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All-loop renormalization group invariants for the MSSM
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For the minimal supersymmetric Standard Model, from the gauge couplings, Yukawa couplings, and the
coefficient g in the part of the superpotential quadratic in the Higgs superfields, we construct combinations
which (for certain renormalization prescriptions) do not depend on the renormalization point in all loops. In
other words, these combinations are the renormalization group invariants. Similar invariants are also
constructed for the next-to-minimal supersymmetric Standard Model. The derivation is based on the
nonrenormalization of the superpotential and the Novikov-Shifman-Vainshtein-Zakharov equations. We
argue that the scale invariance of the considered combinations takes place in the class of the higher
derivatives+minimal subtractions of logarithms scheme. This fact has been verified in the lowest orders, up
to and including the one in which the dependence on the renormalization prescription becomes essential. It
is also demonstrated that in the DR scheme the renormalization group invariance does not take place

starting from the approximation, where the scheme dependence manifests itself.

DOI: 10.1103/PhysRevD.111.016012

I. INTRODUCTION

The detailed analysis of quantum corrections can tell a
lot about the world around us. For instance, the renorm-
alization group running of gauge couplings in the super-
symmetric extensions of the Standard Model [1-3] is a
strong indication in favor of supersymmetry [4,5] and
grand unification [6]. Another interesting prediction of the
grand unified theories is the unification of the Yukawa
couplings [7-9], which leads to certain relations between
masses of elementary particles. However, it is very difficult
to match such predictions with the experimental data [10]
because a theory describing physics beyond the Standard
Model is not exactly known. At present, one of the most
promising candidates for this is supersymmetric extensions
of the Standard Model. The simplest of them is the minimal
supersymmetric Standard Model (MSSM), which is a
theory invariant under the SU(3) x SU(2) x U(1) gauge
transformations with softly broken supersymmetry, see,
e.g., [6]. However, the soft terms do not affect the
renormalization of the rigid theory and, in particular, such
parameters as the gauge and Yukawa couplings. That is
why a lot of MSSM quantum properties can be investigated
using the results obtained for A =1 supersymmetric
theories. For instance, the renormalization group running
of the gauge couplings can be described with the help of
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Novikov-Shifman-Vainshtein-Zakharov (NSVZ) f func-
tions [11-14] in all orders, which for the MSSM were
first written in [15]. Various phenomenological applications
of these exact relations can be found in, e.g., [16-19].

The existence of the exact equations relating the f
functions to the anomalous dimensions of the chiral matter
superfields can lead to some interesting consequences. For
instance, according to [20], in NV = 1 supersymmetric QCD
interacting with the Abelian gauge superfield in a super-
symmetric way the running of the strong gauge coupling «; is
related to the running of the electromagnetic gauge coupling
a. Assuming that there are N identical flavors consisting of
the chiral superfields ¢, and ¢, in the irreducible representa-
tions R and R of the non-Abelian gauge group G with
opposite U(1) charges, this relation can be presented in the
form of the renormalization group invariant (RGI),

</%)Cz exp<2_”_@.2_”> —RGL (1)

a;, dimR «

Here tr(TAT®) = T(R)5*8, where T# are the generators
in the representation R (of the dimension dimR). The
Casimir C, is defined by the equation fACP fBCP = C, 548,
where f4BC are the structure constants.

Equation (1) is obtained by eliminating the anomalous
dimension of the matter superfields from the NSVZ
equations.1 Therefore, exactly as with the NSVZ relations,

'If the flavors have different electric charges, then it is possible
to relate the § function of N' =1 supersymmetric QCD to the
Adler D function [21] using the NSVZ-like equation for it [22,23].
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it is satisfied only for certain renormalization prescriptions
and should be valid in an arbitrary NSVZ scheme.
Such schemes can naturally be constructed with the help
of the higher covariant derivative regularization [24-26]
formulated in N =1 superspace [27,28]. According
to [29,30], the NSVZ equations are valid for the renorm-
alization group functions (RGFs) defined in terms of the
bare couplings for an arbitrary renormalization prescription
supplementing the higher covariant derivative regul-
arization and for (standard) RGFs defined in terms of
the renormalized couplings in the higher derivatives +
minimal subtractions of logarithms (HD + MSL) scheme.’
In the latter case, for a theory regularized by higher
covariant derivatives the renormalization is made with
the help of minimal subtractions of logarithms [29,35].
In the DR scheme (when a theory is regularized by
dimensional reduction [36] and divergences are removed
by modified minimal subtraction [37]), Eq. (1) is not
valid [20] exactly as the NSVZ equation(s) [38—41].

However, it would be interesting to consider a more
realistic theory like the MSSM, which is the simplest
supersymmetric extension of the Standard Model.
Although in this model supersymmetry is softly broken,
the renormalization of the parameters entering the rigid part
of its action occurs exactly as for the supersymmetric
theories. The renormalization of the soft terms can be
related to the renormalization of the rigid theory [42—44].
For example, the running of the gaugino masses is
determined by all-loop RGIs constructed in [42].

In this paper, for the MSSM we construct two indepen-
dent RGIs analogous to (1). For this purpose the anomalous
dimensions of the chiral matter superfields are eliminated
from the all-loop equations describing the renormalization
group running of the gauge couplings, Yukawa couplings,
and the g parameter. One of the resulting expressions does
not contain the renormalization point yx. Another similar
expression explicitly depends on g, but is independent of
the p parameter in the MSSM superpotential.

The paper is organized as follows. In Sec. II we recall
some basic information about the MSSM and write down
the all-loop exact equations describing the renormaliza-
tion group evolution of some its parameters. In Sec. Il we
eliminate the anomalous dimensions of the chiral
matter superfields from these equations and obtain two
relations restricting the running of the gauge and Yukawa
couplings in all orders in the form of RGIs analogous
to (1). Modifications of the results to the case of the next-
to-minimal supersymmetric Standard Model (NMSSM)
are discussed in Sec. IV. The renormalization group
invariance of the constructed expressions is verified by
the explicit three-loop calculation in Sec. V, where we

*This statement has been verified by some explicit multiloop
calculations in such orders of the perturbation theory where the
scheme dependence becomes essential [31-34].

demonstrate that it is really valid in the HD 4 MSL
scheme, but is not valid in the DR one. The results are
briefly discussed in the Conclusion, and Appendix A
contains technical details of the calculations. The explicit
expressions for RGFs in the HD + MSL and DR schemes
are presented in Appendixes B and C, respectively.

II. EXACT EQUATIONS DESCRIBING THE
RENORMALIZATION OF THE MSSM
PARAMETERS

The MSSM is an extension of the Standard Model,
which is a gauge theory with softly broken supersymmetry
and the gauge group

G = SU3) x SU(2) x U(1),. (2)

This implies that it contains three gauge couplings

&2 €2 5 €2
a3=ﬁ; 2=ﬁ; alzg'ﬁ 3)

corresponding to the subgroups SU(3), SU(2), and U(1),
respectively. (The factor 5/3 in the coupling constant a;
is introduced so that the unification of couplings has
the form @; = a, = a3.) It is convenient to formulate the
theory with the help of N'=1 superfields using the
spurion technique [45] for the soft terms. In this case
quarks, leptons, and Higgs doublets are components of the
chiral superfields listed in Table I, where, in particular, the
superfields including the (charge conjugated) left quarks
and leptons can be written in the form

o-(); we(l),

In Table I we also present quantum numbers of all chiral
matter superfields with respect to the gauge group [repre-
sentations for SU(3) and SU(2) and hypercharges for
U(1)]. In our notation, the indices I, J range from 1 to 3
and numerate generations.

The MSSM action also contains dimensionless Yukawa
couplings (Yy);;, (Yp),,» and (Yg),, (which are 3 x 3
matrices) inside

1
AS = E/ d*xd*0W +c.c., (5)

TABLE 1. The MSSM chiral matter superfields and their
quantum numbers with respect to the various parts of the gauge

group.
Superfield 0O; U; D; L, E; H, H,

SU(3) 3 3 3 1 1 1 1
SU(2) 2 1 1 2 1 2 2
U(l)y -1/6 2/3 -1/3 1/2 -1 -1/2 1)2
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where the superpotential is given by the expression

W= (Yy), (U D)?<_01 (1)> (51

u2
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Moreover, the superpotential contains a term with the parameter g, which has the dimension of mass. The color index a in

Eq. (6) ranges from 1 to 3.

The renormalization group running of the gauge couplings in the MSSM can be described exactly in all loops with the
help of the NSVZ f functions [15]. They can be written in the form [46]

h_ 3 1
o 5 2z
b _ !

1 4 1 1 1 1
{—11 + tf(g?’Q +§7U +§7D +§7L + J’E) +57Hu +§}’Hd:|;

3001 I 1
S Y e “vn + v
@ 2n(l—ay/x) [ i r(zyQ +2“> v, +2m]

b _ _ !
x

34t
22(1 — 3a/27) { + r<yQ *

jrotam)] )

and relate three gauge f functions of the theory to the anomalous dimensions of the chiral matter superfields. They are

defined by the equations

dai

pi(a.Y) :dlnu

B

ay,Yo=const

where the subscript 0 denotes the bare values.

dinZ;
dinu

vila, Y) = ; (8)

ap,Yy=const

RGFs describing the renormalization of the Yukawa couplings and of the parameter g can also be related to the
anomalous dimensions of the matter superfields due to the nonrenormalization of the superpotential [47]. Taking into
account that the superpotential does not receive divergent quantum corrections, we see that there are renormalization

prescriptions for which

You = (Zu,) 2 ((Zo)") Y y(Zy)™V%

Yo = (ZHd)_l/z((ZL)T)_I/ZYE(ZE)_Uz;
so that
dY 1
dlnl,; =3 (ru,Yu+ (ro)"Yu + Yyru);
dY 1
dlni; =5 (ru,Ye+ (ro)" YE+ Yeve):

It is important that Eq. (9) and, therefore, Eq. (10) are
valid in the HD 4+ MSL scheme because in this scheme all
renormalization constants contain only powers of In A/pu,
where A is the dimensionful regularization parameter.
Taking into account that the NSVZ relations are also
satisfied for this renormalization prescription, we see that
all exact equations describing the renormalization of the
MSSM parameters are satisfied in the HD + MSL scheme,
the use of which is always assumed in what follows. Note
that in the DR scheme the NSVZ equations (7) are not valid

Yop = (Zy,) 2((Zo)") '\ 2Yp(Zp) ™2

to = (Zy,) V2 (Zy,) " p, 9)
dY 1

dlnlL =5 (ru,Yp+ (r0)"Yp + Yprp):

du 1
ding 2 \H.HrHR (10)

[
starting from the three-loop approximation for the f
functions (and the two-loop approximation for the anoma-
lous dimensions), see [48] for details.

III. ALL-LOOP RGIS FOR THE MSSM

The renormalization group equations (10) for the
Yukawa couplings can be multiplied by the corresponding
inverse matrices. After that, it is possible to calculate traces
of the resulting equations using the formula

016012-3
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Indet M, (11)

d
4 M=
dlnu} ding " T dnp

which can easily be proved if we present the matrix M in the form M = 1 4 m,

d d © n+1 d
trlnM =t n
i MM = g in( ; o g )
> d 1 d M
=Y :(—1)n+ltr(m"-'—’"> —tr<— —’”> tr(M" > (12)
— dnpy I4+m Inp dnpy

Then (taking into account that the indices numerating generations range from 1 to 3) we see that the equations describing
how the determinants of the Yukawa matrices depend on the renormalization point y are written as

dIndet Yy _, dYy 1
Ydety, EW:U _( u) ldln/J 5(37@1 -Hr(}’Q‘i‘VU)),
dindetY, . dYp 1
Ydetyp ETny:tr ( D) ldln/J 5(37@1, +tr(7’Q+YD)),
dindetYp [ _, dYg 1
Ydety, = dl—nﬂ =1 _(YE) ! dln/J =3 (37Hd +tr(y, + 7E)) (13)

We will also need the last equation in (10), which is convenient to present in the form

4 1 1
{ 11 +tr(67’Q +37’U+37D +27L +}’E> +§7Hu +§7Hd]?

d ! + ln
—+—Ina
dlnp \a, 2
d (1 3 1 1
| —— |34t L ]
dlnﬂ( 27;““3) 2 {3+r(y9+27’f+2y”)} (15)

The anomalous dimensions of the chiral matter superfields and g can be eliminated from Eqs. (13)—(15), thereby
obtaining a differential equation that contains only derivatives of the gauge and Yukawa couplings. Integrating it we obtain
the expression RGI, in (16), which vanishes after differentiating with respect to the renormalization point u. Alternatively, it
is possible to construct the expression RGI; which does not explicitly depend on the scale u, but contains the parameter p.
The details of the calculation are presented in Appendix A. Two resulting renormalization group invariants can be written in
the form

1

2r

{ 1+tr< Yo+5 n)+ Y, +5 yH,,:|;
1

Rol = PP x| Se),
P (detYp) 2 (det Yy )3 (det Y )0 \ay | 24, 6ay)

(a3)3 det Yp(det Y,))'/3 (2_:: 7 5;:)

T 16
par(detyp)*3 16)

RG12 -
as ay 3611

Although their existence follows from the particular structure of the MSSM, similar invariants could exist in other
theories for which the anomalous dimensions of all chiral matter superfields can be eliminated from the NSVZ equations.

Instead of the renormalization group invariants (RGI;, RGI,) it is possible to use the equivalent set (RGI3, RGl,), where
the expressions

016012-4
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RGI, = (REL _ i exp L7,
>~ \RGL,  (detYg)(det Yy,)*3(det Y p)'/3 P @ 3a)
3 3 o
RGI, = (RGI,?3(RGL)/3 — — # (&) (27 ;
) ( 1) ( 2) /43detYUdetYD P o ( )
[

also have a rather simple form. dink 3 dini 1
=, T orse =E_—=3 , 20
7 diny /s Vi dlny 2(}/S+yHu+de) (20)

IV. RGIS FOR NMSSM

The parameter p in the superpotential (6) should be of
the order of the electroweak scale, which is impossible to
explain in the MSSM. The u problem can be solved in the
NMSSM [49,50], which contains an additional chiral
matter superfield S. This superfield is a singlet with respect
to SU(3) x SU(2) x U(1). Then it is possible to replace

the p term
J) 09
by the gauge invariant expression

()3 oo

in which 4 and x are new dimensionless couplings. In this
case, the effective value of u is equal to the vacuum expect-
ation value of (the lowest component of) S multiplied by 4
and can have an order of the electroweak scale. Because of
the nonrenormalization of the superpotential, the anomalous
dimensions of 4 and « satisfy the all-loop equations

0
-1

1
0

Hdl

AVVMSSM :”(Hul Hu2)< H
d2

01
-10

Hdl

1583,
Hd2

AWnnmssm = AS(H g Huz)( 3

where the derivatives with respect to In i should be taken at
fixed values of all bare couplings. From Eq. (20) we see that
the sum which for the MSSM gives the anomalous dimension
¥u can be expressed in terms of y, and y,,

1

(rw, *rm,) =v2— 57

3 (21)

N[ =

Since S is a singlet with respect to the gauge group, the
NSVZ relations for the NMSSM are the same as for the
MSSM (although the anomalous dimensions are different).
Evidently, the equations describing the running of the
Yukawa couplings Y, Y, and Y, also remain unchanged.
That is why RGIs for the NMSSM can be obtained from the
ones for the MSSM after the replacement

u— x5,

(22)

The expression RGI, does not depend on g and, there-
fore, is also RGI for the NMSSM. The other RGIs after the
replacement (22) give

— 212 (a3)3 () /2 2 m  Szm
RGI, — RGI, = IO,
L LT 32 (det Y ) 2 (det Yy )Y (det Y776 xp <a3 + 2a, + 6a1>
— Pua, T S
RGI RGIL; = expl—+—1;
3 T (det Y ) (det Yy )P (det Y ) 73 p(a2 3a1>
o 3 3 2
RGI, — RGI, = — #(as) xp( 2. (23)
Ky det YU det YD [¢£]

Thus, for the NMSSM there are also two independent
invariants. As for the MSSM, it is possible to use two
convenient choices, (RGI;,RGL,) or (RGI;3, RGly).

V. THE THREE-LOOP CHECK

To verify the renormalization group invariance of the
expressions constructed in Sec. III, we will use the three-
loop results for MSSM f functions and the two-loop results
for the anomalous dimensions of the chiral matter super-
fields. In the HD + MSL and DR schemes, they have been

calculated in [48,51], respectively. It is easier to check the
invariance of the set (RGI3, RGly), which is what we will
do. Differentiating In(RGI;) and In(RGIly) with respect to

Inu we obtain the exact equations
1 =z Sx
O=——— -— 6+3
(az a%>ﬁ2 3(1%[}1 + 0+ }/ﬂ
4 1

— Vdet Y = 5 Vdety, — 7},detYD;
3 v3
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3

0= (———>ﬁ3 3+3J/ﬂ_ydetYU_7/detYD'

as

(25)

The expressions entering these equations in the HD + MSL and DR schemes are presented in Appendixes B and C,
respectively. In the HD 4+ MSL scheme, they depend on the regularization parameters

AE/ dxInx— d a
0 dXR( )

d 1
BEA dxlnxd Fz(x)’ as

Here the functions R(x) and F(x) are used for intro-
ducing higher covariant denvatlves in the gauge and matter
parts of the action, respectlvely They satisfy the con-
ditions R(0) = 1, F(0) = 1 and should rapidly increase in
the limit x — oo0. Because of the presence of these functions
in the classical action, loop integrals will also contain them.
Therefore, the results for higher order contributions to
RGFs will depend on the choice of these functions. For
supersymmetric theories regularized by higher covariant
derivatives, the loop integrals giving the two-loop anoma-
lous dimensions and the three-loop f functions have been
calculated in [52]. According to this calculation, these
contributions to RGFs depend on the functions R(x) and
F(x) only via the parameters A and B defined by Eq. (26),
see Eqgs. (B1)—(B7) for the case of the MSSM.

After introducing higher derivatives in the classical
action, divergences remain only in the one-loop approxi-
mation. These remaining divergences are regularized by
inserting the Pauli-Villars determinants into the generating
functional [26]. According to [53,54], in the case of a
simple gauge group it is necessary to use two sets of the
|

_ M, My
A s (/),2— A )
M, M, M,
A a A aj A (26)

Pauli-Villars superfields. One of them has the mass M, and
cancels one-loop divergences coming from the quantum
gauge superfield and ghosts, while the other has the mass
M and cancels the one-loop divergences coming from the
matter superfields. For theories with multiple gauge cou-
plings, such sets should be introduced for each simple
subgroup of the gauge group. For each U(1) subgroup, it is
necessary to introduce only the latter Pauli-Villars super-
field. In particular, for the MSSM, we need the Pauli-Villars
superfields with the mass M, for the subgroup U(1). For
the subgroups SU(2) and SU(3), the Pauli-Villars masses
are M,,, M, and M, 3, M3, respectively. Because of the
arbitrariness in the choice of the regulators R, F and the
parameters a,, x and ag, there is a class of the HD + MSL
scheme, each of them being an NSVZ scheme.

Substituting the expressions for RGFs in the HD + MSL
scheme (presented in Appendix B) into Eqgs. (24) and (25),
we see that in the considered approximation these equa-
tions are valid independent of the values of the regulari-
zation parameters (26),

1 4 1
K )ﬂz 2ﬂ1 +6+ 3y, — Vaery, — 3 Vdetyy ~ 3ydetYD:| = 0(03, a’Y? aY?, Yé); (27)
o HD-+MSL
3
K >ﬁ3 3437 — Ydery, — 7detYD:| = 0(0!37 a’Y? ay?, Y6)~ (28)
a3 HD-+MSL

Therefore, the expressions (17) [and, therefore, the expressions (16)] in the HD + MSL scheme(s) are also independent

of u in the considered order.

However, substituting RGFs obtained in the DR scheme we see that Egs. (24) and (25) are not satisfied,

1 Sz 4 1
[(0’2_2>ﬂ2 3 %ﬁl + 6+ 37, — Vaery, ~3Ydetyy _37detYD:|ﬁ

1 (124307 1703 1430, lla, 4da;
= _([ZZL T2 52 tr(Y, Y,

2;:2( 400 16 “3>+16 sty U)< 180 4 9

1 14a 32(13 1 9a1 36(2
L w(YpY 2a Ypri) (2 2%
+16;ﬁr(DD)<45+ o2+ 9)+163(E )<10+2>

The detailed description of the higher covariant derivative regularization for the MSSM can be found in [46].
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L 19
T (1672)? [11“( (YyYy)?) +8u((YpYp)?) +6ur((YeYE)®) + ?tr(YDY{)YUY(*])

+ 1Yy Y)? +8(u(YpY)))? + 2(w(YeYE))? + ?tr(YEY‘E*)tr(YDYZS)}
+ 0(a3,a2Y2, aY?, Yﬁ) + 0(a3,a2Y2,aY4, YG); (29)

3 1 (363} 9a3 213
222\ 400 16 8

|:<—>ﬂ3 3+37,¢ — Vdetyy _YdetYn:|_ =
DR

a3

1 13a; 3a, 8a 1 Ta; 3o, 8a
— (Y Y], L2, =3 w(YpYh) oo + =2+ 2
+167r3r(UU)(30+2+3 T e P 59 + 5713

{6 wr((YyY])?) +6t((YpYh)?) +6(w(YyYy))? + 6(w(YpYy))?

1
- (16)?

+2u (YY) u(YpY)) + 4tr(YDYz;YUY;})] + 0(a®, a*Y?, aY*, Y%)

* O(a3,a2Y2,aY4,Y6).

Certainly, this occurs in such an approximation where
the scheme dependence becomes essential.

VI. CONCLUSION

In this paper we have demonstrated that for the MSSM it
is possible to construct two independent scale invariant
expressions from the gauge couplings, Yukawa couplings,
p parameter, and the renormalization point x. One of them
can be chosen independent of the parameter u. The
derivation is based on the all-loop exact equations follow-
ing from the NSVZ g functions and the nonrenormalization
of the superpotential. That is why the renormalization
group invariance takes place only for certain renormaliza-
tion prescriptions in which these equations are satisfied. In
particular, it should be valid in all loops in the HD + MSL
scheme(s), when a theory is regularized by higher covariant
derivatives and the renormalization is made with the help of
minimal subtractions of logarithms. This statement has
|

d
dlnpu

d (2z

dlny( —|—21na2—ln/1>
d (52
dinpg\3 o

iy (IndetYp +IndetY, —3Inp) =

Indet Y

dln,u(n “rE

1
—lndetYD) :Etr(n +YE— Yo _}’D)-

(30)

[
been verified in the three-loop approximation for the f
functions and two-loop approximation for the anomalous
dimensions (of the Yukawa couplings and the g parameter).
In the DR scheme, the expressions constructed in this paper
are not RGIs starting from such orders of the perturbation
theory where the scheme dependence of RGFs becomes
essential. The results can also be extended to the case of
the NMSSM.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: DETAILED DERIVATION OF
RGIS FOR THE MSSM

We start with the system of all-order exact Eqs. (13)—(15)
and eliminate from them the expressions yy and yp,. As a
result, we obtain the system of differential equations

1 1
( +3lnaoy :3+tr(yQ+2yy+2yD>
1
_1—|—tr< 7Q+2}’L>
4 1 1
=—11+1tr(- Q+3}'U+3YD+27L+7E 5

1
EU(ZYQ +yu+ VD);

(A1)
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After that, we eliminate the expressions tr(y; ) and tr(yy). The resulting equations contain the anomalous dimensions 7,

Yp» and yy only in the combination tr(2y, + vy +7p).

d

dinyu

1

dnpy

(IndetYp + Indet Y,

2 1
( ”+3lna3> =3 +§tr(2}’Q +yu+7p);

d 27 5 2n 4
dlnu( +21n0¢2+§ a——ZIny 21ndetYE+21ndetYD)——12+§tr(2yQ+yU—|—yD);

1
—3Inp) :Etr(zyQ+yU+yD). (A2)

The appearance of this combination on the right-hand sides of all these equations seems to be a particular feature of the
MSSM. Because of this feature, it is possible to eliminate all anomalous dimensions of the MSSM chiral matter superfields
and obtain the system of two differential equations that do not contain them,

dlnp \3 a3 ay
d

dinu

2r
< +3lnas — lndetYD—lndetYU+3lnp—3ln,u>:O.

d (8 2 2 5 2«
( ﬂ+81na3———21na2—§ —+21nﬂ+21ndetYE—2lndetYD—201n/4> =0;

(A3)

Next, there are two options. Namely, it is possible either to construct an equation that does not explicitly depend on the
scale p or does not contain the MSSM parameter u. In the former case, we obtain the differential equation

d [2=n r 1 7 5 9
dlnﬂ( —|—3lna3—l—2 o Eln(lz +6—m—§lndetYE—glndetYD—glndetYU—l—Elnﬂ) :0, (A4)
from which we conclude that the expression
9/2( . \3 1/2
1 (a3)  (aa) 2n  =® Sz
—4+-—+-—"—") =RAI A5
(dety,) 72 (det Y5 )55 (det ¥ )76 P\ ey " 24, 6ay ! (45)

is independent of pu.

Alternatively, it is possible to eliminate the parameter u present in the MSSM superpotential. The resulting differential

equation can be written in the form

Integrating it, we obtain the second RGI

(a3)3 det YE<det YU>1/3
pa(detY )3

which, however, explicitly depends on the renormalization
point .

APPENDIX B: EXPRESSIONS FOR RGFS
IN THE HD + MSL SCHEME

The expressions for all MSSM f functions in the three-
loop approximation and all anomalous dimensions of the
chiral matter superfields in the two-loop approximation for

d (2zn Sn 2
—|—3lna3———lnaz——+lndetYE——lndetYD+ lndetYU
dlnp a, 3a 3 3

91n ﬂ> =0. (A6)

2r © Srm

-2 _> = RGL,, (A7)

a3 a 3(11

[
an arbitrary renormalization prescription supplementing the
higher covariant derivative regularization have been calcu-
lated in [51]. In particular, it is easy to obtain the results in
the HD + MSL scheme setting all finite constants to O (or,
equivalently, replacing ay; — a;, Yo; — Y; in RGFs defined
in terms of the bare couplings). After that, the expressions
for the three-loop MSSM f functions in the HD + MSL
scheme take the form
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flaY) 13 199¢, 92, 22a; 1 (13 7
D 0 T D e i IR ) (el ) £ R 09 I VIR &
o 275 60r 4n 3z gm \3 viut3tofottels
1 [5131a3 27a%+880§+23a1a2+ 137a1a3+ +2189a% na 4+ 1 +A
2273600 16 9 40 45  TRB T\ 2
9a? A A 1
+% (7lna2 - 611‘161(/,’2 = 1 +§> —22&% <3lna¢,3 - 2111613 -+ 1 +5>:| +gtr(YUY?})

169(11 13(12 52“3 1 an
: (Y, ) |2 420, + (B—A
180 ' 4 o )| taat(¥o¥s) |5 +2m + (B~ 4)

4901 702 280’; 1 3&2 2701 902 1 15
10 20BN w(rey) 22 (B-A Gl I T
X<180+4jL 9>:|+87'[3r(EE)|:2+( 720 T3 8222 |4

xt((YyYh)?) + %tr((YDYg)z) + %tr((YEng)z) + 1—69tr(YDYgYUY§) + 14—7 (r(YyYy))?

20+ 205+ (8- )

- % (r(YpY)))* + > (r(YeY$))? + %tr(YEYg)tr(YDYw} } +0(a, Y, a¥*, Y°); (BI)

aY 1 9a; 25a, 6a 1
Br(a.Y) {_1_1_2_3+8”2tr(3YUY;+3YDY$+YEYE)

1 [23a} 13703
27% | 400 16

A A 1
x <7lna2 —6lna,, +1 +§> - 18a§(31na¢,3 —2Ina; +1 —l——)] —I—gtr(YUY;;)

oy, ooy 297a3 A 2103
Nn% 4 2 (y 1+2
20 75 Pemtog (Mt i)ty

2

2a 13a; 9a 1 a
X [Tl+3a2+2a3+(B—A)< 201 —1—72—1—4053)} +@U<YDYB> [ﬁ+3a2+2a3

Ta;  9ay 1 3a; 9a; 3a,
B-A)|—+—1+14 ——tr (YY) == B-A)|—+—1
8- (Gt 25 e ) |+ rrer) [ e+ (5= (G4 75|

1 15 9

G [ )+ (57 + Sy ) 4 (e )

N

4
+ 0(a?, a*Y?, aY*, YO); (B2)

1
+2 (r(YpY5))? + 1 (r(YeYs))* + %tr(YEYg)tr(YDYﬁ) + %tr(YDYZSYUYﬁ)} }

13703
1200

ﬂ3 (a, Y) 1 1 1a] 9a2 7053 1 1
—— 3o n TR B L 0y, Y 42V, V) —
0r ~dr " 2n T2t eYi+2YoYp) 45,

2703 a3 Bajay llajaz; 3o 3630&(

+=2+ 2+

A 903
1 1+=) +=2(-61
16 6 40 60 4 oo \ et >+ ( f1p2

2 4

36(1 36(2

A A 1
+7lna, +1 —|—§> —24a§<3lna¢’3 —2Inaz +1 +§>] +gtr(YUY5) [E_FT

13&1 3&2 80{; 1 30!1 30(2
3 B—-A — 4+ — —tr(YpY)) | == +—=+3 B-A
+3a; + ( )<30+2+3>}+8ﬂ3r(DD)[20+4+a3+( )

o (T2 8] e ) + (o) + 3(ur )

+3(r(YpYH)) +u(YeYi)u(YpY)) + tr(YDYgYUY;)] } + 0(a®, &?Y?, aY*, Y). (B3)
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Similarly, starting from the expressions for the anomalous dimensions of the chiral matter superfields presented in [51], it

is possible to construct expressions for the anomalous dimensions entering Eqs. (24) and (25) in the two-loop
approximation,

1
Yderyy (@, Y) = 3 (Byu,(@.Y) +tryg(a, Y) 4+ tryy(a, Y))

169a? N 2703 1643
1200 16 3

3aja,  1Taja 2703 A A
+ é 2+ 1 3+3a2a3—72<1na(/,’2+1+§>—36a§<lna¢.3+1+§>

A\ 6303 A A 1
+00 <lna1—|—1+5>+ 42(lna2+1+§>—|—24a§<lna3+1+5>]—1—@

Tay 3 13 1
e {ﬂ+ﬂ+ 1205 + (B - A)( 5“1 +9a, + 160(3)} +@tr(YDYg)

2

1 1
=~%0n  1n  a +1—ﬂztr(12YUY; +YpYP) t53 [

7a| 302 403

X ﬁ(ﬁ (B - A)<6O +T+T)] —@ [31 w((YyYH)?) +2u((YpY))?)
+ 11 (YpYYuYy) +9(a(YyY)))? +3(w(YpY))) + tr(YEYg)tr(YDYg)]

+0(a?, Y2, ar*, Y%); (B4)

Ydery, (@ Y) = (37’H,,(0h Y) +tryg(a,Y) +tryp(a, Y))

7(11 90{2 4(13 1

1 490{% 270{%
20r  4rm T 1672

+ + I i 8

1605 3aja, o 2703 A A
3 + 8 + 3 +3a2a3—T lna(p.z—l-l—l-i —36(1% lna¢.3+l+§

231a? A 63a; 2 A A 1
+ 1001 <lna1 + 1+ 2) -I—T (lna2 + 1+ 2) +24a§<lna3 +1 +§>} —l—W
]3&1 3&2 4a3 a 3@2

1
+ et R + )
x t(YyYy ){5 +(B- A)<60 + >}+16ﬂ3tr(YDYD){ TR

7a1 1 9 276{1

+94%ﬂ (161 g% S[2((YuYy)?) +31u((YpYh)?) + 9t ((YeYE)?)

+ 11 (YpYYuYy) +3(a(YuY )2 +9(w(YpY)))? + 3t(YeY i)uw(YpYs)]
+0(c?, Y2, ar*, Y%); (B5)
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1
Yderv, (@, Y) = 2 Byu,(a.Y) +try (@, Y) + tryg(a.Y))

27a, 9, 1 1 [2432 2703 2oy,
=— — = (Y Y, F6Y Y ) +— ! 2
207 " ar 162 TOVOYh HOVEYE) 45 [ 200 16 40

2795 (nayy +1+4) 3229 (g 14 A) 4 89 (g, 0 144) ] 4
2 o2 2 100 \ 2 4 @ 2 1673

10 20 4 1673

9a1 3a2 27(11 9(12 1
b TS (B-A) ) | m s 127 0((YpYH)?) 4+ 13t ((Y Y S)?
X[10+2+( )<10+2 62y |27 v (o ¥p)") + r((YeYE)?)

+9u(YpYRYuYy) 4+ 3(w(YeYy))? + 9tu(YeYi)uw(YpYh)] + O(aP, a®Y?, aY?*, Y0); (B6)

3 2, 27 1
< tr(YpY3) [— Ny 120y + (B A) (ﬂ Tl 12a3)] bt (YY)

1
yﬂ(a, Y) = E (J/HM(a’ Y) +de(a, Y))

1 1 [9¢2 922 9

= 2O 2B G (BY Y £ 3Y Y 4 YY) b |y 2 2
30m 47r+16n2 r(3Yy Y +3YpY) + Y E)+2ﬂ2 {4004' 16 +400’10’2

9a3 A\ 993 A\ 2ld3 A 1
— 5 (naa+ 147 )+ 555 (Inar +1+35 )+ == (Ina + 145 )|+

3 9a, 3 |
 tr(YgYE) {al 4 (B-A) (2“01 +Z’2ﬂ +rt(Yor)) [0;1 +4ay + (B - A)

13a;  9a, 1 o2 Ta;  9ay
X( +—+4a3)]—l—ﬁtr(YDYJD“){—1—0+4a3+(B—A)(E+T+4a3

- (16;2)2 Bir((YeYE)?) +6tu(YpYiYyYy) +9uw((YyYH)?) +9uw((YpY))?)]

+ 0(a®, a*Y?, aY*, Y®). (B7)

APPENDIX C: EXPRESSIONS FOR RGFS IN THE DR SCHEME

To verify Egs. (24) and (25) in the DR scheme, we present the expressions for the three-loop MSSM 3 functions
calculated in [48] and rewritten in the notation adopted in this paper,

60r 4x 3z 8z* \ 3 3
1 (3211702 2703 12103 23mja, 137aja3 1 169,
52 - —tr(Y, Y5,
+27r2< 1800 8 8 40 ' 45 +“2“3) T3 r(Yy U)< 360

29&2 44(1’; 1 49(11 1 102 3203 1 27&1 21(12
£ I O —w(vprE
+8+9>+87z3r(DD)<360+8+9 Tt VeV (g + 3

Y 1 3 199 9 22 1 13 7
pi(a.Y) {_11__“1_2_& _tr<_yuyg+—YDYg+3YEY§>

1 9 9 29
~ 8P [7tf((YUYZ)2) +30((YpYh)?) + 5 ((YeYh)?) + Cu(YpYhYyY))

+ g (e(YyY{)* +3(w(YpY)))* 4+ 2(w(YeYE))* + 7 tr(YEYg)tr(YDYg)] }
+ 0(a?, Y%, aY*, Y9%); (C1)
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1
+ + +
- Al = TR e (3Y Y+ 3Y Y+ YY) +

20 4rx r  8x° 272
45702 3505 1 1a§ Qajay o3 1 29a; 33,
Eh -3 — (YY) (S + 22
(200 s 2 a0 s oem) test(NYi) (gt
1 1o,  33a, 1 21y 1lay 1
—|-4a3) +gtr(YDY$) (++4a3> +8ﬂ3tr(YEYg)< 0 8 ) @

40 8
X [6 w((YyYH)?) +6u((YpYp)?) +2uw((YeYE)?) + g (e(YyYH))* + g (r(YpY}))?

pr(a,Y) 1{_1 9a; 25a, 6as 1

1
+5 (r(YeYy))? +3u(YeYi)uw(YpYy)) + 3tr(YDYgYUY§)} +0(a, @Y%, ay*, ¥°); (C2)
fi(a, Y) 1 la; 9a, Ty 1 1 [851a3
=31 22O w2y, Y +2YpY)) + =
e 27T 200 dr  2n T2 VI 200YE) 455 S

8 24 40 60 4 30 2 3

N 2703 B 34705 3ajay _UHajay 3a2a3> N %tr(YUYﬁ) (11051 3a, 13a3>
1 4(11 3(12 130{3 1
+ gtr(YDY;;) (15 + 3> &) {3 w((YyY()?) +3u((YpY))?)

[O8]

+ g (e(YyYy))? +% (e(YpY)))* + ztr(YEYg)tr(YDYf)) + 2tr(YDYgYUY§)] }
+ 0(a®, a*Y?, aY*, Y®). (C3)

The anomalous dimensions entering Egs. (24) and (25) can also be calculated with the help of Egs. (13) and (14) because
in the DR scheme all renormalization constants contain only & poles. The two-loop anomalous dimensions for all MSSM
chiral matter superfields were first calculated in [55]. They are also given in [48]. In the notation adopted in this paper, the
corresponding results can be found in [51]. Using them, after some algebraic transformations we obtain the anomalous
dimensions needed for checking Eqs. (24) and (25) for the DR renormalization prescription,

1
Vaer, (@ Y) =5 (7n, (@ ¥) +ryo(aY) + ryy(a.Y))
13a; 9a, 4a; 1 1 [2743a2 4505 243
=1 _uw(12Y, Y, + YY) +— Ly =—=_=3
20r " dr " x Tiea IR YE T Y0YE) s 1T e TS
3aja, 17005 1 Ta; 3o, 1
8 1—5+3a2a3 +@H’(YUYE) W+T+1203 +Wtr(YDYg)
1
x %— 16 Blu((YpY))?) +2u((YpY)h)®) + 1t (YpYpYyYy) +9(u(YyY)))?
JT
+3(r(YpYH))? +u(YeYDu(YpYh)] 4+ O(a?, a®Y?, aY*, Y®); (C4)
1
Vdety, (av Y) = 5 (37/Hd (a7 Y) + tryQ (av Y) +tryp (a’ Y))

Ta; 9a, 4oy 1 1 [287a% 4503

— L S w(YyY 4 12V Y 4 3Y Y ) s [ L 2
20n dx  x e TUYO HIYDYE YY) o 1St

a 3&2

; 1
-t 3w |+ StV Y) ~16t

a 1
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1 9a 1
+ 12(13 + ﬁtr(YEY};) . 1—01 - (16T)2 [2tr((YUYZ)2) + 31 tI'((YDYB)z)
+9uw((YpYE)?) + Nuw(YpYiYyY)) +3(a(YyYy))? +9(w(YpYh))? + 3t (YeY))

xtr(YpY})] + 0(a®, a*Y?, a¥* Y9); (C5)
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Vdet Ye (d, Y)
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