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In this study, we investigate the properties of pseudoscalar and vector charmonia, bottomonia, and B,
mesons using the light-front quark model, focusing on the M1 radiative transition. For that purpose, we
conduct a variational analysis with a quantum chromodynamics (QCD)-motivated effective Hamiltonian,
employing a trial wave function expanded in the harmonic oscillator basis functions up to the 35 state. We
fit the model parameters to mass spectra and decay constants, obtaining reasonable agreement with
experimental data and correctly reflecting the hierarchy of mass spectra and decay constants. In analyzing
the M1 radiative transition, we consider both good (¢4 = +) and transverse (4 = _L) current components
with both longitudinal (2 = 0) and transverse (h = +1) polarizations, demonstrating that the results from
both components of currents and polarizations are identical. Self-consistency is achieved by substituting M
with M, when computing the operators for decay constants and radiative transitions. We also find that the
difference between longitudinal and transverse polarizations of the observables may quantify the
anisotropy of the model wave function. Our results on radiative transitions align reasonably well with
experimental data, lattice QCD, and theoretical predictions. Furthermore, we also provide predictions for

B. mesons that can be tested in experiments.
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I. INTRODUCTION

Understanding the fundamental components of the
Universe requires a deep knowledge of hadron physics.
Governed by quantum chromodynamics (QCD), hadrons
present significant challenges due to their nonperturbative
nature, which complicates the study of their structure [1].
Since the discovery of charmonium in 1974 [2,3], these
systems have been crucial for studying hadron structure
due to their relatively simple composition, a pair of heavy
quark and antiquark. In particular, investigating higher
excited states of heavy quarkonia can provide insights
into confinement. For a comprehensive overview of the
development of heavy quarkonia in various contexts, see
Refs. [4-9].

To understand excited heavy quarkonia, it is essential to
study various properties such as their mass spectra, decay
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constants, decay branching ratios, and transition form
factors, as these properties provide unique and detailed
insights into their internal structure. Radiative transitions,
especially M1 transitions, provide a simple test of non-
perturbative models and are valuable for probing the
internal structure of quarkonia through their electromag-
netic interactions. The radiative transitions in quarkonia
have been examined using the nonrelativistic potential
model [10-16], and some attempts have been made to
include relativistic corrections [17-23]. Studies on radiative
transitions using various other methods have also been
developed [24-28]. Moreover, lattice QCD [29-35] has
advanced the study of these transitions by providing
providing tighter constraints on theoretical models.

Analyses of radiative transitions on the light front have
been conducted using several approaches [36—42]; how-
ever, studies focusing on excited quarkonia remain limited
[39-42]. Notably, light-front dynamics(LFD) [43—45] pro-
vides an effective framework for addressing relativistic
effects due to its unique rational energy-momentum
dispersion relation. This approach incorporates the maxi-
mum number of kinematic (or interaction-independent)
generators, simplifying the dynamics required to achieve
QCD solutions that reflect full Poincaré symmetries. Note
that the approaches based on LFD has been applied to study
various properties of mesons [46-50].

Published by the American Physical Society
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In the light-front quark model (LFQM) [36,51], the
radiative transition between ground state vector and pseu-
doscalar mesons is studied using a Gaussian wave function.
Similarly, within a framework utilizing a harmonic oscil-
lator (HO) [41] and a modified version [39], the M1
radiative decays for higher excited states of quarkonium
have also been analyzed. Additionally, the radiative tran-
sition has recently been studied using basis light-front
quantization (BLFQ) [40], where the light-front wave
function (LFWF) is obtained by diagonalizing the light-
front Hamiltonian directly. These developments suggest
that a more realistic wave function of excited states is
necessary to accurately describe experimental data.

In light-front models, achieving self-consistency using
various current components and polarization vectors has
been a long-standing issue [52-59], as the light-front zero
mode may arise in some cases. In recent years, a significant
progress has been made in developing a self-consistent
LFQM that allows for the computation of physical observ-
ables independent of specific current components [60-64].
This approach is consistent with the Bakamjian-Thomas
(BT) construction [65,66], where the interaction V,
between quark and antiquark pairs is incorporated into
the mass operator M := M, + V ;. The construction of
meson states in this framework ensures light-front energy
conservation of four-momentum at the meson-quark vertex
P~ = p; + p;, emphasizing the importance of using the
invariant mass M, to satisfy the energy conservation
relation P~ = (M3 + P3)/P". The physical mass of the
meson M that appears in the operator for computing
observables should be replaced by the invariant mass M,
accordingly. This approach has been proven to give self-
consistent results for various observables such as decay
constants [61], higher-twist distribution amplitudes
[60,63], and form factors [62,64], providing a more
comprehensive understanding of hadron structure within
the LFQM. However, the self-consistent analysis of the M1
radiative transition is yet to be done.

In this study, we aim to explore the properties of heavy
quarkonia and B, mesons within the LFQM, with a
particular focus on their excited states in the § wave
(pseudoscalar [n'S;] and vector [1#3S;] mesons) to better
understand their internal structure. To achieve this, we first
construct the meson wave functions by expanding the HO
basis functions up to the 3S state, which is a crucial
component of the LFQM. The expansion of HO basis
functions has proven to be effective and successful in
describing experimental constraints on mass spectra and
decay constants, particularly for the first radial excitation
(2S state)' [48,49].

'For simplicity, we have simplified the notation n>*'L; to nL
states, which covers both pseudoscalar and vector mesons.

The present work serves as an extension to the second
radial excitation, concentrating on heavy quarkonia and B,
states, where y(3S) and Y (3S) states have been observed
and can be used to constrain the model. We then provide
predictions for B. mesons, which are relevant for the LHC
experiment. Here we also adopt a screened confining
potential that significantly impacts higher excited states.
Note that the screened potential has been adopted in the
nonrelativistic quark model [15,17,25], but the analysis
using this potential in the LFQM to obtain the LFWF is not
done. We then fit the model parameters to the mass spectra
and decay constants, achieving reasonable agreement with
experimental data and satisfying the observed hierarchy. A
preliminary result for charmonia using this framework has
been reported in a conference proceeding [67].

Additionally, we extend the previous LFQM calculation
of M1 radiative decays [36], which used plus component
(u = +) and transverse (h = £1) polarization, to include
calculations with transverse component (¢ = L) and both
longitudinal (& = 0) and transverse (h = +-1) polarizations.
In the BLFQ analysis [40], the transition form factor of the
M1 transitions was found to differ depending on the
polarization of the vector mesons. For the first time, we
demonstrate that these observables, specifically the tran-
sition form factor remains consistent regardless of the
current components and polarizations, due to the replace-
ment M — M, following the BT construction. We also
find that the difference between longitudinal and transverse
polarizations provides a measure of the anisotropy of the
wave function. Given the isotropic nature of the HO basis
functions used, the results for different polarizations
become identical.

For our numerical analysis, we present predictions for
M1 radiative decays of heavy quarkonia and B, mesons up
to the second radial excitation. We compare the predicted
transition form factors for both allowed (n =n') and
hindered (n # n') transitions, where n is the principle
quantum number. We obtain that our numerical results for
the coupling constants, decay widths, and branching ratios
reasonably agree with available experimental and lattice
QCD data, as well as other model calculations.

This paper is organized as follows. In Sec. II, we present
the formulation of the LFQM used in this study. We then
explain the application of the LFQM to decay constants in
Sec. III and to M1 radiative transitions in Sec. I'V. In Sec. V,
we show how we determine our model parameters and
discuss our numerical results in comparison especially with
experimental and lattice QCD data. We also address M1
radiative decays with different polarizations. Finally, we
conclude our present work in Sec. VI. The wave function
and mass formula are given explicitly in Appendix A,
followed by an explanation of the fitting procedure in
Appendix B. Some definitions used in this work, along
with the derivations of the matrix elements for M1 radiative
decays, are provided in Appendices C and D, respectively.
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II. LIGHT-FRONT QUARK MODEL

In this section, we present the basic idea of the LFQM for
describing the properties and structure of mesons [46—49].
The radial wave function is treated as a trial wave function
using the HO basis function for the variational analysis of
the QCD-motivated effective Hamiltonian, which saturates
the Fock state expansion with the constituent quark and
antiquark. Here, we consider heavy quarkonia and B,
mesons up to the second radial excitation.

The meson system at rest is described as a bound system
of effectively dressed valence quark and antiquark satisfy-
ing the eigenvalue equation of the QCD-motivated effective
Hamiltonian,

Hqt?|‘Pqt?> = qu|quq>» (1)
where M, and ¥ ; are the mass eigenvalue and eigen-
function of the gg meson state, respectively. We take the
Hamiltonian H,; in the quark-antiquark center of mass
frame as H,; = H) + V,; where

Hy=\/m2 +1 +/m} + 2)

is the kinetic energy part of the quark and antiquark with
three-momentum k. The effective interquark potential V,
is given by

VqE/ = Veont + Veou + VHypv (3)

where V., is the confining potential which includes the
screened effect as [15,17,25]

b(1 —e™)

Veont = a+ f ’ (4)
with a, b, and ¢ being parameters to be determined
later. The Coulomb and hyperfine interaction potentials
stemming from the effective one-gluon exchanges for the
S-wave mesons are written as

da; 32zray(S, - S;)
VCoul = - 37 Hyp — — o ..

&(r). (5)

9mqmq

We take the strong coupling a, as a constant parameter and
the values of the (S, - S;) are 1/4 and —3/4 for the vector
and pseudoscalar mesons, respectively.

The LFWF is represented by the Lorentz invariant
internal variables

Xi = PT/PJF, (6)

kii=pi—xP,, (7)

and helicity 1;, where P¥ = (P",P~,P,) is the four-
momentum of the meson, and (pf.p};) are the four-
momentum of the quark and antiquark, respectively.

This leads to the constraints x, +x; =1 and k, ,+
k,; =0. Here we assign x=x, with k; =k,,. The
LFWF (¥ ; = lI‘%) of the nS state pseudoscalar and vector
mesons in the momentum space is then given by [46—49]

W (x kL A) = (DnS(x’kJ-)Rlea (x. kL), ®)

where @, is the radial wave function and Rﬁhﬁf is the spin-
qaq

orbit wave function that is obtained by the interaction-
independent Melosh transformation [68] from the ordinary
spin-orbit wave function assigned by the quantum number
JPC. The covariant forms of R/{ﬁq for pseudoscalar P and

vector V) mesons are given by

1
Tho— oo, (ps), 9
Aghq \/EMO /Iq(pq) PV) lq(pq) ( )
where
Ip =vs, (10)
€ (pg— pg)
ry = () + =P (1)

with M, = \/M% — (m, —my)?, Dy=My+ m,+ mg,

and the boost-invariant mass of meson is given by

ki +m; ki—!—m%l

X 1-—x

M3 = (12)

The polarization vectors e#(h) = (¢, e, €, ) of the vector
meson are given by

2
(1) = (0 pees () Pres())
1 (,, -M}+P2
GM(O):VO PT, - pt ’PJ_ ’ (13)

where €, (+1) =F 5 (1., &i). Note that R3", follows the

orthonormal condition as

Z <R/J1:'1z7

Aghq

RIY) = 618 (14)

The equation above demonstrates the orthogonality
between the pseudoscalar and vector mesons. The explicit
form can be seen in Appendix C.

For the radial wave function of Eq. (8), we use the HO
basis functions expanded up to the 3S state, i.e., ®; =

R; jqﬁ?o and can be explicitly written as [67]
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s 1S 1S HO
D5 6y G 1S
_ 25 28 28 HO

Qs | =7 € € s |- (15)
35 38 .38 HO
D a6 G 38

where the R matrix contains

1 0 O c3 0 553 C12
R = 0 Co3 8§23 0 1 0 —S12 C12 0
—S513 0 C13 0 0 1

S12 0

0 —s33 3

C12€13 $12€13 S13

= | —812€23 —C12823513  C12023 — 812923813 $23C13 |

—C12823 —812€23513  €23C13
(16)

§12823 = C12C23513

with ¢;;(s;;) = cos@,;(sin;;). Note that the form of R is
similar to the CKM matrix [69]. This form of R maintains
the orthonormality of the wave functions

<CDnS|(Dn’S> = énn" (17)

This is an extension of the previous works [48,70] where
only two HO basis functions up to the 2§ state are
considered. For a more accurate approximation of the
eigenstates of the Hamiltonian, one can use the Gaussian
expansion method (GEM) [71]. This method reproduces
the asymptotic behavior at both short (r — 0) and long
(r —» o) ranges. A useful comparison between the wave
functions obtained using GEM and those from a single
Gaussian ansatz can be found in Ref. [72], highlighting
their differences. The use of a few HO basis functions in
this work provides a simple demonstration for explaining
the mass gap and decay constant hierarchy, which is one of
the focuses of this study.

In the momentum space, the HO basis functions up to the
3§ state are expressed as

1 1208
%)(k)zme R (18)
HO/ ey (2> = 347) Eyy
nS (k) = We / ) (19)

HO (1) — (ISﬁ4 - 20ﬂ2k2 + 4k4)
35 (k) = 23073/ 1112

with k = |k| and k> = k% + k2. The f parameter, which
controls the range of the wave function, is common for the

SSO and, therefore, makes the basis functions orthogonal to
each other. Then, we perform a variable transformation
k, — x given by

e (20)

(m% - m%,)

e (21)

1
7 = (X-z)M()“’

Thus, the radial wave function can be written as

q)nS(x’ kJ_) = \/ 2(2”)3\/%q)115<k)’ (22)

where the Jacobian factor

ok. M,

el e B

M;

should be included due to the variable transformation and is
important to maintain the rotational symmetry [61]. We
note that the LFWF follows the orthonormal condition as

dXdzk 1

/ 2(2z)?

The present LFQM analysis involves several parameters,
including the constituent masses of charm and bottom
quarks (m,, my), the potential parameters (a, b, c, ay), the
wave function parameter f,; for each (gg) content, and
mixing parameters 6,;, which are assumed to be common
and are found to be a good approximation [48]. To

determine the values of these parameters, we use the
variational principle which involves the condition

W W = 6y S O (24)

a<\qu|(H0 + Vconf + Vcoul)|lpq?1>
P

=0, (25

where the spin-spin interaction is treated perturbatively for
simplicity. The variational principle is essential for con-
straining the range of the wave functions. The model
parameters are then fitted to the mass spectra and decay
constants, which will be explained later in Sec. VA. With
the optimized parameters, we predict the M1 radiative
transitions between various states.

III. DECAY CONSTANTS

In this section, we present the application of the LFQM
for the decay constant, which is one of the fundamental
properties of mesons and is sensitive to the short-distance
part of the wave function. The decay constant of a
pseudoscalar meson fp and a vector meson fy, with a
four-momentum P are defined by

(017(0)7"rq(0)[P(P)) = if pP*, (26)
(01g(0)r*q(0)[V(P, h)) = fuMe", (27)

where M and (P, h) are the mass and the polarization
vector of the vector meson, respectively.
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In the standard LFQM, the decay constant can be

calculated as
\/— / / d2k J_ )C k J_

« N R [%(Pz)r w,(pl) (8
/%:2 Aia NG PV) N (28)

where I'p =y*y° and TI'y =p#, and @ =iP* and
G\, = Me*. Note that the replacement M — M, should
be carried out when obtaining the operator to get a self-
consistent result. The explicit form of f'p(y) is given by [48]

\/—/dxdsz_ @ij_)
VAT +IE

Oy (). (29)

where the operator for the pseudoscalar mesons reads
=2A, (30)

and those for the vector mesons with different polarizations
read

2
05 (0 )—2<A+2£0) (31)
2 2 2

with A = xm; + (1 —x)m,. In the LFQM, it has been
shown that the decay constants can be obtained consistently
and yield the same results using various currents, polar-
izations, and reference frames [60,61]. The difference
between the operators of decay constant computed using
the longitudinal and transverse polarizations can be written
analytically as
AOy, = (’)l(:tl) - 05(0)

_ 2 2 2(mq —my)
= D, (k 2k:) + M, k., (33)
which is vanishing after evaluating the momentum inte-
gration. The second term clearly vanishes in the equal-mass
case (m, = mg) and involves an odd term in k,, which also
vanishes after integration over dx. However, it will not
vanish unless the wave function is rotationally symmetric,
which leads to

(k1) = (2k3). (34)

IV. M1 RADIATIVE TRANSITIONS

In this study, we focus on analyzing M1 radiative
transitions in heavy quarkonia and B, mesons. These M1

transitions are characterized by changes in the spin quantum
number (AS = 1) while leaving the orbital angular momen-
tum unchanged (AL = 0). Specifically, we examine tran-
sitions between vector (pseudoscalar) mesons and
pseudoscalar (vector) mesons.

In the LFQM, there are roughly two approaches for
computing radiative decays. The first is the “standard
LFQM,” where the Melosh transformation is used to derive
the spin-orbit wave function [51]. The second is the
“covariant LFQM,” where the trace technique is used to
evaluate the matrix elements derived from one-loop
Feynman diagrams, ensuring Lorentz covariance in the
light-front calculations [54]. Despite the different tech-
niques, the results from the “covariant LFQM” will lead to
the same outcomes as those in the “standard LFQM” by
performing the “type-II” replacement, as proposed in
Ref. [63]. This mapping has been discussed recently to
check the self-consistency of the model. In this work, we
will use the standard LFQM to describe the radiative decay.

Within the LFQM, the Feynman diagram for the V(P) —
P(V)y process is shown in Fig. 1. This diagram illustrates the
transition of a vector meson into a pseudoscalar meson, and
vice versa. The initial state emits a photon, mediated by a
quark loop. For the M1 transition of vector meson V — Py,
the Fyp(Q?) form factor is defined as [36]
(P(P)em(0)[V(P. b)) = iee"?e,q,P,FyP(Q%). (35)
where the antisymmetric tensor £*° assures electromagnetic
gauge invariance and ¢ = P — P’ is the four-momentum of
the virtual photon. The F,»(Q?) can be obtained in the Drell-
Yan-West frame, where g™ = 0. In this frame, the momentum
transfer can be written as ¢> = ¢*q~ — ¢% = —¢% = -0

The Lorentz structure in the right-hand side of Eq. (35)
denoted as G, = iee"?¢e,q,P, can be computed using
different current components and polarizations. By evalu-
ating the antisymmetric tensor, we obtain &), as summa-
rized in Table I. Traditionally, we use the plus component
(u = +) with transverse polarization (h = +£1), as in
Ref. [36]. Note that for the longitudinal polarization
(h = 0), Gy vanishes, making it impossible to extract the

q

P1
P1 P
—DP> 2

)

q

FIG. 1. The Feynman diagrams for the M1 radiative transitions
V(P) — P(V)y, where the photon couples to either the quark or
antiquark, which are added coherently when computing the
decay width.
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TABLE I. The right-hand side of Eq. (35) for various compo-
nents of the current and polarizations. We define ¢®%) = ¢, +
iqy and have used the g™ = 0 frame. Note that we cannot extract
the form factor using 4 = R(L) with h = +1(—1) and P, =0
since G, vanishes, similar to the case when using ¢ = + and
h=0.

H e(h) G,(P, #0) G,(P, =0)
¢(0) 0 0
l P+ R P+ R
e+ -4 -3
e(—1) eP gt ePrq"
V2 V2
R €(0) —eMgR —eMqgR
I S 0
e(+1) Eﬁq
e(-1) e(qg"PT+P %) eq P
V2 V2
L €(0) eMqg" eMqg*
e(+1 e(qg Pt+PRq") eq” P
+h) V2 V2
e(—1) —ePtq" 0
V2

form factor. In this work, we calculate the transverse
component (4 = L), which translates to [y = R(L)] with
R(L) = x + iy, for both longitudinal (A = 0) and trans-
verse (h = +1) polarizations. Here, we set P, =0 for
simplicity, except for the cases with p = R(L) and
h = +1(—1). In these cases, we initially use a nonzero
P, frame because G¥| and G| vanish if P, = 0, as shown
in Table I. However, we set P; — 0 when presenting the
operator, which leads to the same formula as those for the
plus component (4 = +), as will be discussed later.

Now, let us compute the left-hand side of Eq. (35) in the
LFQM. First, we examine the momentum conservation for
V(P) — P(P’) + y(q) transitions in the g™ = 0 frame. We
then obtain

M? +P?
pP= (P*,%,Pl), (36)
M/2 P/2
P = (P*,% P ) (37)
M2 _M/2 +P2 _P/2
q= (07 P+ L L ’qj_>’ (38)

where P, =P, —q,. In the quark level, the initial and
final quark momenta are denoted as

T =x P, =x,P, +k,,
Initial state:{pl+ ! . Pis e (39)
Py =P, pry =xP —k,.
+ + ! / /
. | P =x P, Pu_—leJ_‘FkJ_’
Final state.{ T (40)
V4 XolF ', Pr) = Xob7| 1.

In the g = 0 frame, the spectator quark requires p; = p5"
and p,, = p), while for the struck quark, we have p; =
py" and p; =p), +q,. From these quark momentum
conservation, one can obtain
K=k —(1-x)q.. (41)
The matrix element 7% = (P(P')|Jem|V(P., h)) can be
written by the convolution formula of the initial and final
state LFWFs as

Ti= 30 P el 500

YN

=3 e, / ‘;)gﬂ’; O,k )D(x.k )

SR (k) P s, )
A A

where ¢} is the electric charge for jth quark flavor

[e.(ep) =2/3(—1/3)]. Note that one should use k',

defined in Eq. (41) in the final state LFWF. For instance,

the invariant mass in the final state becomes

m2+k?  mi+k?
+ —x

M) (x.k) = (43)
To begin with, we derive the matrix elements not only for

J L., but also for J g<L> and J i(lL). By matching the left-
and right-hand sides of Eq. (35), the form factor can be
computed as

T

Fyp(Q?) :?h- (44)

The form factor is then given by

FV'P(Q2> = eqlﬁ(mq’ mq’ QZ) + qu/;(mt?’ mq’ QZ)’ (45)

which represents a process where the photon couples to the
quark and antiquark, respectively, as illustrated in Fig. 1.
The one-loop integral 7/, is given by

dxdsz (I)(X, k'J_)CD(x,kJ_)
VA A

I = Olll)Py(h)’ (46)

where the operator derived using various current compo-
nents and polarizations are presented in Table II. The
detailed derivations are provided in Appendix D. We have

replaced M) with Mg) to obtain the operator associated
with the transverse components [y = R(L)] to achieve self-
consistent results. It is also noteworthy that the operators
for the transverse component [u = R(L)] with transverse
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TABLE IL

Operators for the radiative transitions obtained using the plus (z = +) and transverse [u = R(L)]

components with both longitudinal (2 = 0) and transverse (h = 1) polarizations in the LFQM. We have

substituted M) with M(()') to derive the operator associated with the transverse component [y = R(L)], ensuring

self-consistent results.

H e(h) @

+ €(0)

' - 2019 A+ (1 - 7))

R(L) «(0) A {A(A+E) [ - 208 + (1 - (k. -qu) - 22 ]
R(L) e(=1)le(+1) m{(h'h)(v“‘f‘%—%—ﬂ?) +(1_x)(kl'ql_qi)(-/4+’;_%)]
R(L) e(+1)[e(=1)]

2(1 - x) [A—&—%O(ki —“‘Lq—”)}

1

polarizations (h = £1) have two different forms, one of
which coincides with those for the plus compo-
nent (4 = +).

For the physical process of the M1 radiative transition
emitting real photon, we should take the Q> — 0 limit to
extract the coupling constant gyp, = Fyp(Q* — 0). In this
limit, some operators also have the analytic formulas
expressed as

2
Ofp, (1) = 2(1 - x) <A+%), (47)
0
A 2k3
Of5)(0) = L (A + Fj) . (48)

The difference of the two operators is expressed as

AOyp, = Ofp (£1) — OF)(0)

2 [ 2k%3
oyl tam] @

where we have simplified the formula for the equal-mass

case m, =mgzg=m (o better illustrate the difference.

Again, the k% and 2k? terms appear in the operator
difference which measures the anisotropy of the wave
function. The additional factor of K2k appears because it is
a transition process.

The partial decay width for the VV — Py transition is then
computed as

(V- Py) = Gem

__Gem 2 43 50
20y + 1) vy (50)

where a.,, = 1/137 is the EM fine-structure constant and

(M5, - M3)

k =
’ oM,

(51)

is the kinematically allowed three-momentum k, = |k, | of
the outgoing real photon. For the P — Vy transition, we
need to modify k, by exchanging My, and Mp in Eq. (51).
In addition, the spin factor J,, = 1 should be replaced by
Jp = 01in Eq. (50). After obtaining the decay width, we can
calculate the branching ratio, defined as

'Y - Py)

Br(V - Py) = -
otal

, (52)

where the total decay width I'r, for each meson is taken
from particle data group (PDG) [73].

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we first discuss the model parameters,
followed by a discussion of the LFWFs and various
observables, including mass spectra, decay constants,
and M1 radiative transitions. Comparisons with experi-
mental data, Lattice QCD results, and other models are also
presented.

A. Model parameters

Before discussing the LFWFs and observables, it is
essential to determine the model parameters, which are
constrained by variational analysis [47]. To simplify
the analysis, we fix the well-known string tension at
b = 0.18 GeV? and assume 6,5 = #,3. The model param-
eters are obtained by simultaneously fitting the available
experimental data of both mass spectra and decay con-
stants, following a similar procedure as in Ref. [72].
The fitting process is performed by minimizing the y?
defined by

2 _ (07 = 0Py

X = mod)2 ’ (53)

i (o

using iMinuit package [74,75], where we define o™ =
rO7™ with r = 0.5% and 1% for the mass spectra and
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TABLE III. Model parameters and their uncertainties, determined from fitting to mass spectra and decay constants using iMinuit
[74,75]. The parameters include the constituent quark masses (m, and m,,), the potential parameters a and ¢ (all in units of GeV), the
dimensionless strong coupling constant a,, and the mixing angles #,, 6,3, and 6,3. The mixing angles control the expansion
coefficients, with the assumption that 6,3 = @,;. The string tension is fixed to the known value of b = 0.18 GeV?, whereas the

parameters f3,; are obtained from variational principle.

012 013 =0 me mip a

c O ﬂc& ﬂcB ﬂbi)

12.12(30)°  8.44(14)° 1.61(4) 497(4) —0.411(67)

0.18  0.027(12)

0.402(4) 0.542(8) 0.702(9)  1.060(11)

decay constants, respectively. The ¢™¢ will reduce the
fitting bias caused by the different precisions of exper-
imental data. The uncertainty of the parameters is obtained
using the Hesse method in the iMinuit package, and the
uncertainty propagation is computed using the Monte Carlo
method. In addition to that statistical uncertainty from the
fit, we note that excited states are more sensitive to the
choice of trial wave function, which leads to greater
systematic uncertainty compared to the ground state, see
Fig. 2 of Ref. [48]. It is worth noting that we cannot fix the
model parameters by considering only the mass spectra
or the decay constants; both are crucial in constraining

12
B (15)
101 (25) - o
(3S) e e

S 81
()]
o °
E 61 G S——

4,

2 T T T T T
0.7
e
0.6
0.5 [ ]
% ] — °
0 04 *l —
y
0.3
0.2
0.1 T T T r . .
Nc Jy B B* Nb Y

FIG. 2. Upper panel: mass spectra and lower panel: decay
constants of B, and heavy quarkonia. Comparison of our model
with experimental data (black circle), lattice QCD results (black
square), and sum rule (black triangle) is presented. It shows that
decreasing decay constants for the excited states can be repro-
duced in the present LFQM by expanding the HO basis functions.

the parameters. Therefore, in the fits, the parameters are
adjusted automatically to achieve a reasonable agreement
with both observables. Further details on the fitting
procedure and uncertainty propagation are discussed in
Appendix B.

The obtained model parameters are listed in Table III and
reasonable agreements between the fitted mass spectra, as
well as the decay constants, and the data are obtained as
shown in Fig. 2. We find 6, = 12.12° and 65 = 8.44°,
where 0, > 63, a crucial condition for describing the
decay constants of the excited states, as will be discussed
later. Note that the obtained f3,; parameters are common for
both pseudoscalar and vector mesons, reflecting the per-
turbative treatment of the spin-spin interaction. Figure 3
illustrates the effective potential using the obtained param-
eters, showing consistency with other models [19,36,48].
However, the potential is suppressed at long distances due
to the inclusion of screening confinement effects with
¢ = 0.027 GeV, a value similar to those found in Ref. [15].

B. Light-front wave functions

The LFWFs obtained for selected mesons, up to the
second radial excitation [1.(15),7.(2S),5.(3S)], are
depicted in Fig. 4, offering an initial understanding of
the meson structures. Alongside the three-dimensional (3D)

2 4
1 4
S 04
]
S
X -1y BN This work
— s Gl
-2 === (J (linear)
= Arifi et al. (Pure)
3] ——- Arifi et al. (Mixed)
0.0 0.5 1.0 15 2.0
r [fm]
FIG. 3. Comparison between our effective potential with God-

frey-Isgur(GI) [19], Choi-Ji (CJ) linear [36], and Arifi et al
models (pure & = 0 and mixed 6 = 12°) [48]. It is shown that our
potential is consistent with other models.
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Wix, k)

W(x, k)

W(x, k)

100

75

50 = N

25 m st

0

-25 -

-50 —

-10 \;\~\\\t 0.4"2

-1 S 0.6
0 , . o8

k,[GeV] 31

FIG. 4. Upper panels (a)—(c): 3D plots of the ordinary helicity LFWFs (¥4, — ¥ 4)/ V2 for . (15), n.(2S), and 7.(3S), respectively.
Lower panels (d)—(f): 3D plots of the higher helicity LEWFs Wy = W], for 1.(18), n.(25), and 7.(3S), respectively. Each panel

includes a 2D plot of LFWFs at the bottom. The wave function ¥(x, k| ) is shown in units of GeV~! and displays different nodal patterns

for each meson.

plots of the LFWFs, two-dimensional (2D) projections are
shown at the bottom of each panel. These plots display both
the ordinary (upper panel) and higher (lower panel) helicity
components of the LFWFs. The nodal structure is also
clearly reflected in the ordinary helicity components of the
LFWFs, while the higher helicity components oscillate
between positive and negative values in the k; domain.
Such features are also visualized by BLFQ [57].

The ordinary LFWF components, defined by [¥ | (x,k ) —

¥y M(x,k 0/ V2, are related to the nonrelativistic wave
function. In contrast, the higher helicity components, defined
by Wiy (x,ky) = W] (x,k_), are linked to the quark’s orbital
angular momentum. These higher helicity components have
a relativistic origin, arising from the small component of
the Dirac spinor, which depends on the orientation of the
quantization surface. Their contribution diminishes as the
quark mass increases, as implied in the formula for the spin-
orbit wave function.

As shown in Fig. 4, the higher helicity components are
smaller than the ordinary ones, which is natural since
charmonium can be approximated as a nonrelativistic
object. Because of the equal mass of the quarks, the peak
of the LFWFs is located at x,. = 0. However, for B,
mesons with unequal constituent quark masses, the peak
will be shifted to xpey = m,/(m, + my). Compared to
that of Ref. [57], our 3D plot of LFWFs is roughly
consistent after including a 1/2z factor to match their
normalization. Note that the HO functions usually result

in suppressed endpoint behavior near x =0 and x = 1 in
the LFWFs. This can be improved by utilizing a more
realistic wave function, such as the one provided by the
GEM [72].

C. Mass spectra and splittings

Our computed mass spectra, along with their comparison
to the experimental values from the PDG, are tabulated in
Table IV and illustrated in the upper panel of Fig. 2. The
predictions for yet-undiscovered states are also included.
The masses were calculated using a screened confining
potential, which is known to significantly lower the mass of
the excited states compared to those obtained using a linear
potential for the charmonia [67] and also B, mesons [76].
Overall, our predictions show good agreement with the
experimental data. This can be observed through the
relative discrepancy, defined as AM ¢y, = [(Mipeo — Mexpr)/
M x| x 100%, where the average discrepancy is less than
one percent, specifically around 0.50%, 0.52%, 0.85% for
(cg), (cb), and (bb), respectively. However, the Y(3S)
state has a higher discrepancy, approximately 1.7%, com-
pared to the others, which can be attributed to several
factors, including the fitting procedure. In Table IV, we also
present the mass uncertainties, which range from 0.95% to
3.32%, within which most of the experimental data fall. It is
important to note that a more accurate mass spectra
prediction could be achieved if we focused solely on fitting
the mass spectra. However, doing so would result in poorer
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TABLE 1IV. Numerical results of masses and decay constants of the B. mesons and heavy quarkonia in

comparison with experimental and lattice QCD data.

Mass [GeV] Decay constant [MeV]
States Our Experiment Our Experiment Lattice
17.(18) 2.999(100) 2.9841(4) 349(6) 335(75) 395(2)
17.(25) 3.612(97) 3.6377(9) 224(3) e e
17.(35) 4.027(96) e 164(3) e e
J/w 3.100(96) 3.09690(6) 397(8) 415(4) 405(6)
w(2S) 3.678(95) 3.686097(11) 286(5) 287(3)
w(3S) 4.078(94) 4.040(1) 230(4) 238(5)
B.(1S) 6.230(84) 6.27447(32) 397(6) 427(6)
B.(2S) 6.845(83) 6.8712(10) 279(4)
B.(3S) 7.250(82) e 220(3)
B:(1S) 6.301(83) 428(7)
B:(2S5) 6.891(82) 319(5)
B:(3S) 7.286(82) 265(4)
17, (18) 9.319(101) 9.3987(20) 630(9) 667(6)
1,(2S) 10.038(99) 9.999(4) 457(6) e
1,(3S) 10.495(98) 364(4)
T(1S) 9.398(100) 9.46040(10) 670(10) 689(5) 649(31)
T(29) 10.089(98) 10.0234(5) 511(8) 497(5) 481(39)
T(3S) 10.535(98) 10.3551(5) 428(6) 430(4)

predictions for the decay constants. Therefore, we have
balanced the accuracy to obtain reasonable results for both
observables.

Moreover, our model successfully explains the observed
hierarchy in the mass spectra as

AM;‘!+1)S—I’!S > AM§;1+1)S—1157 (54)

(n+1)S—nS _ 5 (n+1)S n
where AMy = Mp, —MPSW). From Table IV,

we find that AM75~'5 = 612 MeV > AM;>~'S = 578 MeV
and AM;5725 =414 MeV > AM;525 =399 MeV, which
is consistent with Eq. (54) and supports the validity of our
approach. It is worth noting that this hierarchy cannot be
reproduced using the conventional HO functions [48]. The
calculations above also demonstrate that the mass splitting
decreases as radial excitation n increases:
(Mas — M 5) > (M35 — Mys). (55)
Additionally, the similarity in the mass gap, regardless
of the quark flavor content as shown in Fig. 2, is due to

the competition between the Coulomb and confinement
potentials [48].

D. Decay constants

The predicted decay constants, along with a comparison
to experimental and lattice QCD results, are presented in
Table IV and depicted in Fig. 2. Note that the experimental
values of the decay constants are derived from the leptonic

partial width I',-,+ for vector mesons [73]. The decay
constant for 77.(15) is based on CLEO data [77]. For Y(15),
we use the I',-,+ value reported in [78]. For w(3S5), where
I',-.+ ranges between 0.6 and 1.4 keV depending on the fit
[79], we adopt the fourth solution, which is close to our fit.
Overall, the predicted values are in reasonable agreement
with the experimental results, as indicated by the relative
discrepancy Aferr - |(ftheo - fexpt)/fexpt| x 100%, with
an average discrepancy of approximately 2.7%. The aver-
age discrepancy is slightly smaller than that of the mass
spectra, which can be understood by the fact that the decay
constant is much smaller in magnitude compared to the
mass. In addition, we present the uncertainty of the decay
constants in Table IV and find that it ranges from 1.19% to
2.07%. Since we fit only the experimental data, our results
show some discrepancy with the lattice QCD data.

In contrast to the mass spectra Mp(y), the decay con-
stants fp(y) decrease as the radial excitation » increases,
indicating the hierarchy

fis > fas > fs (56)
as clearly shown in Fig. 2. Furthermore, the ratio of the
decay constants

fas/fas > fas/fis (57)
also decreases with increasing n. For instance, the decay
constants f /. fy2s), fys) are 397 MeV, 286 MeV,

and 230 MeV, respectively, with f,s/f;, = 0.72 and
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fuis)/ fy2s) = 0.80. The observed hierarchy in the decay
constants is well reproduced by our model, thanks to the
HO basis expansion, which reduces the short-distance
component of the wave function [48]. We find that
01, = 12.12° > 0,3 = 8.44°, which aligns with the obser-
vation in Eq. (57). This is because a larger mixing angle
results in a greater suppression of the decay constants for
excited states. Additionally, we provide further evidence
that this approach is also applicable to the second radial
excitation.

E. M1 radiative transition

Before discussing the numerical results for the M1
radiative transition, we examine the self-consistency of
the results computed using two different current compo-
nents: (1) the good component (¢ = +) with transverse
(h = +£1) polarization [36], and (2) the transverse compo-
nent [u = R(L)] with longitudinal (A = 0) and transverse
(h = £1) polarizations. To show the self-consistency, let
us consider J/y(1S) — n.(1S) + y for demonstration pur-
poses. By using the operators given in Table II, we can
obtain the same result for the coupling constant gyp,.
Namely, we confirm that gy;;:j’:il) = g&’ﬁﬁ{(;)'hzo’il) =
0.745 GeV~! is numerically the same.

Additionally, we also check that for any 0? value, with
different current components and polarizations, Fyp(Q?)
has the same values, as demonstrated in Fig. 5. This is the
first time we show the consistency of transition form factors
that involve vector mesons, providing more support to the
self-consistent LFQM. Our results are in contrast with those
computed in BLFQ, which show different results for
different polarizations [40]. We argue that the same result
can be obtained in the present work since we use the HO
basis function, which is inherently rotationally invariant,

0.8

0.7 1
0.6 1
0.51
0.4 1

0.3 1

F (Q?) [GeV™]

0.2 1

0.1

0.0

0 2 4 6 8 10 12
Q? [GeV?]

FIG. 5. Comparison of transition form factors Fyp(Q?) of
J/w(1S) = n.(1S) +y computed with various current compo-
nent (u = +,R(L)) and (h = 0,+1) polarizations. It is shown
that F,p(Q?) is exactly the same regardless the current compo-
nent and polarization used in the calculation.

and the replacement M — M, is used when computing the
operators in Table II.

To further explore the difference between the operators
with different polarizations, we can examine the k|
dependence of the coupling constant Gyp, (k, ). It is defined

by gyp, = [dk, gyp, (k) that is associated with the one-
loop integral 7/, (k, ) computed as

IZ:A dkjl;l(kl)

© 2z 1 k
_/ dk, [/ d9/ dx ==
0 0 o 2(2x)

O (x, k' )P (x, k) }
O (x, k). 58
X\/A2+k’f\/42 +ki h(x 1) (58)

The plot of integrands for y(nS) — 5.(n'S) +y in two
different cases (i) allowed (n = n’) and (ii) hindered (n #
n') are displayed in the left and right panels of Fig. 6,
respectively, where each column represents different case
with possible combinations of charmonia up to 3S state.
Note that the plot is associated with the integrands [the
terms inside the square brackets in Eq. (58)]. For case (i),
the integrand exhibits one peak, two peaks, and three peaks
for 18, 28, and 385, respectively, due to the overlap of the
initial and final wave functions. This also shows that
the overlap is constructive and large, which enhances the
coupling constant gyp,. However, for case (ii), the inte-
grands display destructive behavior, primarily due to the
orthogonality of the wave functions—for instance, @59 is
orthogonal to ¢11480_ In some cases, such as pion emission
decay, the orthogonality of the wave function may result in
a significant relativistic effect [80].

Furthermore, it is evident that the k|, dependence of the
integrands with two different current components for both
case (i) and case (ii) are almost the same, as shown in Fig. 6.
Due to their similar shapes, we plot the difference between

:g;{mj,h il_g;{)PI;(L),h 0
to see the structure more clearly, as shown in each bottom
panel. Examining the difference in integrals is crucial,
considering that the resulting coupling values should be
invariant regardless of the current component y = + and
u = | being used. It shows that g‘{;i (k) is typically more
enhanced (suppressed) in the low (high) transverse momen-
tum region, although the difference seems to be small,
which contrasts with those in BLFQ [40]. Although Agyp,
shows some peaks and dips in the positive and negative
regions, it will be zero after taking the k, integration,
yielding the self-consistent results as mentioned previously.

The transition form factors Fyp,(Q?) for various proc-
esses V(nS) - P(n'S) + y are presented in Fig. 7, where
the allowed (n =n') and hindered (n # n’) processes
are given in the left and right panels, respectively. One
can immediately see that as Q% — 0 the Fyp,(Q?) are

them, defined by the form Agyp,
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FIG. 6. Comparison of the gyp,(k, ) of the y(nS) — #.(n'S) + y transition for (u = +,h = +1) and (u = R(L), h = 0) cases. The

= h=t1
g;]l/'Py

right panels: hindered (n # n') case.

difference between them Agyp, =

significantly enhanced for the allowed case since they are
established from an overlap of the wave functions of the
same principal and partial wave nS. Meanwhile, the
Fyp,(Q?) are much suppressed for the hindered case
due to the orthogonality of the initial and final wave
functions. Note that, for the hindered (n # n’) case, there
is also the P(nS) — V(n'S) + y process, but the Fyp, (Q?)
is the same with those V(nS) — P(n’'S) +y. This is

- g‘{;l;m’h:o is shown at the bottom of each panel. Left panels: allowed (n = n’) case and

because we have treated the interaction
perturbatively.

In the left panels of Fig. 7 for the allowed case, we
observe that Fyp, (Q?) for (a) charmonia and (b) B, mesons
transitions between 1§ states have similar trends where the
Fyp,(Q?) have the positive value when Q* = 0 and tend to
decrease with increasing Q2. Interestingly, Fyp,(Q?)

between 2.5 or 3 states also display a decreasing behavior

spin-spin
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FIG. 7. Transition form factors Fyp,(Q?) for various processes with V(nS) — P(n'S) + y; left panels (a)—(c): allowed (n = n') case
and right panels (d)—(f): hindered (n # n’) case. Note that we include the numerical uncertainty obtained from the Monte Carlo
simulation in the width of curves. We show that F'yp, (Q?) is much suppressed for the hindered case due to the orthogonality of the wave

functions.

as Q7 increases but with some oscillations characterized
by the overlap of the initial and final wave functions.
Meanwhile, for bottomonium transitions (c), the
Fyp,(0?%) has negative values at Q> = 0, consistent with
those in the previous work by Choi [36], and increases with
increasing Q*. Furthermore, the Fp, (Q?) is more extended
to the larger value of Q2.

In the right panels of Fig. 7 for the hindered case, we can
see that the Fyp,(Q?) have a small and opposite values at
Q% =0 as compared to the allowed case due to the
orthogonality of the wave function that we mentioned
previously. The Fyp,(Q?) for V(2S) — P(1S) transitions
for (d) charmonia and (e) B. mesons seem to increase in the

small Q7 region before decreasing in the higher Q7 region,
whereas the behavior of Fyp,(Q?) is opposite for (f) bot-
tomonia transition. One can also see that Fyp,(Q?) for
V(3S) — P(1S) and V(3S) — P(2S) transitions have dif-
ferent behaviors with some more oscillations due to the
structure of the overlap of wave function.

The results of the coupling constants gyp, [GeV™']
for the radiative transitions for heavy quarkonia and B,
mesons are listed in Table V. The coupling constant
gyp, can be converted from the V(0) from the notation
in BLFQ [40] or lattice, by using gyp, =4e,V(0)/
(My + Mp). We observe that the coupling constant
values for the gr,,, = —0.1279 GeV~! is consistent with
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TABLE V. Computed coupling constants gyp, [GeV~!] in the present LFQM compared with the experimental
data extracted from PDG [73] and results from other models: BLFQ [40], GI [19], RQM [22], and NRQM [81].

Transition Our Experiment [40] [19]
Ty — n.(18)y 0.745(15) 0.684(85) 0.873 0.690

w(2S) = 1.(28)y 0.713(14) 0.871(313) 0.739 0.680
w(3S) = n.(3S)y 0.688(12) e e e
w(28) = n.(1S)y ~0.0605(37) ~0.040(3) ~0.144 ~0.056
w(3S) = 1.(28)y ~0.0595(33) . - .
w(3S) = n.(18)y ~0.0108(4)
7.(28) = J Jwy ~0.0605(37) ~0.033(2)
n.(3S) = y(28)y ~0.0595(33) .
7.(38) = J)wy ~0.0108(4)
Y(1S) = n,(18)y ~0.1279(9) ~0.141 ~0.130
T(28) = 1,(28)y ~0.1251(9) ~0.134 ~0.120
Y(3S) = 7,(38)y ~0.1227(8) . ~0.131 ~0.120
T(28) = 7,(18)y 0.0049(1) 0.0057(6) 0.011 0.007
Y(3S) = 1,(28)y 0.0052(1) <0.0099(8) 0.009 0.007
Y(3S) = 1,(18)y 0.00128(3) 0.0026(1) 0.005 0.004
1,(28) = T(1S)y 0.0049(1) . 0.005 .
1,(3) = T(2S)y 0.0052(1) 0.004
1,(38) = T(1S)y 0.00128(3) 0.002

(19] (22] (81]
B+(1S) — BX(1S)y 0.2985(72) 0.331 0.239 0.399
B+ (2S) = B (2S)y 0.2813(65) 0.354 0.268 0.178
B:+(3S) = B (38)y 0.2677(59) S -
B (2S) - B (1S)y —0.0340(19) ~0.034 ~0.030 ~0.032
B (3S) — B (2S)y ~0.0326(17) . .
B:+(3S) - BH(18)y ~0.0049(1)
BF(2S) — B (1S)y ~0.0340(21) ~0.030 ~0.042 ~0.020
B} (3S) — B:+(28)y ~0.0326(17) - - -
B (38) = B:H(18)y —0.0049(1)
—0.124(=0.119) GeV~' for linear (HO) potential in 91 umr| > 1982851 > 197, ] (59)

the previous LFQM [36]. Meanwhile, the gy, , =
0.745 GeV~! is slightly larger than in the previous LFQM
with the values 0.681(0.673) GeV~! [36]. We observe that
the coupling constants for the hindered cases have the
opposite sign compared to those of the allowed cases.
This can be understood from the orthogonality of the wave
functions, which results in a negative sign because the area in
the negative region is larger, as illustrated in Fig. 6. Note that
the sign of gy,p, from the experiment and other calculations is
chosen to be consistent with our computed gy p, , as the decay
width is the squared of the coupling constant g p,, as shown
in Eq. (50). Due to some perturbative treatment of the spin-
spin interaction, some hindered transitions have the same
values. For example, in the transition from 2§ to 1§ in
charmonium, the value obtained is the same, namely
—0.0605 GeV~!. In Table V, we show that our predictions
reasonably agree with the results extracted from experiment
[73] as well as BLFQ [40] and GI model [19].

We find that the coupling constants |gyp, | for the allowed
case is much larger than those of the hindered case. It is also
evident that the coupling constants follows hierarchy

for any transitions. Additionally, we observe that

95 79m.18)| > |9y 2s)n. 28] > |9y sy, (60)

and it applies to the B, and bottomonia cases as well. Such
hierarchy can be observed by the other model calcula-
tions [19,40], but the experimental data for the char-
monia transitions, namely g, (15, = 0.670 GeV! <
Gu(25).(25)y = 0.884 GeV~!, show opposite behavior.
More precise measurement is useful to clarify this
hierarchy.

Once these coupling constants are obtained, the partial
decay width (I') and the branching ratio (Br) can be
calculated by taking into account the relevant phase space.
Note that we use 'y, from PDG [73] when computing Br.
This will allow us for a direct comparison with the actual
experimental data. In Table VI, we show that our model
calculation is consistent with the experimental observations
within the same order of magnitude [73]. For instance, our
calculated value for I';),, (15, is 1.84 keV, which is
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TABLE VI. Partial decay widths ' [KeV] for various M1 radiative decay channel V — Py(P — Vy) for
charmonia and bottomonia. A comparison with experimental data and other models are provided. Note that the

symbol indicates the use of the predicted mass for yet unobserved states.

Transition I'(Our) Experiment [73] NRQM [10] RQM [22]
Iy = n.(18)y 1.84(8) 1.57(37) 2.72 1.05
w(28) - n.(28)y 0.14(5) 0.21(15) 1.17 0.99
w(3S) = n.(38)y 2.5(1) x 1073 e 9.93 e
w(28) - n.(18)y 2.29(27) 0.99(15) 751 0.95
w(3S) = n.(28)y 0.48(5) e e
w(3S) = n.(18)y 0.22(1) e e
n.(28) = J/yy 3.36(41) <1.94(26) x 1072 1.12
n:(38)" = w(28)y 0.9(1) e

ne(38)" = J/yy 0.48(3)

Y(1S) = n,(18)y 9.29(91) x 1073 3.77 x 1072 58x1073
Y (2S) - 1,(28)y 5.70(28) x 10 5.62 x 1073 1.4x 1073
Y(3S)" — 5,(39)7y 2.33(40) x 1073 S 2.85x 1073 8.0x 107
T(28) — n,(18)y 1.30(7) x 1072 1.76(38) x 102 7.72 x 1072 6.4x 1073
Y(3S) — n,(2S)y 2.78(17) x 1073 <1.26(12) x 1072 3.62 x 1072 1.5%x 1073
Y(3S) = 1,(18)y 3.03(14) x 1073 1.03(17) x 1072 7.70 x 1072 1.05 x 1072
n5(28) — Y(18)y 2.53(15) x 1072 e .. 1.18 x 1072
n(38)T = Y (28)y 1.91(10) x 1072 28x 1073
n(38)" = Y (18)y 1.14(5) x 1072 2.4 %1072

consistent with the experimental measurement of 1.57 keV
and aligns with predictions from NRQM and RQM, which
are 2.72 keV and 1.05 keV, respectively. For the hindered
case, our result for I, o), (15), 1 2.29 keV, which agrees
reasonably with the experimental data of 0.99 keV and

RQM prediction of 0.95 keV. However, it is notably
smaller compared to the NRQM result of 7.51 keV. For
L), (35).(35)7y» our prediction of 1.98 x 107 keV is much
smaller than the NRQM value of 9.93 keV reported by Soni
et al. [10]. However, it is relatively consistent with the value

TABLE VII.  Branching ratio (Br) for various M1 radiative decay channel V — Py (P — Vy) for charmonia and
bottomonia. A comparison with experimental data and other models are provided. Note that the T symbol indicates
the use of the predicted mass for yet unobserved states.

Transition Br(Our) Experiment [73] NRQM [10] RQM [22]
J/w = n.(18)y 1.98(10) x 1072 1.7(0.4) x 1072 2.94 x 1072 1.13 x 1072
w(28) = n.(28)y 4.68(35) x 107* 7(5) x 10—4 3.98 x 1073 3.37x 1073
w(3S) = 1.(39)ty 3.04(48) x 1078 1.24 x 107 e
w(28) = 5. (18)y 7. 81( 8) x 1073 3.4(0. 5) x 1073 2.55 x 1072 3.23x 1073
w(3S) = n.(28)y 5.9(1.1) x 107 o
w(3S) = n.(18)y 2. 68(45) x 1076 e

1.(2S) = J/yy 2. 90(55) x 1074 <1.64 x 106

nc(3S)" = y(28)y =

n.(38)" = J/wr

T(18) = n,(15) 1.72(17) x 1074 6.98 x 107 1.07 x 107
T(2S) = n,(29) 1.80(90) x 107 1.76 x 10~* 438 x 1075
Y(3S)" — n,(35)7y 1.15(11) x 107 1.40 x 107* 3.94 x 1073
T(2S) = n,(18)y 4.09(41) x 1074 5550 x 107 2.25x 1073 2.00 x 1074
Y(3S) — n,(28)y 1.38(15) x 107* <6.7x 1074 1.78 x 1073 7.38 x 1075
Y(3S) = n,(18)y 1.50(16) x 10~* 5.1(0.7) x 10~ 3.79 x 1073 5.17 x 107
n,(28) = T(1S)y 1.06(1) x 107° 491 x 1077
np(38)" — L (28)y
ny(38)" = T(18)y

016011-15



RIDWAN, ARIFI, and MART

PHYS. REV. D 111, 016011 (2025)

TABLE VIII. Similar with Table VII, but for the radiative
transitions between B§*> states. Note that the results are sensitive
to the phase space being used.

Transition I'(Our) NRQM [81] RQM [22]

B:(1S)" = B.(1S)y  4.03(25) x 1073 4.04 x 1072 3.30 x 1072

~ =

) (1)

B:(28)" = B.(2S)y 1.50(24) x 1073 3.30x 10~ 1.70 x 1072
B:(3S)" — B.(35)Ty 8.08(37) x 1073
B:(28)" - B,(1S)y 0.57(7) 0.56 0.43
B:(38)" — B, (2S)y 0.17(2) . e
B:(3S)" — B.(1S)y 4.93(28) x 1072 e e
B.(25) = B:(18)Ty 1.38(16) 0.14 0.49
B.(38)" = B:(28)Ty 0.33(3) e
B.(39)" = B:(18)'y 0.12(1)

of 0.088 keV in the NRQM study by Deng et al. [16]. The
agreements with experimental data and other models are
also obtained for the M1 transitions between bottomonia.
Furthermore, the corresponding branching ratios roughly
agree in the same order of magnitude with experimental
data. However, we note that for some cases, our results are
rather different from the NRQM as shown in Table VII.

Although the coupling constant for hindered case is
small g = —0.0605 GeV~!, the width can be much
enhanced I' = 2.25 KeV because of the large phase space
such as in the y(2S) - 7.(1S5)y case. On the other hand,
despite the large coupling constant g = 0.6877 GeV~!, the
width is suppressed due to the small phase space as for the
w(3S) — 1.(3S5)y case. Another interesting observation is
that the decay width of P — Vy channels have larger I" than
V — Py channels, such as in 7.(2S) = J/y(1S) + y with
' =3.36 KeV is larger than w(2S) — 7.(1S) +y with
I'=2.29 KeV. The difference mainly arises from the
phase space, as their couplings are the same, as shown
in Table V. It is important to experimentally verify this
observation, as no data are currently available.

For the B, case, since there is no experimental data, we
only show our result for the decay width and compared
with other model calculations as shown in Table VIII.
Although some results agree with each other, there are
several discrepancies. However, we note that the results of
the I is sensitive to the phase space being used. In this case,
the discussion of the coupling constant, as shown in
Table V, is more relevant when comparing it with other
models.

Unlike the coupling constant gyp,, the decay width is
influenced by the phase space which depends on the masses
of initial and final state mesons. For some cases where the
meson state is not discovered yet, we use the model input
for the mass of the involving mesons indicated by the *
symbol. But, one should note that the prediction has some
uncertainties because of the estimated phase space being
used. Figure 8 shows some variations of the decay width as
a function of the #,(3S) mass for the w(3S) — 7.(35)" + 7

0.08
— w(3S)->nl(3S)y
0.06 |
2 0.04 1
=
—
0.02 1
0.00 1
4.00 4.01 4.02 4.03 4.04
M, [GeV]

FIG.8. Decay width " [KeV] of y(3S) — 7{(3S)y as a function
of 7,(3S) mass. The width can be up to around 0.06 KeV when
the 77.(3S) mass is set to be 4 GeV.

transition. The decay width may vary by up to around
0.06 keV when the 7.(3S) mass is set to 4 GeV, which is an
order of magnitude larger than the values presented in
Table VI, which uses the predicted mass from Table IV.
Such discussion can be applied to other undiscovered
states. Nevertheless, the predicted values can be improved
by reexamining the transitions once the state is found.

VI. CONCLUSION

In this work, we have analyzed the mass spectra and
other properties, such as decay constants and M1 radiative
transitions, of heavy quarkonia and B. mesons from the
ground state up to the second radially excited state by using
the LFQM. To obtain the LFWFs, we have carried out a
variational analysis by employing the QCD-motivated
effective potential and utilizing the HO basis expansion
up to 3S state which is then transformed to LFWFs. The
model parameters are obtained by fitting the decay con-
stants and mass spectra and found to be in reasonable
agreement with the data [73].

We found that the small mixing that determines the
expansion coefficients is crucial for correctly reproducing
the decay constant and mass hierarchies. Using the
obtained LFWFs, we observed that the results for the
coupling constants and decay widths of the M1 radiative
transitions between various states also show reasonable
agreement with available experimental data and lattice
QCD. These findings demonstrate that a simple approach
can capture essential features, providing a reasonable
explanation for the experimental observations of mass
spectra, decay constants, and M1 radiative transitions of
excited B, and heavy quarkonia. However, more exper-
imental data are needed to verify hierarchies for the M1
transitions predicted in the present work.

We also pay special attention to the self-consistency of
the M1 radiative transitions with both longitudinal (2 = 0)
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and transverse (h = +1) polarizations by considering the
good (u =-+) and transverse (u = L) components of
currents. For the first time, we have shown that the coupling
constants gyp, as well as the transition form factors
Fyp,(Q?) with any Q7 are the same, regardless of the
current component and the polarizations being used. This is
in contrast to the case of BLFQ [40], where different
polarizations lead to different results. We emphasize
that the self-consistency can be obtained by replacing
the M — M, in the matrix elements, which is in accordance
with the Bakamjian-Thomas (BT) construction that has
been discussed in details in the previous works [60-64]. We
have shown that the observables with different polariza-
tions are useful to quantify the rotational symmetry break-
ing of the wave function. The use of the HO basis functions
will naturally satisfy (k3 ) = (2k2).

As an outlook, further investigation is required regarding
the wave function model, the fitting procedure, and the
potentials employed [72], as they influence the parameter
values needed to determine the observables. For a self-
consistent study, it would be interesting to investigate the
matrix elements for the minus (bad) component (u = —) to
compare with the present results, although complications
such as modifications to the Lorentz structure and nonzero
helicity flip contributions may arise [64]. Such a study
could alternatively be verified using the Bethe-Salpeter
model by applying the replacement M — M, [61]. More
detailed investigations will be addressed in future work.
Furthermore, exploring excited quarkonia and B, mesons
beyond the leading Fock space is crucial to clarifying the
underlying dynamics.
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APPENDIX A: WAVE FUNCTION
AND MASS FORMULA

1. Wave function

In this work, we use the HO basis functions and consider
up to three basis functions. The wave function is written as

_ HO
Q; = R;;¢p;, (A1)
1S 18 1S HO
D5 Cp 6y G 1S
_ 28 28 28 HO
Oy [ = 7 7 3 X B (A2)
3§ .38 .38 HO
D@5 6 aq 3S
where the mixing matrix R is explicitly given by
1 O O C13 0 S13 C12 S12 O
R = 0 Cr3 Mok} 0 1 O —S12 Ci2 O
0 —S823 (o3 —S513 0 C13 0 0 1
C12C13 S12€13 S13
= | —8512C23 = C12823513  C12023 — 812523813 $23C13 |

—C12823 — 812023513 €23C13
(A3)

§12823 = C€12023513

with ¢;;(s;;) = cos0;;(sinf;;) and i, j=1, 2, 3. For
instance, the wave function of 1.5 state meson is

@5 = {15 + ASas + S hss, (A4)

with

1S _
Cl” = C12C13,

1S _ 15 _
¢y = 812€13, C3" = 813- (AS)

The wave functions of the 25 and 3S states are obtained by
replacing the expansion coefficients appropriately as

1’ = =512€23 = C12523813 (A6)
3° = C1pCo3 = 12823813, (A7)
3¥ = spcn3, (A8)
and
¢1® = 512823 = C12C3813, (A9)
¢3° = —C12853 = 51223813, (A10)
3® = ep3cns, (A11)

respectively. The sum of the squared expansion coeffi-
cients is
A+ +ci=1, (A12)

ensuring that the squared wave function |®,|? is normal-
ized to unity.
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2. Mass formula

The mass formula for mesons using the HO basis
functions, expanded up to 3§ basis functions, is given by
Mz = (Yyql (Ho + Vig)Weq)

= (Ho) + (Vcont) + (Veou) + (A13)

<VHyp>'

The kinetic matrix elements are given by

zi/2
(Hy) = 120[2[9&921 )zie 7K, M
933 - ek 3]

+15v/7(9sU(=1/2,-2,2;) + gsU(=1/2, -4, 2,)

(A14)

+g6U(=1/2,-5,2;)) |,

where z; = m?/f?, K, (x) is the modified Bessel function
of second kind of order n, and U(a, b, 7) is the Tricomi’s
(confluent hypergeometric) function. The coefficients are
given by

= 120¢% — 120v/6¢;¢; 4 180c2 + 60v/30¢ 3

—180V/5¢,¢5 + 225¢2, (A15)
g2 = 40c} + 8V30c c3 — 104V/5¢,¢5 4+ 2603, (A16)
g5 = —4(10¢3 — 26V/5¢5¢5 4+ 2V/30¢ c3 + 65¢3),  (A17)
and
gs = 4(=6¢3 + 9V5¢5¢5 — 15¢3 + 2V6(ci ¢, — V5eic3)),

(A18)
g5 = 28(V5¢,¢5 — 5¢3), (A19)
= 63c3, (A20)

Several types of confining potentials are used in the
literature. Here, we provide two common ones. The matrix
element of the linear confining potential is given by

. 15 2
(Vveh ) =a +ﬂ—\/_ <2c% + 3¢5 + IC% - 2\/%0102

— \ll—C]C’g \/_C2C3>

while the matrix element for the screened potential is
given by

(A21)

b
Vi) = a4 0ot s 3 + e
+ dsﬁ“ﬂ“ + dy S + dsp®) — /me I (f B0

+ [2B%u% + 3%t + faBuC + fsprud

+ feu'0)erfc [Zﬂ” (A22)
where
dy = 32(60c? — 4V6(10¢ ¢, + V5¢ ¢3)
+15(8¢3 — 4V/5¢5¢3 + 11c3)), (A23)
dy = 32(40c} — 48V/5¢5c5 + 11563
+2V6(=5¢i¢s + 2V/5¢¢5), (A24)
dy = 8(10¢3 — 28V/5¢,¢5 + 2v/30c 5 + 89¢2),  (A25)
dy = —8(\/50203 —6¢3), (A26)
ds = c3. (A27)
and
f1 = 3840, (A28)

f2=1920(c2 4 3¢3 + 5¢; — V6c ¢, —2V5¢5¢3), (A29)

f3=160(9¢% +30c2 +v/30c c3 —2v/6¢  ¢r — 12V/5¢5¢3),

(A30)
fa = 16(5¢% 4 50¢3 — 15V/5¢5¢5 + V30c,c3),  (A31)
fs = 50c% — 8V/5¢5¢3, (A32)
fe=c3. (A33)

with
erfc(z) = 1 —erf(z). (A34)

Lastly, the matrix elements for the Coulomb and Hyperfine
potentials are given by

(Veou) = _4§T}E (120¢2 4 1003 + 89¢% + 40V/6¢; cs
+12V30¢; ¢35 + 44V/5¢5¢3), (A35)
and
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(Sq- Sy a;
\%4 ¢? +16c% + 20
( Hyp> 3m,m2\/_ 1t 5+ C3
10
+ 32 §C1C2 + 16 ?C1C3 + 16\/§C2C3 .

(A36)

The mass of the meson for 1S, 25, and 3S states is
computed by replacing ¢; in the mass formula with ¢S,
25, or ¢35, respectively.

APPENDIX B: FITTING PROCEDURE
AND ERROR PROPAGATION

Here we explain the fitting procedure to determine the
model parameters and show how we obtain the error
propagation numerically. This is an attempt to fix the
model parameters using a statistical method and quantify
the statistical uncertainty of the parameters, instead of
determining them via the trial-and-error method. We started
with a large number of parameters, but the variational
principle put some constraints and reduced them signifi-
cantly. Additionally, we assume that 6,3 = 6,3 and b =
0.18 GeV? to simplify the parametrization.

As mentioned earlier, this work is based on the varia-
tional analysis where the variational parameters f are
constrained by means of

a<H0(ﬂq¢7) + VConf(ﬂq?]) + VCoul(ﬂqq»
P

=0, (Bl)

where we treat the hyperfine interaction perturbatively,
which works sufficiently well for mesons that contain
heavy quarks. The above equation enables us to express the
parameter S in term of other parameters for each meson as

ﬁcZ‘ _)ﬁcc(elbal%m mq’a ¢ a ) (B2)
Pre _)ﬂhc(el%el?wm mg, d, ¢, o $)s (B3)
Prb —’ﬁbb(‘9127913,m mg,a,c,a 5)s (B4)

where we assume that the potential and mixing parameters
are commons for each meson.

To summarize, we have seven free parameters
(012,013, m,, mg, a, c,a,) to fit. By using these parameters,
By are automatlcally determined from the constraint given
by Eq. (B1). Then, we fit these parameters to the exper-
imental data of mass spectra and decay constants by using
the iMinuit package [74,75], simultaneously, where the y? is
defined by Eq. (53). The parameter uncertainty is also
extracted from the Hesse error. Note that we have intro-
duced o,,,,4 in an attempt to reduce the fitting bias due to the
different precision.

Jly w(2S)

1000

o]
o
o

6001

Frequency

2750 3000 3250 3500 3750 4000 4250 4500
Mass Spectrum [MeV]

FIG. 9. Histogram of the masses of J/y, y(2S), and w(3S)
computed using the Monte Carlo method to quantify uncertainty.
The mean and standard deviation for each mass are represented
by the dashed and dash-dotted lines, respectively.

To estimate the uncertainty, we utilize the Monte Carlo
method, a statistical approach that assesses the propagation
of uncertainties through random sampling to evaluate how
the uncertainties of input parameters affect the output. In
the Monte Carlo approach, each input parameter x; is
associated with a probability distribution characterized by a
mean value y; and a standard deviation (uncertainty) o;.
Parameters are then sampled from these distributions, using
the normal distributions

Xi NN(ﬂivGiz)-

For each set of sampled parameters, the output y is calcu-
lated, resulting in y* = f(xX, x4, ... xk) fork =1,2,....N
The output is characterized by its mean value y, which
represents the expected value, and the standard deviation
o, which measures the spread of the output values around
the mean. As for a rough estimation of the uncertainty,
we do not consider the covariance matrix in this work.
For example, we present the histogram of the masses of
J/y, w(2S), and w(3S) in Fig. 9. It shows that the mass
distributions approximately follow a Gaussian distribution,
allowing us to extract the mean and standard deviation.

(BS)

APPENDIX C: SOME CONVENTIONS
AND DEFINITIONS

In this work, we use the Lepage-Brodsky convention
[82], given by
xt 11 x0
= , Cl
()G )G e

where
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The scalar product can be written as

x-p=zxp +xpt)—x,-p,. (C3)

N[ =

1. Dirac spinor

The Dirac spinors in the light-front basis are given by

1
u/1<p) = \/F(ﬂ_F m)u/l? (C4)
1
U/I(p) = \/p—Jr(ﬂ_ m)l)/% <C5)
where
1 0
0 0
“m=1ol “w=|ol (Co)
0 1

and v; = u_,. The antispinors are given by i = u'y° and
7 = v'y0. In the chiral representation, the Dirac matrices

are defined as

. <0 1) | <0 gf) 5 <—1 0>
}/ = N }/l: . R 7/ = s
I 0 - 0 0 I

(€7)
where y* =% + ¢ and yRE) =y £ jy2.
Explicitly, the Dirac spinors are
m -pt
=—| =—=| "
ur\p)= s u\p)= )
V| e IR/
Pt m
(C8)
= m=—| "
v p) = ) v\p)= s
A IRV o
(©9)
and the antispinors are
7 1 + L
uT<p):\/_+(p ’ p ’ m’ O)’ (Clo)
p
1
(0. m, —pf p*). (ClI)

TABLE IX. The Dirac matrix elements iy (p})y u,(p,) for
various components of currents p, classified by the helicity
contribution A4". The helicity flip contributions are zero for plus
(# = +) and transverse [u = R(L)] components.

Matrix elements M 1 1 1
ity (p1)y " uz(p1) 2/ piplt 0 0 24/ pipT
iy (p))r*u(pr) 2pf 0 0 2p/k
iy (p))r u(p) 2pt 0 0 2pk
1
pt),  (C12)

7,(p) = o opt, -m, 0). (CI3
(p) \/})—;(p p ). (C13)

The elements of Dirac matrix can be derived and are
summarized in Table IX.

2. Spin-orbit wave function

The explicit form of the spin-orbit wave functions for the
pseudoscalar and vector mesons are given by

Ry [ -kt A
R, k) =2 (T ) e
and
2
A+ kM
1+1 _ Dy Do
Rgl/lz (x,ky) =Ry R M wye | (C15)
Dy Dy
LM 27
R k5 A+ Dy
R/ll?az (x,kp) = 7% ;k R/\: ) (Cl6)
L — FAZS
A+ Dy Dy
(k-)? KL M,
D D
Ritek) =Ro| T (e
k=5t A+ B

with kR =k, + ik, and Ry=1/+/A%>+k? . Furthermore,
we define A = xm; + (1 —x)m, and M =M, - M,
with

M, = xMy + my, (C18)

MZZ (1 —X)Mo+m2, (Clg)
Note that when computing the transition operator,
we need to take the Hermitian conjugate, ensuring that
(KRL))T = fL(R),
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3. Antisymmetric tensor

The antisymmetric Levi-Civita tensor is used to compute
the Lorentz structure in Eq. (35). It is defined as

+1 even permutation — +xy,

1
e = e { 1

odd permutation — +xy,
— det(g)

0 others,
(C20)

where \/—det(g) = 1/2.

APPENDIX D: MATRIX ELEMENTS
OF RADIATIVE DECAYS

We provide a detailed calculation of the matrix elements
for the radiative decays in the LFQM, considering various
combinations of current components and polarizations.

1. Plus component (z= +) and transverse
polarization (h= +1)

The matrix elements for plus component and transverse
polarization can be written as

Sf=- Z

M pi

a(xki). (D1)

(x. K )iy (py)r* 14/1(171)

Because the helicity flip terms in the Dirac matrix elements
vanish, namely,

iy (P)yTua(pr) =24/ Py Py 0,

the summation is reduced to a sum over A and 1. The
remaining terms, defined by ST, (A1), are given by

(D2)

0 = Ve (A E). Dy
s =vare S oy
SHN) = VEP NG (09)
SN = VEP NS (D9
with
Ny — ! (D7)
AR R

By summing all four terms above, we obtain

St RLLLR _
L 3pr(1 - x) | AR + R

S5 C]L kRkR)
Ny Dy '

(D8)

Note that the ST, term can be computed similarly. We then
take the average of the sum of matrix elements as
ST, =1(8T 4" +8*,¢"). By combining the tensor and
matrix transition terms, we obtain the operator

o _ VIS,
- quIH Ny
2 (ky "Il)z
—2(1 - x) [A+— <k2 g )Y (poy
Dy \ a1
where we have used ¢g“¢® = ¢% and
1
S ka" + K" =k g (D10)
1
5 (KK q" g™ + Kkt qt] = 2(k - 1) —Kigl. (D11)

2. Transverse component [u=R(L)]
and longitudinal polarization (% =0)

The matrix elements for transverse component and
longitudinal polarization can be written as

1 _
Sk :;ZRE%T(x,k’l)uﬂf(p’l) KB uy (p )R (x k),
N2

(D12)

where we introduce the indices R(L) for the transverse
components. For y = R, the remaining terms, defined by
SR(AA), are given by

N MEKE
R _ _ 20 _RpIR
SN =="2pfK T (D13)
R
S§() = ’Rk’L—Mk : (D14)
Dy
2 2
S§(rl) = —p1A<A+Di> (D15)
0
2%
SR(11) = ’RA<A+—>. (D16)
Dy
Summing them up, we find
S_§ VIM rpryL | pryLgk _  RyLy R
No [Do(kkk+kkk gRKEER)
2
+A<A+&>qR] (D17)
Dy
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The S} can be computed similarly. Taking the average of
those two components, we have Sg =1 (¢“S§ — ¢*S§).
By combining the tensor and matrix transition terms, we
derive the operator

é :qzj"loi—i
) g
+<1—x>(<qul>—("#"”2)]}. (D18)

3. Transverse component [u=R(L)|] and transverse
polarization [h= +1(-1)]
Next, we compute the matrix elements for transverse
component and polarization, which are given by

1 _
SHF = = 3 R (k)i (p)r " P (pr )R (. k).
Yoy

(D19)

When computing the matrix elements, we realize that
the results depend on whether the assignment y = R
is combined with 4 = +1 or h = —1. This dependence
is also reflected in the computation of the Lorentz struc-
ture, as shown in Table I. Here we compute the first
combination of y = R(L) and h = +1(—1). For y =R

and h = +1, the surviving terms, defined as S, (11), are
given by
ki
S® (1) = =V2Nppfi® <A - Dﬂ) ., (D20)
kRkR
SE (L)) = VaNo Kt ——— (D21)
0
R R RMI
SB (1) = V2N Aptk Do (D22)
R IR RMZ
SEHA) = \/iNOAIH k ?0 (D23)
Summing them up, we obtain
Sil A RLR R1LR R
Na V2 D_{k k(M + My) = g"kE My + xPR (M,
0 0

M)} = (P = (100 A+ )

+ kR k/L kRkR Rk/L kRkR PRk/L kRkR

D24
D, Do Dy ] . (D24)

and ST, can be computed similarly. We then combine them
to obtain St =1 (Pq"SR, + PRqRSE|). The operator
can be computed as

i V2

+1 — quz Sil’

—20-nfas 2 (g -E D)o,

0

where we set P| — 0 to drop the P dependent part O(P, )
for the sake of simplicity. It is evident that the result is the
same as that with the plus current (4 = +).

4. Transverse component [u=R(L)] and transverse
polarization [h=-1(+1)]

Lastly, we compute the matrix elements with the second
combinations of y = R(L) and h = —1(+1). For u =L
and & = +1, the remaining terms are given by

SH (1) = ~VENopR* (A + 5L ). (026
0

kRkR
Shi(L) = V2Nopikt == (D27)
0
M
S4(N) = V2N APk L (D28)
L) =V2 No,élkaR/;;lo2 (D29)

Summing all four terms in S, we obtain

o= vaee (a5

+ (1= x)(k"¢" - q7) (A + %ﬂ (D30)

and SR can be computed similarly. We combine them to
obtain S+, =1 (8%, + S%,). We then find the operator as

s

Oil —P+ S:El’
2 Xk2 AM]
— k. - =
x(MG ~ Mg ~ q7) {( . qL)(AjL Dy Dy )

k2
s g -a)(a+ )] @
0
Although they are derived from the transverse component

and polarization, we show that the above formula is
different from that in Eq. (D25).
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