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In this study, we investigate the properties of pseudoscalar and vector charmonia, bottomonia, and Bc

mesons using the light-front quark model, focusing on the M1 radiative transition. For that purpose, we
conduct a variational analysis with a quantum chromodynamics (QCD)-motivated effective Hamiltonian,
employing a trial wave function expanded in the harmonic oscillator basis functions up to the 3S state. We
fit the model parameters to mass spectra and decay constants, obtaining reasonable agreement with
experimental data and correctly reflecting the hierarchy of mass spectra and decay constants. In analyzing
the M1 radiative transition, we consider both good (μ ¼ þ) and transverse (μ ¼ ⊥) current components
with both longitudinal (h ¼ 0) and transverse ðh ¼ �1Þ polarizations, demonstrating that the results from
both components of currents and polarizations are identical. Self-consistency is achieved by substitutingM
with M0 when computing the operators for decay constants and radiative transitions. We also find that the
difference between longitudinal and transverse polarizations of the observables may quantify the
anisotropy of the model wave function. Our results on radiative transitions align reasonably well with
experimental data, lattice QCD, and theoretical predictions. Furthermore, we also provide predictions for
Bc mesons that can be tested in experiments.
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I. INTRODUCTION

Understanding the fundamental components of the
Universe requires a deep knowledge of hadron physics.
Governed by quantum chromodynamics (QCD), hadrons
present significant challenges due to their nonperturbative
nature, which complicates the study of their structure [1].
Since the discovery of charmonium in 1974 [2,3], these
systems have been crucial for studying hadron structure
due to their relatively simple composition, a pair of heavy
quark and antiquark. In particular, investigating higher
excited states of heavy quarkonia can provide insights
into confinement. For a comprehensive overview of the
development of heavy quarkonia in various contexts, see
Refs. [4–9].
To understand excited heavy quarkonia, it is essential to

study various properties such as their mass spectra, decay

constants, decay branching ratios, and transition form
factors, as these properties provide unique and detailed
insights into their internal structure. Radiative transitions,
especially M1 transitions, provide a simple test of non-
perturbative models and are valuable for probing the
internal structure of quarkonia through their electromag-
netic interactions. The radiative transitions in quarkonia
have been examined using the nonrelativistic potential
model [10–16], and some attempts have been made to
include relativistic corrections [17–23]. Studies on radiative
transitions using various other methods have also been
developed [24–28]. Moreover, lattice QCD [29–35] has
advanced the study of these transitions by providing
providing tighter constraints on theoretical models.
Analyses of radiative transitions on the light front have

been conducted using several approaches [36–42]; how-
ever, studies focusing on excited quarkonia remain limited
[39–42]. Notably, light-front dynamics(LFD) [43–45] pro-
vides an effective framework for addressing relativistic
effects due to its unique rational energy-momentum
dispersion relation. This approach incorporates the maxi-
mum number of kinematic (or interaction-independent)
generators, simplifying the dynamics required to achieve
QCD solutions that reflect full Poincaré symmetries. Note
that the approaches based on LFD has been applied to study
various properties of mesons [46–50].
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In the light-front quark model (LFQM) [36,51], the
radiative transition between ground state vector and pseu-
doscalar mesons is studied using a Gaussian wave function.
Similarly, within a framework utilizing a harmonic oscil-
lator (HO) [41] and a modified version [39], the M1
radiative decays for higher excited states of quarkonium
have also been analyzed. Additionally, the radiative tran-
sition has recently been studied using basis light-front
quantization (BLFQ) [40], where the light-front wave
function (LFWF) is obtained by diagonalizing the light-
front Hamiltonian directly. These developments suggest
that a more realistic wave function of excited states is
necessary to accurately describe experimental data.
In light-front models, achieving self-consistency using

various current components and polarization vectors has
been a long-standing issue [52–59], as the light-front zero
mode may arise in some cases. In recent years, a significant
progress has been made in developing a self-consistent
LFQM that allows for the computation of physical observ-
ables independent of specific current components [60–64].
This approach is consistent with the Bakamjian-Thomas
(BT) construction [65,66], where the interaction Vqq̄

between quark and antiquark pairs is incorporated into
the mass operator M ≔ M0 þ Vqq̄. The construction of
meson states in this framework ensures light-front energy
conservation of four-momentum at the meson-quark vertex
P− ¼ p−

q þ p−
q̄ , emphasizing the importance of using the

invariant mass M0 to satisfy the energy conservation
relation P− ¼ ðM2

0 þ P2⊥Þ=Pþ. The physical mass of the
meson M that appears in the operator for computing
observables should be replaced by the invariant mass M0

accordingly. This approach has been proven to give self-
consistent results for various observables such as decay
constants [61], higher-twist distribution amplitudes
[60,63], and form factors [62,64], providing a more
comprehensive understanding of hadron structure within
the LFQM. However, the self-consistent analysis of theM1
radiative transition is yet to be done.
In this study, we aim to explore the properties of heavy

quarkonia and Bc mesons within the LFQM, with a
particular focus on their excited states in the S wave
(pseudoscalar [n1S0] and vector [n3S1] mesons) to better
understand their internal structure. To achieve this, we first
construct the meson wave functions by expanding the HO
basis functions up to the 3S state, which is a crucial
component of the LFQM. The expansion of HO basis
functions has proven to be effective and successful in
describing experimental constraints on mass spectra and
decay constants, particularly for the first radial excitation
(2S state)1 [48,49].

The present work serves as an extension to the second
radial excitation, concentrating on heavy quarkonia and Bc
states, where ψð3SÞ and ϒð3SÞ states have been observed
and can be used to constrain the model. We then provide
predictions for Bc mesons, which are relevant for the LHC
experiment. Here we also adopt a screened confining
potential that significantly impacts higher excited states.
Note that the screened potential has been adopted in the
nonrelativistic quark model [15,17,25], but the analysis
using this potential in the LFQM to obtain the LFWF is not
done. We then fit the model parameters to the mass spectra
and decay constants, achieving reasonable agreement with
experimental data and satisfying the observed hierarchy. A
preliminary result for charmonia using this framework has
been reported in a conference proceeding [67].
Additionally, we extend the previous LFQM calculation

of M1 radiative decays [36], which used plus component
(μ ¼ þ) and transverse (h ¼ �1) polarization, to include
calculations with transverse component (μ ¼ ⊥) and both
longitudinal (h ¼ 0) and transverse (h ¼ �1) polarizations.
In the BLFQ analysis [40], the transition form factor of the
M1 transitions was found to differ depending on the
polarization of the vector mesons. For the first time, we
demonstrate that these observables, specifically the tran-
sition form factor remains consistent regardless of the
current components and polarizations, due to the replace-
ment M → M0, following the BT construction. We also
find that the difference between longitudinal and transverse
polarizations provides a measure of the anisotropy of the
wave function. Given the isotropic nature of the HO basis
functions used, the results for different polarizations
become identical.
For our numerical analysis, we present predictions for

M1 radiative decays of heavy quarkonia and Bc mesons up
to the second radial excitation. We compare the predicted
transition form factors for both allowed ðn ¼ n0Þ and
hindered ðn ≠ n0Þ transitions, where n is the principle
quantum number. We obtain that our numerical results for
the coupling constants, decay widths, and branching ratios
reasonably agree with available experimental and lattice
QCD data, as well as other model calculations.
This paper is organized as follows. In Sec. II, we present

the formulation of the LFQM used in this study. We then
explain the application of the LFQM to decay constants in
Sec. III and toM1 radiative transitions in Sec. IV. In Sec. V,
we show how we determine our model parameters and
discuss our numerical results in comparison especially with
experimental and lattice QCD data. We also address M1
radiative decays with different polarizations. Finally, we
conclude our present work in Sec. VI. The wave function
and mass formula are given explicitly in Appendix A,
followed by an explanation of the fitting procedure in
Appendix B. Some definitions used in this work, along
with the derivations of the matrix elements forM1 radiative
decays, are provided in Appendices C and D, respectively.

1For simplicity, we have simplified the notation n2Sþ1LJ to nL
states, which covers both pseudoscalar and vector mesons.
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II. LIGHT-FRONT QUARK MODEL

In this section, we present the basic idea of the LFQM for
describing the properties and structure of mesons [46–49].
The radial wave function is treated as a trial wave function
using the HO basis function for the variational analysis of
the QCD-motivated effective Hamiltonian, which saturates
the Fock state expansion with the constituent quark and
antiquark. Here, we consider heavy quarkonia and Bc
mesons up to the second radial excitation.
The meson system at rest is described as a bound system

of effectively dressed valence quark and antiquark satisfy-
ing the eigenvalue equation of the QCD-motivated effective
Hamiltonian,

Hqq̄jΨqq̄i ¼ Mqq̄jΨqq̄i; ð1Þ

where Mqq̄ and Ψqq̄ are the mass eigenvalue and eigen-
function of the qq̄ meson state, respectively. We take the
Hamiltonian Hqq̄ in the quark-antiquark center of mass
frame as Hqq̄ ¼ H0 þ Vqq̄ where

H0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q þ k2
q

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

q̄ þ k2
q

ð2Þ

is the kinetic energy part of the quark and antiquark with
three-momentum k. The effective interquark potential Vqq̄

is given by

Vqq̄ ¼ VConf þ VCoul þ VHyp; ð3Þ
where VConf is the confining potential which includes the
screened effect as [15,17,25]

VConf ¼ aþ bð1 − e−crÞ
c

; ð4Þ

with a, b, and c being parameters to be determined
later. The Coulomb and hyperfine interaction potentials
stemming from the effective one-gluon exchanges for the
S-wave mesons are written as

VCoul ¼ −
4αs
3r

; VHyp ¼
32παsðSq · Sq̄Þ

9mqmq̄
δ3ðrÞ: ð5Þ

We take the strong coupling αs as a constant parameter and
the values of the hSq · Sq̄i are 1=4 and −3=4 for the vector
and pseudoscalar mesons, respectively.
The LFWF is represented by the Lorentz invariant

internal variables

xi ¼ pþ
i =P

þ; ð6Þ
k⊥i ¼ p⊥i − xiP⊥; ð7Þ

and helicity λi, where Pμ ¼ ðPþ; P−;P⊥Þ is the four-
momentum of the meson, and ðpμ

q; p
μ
q̄Þ are the four-

momentum of the quark and antiquark, respectively.

This leads to the constraints xq þ xq̄ ¼ 1 and k⊥qþ
k⊥q̄ ¼ 0. Here we assign x≡ xq with k⊥ ≡ k⊥q. The
LFWF (Ψqq̄ ≡ΨJh

nS) of the nS state pseudoscalar and vector
mesons in the momentum space is then given by [46–49]

ΨJh
nSðx; k⊥; λiÞ ¼ ΦnSðx; k⊥ÞRJh

λqλq̄
ðx; k⊥Þ; ð8Þ

whereΦnS is the radial wave function andRJh
λqλq̄

is the spin-

orbit wave function that is obtained by the interaction-
independent Melosh transformation [68] from the ordinary
spin-orbit wave function assigned by the quantum number
JPC. The covariant forms of RJh

λqλq̄
for pseudoscalar P and

vector V mesons are given by

RJh
λqλq̄

¼ 1ffiffiffi
2

p
M̃0

ūλqðpqÞΓPðVÞvλq̄ðpq̄Þ; ð9Þ

where

ΓP ¼ γ5; ð10Þ

ΓV ¼ −=ϵðhÞ þ ϵ · ðpq − pq̄Þ
D0

; ð11Þ

with M̃0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

0 − ðmq −mq̄Þ2
q

, D0 ≡M0 þmq þmq̄,

and the boost-invariant mass of meson is given by

M2
0 ¼

k2⊥ þm2
q

x
þ k2⊥ þm2

q̄

1 − x
: ð12Þ

The polarization vectors ϵμðhÞ ¼ ðϵþ; ϵ−; ϵ⊥Þ of the vector
meson are given by

ϵμð�1Þ ¼
�
0;

2

Pþ ϵ⊥ð�Þ · P⊥; ϵ⊥ð�Þ
�
;

ϵμð0Þ ¼ 1

M0

�
Pþ;

−M2
0 þ P2⊥
Pþ ;P⊥

�
; ð13Þ

where ϵ⊥ð�1Þ ¼∓ 1ffiffi
2

p ð1;�iÞ. Note that RJh
λqλq̄

follows the

orthonormal condition as

X
λq;λq̄

hRJh
λqλq̄

jRJ0h0
λqλq̄

i ¼ δJJ0δhh0 : ð14Þ

The equation above demonstrates the orthogonality
between the pseudoscalar and vector mesons. The explicit
form can be seen in Appendix C.
For the radial wave function of Eq. (8), we use the HO

basis functions expanded up to the 3S state, i.e., Φi ¼
Rijϕ

HO
j and can be explicitly written as [67]
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0
B@

Φ1S

Φ2S

Φ3S

1
CA ¼

0
B@

c1S1 c1S2 c1S3
c2S1 c2S2 c2S3
c3S1 c3S2 c3S3

1
CA
0
B@

ϕHO
1S

ϕHO
2S

ϕHO
3S

1
CA; ð15Þ

where the R matrix contains

R¼

0
B@
1 0 0

0 c23 s23
0 −s23 c23

1
CA
0
B@

c13 0 s13
0 1 0

−s13 0 c13

1
CA
0
B@

c12 s12 0

−s12 c12 0

0 0 1

1
CA

¼

0
B@

c12c13 s12c13 s13
−s12c23− c12s23s13 c12c23− s12s23s13 s23c13
s12s23− c12c23s13 −c12s23− s12c23s13 c23c13

1
CA;

ð16Þ

with cijðsijÞ ¼ cos θijðsin θijÞ. Note that the form of R is
similar to the CKM matrix [69]. This form of R maintains
the orthonormality of the wave functions

hΦnSjΦn0Si ¼ δnn0 : ð17Þ

This is an extension of the previous works [48,70] where
only two HO basis functions up to the 2S state are
considered. For a more accurate approximation of the
eigenstates of the Hamiltonian, one can use the Gaussian
expansion method (GEM) [71]. This method reproduces
the asymptotic behavior at both short (r → 0) and long
(r → ∞) ranges. A useful comparison between the wave
functions obtained using GEM and those from a single
Gaussian ansatz can be found in Ref. [72], highlighting
their differences. The use of a few HO basis functions in
this work provides a simple demonstration for explaining
the mass gap and decay constant hierarchy, which is one of
the focuses of this study.
In the momentum space, the HO basis functions up to the

3S state are expressed as

ϕHO
1S ðkÞ ¼

1

π3=4β3=2
e−k

2=2β2 ; ð18Þ

ϕHO
2S ðkÞ ¼

ð2k2 − 3β2Þffiffiffi
6

p
π3=4β7=2

e−k
2=2β2 ; ð19Þ

ϕHO
3S ðkÞ ¼

ð15β4 − 20β2k2 þ 4k4Þ
2

ffiffiffiffiffi
30

p
π3=4β11=2

e−k
2=2β2 ; ð20Þ

with k ¼ jkj and k2 ¼ k2⊥ þ k2z . The β parameter, which
controls the range of the wave function, is common for the
ϕHO
nS and, therefore, makes the basis functions orthogonal to

each other. Then, we perform a variable transformation
kz → x given by

kz ¼
�
x −

1

2

�
M0 þ

ðm2
q̄ −m2

qÞ
2M0

: ð21Þ

Thus, the radial wave function can be written as

ΦnSðx; k⊥Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2πÞ3

q ffiffiffiffiffiffiffi
∂kz
∂x

r
ΦnSðkÞ; ð22Þ

where the Jacobian factor

∂kz
∂x

¼ M0

4xð1 − xÞ
�
1 −

ðm2
q −m2

q̄Þ2
M4

0

�
ð23Þ

should be included due to the variable transformation and is
important to maintain the rotational symmetry [61]. We
note that the LFWF follows the orthonormal condition as

Z
dxd2k⊥
2ð2πÞ3 Ψ

Jh†
nS ΨJ0h0

n0S ¼ δJJ0δhh0δnn0 : ð24Þ

The present LFQM analysis involves several parameters,
including the constituent masses of charm and bottom
quarks ðmc;mbÞ, the potential parameters ða; b; c; αsÞ, the
wave function parameter βqq̄ for each ðqq̄Þ content, and
mixing parameters θij, which are assumed to be common
and are found to be a good approximation [48]. To
determine the values of these parameters, we use the
variational principle which involves the condition

∂hΨqq̄jðH0 þ Vconf þ VcoulÞjΨqq̄i
∂βqq̄

¼ 0; ð25Þ

where the spin-spin interaction is treated perturbatively for
simplicity. The variational principle is essential for con-
straining the range of the wave functions. The model
parameters are then fitted to the mass spectra and decay
constants, which will be explained later in Sec. VA. With
the optimized parameters, we predict the M1 radiative
transitions between various states.

III. DECAY CONSTANTS

In this section, we present the application of the LFQM
for the decay constant, which is one of the fundamental
properties of mesons and is sensitive to the short-distance
part of the wave function. The decay constant of a
pseudoscalar meson fP and a vector meson fV with a
four-momentum Pμ are defined by

h0jq̄ð0Þγμγ5qð0ÞjPðPÞi ¼ ifPPμ; ð26Þ

h0jq̄ð0Þγμqð0ÞjVðP; hÞi ¼ fVMϵμ; ð27Þ

where M and ϵμðP; hÞ are the mass and the polarization
vector of the vector meson, respectively.
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In the standard LFQM, the decay constant can be
calculated as

fPðVÞ ¼
ffiffiffi
3

p Z
1

0

dx
Z

d2k⊥
16π3

Φðx; k⊥Þ
Gμ
PðVÞ

×
X
λ1;λ2

RJh
λ1λ2

�
v̄λ2ðp2Þffiffiffiffiffi

x2
p ΓPðVÞ

uλ1ðp1Þffiffiffiffiffi
x1

p
�
; ð28Þ

where ΓP ¼ γμγ5 and ΓV ¼ γμ, and Gμ
P ¼ iPμ and

Gμ
V ¼ Mϵμ. Note that the replacement M → M0 should

be carried out when obtaining the operator to get a self-
consistent result. The explicit form of fPðVÞ is given by [48]

fPðVÞ ¼
ffiffiffi
6

p Z
dx d2k⊥
2ð2πÞ3

Φðx; k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Oμ
PðVÞðhÞ; ð29Þ

where the operator for the pseudoscalar mesons reads

Oþ
P ¼ 2A; ð30Þ

and those for the vector mesons with different polarizations
read

Oþ
V ð0Þ ¼ 2

�
Aþ 2k2⊥

D0

�
; ð31Þ

O⊥
V ð�1Þ ¼

�
A2 þ k2⊥

xð1 − xÞM0

−
2k2⊥
D0

�
; ð32Þ

with A ¼ xmq̄ þ ð1 − xÞmq. In the LFQM, it has been
shown that the decay constants can be obtained consistently
and yield the same results using various currents, polar-
izations, and reference frames [60,61]. The difference
between the operators of decay constant computed using
the longitudinal and transverse polarizations can be written
analytically as

ΔOV ¼ O⊥
V ð�1Þ −Oþ

V ð0Þ

¼ −
2

D0

ðk2⊥ − 2k2zÞ þ
2ðmq −mq̄Þ

M0

kz; ð33Þ

which is vanishing after evaluating the momentum inte-
gration. The second term clearly vanishes in the equal-mass
case (mq ¼ mq̄) and involves an odd term in kz, which also
vanishes after integration over dx. However, it will not
vanish unless the wave function is rotationally symmetric,
which leads to

hk2⊥i ¼ h2k2zi: ð34Þ

IV. M1 RADIATIVE TRANSITIONS

In this study, we focus on analyzing M1 radiative
transitions in heavy quarkonia and Bc mesons. These M1

transitions are characterized by changes in the spin quantum
number (ΔS ¼ 1) while leaving the orbital angular momen-
tum unchanged (ΔL ¼ 0). Specifically, we examine tran-
sitions between vector (pseudoscalar) mesons and
pseudoscalar (vector) mesons.
In the LFQM, there are roughly two approaches for

computing radiative decays. The first is the “standard
LFQM,” where the Melosh transformation is used to derive
the spin-orbit wave function [51]. The second is the
“covariant LFQM,” where the trace technique is used to
evaluate the matrix elements derived from one-loop
Feynman diagrams, ensuring Lorentz covariance in the
light-front calculations [54]. Despite the different tech-
niques, the results from the “covariant LFQM” will lead to
the same outcomes as those in the “standard LFQM” by
performing the “type-II” replacement, as proposed in
Ref. [63]. This mapping has been discussed recently to
check the self-consistency of the model. In this work, we
will use the standard LFQM to describe the radiative decay.
Within the LFQM, the Feynman diagram for the VðPÞ →

PðVÞγ process is shown in Fig. 1. This diagram illustrates the
transition of a vector meson into a pseudoscalar meson, and
vice versa. The initial state emits a photon, mediated by a
quark loop. For theM1 transition of vector meson V → Pγ,
the FVPðQ2Þ form factor is defined as [36]

hPðP0ÞjJμemð0ÞjVðP; hÞi ¼ ieεμνρσϵνqρPσFVPðQ2Þ; ð35Þ

where the antisymmetric tensor εμνρσ assures electromagnetic
gauge invariance and q ¼ P − P0 is the four-momentum of
thevirtual photon. TheFVPðQ2Þ can be obtained in theDrell-
Yan-West frame,whereqþ ¼ 0. In this frame, themomentum
transfer can be written as q2 ¼ qþq− − q2⊥ ¼ −q2⊥ ≡ −Q2.
The Lorentz structure in the right-hand side of Eq. (35)

denoted as Gμ
h ¼ ieεμνρσϵνqρPσ can be computed using

different current components and polarizations. By evalu-
ating the antisymmetric tensor, we obtain Gμ

h, as summa-
rized in Table I. Traditionally, we use the plus component
(μ ¼ þ) with transverse polarization (h ¼ �1), as in
Ref. [36]. Note that for the longitudinal polarization
(h ¼ 0), Gþ

0 vanishes, making it impossible to extract the

FIG. 1. The Feynman diagrams for the M1 radiative transitions
VðPÞ → PðVÞγ, where the photon couples to either the quark or
antiquark, which are added coherently when computing the
decay width.
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form factor. In this work, we calculate the transverse
component (μ ¼ ⊥), which translates to [μ ¼ RðLÞ] with
RðLÞ ¼ x� iy, for both longitudinal (h ¼ 0) and trans-
verse (h ¼ �1) polarizations. Here, we set P⊥ ¼ 0 for
simplicity, except for the cases with μ ¼ RðLÞ and
h ¼ þ1ð−1Þ. In these cases, we initially use a nonzero
P⊥ frame because GR

þ1 and G
L
−1 vanish if P⊥ ¼ 0, as shown

in Table I. However, we set P⊥ → 0 when presenting the
operator, which leads to the same formula as those for the
plus component (μ ¼ þ), as will be discussed later.
Now, let us compute the left-hand side of Eq. (35) in the

LFQM. First, we examine the momentum conservation for
VðPÞ → PðP0Þ þ γðqÞ transitions in the qþ ¼ 0 frame. We
then obtain

P ¼
�
Pþ;

M2 þ P2⊥
Pþ ;P⊥

�
; ð36Þ

P0 ¼
�
Pþ;

M02 þ P02⊥
Pþ ;P0⊥

�
; ð37Þ

q ¼
�
0;
M2 −M02 þ P2⊥ − P02⊥

Pþ ; q⊥
�
; ð38Þ

where P0⊥ ¼ P⊥ − q⊥. In the quark level, the initial and
final quark momenta are denoted as

Initial state∶
�
pþ
1 ¼ x1Pþ; p1⊥ ¼ x1P⊥ þ k⊥;

pþ
2 ¼ x2Pþ; p2⊥ ¼ x2P⊥ − k⊥:

ð39Þ

Final state∶
�
p0þ
1 ¼ x1Pþ; p01⊥ ¼ x1P0⊥ þ k0⊥;

p0þ
2 ¼ x2Pþ; p02⊥ ¼ x2P0⊥ − k0⊥:

ð40Þ

In the qþ ¼ 0 frame, the spectator quark requires pþ
2 ¼ p0þ

2

and p2⊥ ¼ p02⊥, while for the struck quark, we have pþ
1 ¼

p0þ
1 and p1⊥ ¼ p01⊥ þ q⊥. From these quark momentum

conservation, one can obtain

k0⊥ ¼ k⊥ − ð1 − xÞq⊥: ð41Þ

The matrix element J μ
h ≡ hPðP0ÞjJμemjVðP; hÞi can be

written by the convolution formula of the initial and final
state LFWFs as

J μ
h ¼

X
λ;λ0;λ̄;j

hΨ00†
λ0λ̄ j

ūλ0 ðp0
1Þffiffiffi
x

p eejqγμ
uλðp1Þffiffiffi

x
p jΨ1h

λλ̄
i

¼
X
j

eejq

Z
dxd2k⊥
2ð2πÞ3 Φðx;k0⊥ÞΦðx;k⊥Þ

×
X
λ;λ0;λ̄

R00†
λ0λ̄ ðx;k0⊥Þ

ūλ0 ðp0
1Þffiffiffi
x

p γμ
uλðp1Þffiffiffi

x
p R1h

λλ̄
ðx;k⊥Þ; ð42Þ

where ejq is the electric charge for jth quark flavor
[ecðebÞ ¼ 2=3ð−1=3Þ]. Note that one should use k0⊥
defined in Eq. (41) in the final state LFWF. For instance,
the invariant mass in the final state becomes

M0
0ðx; k0⊥Þ ¼

m2
q þ k02⊥
x

þm2
q̄ þ k02⊥
1 − x

: ð43Þ

To begin with, we derive the matrix elements not only for

J þ
�1, but also for J RðLÞ

0 and J RðLÞ
�1 . By matching the left-

and right-hand sides of Eq. (35), the form factor can be
computed as

FVPðQ2Þ ¼ J μ
h

Gμ
h
: ð44Þ

The form factor is then given by

FVPðQ2Þ ¼ eqI
μ
hðmq;mq̄; Q2Þ þ eq̄I

μ
hðmq̄;mq;Q2Þ; ð45Þ

which represents a process where the photon couples to the
quark and antiquark, respectively, as illustrated in Fig. 1.
The one-loop integral Iμh is given by

Iμh ¼
Z

dxd2k⊥
2ð2πÞ3

Φðx; k0⊥ÞΦðx; k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k02⊥

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Oμ
VPγðhÞ; ð46Þ

where the operator derived using various current compo-
nents and polarizations are presented in Table II. The
detailed derivations are provided in Appendix D. We have

replaced Mð0Þ with Mð0Þ
0 to obtain the operator associated

with the transverse components [μ ¼ RðLÞ] to achieve self-
consistent results. It is also noteworthy that the operators
for the transverse component [μ ¼ RðLÞ] with transverse

TABLE I. The right-hand side of Eq. (35) for various compo-
nents of the current and polarizations. We define qRðLÞ ¼ qx �
iqy and have used the qþ ¼ 0 frame. Note that we cannot extract
the form factor using μ ¼ RðLÞ with h ¼ þ1ð−1Þ and P⊥ ¼ 0

since Gμ
h vanishes, similar to the case when using μ ¼ þ and

h ¼ 0.

μ ϵðhÞ Gμ
hðP⊥ ≠ 0Þ Gμ

hðP⊥ ¼ 0Þ
þ ϵð0Þ 0 0

ϵðþ1Þ ePþqRffiffi
2

p ePþqRffiffi
2

p

ϵð−1Þ ePþqLffiffi
2

p ePþqLffiffi
2

p

R ϵð0Þ −eMqR −eMqR

ϵðþ1Þ −ePRqRffiffi
2

p 0

ϵð−1Þ eðq−PþþPLqRÞffiffi
2

p eq−Pþffiffi
2

p

L ϵð0Þ eMqL eMqL

ϵðþ1Þ eðq−PþþPRqLÞffiffi
2

p eq−Pþffiffi
2

p

ϵð−1Þ −ePLqLffiffi
2

p 0
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polarizations (h ¼ �1) have two different forms, one of
which coincides with those for the plus compo-
nent (μ ¼ þ).
For the physical process of the M1 radiative transition

emitting real photon, we should take the Q2 → 0 limit to
extract the coupling constant gVPγ ≡ FVPðQ2 → 0Þ. In this
limit, some operators also have the analytic formulas
expressed as

Oþ
VPγð�1Þ ¼ 2ð1 − xÞ

�
Aþ k2⊥

D0

�
; ð47Þ

ORðLÞ
VPγ ð0Þ ¼

A
xM0

�
Aþ 2k2⊥

D0

�
: ð48Þ

The difference of the two operators is expressed as

ΔOVPγ ¼ Oþ
VPγð�1Þ −ORðLÞ

VPγ ð0Þ

¼ 2

D0

�
2k2zk2⊥
k2⊥ þm2

þ k2⊥ − 2k2z

�
; ð49Þ

where we have simplified the formula for the equal-mass
case mq ¼ mq̄ ¼ m to better illustrate the difference.
Again, the k2⊥ and 2k2z terms appear in the operator
difference which measures the anisotropy of the wave
function. The additional factor of k2zk2⊥ appears because it is
a transition process.
The partial decay width for the V → Pγ transition is then

computed as

ΓðV → PγÞ ¼ αem
ð2JV þ 1Þ g

2
VPγk

3
γ ; ð50Þ

where αem ¼ 1=137 is the EM fine-structure constant and

kγ ¼
ðM2

V −M2
PÞ

2MV
ð51Þ

is the kinematically allowed three-momentum kγ ¼ jkγj of
the outgoing real photon. For the P → Vγ transition, we
need to modify kγ by exchanging MV and MP in Eq. (51).
In addition, the spin factor JV ¼ 1 should be replaced by
JP ¼ 0 in Eq. (50). After obtaining the decay width, we can
calculate the branching ratio, defined as

BrðV → PγÞ ¼ ΓðV → PγÞ
ΓTotal

; ð52Þ

where the total decay width ΓTotal for each meson is taken
from particle data group (PDG) [73].

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we first discuss the model parameters,
followed by a discussion of the LFWFs and various
observables, including mass spectra, decay constants,
and M1 radiative transitions. Comparisons with experi-
mental data, Lattice QCD results, and other models are also
presented.

A. Model parameters

Before discussing the LFWFs and observables, it is
essential to determine the model parameters, which are
constrained by variational analysis [47]. To simplify
the analysis, we fix the well-known string tension at
b ¼ 0.18 GeV2 and assume θ13 ¼ θ23. The model param-
eters are obtained by simultaneously fitting the available
experimental data of both mass spectra and decay con-
stants, following a similar procedure as in Ref. [72].
The fitting process is performed by minimizing the χ2

defined by

χ2 ¼
X
i

ðOexpt
i −Omod

i Þ2
ðσmod

i Þ2 ; ð53Þ

using iMinuit package [74,75], where we define σmod ¼
rOexpt

i with r ¼ 0.5% and 1% for the mass spectra and

TABLE II. Operators for the radiative transitions obtained using the plus (μ ¼ þ) and transverse [μ ¼ RðLÞ]
components with both longitudinal (h ¼ 0) and transverse (h ¼ �1) polarizations in the LFQM. We have

substituted Mð0Þ with Mð0Þ
0 to derive the operator associated with the transverse component [μ ¼ RðLÞ], ensuring

self-consistent results.

μ ϵðhÞ O

þ ϵð0Þ …
þ ϵð�1Þ 2ð1 − xÞ

h
Aþ 2

D0

�
k2⊥ − ðk⊥·q⊥Þ2

q2⊥

	i

RðLÞ ϵð0Þ 1
xM0

n
A
�
Aþ 2k2⊥

D0

	
þ M

D0

h
ð1 − 2xÞk2⊥ þ ð1 − xÞð

�
k⊥ · q⊥Þ − 2ðk⊥·q⊥Þ2

q2⊥

	io
RðLÞ ϵð−1Þ½ϵðþ1Þ� 2

xðM2
0
−M02

0
−q2⊥Þ

h
ðk⊥ · q⊥Þ

�
Aþ xk2⊥

D0
− AM1

D0

	
þ ð1 − xÞðk⊥ · q⊥ − q2⊥Þ

�
Aþ k2⊥

D0

	i
RðLÞ ϵðþ1Þ½ϵð−1Þ� 2ð1 − xÞ

h
Aþ 2

D0

�
k2⊥ − ðk⊥·q⊥Þ2

q2⊥

	i

SELF-CONSISTENT M1 RADIATIVE TRANSITIONS OF … PHYS. REV. D 111, 016011 (2025)

016011-7



decay constants, respectively. The σmod will reduce the
fitting bias caused by the different precisions of exper-
imental data. The uncertainty of the parameters is obtained
using the Hesse method in the iMinuit package, and the
uncertainty propagation is computed using the Monte Carlo
method. In addition to that statistical uncertainty from the
fit, we note that excited states are more sensitive to the
choice of trial wave function, which leads to greater
systematic uncertainty compared to the ground state, see
Fig. 2 of Ref. [48]. It is worth noting that we cannot fix the
model parameters by considering only the mass spectra
or the decay constants; both are crucial in constraining

the parameters. Therefore, in the fits, the parameters are
adjusted automatically to achieve a reasonable agreement
with both observables. Further details on the fitting
procedure and uncertainty propagation are discussed in
Appendix B.
The obtained model parameters are listed in Table III and

reasonable agreements between the fitted mass spectra, as
well as the decay constants, and the data are obtained as
shown in Fig. 2. We find θ12 ¼ 12.12° and θ13 ¼ 8.44°,
where θ12 > θ13, a crucial condition for describing the
decay constants of the excited states, as will be discussed
later. Note that the obtained βqq̄ parameters are common for
both pseudoscalar and vector mesons, reflecting the per-
turbative treatment of the spin-spin interaction. Figure 3
illustrates the effective potential using the obtained param-
eters, showing consistency with other models [19,36,48].
However, the potential is suppressed at long distances due
to the inclusion of screening confinement effects with
c ¼ 0.027 GeV, a value similar to those found in Ref. [15].

B. Light-front wave functions

The LFWFs obtained for selected mesons, up to the
second radial excitation ½ηcð1SÞ; ηcð2SÞ; ηcð3SÞ�, are
depicted in Fig. 4, offering an initial understanding of
the meson structures. Alongside the three-dimensional (3D)

TABLE III. Model parameters and their uncertainties, determined from fitting to mass spectra and decay constants using iMinuit
[74,75]. The parameters include the constituent quark masses (mc and mb), the potential parameters a and c (all in units of GeV), the
dimensionless strong coupling constant αs, and the mixing angles θ12, θ13, and θ23. The mixing angles control the expansion
coefficients, with the assumption that θ13 ¼ θ23. The string tension is fixed to the known value of b ¼ 0.18 GeV2, whereas the
parameters βqq̄ are obtained from variational principle.

θ12 θ13 ¼ θ23 mc mb a b c αs βcc̄ βcb̄ βbb̄

12.12(30)° 8.44(14)° 1.61(4) 4.97(4) −0.411ð67Þ 0.18 0.027(12) 0.402(4) 0.542(8) 0.702(9) 1.060(11)

FIG. 2. Upper panel: mass spectra and lower panel: decay
constants of Bc and heavy quarkonia. Comparison of our model
with experimental data (black circle), lattice QCD results (black
square), and sum rule (black triangle) is presented. It shows that
decreasing decay constants for the excited states can be repro-
duced in the present LFQM by expanding the HO basis functions.

FIG. 3. Comparison between our effective potential with God-
frey-Isgur(GI) [19], Choi-Ji (CJ) linear [36], and Arifi et al.
models (pure θ ¼ 0 and mixed θ ¼ 12°) [48]. It is shown that our
potential is consistent with other models.
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plots of the LFWFs, two-dimensional (2D) projections are
shown at the bottom of each panel. These plots display both
the ordinary (upper panel) and higher (lower panel) helicity
components of the LFWFs. The nodal structure is also
clearly reflected in the ordinary helicity components of the
LFWFs, while the higher helicity components oscillate
between positive and negative values in the k⊥ domain.
Such features are also visualized by BLFQ [57].
TheordinaryLFWFcomponents, definedby ½Ψ↑↓ðx;k⊥Þ−

Ψ↓↑ðx;k⊥Þ�=
ffiffiffi
2

p
, are related to the nonrelativistic wave

function. In contrast, the higher helicity components, defined
byΨ↑↑ðx; k⊥Þ ¼ Ψ�

↓↓ðx; k⊥Þ, are linked to the quark’s orbital
angular momentum. These higher helicity components have
a relativistic origin, arising from the small component of
the Dirac spinor, which depends on the orientation of the
quantization surface. Their contribution diminishes as the
quark mass increases, as implied in the formula for the spin-
orbit wave function.
As shown in Fig. 4, the higher helicity components are

smaller than the ordinary ones, which is natural since
charmonium can be approximated as a nonrelativistic
object. Because of the equal mass of the quarks, the peak
of the LFWFs is located at xpeak ¼ 0. However, for Bc

mesons with unequal constituent quark masses, the peak
will be shifted to xpeak ¼ mq=ðmq þmq̄Þ. Compared to
that of Ref. [57], our 3D plot of LFWFs is roughly
consistent after including a 1=2π factor to match their
normalization. Note that the HO functions usually result

in suppressed endpoint behavior near x ¼ 0 and x ¼ 1 in
the LFWFs. This can be improved by utilizing a more
realistic wave function, such as the one provided by the
GEM [72].

C. Mass spectra and splittings

Our computed mass spectra, along with their comparison
to the experimental values from the PDG, are tabulated in
Table IV and illustrated in the upper panel of Fig. 2. The
predictions for yet-undiscovered states are also included.
The masses were calculated using a screened confining
potential, which is known to significantly lower the mass of
the excited states compared to those obtained using a linear
potential for the charmonia [67] and also Bc mesons [76].
Overall, our predictions show good agreement with the
experimental data. This can be observed through the
relative discrepancy, defined as ΔMerr ¼ jðMtheo −MexptÞ=
Mexptj × 100%, where the average discrepancy is less than
one percent, specifically around 0.50%, 0.52%, 0.85% for
ðcc̄Þ, ðcb̄Þ, and ðbb̄Þ, respectively. However, the ϒð3SÞ
state has a higher discrepancy, approximately 1.7%, com-
pared to the others, which can be attributed to several
factors, including the fitting procedure. In Table IV, we also
present the mass uncertainties, which range from 0.95% to
3.32%, within which most of the experimental data fall. It is
important to note that a more accurate mass spectra
prediction could be achieved if we focused solely on fitting
the mass spectra. However, doing so would result in poorer

FIG. 4. Upper panels (a)–(c): 3D plots of the ordinary helicity LFWFs ðΨ↑↓ − Ψ↓↑Þ=
ffiffiffi
2

p
for ηcð1SÞ, ηcð2SÞ, and ηcð3SÞ, respectively.

Lower panels (d)–(f): 3D plots of the higher helicity LFWFs Ψ↑↑ ¼ Ψ�
↓↓ for ηcð1SÞ, ηcð2SÞ, and ηcð3SÞ, respectively. Each panel

includes a 2D plot of LFWFs at the bottom. The wave functionΨðx; k⊥Þ is shown in units of GeV−1 and displays different nodal patterns
for each meson.
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predictions for the decay constants. Therefore, we have
balanced the accuracy to obtain reasonable results for both
observables.
Moreover, our model successfully explains the observed

hierarchy in the mass spectra as

ΔMðnþ1ÞS−nS
P > ΔMðnþ1ÞS−nS

V ; ð54Þ

where ΔMðnþ1ÞS−nS
PðVÞ ¼ Mðnþ1ÞS

PðVÞ −MnS
PðVÞ. From Table IV,

we find that ΔM2S−1S
ηc ¼ 612 MeV> ΔM2S−1S

ψ ¼ 578 MeV
and ΔM3S−2S

ηc ¼ 414 MeV> ΔM3S−2S
ψ ¼ 399 MeV, which

is consistent with Eq. (54) and supports the validity of our
approach. It is worth noting that this hierarchy cannot be
reproduced using the conventional HO functions [48]. The
calculations above also demonstrate that the mass splitting
decreases as radial excitation n increases:

ðM2S −M1SÞ > ðM3S −M2SÞ: ð55Þ

Additionally, the similarity in the mass gap, regardless
of the quark flavor content as shown in Fig. 2, is due to
the competition between the Coulomb and confinement
potentials [48].

D. Decay constants

The predicted decay constants, along with a comparison
to experimental and lattice QCD results, are presented in
Table IV and depicted in Fig. 2. Note that the experimental
values of the decay constants are derived from the leptonic

partial width Γe−eþ for vector mesons [73]. The decay
constant for ηcð1SÞ is based on CLEO data [77]. Forϒð1SÞ,
we use the Γe−eþ value reported in [78]. For ψð3SÞ, where
Γe−eþ ranges between 0.6 and 1.4 keV depending on the fit
[79], we adopt the fourth solution, which is close to our fit.
Overall, the predicted values are in reasonable agreement
with the experimental results, as indicated by the relative
discrepancy Δferr ¼ jðftheo − fexptÞ=fexptj × 100%, with
an average discrepancy of approximately 2.7%. The aver-
age discrepancy is slightly smaller than that of the mass
spectra, which can be understood by the fact that the decay
constant is much smaller in magnitude compared to the
mass. In addition, we present the uncertainty of the decay
constants in Table IV and find that it ranges from 1.19% to
2.07%. Since we fit only the experimental data, our results
show some discrepancy with the lattice QCD data.
In contrast to the mass spectra MPðVÞ, the decay con-

stants fPðVÞ decrease as the radial excitation n increases,
indicating the hierarchy

f1S > f2S > f3S ð56Þ

as clearly shown in Fig. 2. Furthermore, the ratio of the
decay constants

f3S=f2S > f2S=f1S ð57Þ

also decreases with increasing n. For instance, the decay
constants fJ=ψ ; fψð2SÞ; fψð3SÞ are 397 MeV, 286 MeV,
and 230 MeV, respectively, with fψð2SÞ=fJ=ψ ¼ 0.72 and

TABLE IV. Numerical results of masses and decay constants of the Bc mesons and heavy quarkonia in
comparison with experimental and lattice QCD data.

Mass [GeV] Decay constant [MeV]

States Our Experiment Our Experiment Lattice

ηcð1SÞ 2.999(100) 2.9841(4) 349(6) 335(75) 395(2)
ηcð2SÞ 3.612(97) 3.6377(9) 224(3) � � � � � �
ηcð3SÞ 4.027(96) � � � 164(3) � � � � � �
J=ψ 3.100(96) 3.09690(6) 397(8) 415(4) 405(6)
ψð2SÞ 3.678(95) 3.686097(11) 286(5) 287(3) � � �
ψð3SÞ 4.078(94) 4.040(1) 230(4) 238(5) � � �
Bcð1SÞ 6.230(84) 6.27447(32) 397(6) � � � 427(6)
Bcð2SÞ 6.845(83) 6.8712(10) 279(4) � � � � � �
Bcð3SÞ 7.250(82) � � � 220(3) � � � � � �
B�
cð1SÞ 6.301(83) � � � 428(7) � � � � � �

B�
cð2SÞ 6.891(82) � � � 319(5) � � � � � �

B�
cð3SÞ 7.286(82) � � � 265(4) � � � � � �

ηbð1SÞ 9.319(101) 9.3987(20) 630(9) � � � 667(6)
ηbð2SÞ 10.038(99) 9.999(4) 457(6) � � � � � �
ηbð3SÞ 10.495(98) � � � 364(4) � � � � � �
ϒð1SÞ 9.398(100) 9.46040(10) 670(10) 689(5) 649(31)
ϒð2SÞ 10.089(98) 10.0234(5) 511(8) 497(5) 481(39)
ϒð3SÞ 10.535(98) 10.3551(5) 428(6) 430(4) � � �
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fψð3SÞ=fψð2SÞ ¼ 0.80. The observed hierarchy in the decay
constants is well reproduced by our model, thanks to the
HO basis expansion, which reduces the short-distance
component of the wave function [48]. We find that
θ12 ¼ 12.12° > θ13 ¼ 8.44°, which aligns with the obser-
vation in Eq. (57). This is because a larger mixing angle
results in a greater suppression of the decay constants for
excited states. Additionally, we provide further evidence
that this approach is also applicable to the second radial
excitation.

E. M1 radiative transition

Before discussing the numerical results for the M1
radiative transition, we examine the self-consistency of
the results computed using two different current compo-
nents: (1) the good component (μ ¼ þ) with transverse
ðh ¼ �1Þ polarization [36], and (2) the transverse compo-
nent ½μ ¼ RðLÞ� with longitudinal (h ¼ 0) and transverse
ðh ¼ �1Þ polarizations. To show the self-consistency, let
us consider J=ψð1SÞ → ηcð1SÞ þ γ for demonstration pur-
poses. By using the operators given in Table II, we can
obtain the same result for the coupling constant gVPγ .

Namely, we confirm that gðμ¼þ;h¼�1Þ
J=Ψηcγ

¼ gðμ¼RðLÞ;h¼0;�1Þ
J=Ψηcγ

¼
0.745 GeV−1 is numerically the same.
Additionally, we also check that for any Q2 value, with

different current components and polarizations, FVPðQ2Þ
has the same values, as demonstrated in Fig. 5. This is the
first time we show the consistency of transition form factors
that involve vector mesons, providing more support to the
self-consistent LFQM. Our results are in contrast with those
computed in BLFQ, which show different results for
different polarizations [40]. We argue that the same result
can be obtained in the present work since we use the HO
basis function, which is inherently rotationally invariant,

and the replacement M → M0 is used when computing the
operators in Table II.
To further explore the difference between the operators

with different polarizations, we can examine the k⊥
dependence of the coupling constant g̃VPγðk⊥Þ. It is defined
by gVPγ ¼

R
dk⊥g̃VPγðk⊥Þ that is associated with the one-

loop integral Ĩμhðk⊥Þ computed as

Iμh ¼
Z

∞

0

dk⊥Ĩμhðk⊥Þ

¼
Z

∞

0

dk⊥
�Z

2π

0

dθ
Z

1

0

dx
k⊥

2ð2πÞ3

×
Φðx; k0⊥ÞΦðx; k⊥Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k02⊥

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2 þ k2⊥

p Oμ
hðx; k⊥Þ

�
: ð58Þ

The plot of integrands for ψðnSÞ → ηcðn0SÞ þ γ in two
different cases (i) allowed ðn ¼ n0Þ and (ii) hindered ðn ≠
n0Þ are displayed in the left and right panels of Fig. 6,
respectively, where each column represents different case
with possible combinations of charmonia up to 3S state.
Note that the plot is associated with the integrands [the
terms inside the square brackets in Eq. (58)]. For case (i),
the integrand exhibits one peak, two peaks, and three peaks
for 1S, 2S, and 3S, respectively, due to the overlap of the
initial and final wave functions. This also shows that
the overlap is constructive and large, which enhances the
coupling constant gVPγ. However, for case (ii), the inte-
grands display destructive behavior, primarily due to the
orthogonality of the wave functions—for instance, ϕHO

2S is
orthogonal to ϕHO

1S . In some cases, such as pion emission
decay, the orthogonality of the wave function may result in
a significant relativistic effect [80].
Furthermore, it is evident that the k⊥ dependence of the

integrands with two different current components for both
case (i) and case (ii) are almost the same, as shown in Fig. 6.
Due to their similar shapes, we plot the difference between

them, defined by the formΔg̃VPγ ¼gμ¼þ;h¼�1
VPγ −gμ¼RðLÞ;h¼0

VPγ ,
to see the structure more clearly, as shown in each bottom
panel. Examining the difference in integrals is crucial,
considering that the resulting coupling values should be
invariant regardless of the current component μ ¼ þ and
μ ¼ ⊥ being used. It shows that gμ¼⊥

VPγ ðk⊥Þ is typically more
enhanced (suppressed) in the low (high) transverse momen-
tum region, although the difference seems to be small,
which contrasts with those in BLFQ [40]. Although Δg̃VPγ
shows some peaks and dips in the positive and negative
regions, it will be zero after taking the k⊥ integration,
yielding the self-consistent results as mentioned previously.
The transition form factors FVPγðQ2Þ for various proc-

esses VðnSÞ → Pðn0SÞ þ γ are presented in Fig. 7, where
the allowed (n ¼ n0) and hindered (n ≠ n0) processes
are given in the left and right panels, respectively. One
can immediately see that as Q2 → 0 the FVPγðQ2Þ are

FIG. 5. Comparison of transition form factors FVPðQ2Þ of
J=ψð1SÞ → ηcð1SÞ þ γ computed with various current compo-
nent ðμ ¼ þ; RðLÞÞ and ðh ¼ 0;�1Þ polarizations. It is shown
that FVPðQ2Þ is exactly the same regardless the current compo-
nent and polarization used in the calculation.
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significantly enhanced for the allowed case since they are
established from an overlap of the wave functions of the
same principal and partial wave nS. Meanwhile, the
FVPγðQ2Þ are much suppressed for the hindered case
due to the orthogonality of the initial and final wave
functions. Note that, for the hindered ðn ≠ n0Þ case, there
is also the PðnSÞ → Vðn0SÞ þ γ process, but the FVPγðQ2Þ
is the same with those VðnSÞ → Pðn0SÞ þ γ. This is

because we have treated the spin-spin interaction
perturbatively.
In the left panels of Fig. 7 for the allowed case, we

observe that FVPγðQ2Þ for (a) charmonia and (b) Bc mesons
transitions between 1S states have similar trends where the
FVPγðQ2Þ have the positive value when Q2 ¼ 0 and tend to
decrease with increasing Q2. Interestingly, FVPγðQ2Þ
between 2S or 3S states also display a decreasing behavior

FIG. 6. Comparison of the g̃VPγðk⊥Þ of the ψðnSÞ → ηcðn0SÞ þ γ transition for ðμ ¼ þ; h ¼ �1Þ and ðμ ¼ RðLÞ; h ¼ 0Þ cases. The
difference between them Δg̃VPγ ¼ gμ¼þ;h¼�1

VPγ − gμ¼RðLÞ;h¼0
VPγ is shown at the bottom of each panel. Left panels: allowed ðn ¼ n0Þ case and

right panels: hindered ðn ≠ n0Þ case.
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as Q2 increases but with some oscillations characterized
by the overlap of the initial and final wave functions.
Meanwhile, for bottomonium transitions (c), the
FVPγðQ2Þ has negative values at Q2 ¼ 0, consistent with
those in the previous work by Choi [36], and increases with
increasingQ2. Furthermore, theFVPγðQ2Þ is more extended
to the larger value of Q2.
In the right panels of Fig. 7 for the hindered case, we can

see that the FVPγðQ2Þ have a small and opposite values at
Q2 ¼ 0 as compared to the allowed case due to the
orthogonality of the wave function that we mentioned
previously. The FVPγðQ2Þ for Vð2SÞ → Pð1SÞ transitions
for (d) charmonia and (e) Bc mesons seem to increase in the

small Q2 region before decreasing in the higher Q2 region,
whereas the behavior of FVPγðQ2Þ is opposite for (f) bot-
tomonia transition. One can also see that FVPγðQ2Þ for
Vð3SÞ → Pð1SÞ and Vð3SÞ → Pð2SÞ transitions have dif-
ferent behaviors with some more oscillations due to the
structure of the overlap of wave function.
The results of the coupling constants gVPγ [GeV−1]

for the radiative transitions for heavy quarkonia and Bc
mesons are listed in Table V. The coupling constant
gVPγ can be converted from the Vð0Þ from the notation
in BLFQ [40] or lattice, by using gVPγ ¼ 4eQVð0Þ=
ðMV þMPÞ. We observe that the coupling constant
values for the gϒηbγ ¼ −0.1279 GeV−1 is consistent with

FIG. 7. Transition form factors FVPγðQ2Þ for various processes with VðnSÞ → Pðn0SÞ þ γ; left panels (a)–(c): allowed ðn ¼ n0Þ case
and right panels (d)–(f): hindered ðn ≠ n0Þ case. Note that we include the numerical uncertainty obtained from the Monte Carlo
simulation in the width of curves. We show that FVPγðQ2Þ is much suppressed for the hindered case due to the orthogonality of the wave
functions.
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−0.124ð−0.119Þ GeV−1 for linear (HO) potential in
the previous LFQM [36]. Meanwhile, the gJΨηcγ ¼
0.745 GeV−1 is slightly larger than in the previous LFQM
with the values 0.681ð0.673Þ GeV−1 [36]. We observe that
the coupling constants for the hindered cases have the
opposite sign compared to those of the allowed cases.
This can be understood from the orthogonality of the wave
functions, which results in a negative sign because the area in
the negative region is larger, as illustrated in Fig. 6. Note that
the sign of gVPγ from the experiment and other calculations is
chosen to be consistent with our computed gVPγ, as the decay
width is the squared of the coupling constant gVPγ , as shown
in Eq. (50). Due to some perturbative treatment of the spin-
spin interaction, some hindered transitions have the same
values. For example, in the transition from 2S to 1S in
charmonium, the value obtained is the same, namely
−0.0605 GeV−1. In Table V, we show that our predictions
reasonably agree with the results extracted from experiment
[73] as well as BLFQ [40] and GI model [19].
We find that the coupling constants jgVPγj for the allowed

case is much larger than those of the hindered case. It is also
evident that the coupling constants follows hierarchy

jgJ=ψηcγj > jgB�
cBcγj > jgϒηbγj ð59Þ

for any transitions. Additionally, we observe that

jgJ=ψηcð1SÞγj > jgψð2SÞηcð2SÞγj > jgψð3SÞηcð3SÞγj ð60Þ

and it applies to the Bc and bottomonia cases as well. Such
hierarchy can be observed by the other model calcula-
tions [19,40], but the experimental data for the char-
monia transitions, namely gJ=ψηcð1SÞγ ¼ 0.670 GeV−1 <
gψð2SÞηcð2SÞγ ¼ 0.884 GeV−1, show opposite behavior.
More precise measurement is useful to clarify this
hierarchy.
Once these coupling constants are obtained, the partial

decay width (Γ) and the branching ratio (Br) can be
calculated by taking into account the relevant phase space.
Note that we use ΓTotal from PDG [73] when computing Br.
This will allow us for a direct comparison with the actual
experimental data. In Table VI, we show that our model
calculation is consistent with the experimental observations
within the same order of magnitude [73]. For instance, our
calculated value for ΓJ=ψηcð1SÞγ is 1.84 keV, which is

TABLE V. Computed coupling constants gVPγ [GeV−1] in the present LFQM compared with the experimental
data extracted from PDG [73] and results from other models: BLFQ [40], GI [19], RQM [22], and NRQM [81].

Transition Our Experiment [40] [19]

J=ψ → ηcð1SÞγ 0.745(15) 0.684(85) 0.873 0.690
ψð2SÞ → ηcð2SÞγ 0.713(14) 0.871(313) 0.739 0.680
ψð3SÞ → ηcð3SÞγ 0.688(12) � � � � � � � � �
ψð2SÞ → ηcð1SÞγ −0.0605ð37Þ −0.040ð3Þ −0.144 −0.056
ψð3SÞ → ηcð2SÞγ −0.0595ð33Þ � � � � � � � � �
ψð3SÞ → ηcð1SÞγ −0.0108ð4Þ � � � � � � � � �
ηcð2SÞ → J=ψγ −0.0605ð37Þ � � � −0.033ð2Þ � � �
ηcð3SÞ → ψð2SÞγ −0.0595ð33Þ � � � � � � � � �
ηcð3SÞ → J=ψγ −0.0108ð4Þ � � � � � � � � �
ϒð1SÞ → ηbð1SÞγ −0.1279ð9Þ � � � −0.141 −0.130
ϒð2SÞ → ηbð2SÞγ −0.1251ð9Þ � � � −0.134 −0.120
ϒð3SÞ → ηbð3SÞγ −0.1227ð8Þ � � � −0.131 −0.120
ϒð2SÞ → ηbð1SÞγ 0.0049(1) 0.0057(6) 0.011 0.007
ϒð3SÞ → ηbð2SÞγ 0.0052(1) <0.0099ð8Þ 0.009 0.007
ϒð3SÞ → ηbð1SÞγ 0.00128(3) 0.0026(1) 0.005 0.004
ηbð2SÞ → ϒð1SÞγ 0.0049(1) � � � 0.005 � � �
ηbð3SÞ → ϒð2SÞγ 0.0052(1) � � � 0.004 � � �
ηbð3SÞ → ϒð1SÞγ 0.00128(3) � � � 0.002 � � �

[19] [22] [81]
B�þ
c ð1SÞ → Bþ

c ð1SÞγ 0.2985(72) 0.331 0.239 0.399
B�þ
c ð2SÞ → Bþ

c ð2SÞγ 0.2813(65) 0.354 0.268 0.178
B�þ
c ð3SÞ → Bþ

c ð3SÞγ 0.2677(59) � � � � � � � � �
B�þ
c ð2SÞ → Bþ

c ð1SÞγ −0.0340ð19Þ −0.034 −0.030 −0.032
B�þ
c ð3SÞ → Bþ

c ð2SÞγ −0.0326ð17Þ � � � � � � � � �
B�þ
c ð3SÞ → Bþ

c ð1SÞγ −0.0049ð1Þ � � � � � � � � �
Bþ
c ð2SÞ → B�þ

c ð1SÞγ −0.0340ð21Þ −0.030 −0.042 −0.020
Bþ
c ð3SÞ → B�þ

c ð2SÞγ −0.0326ð17Þ � � � � � � � � �
Bþ
c ð3SÞ → B�þ

c ð1SÞγ −0.0049ð1Þ � � � � � � � � �
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consistent with the experimental measurement of 1.57 keV
and aligns with predictions from NRQM and RQM, which
are 2.72 keV and 1.05 keV, respectively. For the hindered
case, our result for Γψð2SÞηcð1SÞγ is 2.29 keV, which agrees
reasonably with the experimental data of 0.99 keV and

RQM prediction of 0.95 keV. However, it is notably
smaller compared to the NRQM result of 7.51 keV. For
Γψð3SÞηcð3SÞ†γ, our prediction of 1.98 × 10−3 keV is much
smaller than the NRQM value of 9.93 keV reported by Soni
et al. [10]. However, it is relatively consistent with the value

TABLE VI. Partial decay widths Γ [KeV] for various M1 radiative decay channel V → PγðP → VγÞ for
charmonia and bottomonia. A comparison with experimental data and other models are provided. Note that the †

symbol indicates the use of the predicted mass for yet unobserved states.

Transition ΓðOurÞ Experiment [73] NRQM [10] RQM [22]

J=ψ → ηcð1SÞγ 1.84(8) 1.57(37) 2.72 1.05
ψð2SÞ → ηcð2SÞγ 0.14(5) 0.21(15) 1.17 0.99
ψð3SÞ → ηcð3SÞ†γ 2.5ð1Þ × 10−3 � � � 9.93 � � �
ψð2SÞ → ηcð1SÞγ 2.29(27) 0.99(15) 7.51 0.95
ψð3SÞ → ηcð2SÞγ 0.48(5) � � � � � � � � �
ψð3SÞ → ηcð1SÞγ 0.22(1) � � � � � � � � �
ηcð2SÞ → J=ψγ 3.36(41) <1.94ð26Þ × 10−2 � � � 1.12
ηcð3SÞ† → ψð2SÞγ 0.9(1) � � � � � � � � �
ηcð3SÞ† → J=ψγ 0.48(3) � � � � � � � � �
ϒð1SÞ → ηbð1SÞγ 9.29ð91Þ × 10−3 � � � 3.77 × 10−2 5.8 × 10−3

ϒð2SÞ → ηbð2SÞγ 5.70ð28Þ × 10−4 � � � 5.62 × 10−3 1.4 × 10−3

ϒð3SÞ† → ηbð3SÞ†γ 2.33ð40Þ × 10−3 � � � 2.85 × 10−3 8.0 × 10−4

ϒð2SÞ → ηbð1SÞγ 1.30ð7Þ × 10−2 1.76ð38Þ × 10−2 7.72 × 10−2 6.4 × 10−3

ϒð3SÞ → ηbð2SÞγ 2.78ð17Þ × 10−3 <1.26ð12Þ × 10−2 3.62 × 10−2 1.5 × 10−3

ϒð3SÞ → ηbð1SÞγ 3.03ð14Þ × 10−3 1.03ð17Þ × 10−2 7.70 × 10−2 1.05 × 10−2

ηbð2SÞ → ϒð1SÞγ 2.53ð15Þ × 10−2 � � � � � � 1.18 × 10−2

ηbð3SÞ† → ϒð2SÞγ 1.91ð10Þ × 10−2 � � � � � � 2.8 × 10−3

ηbð3SÞ† → ϒð1SÞγ 1.14ð5Þ × 10−2 � � � � � � 2.4 × 10−2

TABLE VII. Branching ratio (Br) for various M1 radiative decay channel V → PγðP → VγÞ for charmonia and
bottomonia. A comparison with experimental data and other models are provided. Note that the † symbol indicates
the use of the predicted mass for yet unobserved states.

Transition Br(Our) Experiment [73] NRQM [10] RQM [22]

J=ψ → ηcð1SÞγ 1.98ð10Þ × 10−2 1.7ð0.4Þ × 10−2 2.94 × 10−2 1.13 × 10−2

ψð2SÞ → ηcð2SÞγ 4.68ð35Þ × 10−4 7ð5Þ × 10−4 3.98 × 10−3 3.37 × 10−3

ψð3SÞ → ηcð3SÞ†γ 3.04ð48Þ × 10−8 � � � 1.24 × 10−4 � � �
ψð2SÞ → ηcð1SÞγ 7.81ð98Þ × 10−3 3.4ð0.5Þ × 10−3 2.55 × 10−2 3.23 × 10−3

ψð3SÞ → ηcð2SÞγ 5.9ð1.1Þ × 10−6 � � � � � � � � �
ψð3SÞ → ηcð1SÞγ 2.68ð45Þ × 10−6 � � � � � � � � �
ηcð2SÞ → J=ψγ 2.90ð55Þ × 10−4 <1.64 × 10−6 � � � � � �
ηcð3SÞ† → ψð2SÞγ � � � � � � � � � � � �
ηcð3SÞ† → J=ψγ � � � � � � � � � � � �
ϒð1SÞ → ηbð1SÞγ 1.72ð17Þ × 10−4 � � � 6.98 × 10−4 1.07 × 10−4

ϒð2SÞ → ηbð2SÞγ 1.80ð90Þ × 10−5 � � � 1.76 × 10−4 4.38 × 10−5

ϒð3SÞ† → ηbð3SÞ†γ 1.15ð11Þ × 10−4 � � � 1.40 × 10−4 3.94 × 10−5

ϒð2SÞ → ηbð1SÞγ 4.09ð41Þ × 10−4 5.5þ1.1
−0.9 × 10−4 2.25 × 10−3 2.00 × 10−4

ϒð3SÞ → ηbð2SÞγ 1.38ð15Þ × 10−4 <6.7 × 10−4 1.78 × 10−3 7.38 × 10−5

ϒð3SÞ → ηbð1SÞγ 1.50ð16Þ × 10−4 5.1ð0.7Þ × 10−4 3.79 × 10−3 5.17 × 10−4

ηbð2SÞ → ϒð1SÞγ 1.06ð1Þ × 10−6 � � � � � � 4.91 × 10−7

ηbð3SÞ† → ϒð2SÞγ � � � � � � � � � � � �
ηbð3SÞ† → ϒð1SÞγ � � � � � � � � � � � �
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of 0.088 keV in the NRQM study by Deng et al. [16]. The
agreements with experimental data and other models are
also obtained for the M1 transitions between bottomonia.
Furthermore, the corresponding branching ratios roughly
agree in the same order of magnitude with experimental
data. However, we note that for some cases, our results are
rather different from the NRQM as shown in Table VII.
Although the coupling constant for hindered case is

small g ¼ −0.0605 GeV−1, the width can be much
enhanced Γ ¼ 2.25 KeV because of the large phase space
such as in the ψð2SÞ → ηcð1SÞγ case. On the other hand,
despite the large coupling constant g ¼ 0.6877 GeV−1, the
width is suppressed due to the small phase space as for the
ψð3SÞ → ηcð3SÞγ case. Another interesting observation is
that the decay width of P → Vγ channels have larger Γ than
V → Pγ channels, such as in ηcð2SÞ → J=ψð1SÞ þ γ with
Γ ¼ 3.36 KeV is larger than ψð2SÞ → ηcð1SÞ þ γ with
Γ ¼ 2.29 KeV. The difference mainly arises from the
phase space, as their couplings are the same, as shown
in Table V. It is important to experimentally verify this
observation, as no data are currently available.
For the Bc case, since there is no experimental data, we

only show our result for the decay width and compared
with other model calculations as shown in Table VIII.
Although some results agree with each other, there are
several discrepancies. However, we note that the results of
the Γ is sensitive to the phase space being used. In this case,
the discussion of the coupling constant, as shown in
Table V, is more relevant when comparing it with other
models.
Unlike the coupling constant gVPγ, the decay width is

influenced by the phase space which depends on the masses
of initial and final state mesons. For some cases where the
meson state is not discovered yet, we use the model input
for the mass of the involving mesons indicated by the †

symbol. But, one should note that the prediction has some
uncertainties because of the estimated phase space being
used. Figure 8 shows some variations of the decay width as
a function of the ηcð3SÞ mass for the ψð3SÞ → ηcð3SÞ† þ γ

transition. The decay width may vary by up to around
0.06 keV when the ηcð3SÞmass is set to 4 GeV, which is an
order of magnitude larger than the values presented in
Table VI, which uses the predicted mass from Table IV.
Such discussion can be applied to other undiscovered
states. Nevertheless, the predicted values can be improved
by reexamining the transitions once the state is found.

VI. CONCLUSION

In this work, we have analyzed the mass spectra and
other properties, such as decay constants and M1 radiative
transitions, of heavy quarkonia and Bc mesons from the
ground state up to the second radially excited state by using
the LFQM. To obtain the LFWFs, we have carried out a
variational analysis by employing the QCD-motivated
effective potential and utilizing the HO basis expansion
up to 3S state which is then transformed to LFWFs. The
model parameters are obtained by fitting the decay con-
stants and mass spectra and found to be in reasonable
agreement with the data [73].
We found that the small mixing that determines the

expansion coefficients is crucial for correctly reproducing
the decay constant and mass hierarchies. Using the
obtained LFWFs, we observed that the results for the
coupling constants and decay widths of the M1 radiative
transitions between various states also show reasonable
agreement with available experimental data and lattice
QCD. These findings demonstrate that a simple approach
can capture essential features, providing a reasonable
explanation for the experimental observations of mass
spectra, decay constants, and M1 radiative transitions of
excited Bc and heavy quarkonia. However, more exper-
imental data are needed to verify hierarchies for the M1
transitions predicted in the present work.
We also pay special attention to the self-consistency of

the M1 radiative transitions with both longitudinal (h ¼ 0)

FIG. 8. Decay width Γ [KeV] of ψð3SÞ → η†cð3SÞγ as a function
of ηcð3SÞ mass. The width can be up to around 0.06 KeV when
the ηcð3SÞ mass is set to be 4 GeV.

TABLE VIII. Similar with Table VII, but for the radiative
transitions between Bð�Þ

c states. Note that the results are sensitive
to the phase space being used.

Transition ΓðOurÞ NRQM [81] RQM [22]

B�
cð1SÞ† → Bcð1SÞγ 4.03ð25Þ × 10−3 4.04 × 10−2 3.30 × 10−2

B�
cð2SÞ† → Bcð2SÞγ 1.50ð24Þ × 10−3 3.30 × 10−3 1.70 × 10−2

B�
cð3SÞ† → Bcð3SÞ†γ 8.08ð37Þ × 10−3 � � � � � �

B�
cð2SÞ† → Bcð1SÞγ 0.57(7) 0.56 0.43

B�
cð3SÞ† → Bcð2SÞγ 0.17(2) � � � � � �

B�
cð3SÞ† → Bcð1SÞγ 4.93ð28Þ × 10−2 � � � � � �

Bcð2SÞ → B�
cð1SÞ†γ 1.38(16) 0.14 0.49

Bcð3SÞ† → B�
cð2SÞ†γ 0.33(3) � � � � � �

Bcð3SÞ† → B�
cð1SÞ†γ 0.12(1) � � � � � �
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and transverse ðh ¼ �1Þ polarizations by considering the
good (μ ¼ þ) and transverse (μ ¼ ⊥) components of
currents. For the first time, we have shown that the coupling
constants gVPγ as well as the transition form factors
FVPγðQ2Þ with any Q2 are the same, regardless of the
current component and the polarizations being used. This is
in contrast to the case of BLFQ [40], where different
polarizations lead to different results. We emphasize
that the self-consistency can be obtained by replacing
theM → M0 in the matrix elements, which is in accordance
with the Bakamjian-Thomas (BT) construction that has
been discussed in details in the previous works [60–64]. We
have shown that the observables with different polariza-
tions are useful to quantify the rotational symmetry break-
ing of the wave function. The use of the HO basis functions
will naturally satisfy hk2⊥i ¼ h2k2zi.
As an outlook, further investigation is required regarding

the wave function model, the fitting procedure, and the
potentials employed [72], as they influence the parameter
values needed to determine the observables. For a self-
consistent study, it would be interesting to investigate the
matrix elements for the minus (bad) component (μ ¼ −) to
compare with the present results, although complications
such as modifications to the Lorentz structure and nonzero
helicity flip contributions may arise [64]. Such a study
could alternatively be verified using the Bethe-Salpeter
model by applying the replacement M → M0 [61]. More
detailed investigations will be addressed in future work.
Furthermore, exploring excited quarkonia and Bc mesons
beyond the leading Fock space is crucial to clarifying the
underlying dynamics.
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APPENDIX A: WAVE FUNCTION
AND MASS FORMULA

1. Wave function

In this work, we use the HO basis functions and consider
up to three basis functions. The wave function is written as

Φi ¼ Rijϕ
HO
j ; ðA1Þ

0
B@

Φ1S

Φ2S

Φ3S

1
CA ¼

0
B@

c1S1 c1S2 c1S3
c2S1 c2S2 c2S3
c3S1 c3S2 c3S3

1
CA
0
B@

ϕHO
1S

ϕHO
2S

ϕHO
3S

1
CA; ðA2Þ

where the mixing matrix R is explicitly given by

R¼

0
B@
1 0 0

0 c23 s23
0 −s23 c23

1
CA
0
B@

c13 0 s13
0 1 0

−s13 0 c13

1
CA
0
B@

c12 s12 0

−s12 c12 0

0 0 1

1
CA

¼

0
B@

c12c13 s12c13 s13
−s12c23− c12s23s13 c12c23− s12s23s13 s23c13
s12s23− c12c23s13 −c12s23− s12c23s13 c23c13

1
CA;

ðA3Þ

with cijðsijÞ ¼ cos θijðsin θijÞ and i, j ¼ 1, 2, 3. For
instance, the wave function of 1S state meson is

Φ1S ¼ c1S1 ϕ1S þ c1S2 ϕ2S þ c1S3 ϕ3S; ðA4Þ

with

c1S1 ¼ c12c13; c1S2 ¼ s12c13; c1S3 ¼ s13: ðA5Þ

The wave functions of the 2S and 3S states are obtained by
replacing the expansion coefficients appropriately as

c2S1 ¼ −s12c23 − c12s23s13; ðA6Þ

c2S2 ¼ c12c23 − s12s23s13; ðA7Þ

c2S3 ¼ s23c13; ðA8Þ

and

c3S1 ¼ s12s23 − c12c23s13; ðA9Þ

c3S2 ¼ −c12s23 − s12c23s13; ðA10Þ

c3S3 ¼ c23c13; ðA11Þ

respectively. The sum of the squared expansion coeffi-
cients is

c21 þ c22 þ c23 ¼ 1; ðA12Þ

ensuring that the squared wave function jΦnSj2 is normal-
ized to unity.
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2. Mass formula

The mass formula for mesons using the HO basis
functions, expanded up to 3S basis functions, is given by

Mqq̄ ¼ hΨqq̄jðH0 þ Vqq̄ÞjΨqq̄i
¼ hH0i þ hVConfi þ hVCouli þ hVHypi: ðA13Þ

The kinetic matrix elements are given by

hH0i ¼
β

120
ffiffiffi
π

p
X
j¼1;2

�
ðg1 þ g2z2i Þziezi=2K1

�
zi
2

�

þ g3z2i ðz2i − 3Þezi=2K2

�
zi
2

�

þ 15
ffiffiffi
π

p ðg4Uð−1=2;−2; ziÞ þ g5Uð−1=2;−4; ziÞ

þ g6Uð−1=2;−5; ziÞÞ
�
; ðA14Þ

where zi ¼ m2
i =β

2, KnðxÞ is the modified Bessel function
of second kind of order n, and Uða; b; zÞ is the Tricomi’s
(confluent hypergeometric) function. The coefficients are
given by

g1 ¼ 120c21 − 120
ffiffiffi
6

p
c1c2 þ 180c22 þ 60

ffiffiffiffiffi
30

p
c1c3

− 180
ffiffiffi
5

p
c2c3 þ 225c23; ðA15Þ

g2 ¼ 40c22 þ 8
ffiffiffiffiffi
30

p
c1c3 − 104

ffiffiffi
5

p
c2c3 þ 260c23; ðA16Þ

g3 ¼ −4ð10c22 − 26
ffiffiffi
5

p
c2c3 þ 2

ffiffiffiffiffi
30

p
c1c3 þ 65c23Þ; ðA17Þ

and

g4 ¼ 4ð−6c22 þ 9
ffiffiffi
5

p
c2c3 − 15c23 þ 2

ffiffiffi
6

p
ðc1c2 −

ffiffiffi
5

p
c1c3ÞÞ;
ðA18Þ

g5 ¼ 28ð
ffiffiffi
5

p
c2c3 − 5c23Þ; ðA19Þ

g6 ¼ 63c23; ðA20Þ

Several types of confining potentials are used in the
literature. Here, we provide two common ones. The matrix
element of the linear confining potential is given by

hVLin
Confi ¼ aþ b

β
ffiffiffi
π

p
�
2c21 þ 3c22 þ

15

4
c23 − 2

ffiffiffi
2

3

r
c1c2

−
ffiffiffiffiffi
2

15

r
c1c3 −

ffiffiffi
5

p
c2c3

�
; ðA21Þ

while the matrix element for the screened potential is
given by

hVscr
Confi ¼ aþ b

μ
þ b
3840

ffiffiffi
π

p
β10μ

�
2βμðd1β8 þ d2β6μ2

þ d3β4μ4 þ d4β2μ6 þ d5μ8Þ −
ffiffiffi
π

p
eμ

2=4β2ðf1β10
þ f2β8μ2 þ f3β6μ4 þ f4β4μ6 þ f5β2μ8

þ f6μ10Þerfc
�
μ

2β

��
; ðA22Þ

where

d1 ¼ 32ð60c21 − 4
ffiffiffi
6

p
ð10c1c2 þ

ffiffiffi
5

p
c1c3Þ

þ 15ð8c22 − 4
ffiffiffi
5

p
c2c3 þ 11c23ÞÞ; ðA23Þ

d2 ¼ 32ð40c22 − 48
ffiffiffi
5

p
c2c3 þ 115c23

þ 2
ffiffiffi
6

p
ð−5c1c2 þ 2

ffiffiffi
5

p
c1c3Þ; ðA24Þ

d3 ¼ 8ð10c22 − 28
ffiffiffi
5

p
c2c3 þ 2

ffiffiffiffiffi
30

p
c1c3 þ 89c23Þ; ðA25Þ

d4 ¼ −8ð
ffiffiffi
5

p
c2c3 − 6c23Þ; ðA26Þ

d5 ¼ c23: ðA27Þ

and

f1 ¼ 3840; ðA28Þ

f2 ¼ 1920ðc21 þ 3c22 þ 5c23 −
ffiffiffi
6

p
c1c2 − 2

ffiffiffi
5

p
c2c3Þ; ðA29Þ

f3 ¼ 160ð9c22þ 30c23þ
ffiffiffiffiffi
30

p
c1c3− 2

ffiffiffi
6

p
c1c2 −12

ffiffiffi
5

p
c2c3Þ;
ðA30Þ

f4 ¼ 16ð5c22 þ 50c23 − 15
ffiffiffi
5

p
c2c3 þ

ffiffiffiffiffi
30

p
c1c3Þ; ðA31Þ

f5 ¼ 50c23 − 8
ffiffiffi
5

p
c2c3; ðA32Þ

f6 ¼ c23: ðA33Þ

with

erfcðzÞ ¼ 1 − erfðzÞ: ðA34Þ

Lastly, the matrix elements for the Coulomb and Hyperfine
potentials are given by

hVCouli ¼ −
βαs
45

ffiffiffi
π

p ð120c21 þ 100c22 þ 89c23 þ 40
ffiffiffi
6

p
c1c2

þ 12
ffiffiffiffiffi
30

p
c1c3 þ 44

ffiffiffi
5

p
c2c3Þ; ðA35Þ

and
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hVHypi ¼
hSq · Sq̄iβ3αs
3m1m2

ffiffiffi
π

p
�
32

3
c21 þ 16c22 þ 20c23

þ 32

ffiffiffi
2

3

r
c1c2 þ 16

ffiffiffiffiffi
10

3

r
c1c3 þ 16

ffiffiffi
5

p
c2c3

�
:

ðA36Þ

The mass of the meson for 1S, 2S, and 3S states is
computed by replacing ci in the mass formula with c1Si ,
c2Si , or c3Si , respectively.

APPENDIX B: FITTING PROCEDURE
AND ERROR PROPAGATION

Here we explain the fitting procedure to determine the
model parameters and show how we obtain the error
propagation numerically. This is an attempt to fix the
model parameters using a statistical method and quantify
the statistical uncertainty of the parameters, instead of
determining them via the trial-and-error method. We started
with a large number of parameters, but the variational
principle put some constraints and reduced them signifi-
cantly. Additionally, we assume that θ13 ¼ θ23 and b ¼
0.18 GeV2 to simplify the parametrization.
As mentioned earlier, this work is based on the varia-

tional analysis where the variational parameters β are
constrained by means of

∂hH0ðβqq̄Þ þ VConfðβqq̄Þ þ VCoulðβqq̄Þi
∂βqq̄

¼ 0; ðB1Þ

where we treat the hyperfine interaction perturbatively,
which works sufficiently well for mesons that contain
heavy quarks. The above equation enables us to express the
parameter β in term of other parameters for each meson as

βcc̄ → βcc̄ðθ12; θ13; mq;mq̄; a; c; αsÞ; ðB2Þ

βbc̄ → βbc̄ðθ12; θ13; mq;mq̄; a; c; αsÞ; ðB3Þ

βbb̄ → βbb̄ðθ12; θ13; mq;mq̄; a; c; αsÞ; ðB4Þ

where we assume that the potential and mixing parameters
are commons for each meson.
To summarize, we have seven free parameters

(θ12; θ13; mq;mq̄; a; c; αs) to fit. By using these parameters,
βqq̄ are automatically determined from the constraint given
by Eq. (B1). Then, we fit these parameters to the exper-
imental data of mass spectra and decay constants by using
the iMinuit package [74,75], simultaneously, where the χ2 is
defined by Eq. (53). The parameter uncertainty is also
extracted from the Hesse error. Note that we have intro-
duced σmod in an attempt to reduce the fitting bias due to the
different precision.

To estimate the uncertainty, we utilize the Monte Carlo
method, a statistical approach that assesses the propagation
of uncertainties through random sampling to evaluate how
the uncertainties of input parameters affect the output. In
the Monte Carlo approach, each input parameter xi is
associated with a probability distribution characterized by a
mean value μi and a standard deviation (uncertainty) σi.
Parameters are then sampled from these distributions, using
the normal distributions

xi ∼N ðμi; σ2i Þ: ðB5Þ
For each set of sampled parameters, the output y is calcu-
lated, resulting in yk ¼ fðxk1; xk2;…; xknÞ for k ¼ 1; 2;…; N.
The output is characterized by its mean value ȳ, which
represents the expected value, and the standard deviation
σy, which measures the spread of the output values around
the mean. As for a rough estimation of the uncertainty,
we do not consider the covariance matrix in this work.
For example, we present the histogram of the masses of
J=ψ , ψð2SÞ, and ψð3SÞ in Fig. 9. It shows that the mass
distributions approximately follow a Gaussian distribution,
allowing us to extract the mean and standard deviation.

APPENDIX C: SOME CONVENTIONS
AND DEFINITIONS

In this work, we use the Lepage-Brodsky convention
[82], given by

�
xþ

x−

�
¼

�
1 1

1 −1

��
x0

x3

�
; ðC1Þ

where

gαβ ¼
�
0 2

2 0

�
and gαβ ¼

�
0 1

2

1
2

0

�
: ðC2Þ

FIG. 9. Histogram of the masses of J=ψ , ψð2SÞ, and ψð3SÞ
computed using the Monte Carlo method to quantify uncertainty.
The mean and standard deviation for each mass are represented
by the dashed and dash-dotted lines, respectively.
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The scalar product can be written as

x · p ¼ 1

2
ðxþp− þ x−pþÞ − x⊥ · p⊥: ðC3Þ

1. Dirac spinor

The Dirac spinors in the light-front basis are given by

uλðpÞ ¼
1ffiffiffiffiffiffi
pþp ð=pþmÞuλ; ðC4Þ

vλðpÞ ¼
1ffiffiffiffiffiffi
pþp ð=p −mÞvλ; ðC5Þ

where

u↑ ¼

0
BBB@

1

0

0

0

1
CCCA; u↓ ¼

0
BBB@

0

0

0

1

1
CCCA; ðC6Þ

and vλ ¼ u−λ. The antispinors are given by ū ¼ u†γ0 and
v̄ ¼ v†γ0. In the chiral representation, the Dirac matrices
are defined as

γ0 ¼
�
0 I

I 0

�
; γi ¼

�
0 σi

−σi 0

�
; γ5 ¼

�−I 0

0 I

�
;

ðC7Þ
where γ� ¼ γ0 � γ3 and γRðLÞ ¼ γ1 � iγ2.
Explicitly, the Dirac spinors are

u↑ðpÞ ¼
1ffiffiffiffiffiffi
pþp

0
BBB@

m

0

pþ

pR

1
CCCA; u↓ðpÞ ¼

1ffiffiffiffiffiffi
pþp

0
BBB@

−pL

pþ

0

m

1
CCCA;

ðC8Þ

v↑ðpÞ ¼
1ffiffiffiffiffiffi
pþp

0
BBB@

−pL

pþ

0

−m

1
CCCA; v↓ðpÞ ¼

1ffiffiffiffiffiffi
pþp

0
BBB@

−m
0

pþ

pR

1
CCCA;

ðC9Þ
and the antispinors are

ū↑ðpÞ ¼
1ffiffiffiffiffiffi
pþp ðpþ; pL; m; 0 Þ; ðC10Þ

ū↓ðpÞ ¼
1ffiffiffiffiffiffi
pþp ð 0; m; −pR; pþ Þ; ðC11Þ

v̄↑ðpÞ ¼
1ffiffiffiffiffiffi
pþp ð 0; −m; −pR; pþ Þ; ðC12Þ

v̄↓ðpÞ ¼
1ffiffiffiffiffiffi
pþp ðpþ; pL; −m; 0 Þ: ðC13Þ

The elements of Dirac matrix can be derived and are
summarized in Table IX.

2. Spin-orbit wave function

The explicit form of the spin-orbit wave functions for the
pseudoscalar and vector mesons are given by

R00
λ1λ2

ðx; k⊥Þ ¼
R0ffiffiffi
2

p
�
−kL A

−A −kR

�
; ðC14Þ

and

R1þ1
λ1λ2

ðx; k⊥Þ ¼ R0

0
B@Aþ k2⊥

D0
kR M1

D0

−kR M2

D0
− ðkRÞ2

D0

1
CA; ðC15Þ

R10
λ1λ2

ðx; k⊥Þ ¼
R0ffiffiffi
2

p

0
B@ kL M

D0
Aþ 2k2⊥

D0

Aþ 2k2⊥
D0

−kR M
D0

1
CA; ðC16Þ

R1−1
λ1λ2

ðx; k⊥Þ ¼ R0

0
B@ − ðkLÞ2

D0
kL M2

D0

−kL M1

D0
Aþ k2⊥

D0

1
CA; ðC17Þ

with kRðLÞ ¼kx� iky and R0¼1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2þk2⊥

p
. Furthermore,

we define A ¼ xmq̄ þ ð1 − xÞmq and M ¼ M2 −M1

with

M1 ¼ xM0 þm1; ðC18Þ

M2 ¼ ð1 − xÞM0 þm2; ðC19Þ

Note that when computing the transition operator,
we need to take the Hermitian conjugate, ensuring that
ðkRðLÞÞ† ¼ kLðRÞ.

TABLE IX. The Dirac matrix elements ūλ0 ðp0
1Þγμuλðp1Þ for

various components of currents μ, classified by the helicity
contribution λλ0. The helicity flip contributions are zero for plus
(μ ¼ þ) and transverse [μ ¼ RðLÞ] components.

Matrix elements ↑↑ ↑↓ ↓↑ ↓↓

ūλ0 ðp0
1Þγþuλðp1Þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

0þ
1

p
0 0 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

0þ
1

p
ūλ0 ðp0

1ÞγRuλðp1Þ 2pR
1

0 0 2p0R
1

ūλ0 ðp0
1ÞγLuλðp1Þ 2p0L

1
0 0 2pL

1
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3. Antisymmetric tensor

The antisymmetric Levi-Civita tensor is used to compute
the Lorentz structure in Eq. (35). It is defined as

ϵμνρσ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgÞp

8<
:

þ1 even permutation −þxy;

−1 odd permutation −þxy;

0 others;

ðC20Þ

where
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgÞp ¼ 1=2.

APPENDIX D: MATRIX ELEMENTS
OF RADIATIVE DECAYS

We provide a detailed calculation of the matrix elements
for the radiative decays in the LFQM, considering various
combinations of current components and polarizations.

1. Plus component ðμ= + Þ and transverse
polarization ðh= � 1Þ

The matrix elements for plus component and transverse
polarization can be written as

Sþ
h ¼ 1

x

X
λλ0 λ̄

R00†
λ0 λ̄ ðx; k0⊥Þūλ0 ðp0

1Þγþuλðp1ÞR11
λλ̄
ðx; k⊥Þ: ðD1Þ

Because the helicity flip terms in the Dirac matrix elements
vanish, namely,

ūλ0 ðp0
1Þγþuλðp1Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
1 p

0þ
1

q
δλλ0 ; ðD2Þ

the summation is reduced to a sum over λ and λ̄. The
remaining terms, defined by Sþ

þ1ðλλ̄Þ, are given by

Sþ
þ1ð↑↑Þ ¼ −

ffiffiffi
2

p
PþN0k0R

�
Aþ k2⊥

D0

�
; ðD3Þ

Sþ
þ1ð↓↓Þ ¼

ffiffiffi
2

p
PþN0k0L

kRkR

D0

; ðD4Þ

Sþ
þ1ð↑↓Þ ¼

ffiffiffi
2

p
PþN0AkR

M1

D0

; ðD5Þ

Sþ
þ1ð↓↑Þ ¼

ffiffiffi
2

p
PþN0AkR

M2

D0

; ðD6Þ

with

N0 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þ k2⊥
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

A2 þ k02⊥
p : ðD7Þ

By summing all four terms above, we obtain

Sþ
þ1

N0

¼
ffiffiffi
2

p
Pþð1 − xÞ

�
AqR þ ðqRkLkR − qLkRkRÞ

D0

�
: ðD8Þ

Note that the Sþ
−1 term can be computed similarly. We then

take the average of the sum of matrix elements as
Sþ
�1 ¼ 1

2
ðSþ

þ1q
L þ Sþ

−1q
RÞ. By combining the tensor and

matrix transition terms, we obtain the operator

Oþ
�1 ¼

ffiffiffi
2

p

q2⊥Pþ
Sþ
�1

N0

¼ 2ð1 − xÞ
�
Aþ 2

D0

�
k2⊥ −

ðk⊥ · q⊥Þ2
q2⊥

��
; ðD9Þ

where we have used qLqR ¼ q2⊥ and

1

2
½kLqR þ kRqL� ¼ k⊥ · q⊥; ðD10Þ

1

2
½kLkLqRqR þ kRkRqLqL� ¼ 2ðk⊥ · q⊥Þ2 − k2⊥q2⊥: ðD11Þ

2. Transverse component ½μ=RðLÞ�
and longitudinal polarization (h= 0)

The matrix elements for transverse component and
longitudinal polarization can be written as

SRðLÞ
0 ¼ 1

x

X
λ0λλ̄

R00†
λ0 λ̄ ðx; k0⊥Þūλ0 ðp0

1ÞγRðLÞuλðp1ÞR10
λλ̄
ðx; k⊥Þ;

ðD12Þ

where we introduce the indices RðLÞ for the transverse
components. For μ ¼ R, the remaining terms, defined by
SR
0 ðλλ̄Þ, are given by

SR
0 ð↑↑Þ ¼ −

N0

x
pR
1 k

0R MkL

D0

; ðD13Þ

SR
0 ð↓↓Þ ¼

N0

x
p0R
1 k

0L MkR

D0

; ðD14Þ

SR
0 ð↑↓Þ ¼

N0

x
pR
1A

�
Aþ 2k2

D0

�
; ðD15Þ

SR
0 ð↓↑Þ ¼ −

N0

x
p0R
1 A

�
Aþ 2k2⊥

D0

�
: ðD16Þ

Summing them up, we find

SR
0

N0

¼ 1

x

�
M
D0

ð−kRk0RkL þ kRk0LkR − qRk0LkRÞ

þA
�
Aþ 2k2⊥

D0

�
qR

�
: ðD17Þ
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The SL
0 can be computed similarly. Taking the average of

those two components, we have S⊥
0 ¼ 1

2
ðqLSR

0 − qRSL
0 Þ.

By combining the tensor and matrix transition terms, we
derive the operator

O⊥
0 ¼ 1

q2⊥M0

S⊥
0

N0

¼ 1

xM0

�
A
�
Aþ 2k2⊥

D0

�
þM

D0

�
ð1 − 2xÞk2⊥

þ ð1 − xÞ
�
ðk⊥ · q⊥Þ −

2ðk⊥ · q⊥Þ2
q2⊥

��

: ðD18Þ

3. Transverse component ½μ=RðLÞ� and transverse
polarization ½h= + 1ð− 1Þ�

Next, we compute the matrix elements for transverse
component and polarization, which are given by

SRðLÞ
�1 ¼ 1

x

X
λ0λλ̄

R00†
λ0 λ̄ ðx; k0⊥Þūλ0 ðp0

1ÞγRðLÞuλðp1ÞR1�1
λλ̄

ðx; k⊥Þ:

ðD19Þ
When computing the matrix elements, we realize that
the results depend on whether the assignment μ ¼ R
is combined with h ¼ þ1 or h ¼ −1. This dependence
is also reflected in the computation of the Lorentz struc-
ture, as shown in Table I. Here we compute the first
combination of μ ¼ RðLÞ and h ¼ þ1ð−1Þ. For μ ¼ R
and h ¼ þ1, the surviving terms, defined as SR

þ1ðλλ̄Þ, are
given by

SR
þ1ð↑↑Þ ¼ −

ffiffiffi
2

p
N0pR

1 k
0R
�
Aþ k2⊥

D0

�
; ðD20Þ

SR
þ1ð↓↓Þ ¼

ffiffiffi
2

p
N0p0R

1 k
0L k

RkR

D0

; ðD21Þ

SR
þ1ð↑↓Þ ¼

ffiffiffi
2

p
N0ApR

1 k
R M1

D0

; ðD22Þ

SR
þ1ð↓↑Þ ¼

ffiffiffi
2

p
N0Ap0R

1 k
RM2

D0

: ðD23Þ

Summing them up, we obtain

SR
þ1

N0

¼
ffiffiffi
2

p �
A
D0

fkRkRðM1 þM2Þ− qRkRM2 þ xPRðM1

þM2Þg− ðkR þ xPRÞðkR − ð1− xÞqRÞ
�
Aþ k2⊥

D0

�

þ kRk0L
kRkR

D0

− qRk0L
kRkR

D0

þ xPRk0L
kRkR

D0

�
; ðD24Þ

and SL
−1 can be computed similarly. We then combine them

to obtain S⊥
�1 ¼ 1

2
ðPLqLSR

þ1 þ PRqRSL
−1Þ. The operator

can be computed as

O⊥
�1 ¼ −

ffiffiffi
2

p

P2⊥q2⊥
S⊥
�1;

¼ 2ð1 − xÞ
�
Aþ 2

D0

�
k2⊥ −

ðk⊥ · q⊥Þ2
q2⊥

��
þ ÕðP⊥Þ;

ðD25Þ
where we set P⊥ → 0 to drop the P⊥ dependent part ÕðP⊥Þ
for the sake of simplicity. It is evident that the result is the
same as that with the plus current ðμ ¼ þÞ.

4. Transverse component ½μ=RðLÞ� and transverse
polarization ½h= − 1ð+ 1Þ�

Lastly, we compute the matrix elements with the second
combinations of μ ¼ RðLÞ and h ¼ −1ðþ1Þ. For μ ¼ L
and h ¼ þ1, the remaining terms are given by

SL
þ1ð↑↑Þ ¼ −

ffiffiffi
2

p
N0pL

1 k
0R
�
Aþ k2⊥

D0

�
; ðD26Þ

SL
þ1ð↓↓Þ ¼

ffiffiffi
2

p
N0pL

1 k
0L k

RkR

D0

; ðD27Þ

SL
þ1ð↑↓Þ ¼

ffiffiffi
2

p
N0Ap0L

1 k
R M1

D0

; ðD28Þ

SL
þ1ð↓↑Þ ¼

ffiffiffi
2

p
N0ApL

1 k
RM2

D0

: ðD29Þ

Summing all four terms in SL
þ1, we obtain

SL
þ1

N0

¼
ffiffiffi
2

p �
kRqL

�
Aþ xk2⊥

D0

−
AM1

D0

�

þ ð1 − xÞðkLqR − q2⊥Þ
�
Aþ k2⊥

D0

��
ðD30Þ

and SR
−1 can be computed similarly. We combine them to

obtain S⊥
�1 ¼ 1

2
ðSR

−1 þ SL
þ1Þ. We then find the operator as

O⊥
�1 ¼

ffiffiffi
2

p

q−Pþ S⊥
�1;

¼ 2

xðM2
0 −M02

0 − q2⊥Þ
�
ðk⊥ · q⊥Þ

�
Aþ xk2⊥

D0

−
AM1

D0

�

þ ð1 − xÞðk⊥ · q⊥ − q2⊥Þ
�
Aþ k2⊥

D0

��
: ðD31Þ

Although they are derived from the transverse component
and polarization, we show that the above formula is
different from that in Eq. (D25).
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