that partons in our approach are dipoles of QCD with the
fixed sizes. Every equation in Fig. 4 is written for the cross
section of interaction of one dipole shown by two lines with
the target which is presented in the figure by vertical dotted
line. This dipole decays in two dipoles which interact with
the target. In the figure all possible interactions are shown
with trivial factors that take into account the number of
possible interactions and the shadowing due to interaction
of elastic amplitude (N0) with the cross sections in the
equations: this shadowing gives the sign minus.

B. UTM cascade

Our main goal to study what happens with Eqs. (39a)–
(39e) in the UTM cascade.

1. Elastic amplitude

Let us start from Eq. (39) for the elastic amplitude. We
can find dSðYÞ

dY using Eq. (3) for Y0 ¼ 0 since in this model
S-matrix does not depend on Y0. In doing so, we obtain the
following equation for the scattering of two dipoles:

dSðYÞ
dY

¼
X
n¼1

e−γn
dPUTM

n ðYÞ
dY

¼ Δ
γ
ðeγ − 1Þ

X
n¼1

ð−e−γnPUTM
n ðYÞ þ e−2γnPUTM

n ðYÞÞ

¼ Δ
γ
ðeγ − 1ÞðSdþ2dðYÞ − SdþdðYÞÞ; ð40Þ

where Sdþd is the scattering matrix of two dipoles while
Sdþ2d is the scattering matrix for interaction of one dipole
with two dipoles. It is instructive to derive this formula
from Eq. (8) for the scattering matrix. Indeed,

x−

x = 0− x = x’ = +− x’ = 0− x’ = −−−

x’−

tot

n

x−

x=0− x = +−x =−−

x =−−

FIG. 3. A comparison of calculations of σtot and σn in parton
approach. At t ¼ 0 the parton cascade interacts with the target. At
t ¼ þ∞ the produced partons are measured by the detectors.

4The proof for QCD is given in Refs. [79,81].
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dSðYÞ
dY

¼
X∞
n¼0

ΔnCnðγÞΦnðe−γ; γÞeΔnỸ

¼ Δ
γ

X∞
n¼0

ðeγn − 1ÞCnðγÞΦnðe−γ; γÞeΔnỸ : ð41Þ

In Ref. [17] we found that Cð2Þ
n for the scattering amplitude

with two dipoles are equal to

Cð2Þ
n ¼ eγðnþ1Þ − 1

eγ − 1
Cð1Þ
n|{z}

≡Cn

⟶
γ≪1 ðnþ 1ÞCð1Þ

n : ð42Þ

Plugging Eq. (42) into Eq. (41) we obtain Eq. (40).
Comparing Eq. (40) with Eq. (39) one can see that in the
BFKL cascade,

Sdþ2dðYÞ ¼ S2dþdðYÞ: ð43Þ

Using Eqs. (10), (8), and (42) we can calculate Sdþ2d as
follows:

Sdþ2dðYÞ ¼ e−Ỹ
X∞
j¼0

eγnjỸj

j!
eγðnþ1Þ − 1

eγ − 1
ð−γNjÞnn!

¼ 1

γ
e−Ỹ

X∞
j¼0

Ỹj

j!

	
eγ

1

γeγNj
exp

�
1

γeγNj

�
Γ
�
0;

1

γeγNj

�
−

1

γNj
exp

�
1

γNj

�
Γ
�
0;

1

γNj

�


⟶
Ỹ≫1

e−Δ̃1Y; ð44Þ

where Ỹ ≡ Δ
γ Y.

Therefore, one can see that in the UTM Eq. (43) does not
work. However, it turns out that we can get a simple
formula for the Borel image of the scattering amplitude.
Indeed, as we have seen in Eq. (13), for SðYÞ we can
write

SdþdðỸÞ¼e−Ỹ
X∞
j¼0

Ỹj

j!

Z
∞

0

dτe−τbð0Þdþdðτ;NjÞ with Nj¼γeγj:

ð45Þ

In the region of small γ one can see from Eq. (42) that

Sdþ2dðỸÞ ¼ e−Ỹ
X∞
j¼0

Ỹj

j!

Z
∞

0

dτe−τbð0Þdþ2dðτ; NjÞ with

bð0Þdþ2dðτ; NjÞ ¼
dðτNjb

ð0Þ
dþdðτ; NjÞÞ

dðτNjÞ
: ð46Þ

Using bð0Þdþdðτ; NjÞ ¼ 1=ð1þ τNJÞ one can see that

Eq. (40) for bð0Þdþdðτ; NjÞ takes a form,

 −=

 + 2

=  +2  − 2  − 2

=  +2

=  +  − 2  − 2

 +

N0

N0

N0

N0

N0

N0

N0

N0

N0

sd

sd

sd

1 1

1

1

12
 −2  − 2

2

2
N0

N0

sd

sdsd

1

2

sd

d___
d Y

N0

d___
d Y

sd

d___
d Y 1

d___
d Y 2

FIG. 4. The graphic form of Eqs. (39a)–(39e). The vertical lines notations are the same as in Fig. 3. The Pomeron intercept is absorbed
in the definition of Y.
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bð0Þdþdðτ;Njþ1Þ−bð0Þdþdðτ;NjÞ¼ðbð0Þdþdðτ;NjÞÞ2−bð0Þdþdðτ;NjÞ:
ð47Þ

Therefore, for the Borel images equation has the same form

as Eq. (40) if we replace dS
dY by b

ð0Þ
dþdðτ; Njþ1Þ − bð0Þdþdðτ; NjÞ

and N0 by 1 − bð0Þdþd.

2. Single diffraction

In Ref. [79] it is shown that the equation for the cross
section of the diffraction dissociation for the BFKL cascade
can be written in the form,

d
dΔY

SDdþdðYÞ ¼ ðSDdþdðYÞÞ2 − SDdþdðYÞ where

SD ¼ 1 − 2N0 þ σsd: ð48Þ

In the UTM it takes the following form:

d
dΔY

SDdþdðYÞ ¼ ðSDdþ2dðYÞÞ − SDdþdðYÞ where

SD ¼ 1 − 2N0 þ σsd; ð49Þ

with the same reasoning as in Eq. (41). For Borel images it
translates to the equation,

bðDÞ
dþdðτ;Njþ1Þ−bðDÞ

dþdðτ;NjÞ¼bðDÞ
dþ2dðτ;NjÞ−bðDÞ

dþdðτ;NjÞ
¼ðbðDÞ

dþdðτ;NjÞÞ2−bðDÞ
dþdðτ;NjÞ:

ð50Þ

In the region of small γ this equation can be rewritten in the
form of Eq. (41), viz.,

bðsdÞdþdðτ;Njþ1Þ−bðsdÞdþdðτ;NjÞ¼bðsdÞdþdðτ;NjÞþðbðsdÞdþdðτ;NjÞÞ2

−4bð0Þdþdðτ;NjÞbðsdÞdþdðτ;NjÞ
þ2ðbðsdÞdþdðτ;NjÞÞ2: ð51Þ

As have been discussed the AGK cutting rules give

bðsdÞdþdðτ; NjÞ ¼
2ðτγNjÞ2

ð1þ τγNjÞð1þ 2τγNjÞ
: ð52Þ

We obtain Eq. (51) taking into account that

bðsdÞdþ2dðτ; NjÞ ¼
d

dðτγNjÞ
�
ðτγNjÞ

�
2ðτγNjÞ2

ð1þ τγNjÞð1þ 2τγNjÞ
�

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
bðsdÞdþdðτ;NjÞ

�

¼ 2bðsdÞdþdðτ; NjÞ − 2ðbð0Þdþdðτ; NjÞÞ2 þ
�

2τNj

1þ 2τγNj

�
2

: ð53Þ

3. σ1
The equation for σ1 takes the following form in the UTM:

d
dΔY

σdþd
1 ðYÞ ¼ σdþ2d

1 ðYÞ − σdþd
1 ðYÞ: ð54Þ

This equation can be rewritten for the Borel images as follows:

bð1Þdþdðτ; Njþ1Þ − bð1Þdþdðτ; NjÞ ¼ bð1Þdþdðτ; NjÞ þ 2bð1Þdþdðτ; NjÞbðsdÞdþdðτ; NjÞ − 4bð0Þdþdðτ; NjÞbð1Þdþdðτ; NjÞ: ð55Þ

Using the AGK prediction for σ1,

bð1Þdþdðτ; NjÞ ¼
2τγNj

ð1þ 2τγNjÞ2
; ð56Þ

we obtain

bð1Þdþ2dðτ; NjÞ ¼
d

dðτγNjÞ
�
ðτγNjÞ

�
2ðτγNjÞ2

ð1þ 2τγNjÞ2
�

|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
bð1Þdþdðτ;NjÞ

�

¼ 2bð1Þdþdðτ; NjÞ −
4ðτγNjÞ2

ð1þ 2τγNjÞ3
: ð57Þ

Plugging Eqs. (57), (56), and (52) into Eq. (55) we see that
this equation is correct.
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4. σn
The equation for σn has the same general form as

Eq. (54), viz.,

d
dΔY

σdþd
n ðYÞ ¼ σdþ2d

n ðYÞ − σdþd
n ðYÞ: ð58Þ

Using that from AGK cutting rules the Borel image of
σdþd
n [see Eq. (33)] is equal to

bðnÞdþdðτ; NjÞ ¼
ð2τγNjÞn

ð1þ 2τγNjÞnþ1
; ð59Þ

and the Borel image of σdþ2d
n can be written as

follows:

bðnÞdþ2dðτ; NjÞ ¼
d

dNj
ðNjb

ðnÞ
dþdðτ; NjÞÞ; ð60Þ

we obtain the following equation for bðnÞdþdðτ; NjÞ∶

bðnÞdþdðτ; Njþ1Þ − bðnÞdþdðτ; NjÞ ¼ bðnÞdþdðτ; NjÞ þ 2bðnÞdþdðτ; NjÞbðsdÞdþdðτ; NjÞ þ
Xn−1
k¼1

bðn−kÞdþd ðτ; NjÞbðkÞdþdðτ; NjÞ

− 4bð0Þdþdðτ; NjÞbðnÞdþdðτ; NjÞ: ð61Þ

In conclusion we see that the general equation in the
UTM cascade has the form of Eq. (58) with σdþd

0 ≡ σsd.
These equation are equivalent to the AGK cutting rules and
have natural form with clear physics meaning. In the case of
the BFKL cascade these equation can be reduced to
Eqs. (39a)–(39e) that are shown in Fig. 4. In the region
of small γ which models QCD approach, we can write the

similar equations but for the Borel images of corresponding
cross sections: see Eqs. (47), (51), (55), and (61). These
equation has the same form as Eqs. (39a)–(39e) and can be
written from them by replacing d

dΔY σn → bðnÞdþdðτ; Njþ1Þ −
bðnÞdþdðτ; NjÞ and σn → bðnÞdþdðτ; NjÞ.
All equations for the BFKL cascade can be derived from

the equation,

d
dΔY

SinðYÞ|fflffl{zfflffl}
select fixedmultiplicity terms

¼ ðSinðYÞÞ2 − SinðYÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
select fixedmultiplicity terms

where Sin ¼ 1 − 2N0 þ σsd þ
X
n¼1

σn; ð62Þ

while for the UTM cascade Eq. (62) takes the form,

binðτ; Njþ1Þ − binðτ; NjÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
select fixed multiplicity terms

¼ ðbinðτ; NjÞÞ2 − binðτ; NjÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
select fixedmultiplicity terms

where bin ¼ 1 − 2bð0Þ þ bðsdÞ þ
X
n¼1

bðnÞ: ð63Þ

V. ENTROPY OF PRODUCED PARTICLES

A. Continuous approximation

Here we will focus on the entropy of produced particles
in the regime of large rapidities but γNðYÞ ≫ 1 in the
continuous approximation from Eq. (23),

σn ¼
1

γN
K0

 
2

ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

2γN

s !
; ð64Þ

which is the probability to find n particles in the final state.
In fact σn=σin, should be convoluted with PPom

n [see

Eq. (28)], but at high energies, the latter can be approxi-
mated by a δ-function which plays no role in computation
of the entropy.
The von Neumann entropy of the produced particles is

SE ¼ −
X
n

ln½σn=σin�
σn
σin

: ð65Þ

Substituting Eq. (64) into Eq. (65) and switching from

summation over n to integration over η ¼ 2
ffiffiffiffiffiffiffi
nþ1
2γN

q
, we

obtain
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SE ¼ ln ð2γNÞ −
Z

∞

0

ηdη ln½K0ðηÞ�K0ðηÞ: ð66Þ

The integral over η equals −1.5 which does not depend on
Y. Therefore, at large Y,

SBFKLE ¼ ln½NBFKLðYÞ�þ1.5⟶
Y≫1

ΔY; NBFKL¼2γNðYÞ:
ð67Þ

The result for the entropy coincides with the result of
Ref. [54] but is quite different from Eq. (1). It is important
to mention that Eq. (67) is different from (see Fig. 5)

SUTME ¼ lnNUTM; NUTM ¼
X
n

nPUTM
n : ð68Þ

It should be emphasized that Eq. (66) has a general
origin: it stems from the KNO scaling behavior [83] of the

multiplicity distribution [16]. Indeed, if σn=σin has KNO
behavior, viz.,

σn
σin

¼ 1

n̄
Ψ
�
n
n̄

�
; ð69Þ

where n̄ is a mean multiplicity, one can see that the entropy,

SE ¼
X
n

ln

�
1

n̄
Ψ
�
n
n̄

��
1

n̄
Ψ
�
n
n̄

�

¼ ln n̄þ
X

ln

�
Ψ
�
n
n̄

��
1

n̄
Ψ
�
n
n̄

�

¼ ln n̄þ
Z

dζ ln ðΨðζÞÞΨðζÞ; ð70Þ

where ζ ¼ n=n̄. The integral over ζ leads to the contribu-
tion which does not depend on Y, while ln n̄ ¼ ΔY.
What is striking that while the entropy (65) ∼ lnNBFKL,

which is the result one would obtain for the BFKL cascade
in DIS, the underlying multiplicity distributions for the
particle production and for the parton cascade are quite
different as illustrated in Fig. 6. Another explanation is that
despite the same entropy of the produced particles [see
Eq. (70)] and the entropy of the parton in the wave
functions [16] the shape of distribution of the produced
particles is quite different from Pn.
In Fig. 7 we plot the mean multiplicities for the initial

and final states in the UTM. One can see that at large Y the
much larger number of dipoles has been produced that it
has the initial wave function.

B. Arbitrary Y

As has been discussed at large Y we can use Eq. (36) for
σn=σin. This equation leads to the expression for the entropy
of the same formasEq. (66) but the integral overη has amore
complex form being a function of Ỹ. It is equal to

Y=30
UTM, n in

UTM, Pn

10 20 30 40
0.00

0.02

0.04

0.06

0.08

0.10

n

Y=40
UTM, n in

UTM, Pn

0 100 200 300 400
0.000

0.005

0.010

0.015

0.020

n

FIG. 6. σn=σin from Eq. (22) and Pn ¼ PUTM
n for the parton cascade (see Ref. [16]) versus n at different Y. Δ ¼ 0.2 and γ ¼ 0.025.
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ln NBFKL
ln NUTM
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1

2

3

4

5

6

NBFKL

S
E

FIG. 5. Entropy comparison. SE computed from the exact
multiplicity distribution (66) in UTM versus ln½NUTM=BFKL�.
SBFKLE ¼ lnNBFKL, where NBFKL is the mean multiplicity of
produced dipoles in DIS. NUTM is the mean multiplicity of
dipoles in the initial state. Δ ¼ 0.2 and γ ¼ 0.025.
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IðỸÞ ¼
R
dηð2 ffiffiffi

η
p þ ΔγYηÞ expð−2 ffiffiffi

η
p − ΔγYηÞR

dη expð−2 ffiffiffi
η

p − ΔγYηÞ

→

	
2 for ΔγY ≪ 1;

1 for ΔγY ≫ 1;
: ð71Þ

Therefore, we can conclude that at large Y the entropy of
produced dipoles is given by Eq. (67): SE ¼ ΔY. It should
be noted that the same entropy was computed in the zero
dimension model at τ − 0 in Fig. 1 [54]. Hence, in spite of
the mess of interactions it turns out that the entropy of the
parton cascade is not changed during its propagation from
τ ¼ 0 to τ ¼ ∞.

VI. CONCLUSIONS

In this paper we found the multiplicity distribution of the
produced dipoles in the final state for dipole-dipole
scattering. This distribution show the great difference from
the distributions of the parton in the wave function of the
projectile. However, in spite of this difference the entropy
of the produced dipoles turns out to be the same as the
entropy of the dipoles in the wave function. This fact is not
surprising since we have discussed in the paper that in the
parton approach only dipoles in the hadron wave function
can be produced at t ¼ þ∞ and measured by the detectors.
We also confirm the result of Ref. [54] that this entropy is
equal to SE ¼ ln ðxGðxÞÞ, where we denote by xG the mean
multiplicity of the dipoles in the deep inelastic scattering.
This result contradicts the CGC-black hole correspon-
dence, that has been suggested in Ref. [69].
Our results are based on AGK cutting rules but we

derived the evolution equations for the partial cross sections
σn which have the clear physics and reproduce the same
results as the AGK cutting rules.
It should be stressed that we are able to consider in the

zero dimension models not only DIS but the hadron-hadron
scattering. The above result can be reformulated as the
statement that the average multiplicity of produced dipoles

coincides with mean multiplicity of the DIS for hadron-
hadron collisions.
Second, we demonstrated a different mechanism for high

energy multiparticle generation process, which naturally
arises in the zero dimension models from summing large
Pomeron loops, and in which we do not need to produce a
classical state with maximal entropy to satisfy t and s
channel unitarity. We believe that this mechanism will work
in QCD.
Certainly the next goal is to apply the developed

technique to QCD which has a much more complicated
structure than the simple models that have been considered
in this paper as well as in Refs. [15–17]. This goal is my
motivation for future publications. I am happy to say that I
have started to work towards this. In Ref. [84] the multi-
plicity distribution and the entropy of gluons in the final
state were proposed for QCD amplitude inside the satu-
ration region. This results are based on the AGK cutting
rules and the summation of the asymptotic series using the
approach of this paper. Reference [85] states that 1=Nc
corrections in QCD for the high energy amplitude can be
done based on the summation procedure for the scattering
amplitude which is found in this paper.
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APPENDIX A: DISTRIBUTION OF THE
PRODUCED GLUONS IN THE BFKL POMERON

Here we wish to stress that this follows from the general
structure of the BFKL Pomeron in QCD [75]. Indeed, the
BFKL equation has the general form in momentum
representation,

∂ϕnðY; kÞ
∂Y

¼
Z

d2k0Kðk; k0Þϕn−1ðY; k0Þ; ðA1Þ

where ϕn is the cross section of n produced gluons and
Kðk; k0Þ is the kernel (see Ref. [75] for details). The
eigenfunction of this equation are ðk2Þγ and the general
solution is the sum over these eigenfunctions,

ϕnðY; kÞ ¼
X
γ

CðY; nÞðk2Þγ; ðA2Þ

UTM, initial state
UTM, final state

20 30 40 50 60 70

10

100

1000

104

Y

n

FIG. 7. The mean multiplicities in the UTM versus Y. Δ ¼ 0.2
and γ ¼ 0.025.
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with the following equation for coefficients CðY; nÞ:

∂CðY; nÞ
∂Y

¼ χðγÞCðY; n − 1Þ; ðA3Þ

where χ is the image of the BFKL kernel. One can check
that the solution to Eq. (A3) takes the form,

CðY; nÞ ¼ ðχðγÞYÞn
n!

; ðA4Þ

leading to

ϕnðY; kÞ ¼
Z

dγ
2πi

ðχðγÞYÞn
n!

ðk2Þγ: ðA5Þ

The cross section is equal to

σtot ¼
X∞
n¼0

ϕnðY; kÞ ¼
Z

dγ
2πi

eχðγÞYðk2Þγ; ðA6Þ

while the probability to find n gluons in the final state is
equal to

Pn ¼
ϕnðY; kÞ

σtot
¼
R dγ

2πi
ðχðγÞYÞn

n! ðk2ÞγR dγ
2πi e

χðγÞYðk2Þγ : ðA7Þ

At high energies the main contribution in Eq. (A7) can be
estimated using the method of steepest descent with
γSP ¼ 1

2
. Bearing this in mind we see that Eq. (A7) give

the Poisson distribution.

APPENDIX B: THE POMERON CALCULUS OF
THE UTM

In this appendix we wish to review what we know about
the Pomeron calculus in zero dimension models and,
particularly in the UTM. We have to admit that the majority
of features of this calculus have been known for a long time
(see Refs. [1–10,12–17]), but it turns out that a substantial
part of these properties was preserved in my memory and I
am sorry for not finding a proper references.
In our paper [15] we showed that the UTM model can be

viewed as the Pomeron calculus with the following
Hamiltonian:

HUTM ¼ −IPIPm; ðB1Þ

where IP and IP are Pomeron operators, generates the rich
Pomeron calculus. In Eq. (B2) we introduce Ỹ ¼ Δ

γ Y. In the

notations of this paper the Pomeron Hamiltonian is shown
in Eq. (5), and it has a form,

HUTM ¼ −t
�
1 − eγð1−tÞ ∂∂t

� ¼ γt
∂

∂t|{z}
H0

þ t

�
eγð1−tÞ ∂∂t − 1 − γ

∂

∂t

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

HI

;

ðB2Þ

where u ¼ 1 − t (see Ref. [17] for details). The choice of
H0 is arbitrary, and we did it based on the interpretation of
the zero dimension models as the QCD with fixed dipole
size. We have discussed this interpretation in the
Introduction [see Eq. (1)]. This calculus have all vertices
for nIP → mIP (Vn

m) interactions, in spite the evolution
equation for Pn has only two vertices due to decay of one
dipole to two [see Eq. (4)]. It also gives the first and the
only example of solvable simple Pomeron calculus with the
infinite number of vertices. Expanding HI with respect to
small γ one can see that in the order of γ we have the
triple Pomeron vertex IP → 2IP (V1

2) which is equal to −γ.
In the order of γ2 HI generates the correction to V1

1 ¼
− 1

2
γ2ðIP → IPÞ and vertices s 2IP → IP; 2IP → 2IP and

2IP → 3IP. They are equal to V2
1 ¼ 1

2
γ2, V2

2 ¼ −γ2 and
V2
3 ¼ 1

2
γ2 (see Fig. 8).

1. The first Pomeron diagrams

The main features of the Pomeron calculus in the
UTM can be seen just from the first diagrams (see
Fig. 8). We will calculate them in ω representation, which
is defined as

Zðu ¼ 1 − tYÞ ¼
Z

ϵþi∞

ϵ−i∞

dω
2πi

eωỸzðt;ωÞ: ðB3Þ

Equation (5) in this representation has the following
form:

HUTMzðt;ωÞ ¼ ðH0 þHIÞzðt;ωÞ ¼ ωzðt;ωÞ: ðB4Þ

The first diagram of Fig. 8(a) is the exchange of the “bare”
Pomeron, which gives the contribution,

zðt ¼ γ;ωÞ ¼ γ

ω − Δ
with Δ ¼ γ; ðB5Þ

where Δ is the intercept of the “bare” Pomeron.
The contribution of the diagram of Fig. 8(b) takes the

form,
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zðt ¼ γ;ωÞ ¼ −
V1
2γ

2

ðω − ΔÞðω − 2ΔÞ

¼ −
V1
2γ

2

Δ

�
1

ω − 2Δ|fflfflffl{zfflfflffl}
2IP

−
1

ω − Δ|fflffl{zfflffl}
IP

�

¼ −
γ2

ω − 2Δ
þ γ2

ω − Δ
: ðB6Þ

From Eq. (B6) one can see that the semienhanced
diagram of Fig. 8(b) gives the new contribution, which
is the exchange of two “bare” Pomerons and the corrections
to the vertex of the “bare” Pomeron interaction with the
target [see Fig. 8(a)], which becomes γ þ γ2.
The diagram of Fig. 8(c) gives the same contribution.

Indeed,

zðt ¼ γ;ωÞ ¼ −
2V2

1γ

ðω − ΔÞðω − 2ΔÞ

¼ −
2V2

1γ

Δ

�
1

ω − 2Δ|fflfflffl{zfflfflffl}
2IP

−
1

ω − Δ|fflffl{zfflffl}
IP

�

¼ −
γ2

ω − 2Δ
þ γ2

ω − Δ
: ðB7Þ

For V2
1 we use 1

2
γ d2

dt2 as has been discussed above. It is
instructive to note that in the BFKL cascade we do not
have the diagram of Fig. 8(c) and, therefore, the contribution
of the two “bare”Pomeron exchange is in 2 times less than in
the UTM. This feature we can see directly from Eq. (13).
Now we calculate the first enhanced diagram of

Fig. 8(d), whose contribution is equal to

zðt ¼ γ;ωÞ ¼ −
V1
22V

2
1γ

ðω − ΔÞðω − 2ΔÞðω − ΔÞ ¼ −
V1
22V

2
1γ

ðω − ΔÞ
1

Δ

�
1

ω − 2Δ
−

1

ω − Δ

�

¼ −
V1
22V

2
1γ

Δ

�
1

Δ

�
1

ω − 2Δ|fflfflffl{zfflfflffl}
2IP

−
1

ω − Δ|fflffl{zfflffl}
IP

�
−

1

ðω − ΔÞ2|fflfflfflfflffl{zfflfflfflfflffl}
intercept IP

�

¼ −γ2
�

1

ω − 2Δ
−

1

ω − Δ

�
þ γ2γ

1

ðω − ΔÞ2 : ðB8Þ

−
Y

Y’

0

Y

Y’

0

Y

Y’

Y’’

Y

Y’

0

V1
2

V1
2

V2
1

V2
1

−

V1
2

V2
1

V1
1− − − −

V2
2

(2) 2 2

(a) (b) (c)

(d) (e)

(f) (g)

FIG. 8. The first Pomeron diagrams for Zðu; YÞ. (a) The exchange of the Pomeron. (b) and (c) The first semienhanced diagrams.
(d) The diagrams for the Pomeron Green’s function. (e) The first diagrams for the two Pomeron Green’s function. The black circle is the
vertex of interaction of the Pomeron with the target, which is equal to γ d

dt. The blue circle is the vertex of interaction with the projectile

dipole: -t. Vm
n are vertices of the transitions mIP → nIP. V1

2 ¼ γt2 d
dt, V

2
1 ¼ 1

2
γ2t d2

dt2,V
1
1 ¼ − 1

2
γ2t d

dt, and V2
2 is vertex for 2IP → 2IP

interaction, which is equal to 1
2
γ2t2 d2

dt2. (f) and (g) Show the correction of the order γ2 to the intercept of two Pomeron Green’s function
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The four diagrams that we have calculated exhaust the
contribution of the order of γ2 to the Green’s function of the
Pomeron. Collecting terms proportional to 1=ðω − ΔÞ we
have the following contributions:

GIPðωÞ ¼
�
γ þ 3

2
γ2
�

1

ω − Δ
− γ

1
2
γ2

ðω − ΔÞ2 : ðB9Þ

Note that in the second term we took into account the
contribution of V1

1 in the order of γ2. It is easy to see that

Eq. (B9) reproduce Eq. (13) if we expand both the Pomeron
intercept and the impact factor to the order γ2.
Now we are going to evaluate the intercept of the two

Pomeron Green’s function. First contribution come
from the exchange of two noninteracting Pomerons with
a new intercept of the order of γ2 [see Fig. 8(f)]:
Δð2Þ ¼ Δþ 1

2
γ2 ¼ γ þ 1

2
γ2, as we have found in

Eq. (B9). The second contribution stems from Fig. 8(e).
Indeed, this diagram is equal to

zðt ¼ γ;ωÞ ¼ 2
V1
22V

2
1γ

2

ðω − 2ΔÞðω − 3ΔÞðω − 2ΔÞ ¼ 2
V1
22V

2
1γ

2

ðω − 2ΔÞ
1

Δ

�
1

ω − 3Δ
−

1

ω − 2Δ

�

¼ 2
V1
22V

2
1γ

2

Δ

�
1

Δ

�
1

ω − 3Δ|fflfflffl{zfflfflffl}
3IP

−
1

ω − 2Δ|fflfflffl{zfflfflffl}
2IP

�
−

1

ðω − 2ΔÞ2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
intercept 2 IP

�

¼ γ3
�

1

ω − 3Δ
−

1

ω − 2Δ

�
− 2γ2γ2

1

ðω − 2ΔÞ2 : ðB10Þ

In addition to Figs. 8(e) and 8(f) we need to calculate the
diagram of Fig. 8(g), in which we take into account the
vertex V2

2 ¼ −γ2 for direct 2IP → 2IP transition. Sum of

all these contributions gives the intercept of G2IP Δð2Þ
2 ¼

2γ þ 2γ2 in accord with Eq. (13).

2. Summing enhanced diagrams

In this section we demonstrate that the intercepts for the
Pomeron Green’s function from Eq. (13) can be derived for
the vertices Vn

n ¼ ðeγ − 1Þn (see Fig. 9). The simplest case
is G2IP which is shown in Fig. 9(a). The bold wavy lines
denote the Pomeron with the intercept Δ1 ¼ eγ − 1. The
sum of diagrams of Fig. 9(a) has the following form:

G2IPðωÞ ¼ −
1

ω − 2Δ1

−
1

ω − 2Δ1

V2
2

1

ω − 2Δ1

−
1

ω − 2Δ1

V2
2

1

ω − 2Δ1

V2
2

1

ω − 2Δ1

−…

¼ −
1

ω − 2Δ1 − V2
2

: ðB11Þ

Plugging V2
2 ¼ ðeγ − 1Þ2 in Eq. (B11) we obtain

G2IPðωÞ ¼ −
1

ω − 2ðeγ − 1Þ − ðeγ − 1Þ2 ¼ −
1

ω − Δ2

¼ −
1

ω − ðe2γ − 1Þ : ðB12Þ

Hence Eq. (B12) reproduces the exchange of two Pomerons
in Eq. (13).

For G3IPðωÞ of Fig. 9(b) we have

G3IPðωÞ ¼
1

ω − 3Δ1

þ 1

ω − 3Δ1

ð3V2
2 þ V3

3Þ
1

ω − 3Δ1

þ 1

ω − 3Δ1

ð3V2
2 þ V3

3Þ
1

ω − 3Δ1

ð3V2
2 þ V3

3Þ

×
1

ω − 3Δ1

þ…

¼ −
1

ω − 3Δ1 − 3V2
2 − V3

3

: ðB13Þ

Taking into account that V2
2 ¼ ðeγ − 1Þ2 and V3

3 ¼
ðeγ − 1Þ3 we have

GIPðωÞ ¼ −
1

ω − 3ðeγ − 1Þ − 3ðeγ − 1Þ2 − ðeγ − 1Þ3

¼ −
1

ω − Δ2

¼ −
1

ω − ðe3γ − 1Þ ; ðB14Þ

which reproduces the intercept of the third term in
Eq. (13). It is easy to generalize the derivation
to GnIPðωÞ.
Therefore, the scattering amplitude of Eq. (7)

has simple and apparent meaning: each term is the
Green’s function for the exchange of n-Pomerons which
is given by the factor exp ðΔnỸÞ (see Fig. 9). Factors
CnðγÞΦnðe−γ; γÞ are the residues (impact factors) of the
Green’s function. Each term is intimately related to the
inclusive production of one, two and so on particles [86],
and, therefore, has a direct physics meaning. The series of
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Eq. (7) is a typical example of the asymptotic series, sum
of which is the analytical function that has the same
expansion. In our paper [17] we proposed the way of
summing this asymptotic series.

3. Multiplicity distribution for the “dresssed” Pomeron

In Sec. III B we assumed that the “dressed” Pomeron has
the same Poisson distribution of the produced dipoles as the
“bare” Pomeron. Figure 10 illustrates this point of view
considering the first enhanced diagram for the “dressed”
Pomeron.
The σn for this diagram is equal to

σn ¼
Z

Y

0

dY 0γðΔ1 − ΔÞ
Xn
m¼1

ðΔðY − Y 0ÞÞm
m!

× e−ΔðY−Y 0Þ ðΔðY − Y 0ÞÞn−m
ðn −mÞ! e−ΔY

0

¼ ðΔ1 − ΔÞY ðΔYÞn
n!

e−ΔY: ðB15Þ

Sum of all enhanced diagrams leads to

σIPn
σIPin

¼ ðΔYÞn
n!

e−ΔY: ðB16Þ

Equation (B16) is the Poisson distribution, the same as for
the “bare” Pomeron in Eq. (2).
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