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Study of quasi-two-body B — T (zn, KK, nn) decays
in perturbative QCD approach
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In this study, we calculate the CP-averaged branching ratios and the direct CP-violating asymmetries of the
three body decays B® — T (zz, KK, 1) in the perturbative QCD approach, where T denotes tensor mesons
ay(1320), K3%(1430), f,(1270), and f%4(1525), and the daughter branching is f((980) — 7z,
KK,fy(500) — 7z, ay(980) — KK, zn. By introducing two-meson distribution amplitudes parametrized
by the timelike form factors, the three-body decay is simplified to quasi-two-body decay. The scalar mesons
a(980), f¢(980), and f((500) are regarded as the lowest-lying ¢g state, considering the effect of mixing
angle 0 between f,(980) and f(,(500), ¢ between f,(1270) and f%(1525) on our calculations. We found the
following. (a) With @ = 135°, we evaluate the branching fractions of B’ — K3(1430)°f((980)[— z* 7] to
be 4.30 x 107%,then under the narrow-width approximation we extract the branching fraction of the
decayB® — K3(1430)°£,(980) to be 8.78 x 1076, which is consistent with the current experimental data
well. (b) The decay rates for the considered decay modes are generally in the order of 1073 to 107>. (c) The
branching fractions are sensitive to the 0, and the opposite is true for ¢. The ¢ is really small, so the decay
branching ratio has only little change, except for some decays involving f5(1525). (d) The 6 and ¢ can
bring remarkable change to the direct CP asymmetries of pure penguin processes so that it is
not 0. (¢) We calculate the relative partial decay widths I'(ay — KK)/I'(ay — zn) and the ratio
B(fo = KtK™)/B(fy — =t x~), which are in agreement with the existing experimental values. Our results
can help one to understand the internal structure of scalar mesons and the nature of tensor mesons and can be

tested by future experiments.
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I. INTRODUCTION

Three-body hadronic B meson decays can be important
for testing the Standard Model (SM) by measuring the
associated Cabibbo-Kobayashi Maskawa (CKM) matrix
parameters such as the weak phases @, f, and y, under-
standing the potential mechanisms of hadronic weak
decays and CP violation, and discovering new physics
[1]. From the point of view of the spin-parity quantum
numbers J”, J¥ = 2%, 1F, 0%, 0~ represents tensor mesons
(T), vector mesons (V), scalar mesons (S), and pseudo-
scalar mesons (P), respectively [2]. In this paper we study
the tensors including isovector mesons a, (1320), isodoulet
states K3(1430), and two isosinglet mesons f5(1270),
f5(1525) [3.4]. The factorizable amplitude with a tensor
meson emitted is prohibited because a tensor meson cannot
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be created from the (V £+ A) or (S £ P) currents [2]. The
isoscalar tensor states f,(1270) and f%(1525) have a
mixing. From the experiment that f,(1270) decays domi-
nantly into zz, and KK is the dominant decay mode of
f5(1525), we can know that the f,(1270) — f4(1525)
mixing angle ¢ is really small, f,(1270) is nearly
(uii + dd)/+/2, and f}(1525) is mainly s5 [4-6]. The
physical states f,(1270) and f%(1525) can be given by [2]

£2(1270) = f4 cos ¢ + f5sin ¢,
£5(1525) = f3 sin b — 3 cos (1)

where we use the quark-flavor basis, with f% = % (uin+dd),

f5 = s5. Moreover, it is also theoretically found that the
mixing angle ¢ = 5.8°[5],7.8°[6], (9 £ 1)°[7]. Intwo-body
decays, there have been experimental and theoretical studies
of B— PT,VT,ST,TT [8—11]. In three-body decays, much
work has been done on the tensor as a resonance state [ 12—
16]. For the first time, we treat the tensor as a nonresonant
state, which is necessary to gain insight into the relevant
decays and facilitates the exploration of the nature of the
scalar resonances involved.

Published by the American Physical Society
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The identification of scalar resonances is a long-standing
challenge. Scalar resonances are difficult to deal with
because some of them have very broad decay widths,
leading to strong overlap between the resonance and the
background. In addition, the fundamental structure of
scalar mesons is still quite controversial on the theoretical
side. Currently, there are two main different scenarios, the
so-called Scenario I (S-I) and Scenario II (S-1I), to explain
scalar mesons [17,18]. In S-I, the mesons below or close to
1 GeV are considered as the lowest gg bound states, while
mesons above 1 GeV are the first excited two-quark states.
In contrast, in S-II, mesons near 1.5 GeV are regarded as
ground two-quark states, while lighter mesons are identi-
fied with the dominant gggg state and possibly mixed with
glueball states. Each scenario has its own physical mean-
ing. In order to give quantitative predictions, we will only
work in the S-I where f(,(980) is regarded as the conventional
two-quark ¢g state. The reason is that the f;(980) described
by the four-quark state in S-II is too complex. It cannot be
studied by factorization approaches [1]. In addition, the
presence of nonstrange and strange quark contents in
f0(980) and f,(500) has been confirmed by the experi-
mental measurements of the decays D] — fox, ¢ — fo7,
Jw = fow, J/w = fod. f(980) and fy(500) can be
regarded as a mixture of s5 and (uit + dd)/\/2 [19]. The
mixing relation for the f, — o system [20],

c cosf —sind fa 5

(5)= Gao wo)() @
with f, = % (uit + dd), f, = s5. The mixing angle € has
not been determined experimentally or theoretically. The
authors use the ratio between J /v — fowandJ/y — fo¢to
derive a mixing angle of (34 4 6)° and (146 + 6)° [21,22].
The WA 102 experiment on f,(980) production in central pp
collisions yields a result of @ = (42.3783)° and (158 4 2)°
[23]. Furthermore, a phenomenological analysis of the
radiative decays ¢ — foy and f((980) — yy shows that
the @ = (138 & 6)° s preferable [22]. Conservatively, we set
0 to be a free parameter in this work.

It is well known that the multibody decay of heavy
mesons involves more complex dynamics than the two-
body decay and is difficult to describe in full phase space. It
has been proposed that the factorization theorem for three-
body B decay is approximately valid when two particles
move collinear and the bachelor particle recoils back,
which provides a theoretical framework for the study of
resonance contributions based on the quasi-two-body
decay mechanism. Three-body B decays have been exten-
sively studied using various methods, such as those based
on the symmetry principles [24], the QCD factorization
approach [25-28], the perturbative QCD approach (pQCD)
[29-32] and so on. Previous studies have shown that the
multibody B meson decay branching ratio calculated by the

pQCD approach based on the ky factorization fits well
with experimental results, which further verifies the effec-
tiveness of this method [33-37]. In the pQCD approach, the
three-body decay is simplified to the quasi-two-body decay,
and the pair of final state mesons is described by intro-
ducing the two-meson distribution amplitudes [38]. The
contribution from the direct evaluation of hard b-quark
decay kernels containing two virtual gluons is generally
power suppressed, and the dominant contribution comes
from the region where the two energetic light mesons are
almost collimating to each other with an invariant mass
below O(AM3g), (A = Mgz — m,, is the difference in mass
between the B meson and b quark). Then, the pQCD
factorization formula for the three-body decay amplitude of
the B meson is written as [39,40]

A=HQ ¢ @ ¢b), ® by, (3)

where the hard decay kernel H can be calculated by using
the perturbative theory. The nonperturbative inputs ¢p,
&n,n,» and ¢, are the distribution amplitudes of the B
meson, i h, pair, and h; meson, respectively.

In the last decades, several B decays with resonance states
a(980), f(980), and f(500) have been observed exper-
imentally [41-43], and the corresponding theoretical calcu-
lations have attracted increasing attention. For example, the
LHCb Collaboration and the Belle Collaboration have
observed B — J/wK* K~ decay and B* — K*£(980) —
K*zT % decay with a((980), £,(980) as resonance states,
respectively [44,45]. In Ref. [46], the branching ratios of the
B — J/w(KK,rn) decays have been calculated with the
resonances dy(980) and a((1450), and the timelike form
factors in the dimeson distribution amplitudes timelike form
factors are parametrized by the Flatté model and the Breit-
Wigner formula, respectively. The authors of Ref. [47],
employing a,(980), ay(1450), and a,(1950) as resonances,
studied the multiparticle configurations of isovector scalar
mesons, in the B — ay(— KK, zn)h by considering the
width effects. In Ref. [48], the Breit-Wigner formula and the
Bugg’s model for f;(500) resonance, and the Flatté model
for £,(980) resonance are adopted to study the quasi-two-

body B%) — 1.(28)z "z~ InRef. [49], the author studied the

quasi-two-body decays B — Pf,(500) — Pz z~. Based
on the decay BY — SS(ay(980), £5(980), f,(500)) [37],
the author predicted the branching ratios of the quasi-two-
body decays BY — S[— P P,]S [50]. In Refs. [51] and [52],
the branching ratios of the B — K(R — K*K~)and B(,) -
Vrr decays with £((980) resonance have been studied by
considering the mixing of 55 and (uit 4 dd)/+/2. Combining
the theoretical results [10] and the BABAR Collaboration
measurements of BY — K3(1430)f,(980) [53], we shall
extend the study to B® — TS[— P, P,], where T denotes the
tensor mesons a,(1320), K3(1430), f,(1270), and
f5(1525), and PP, = zn,zn, KK is the final state
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meson pair.' For the mesons £, (980) and f(500), f,(1270)
and f5(1525) we also adopt the corresponding mixing
mechanism. The results presented in this paper can be
validated in the LHCb and Belle II experiments in the near
future.

This paper is organized as follows. In Sec. II, we introduce
the theoretical framework. Section III will give the numerical
values and some discussion. Section IV contains our con-
clusions. The Appendix collects the explicit PQCD factori-
zation formulas for all the decay amplitudes.

II. THE THEORETICAL FRAMEWORK AND
HELICITY AMPLITUDES
A. The wave functions

The relevant weak effective Hamiltonian of the quasi-
two-body B — TS[— P, P,] decays can be written as [54]

Har = 35 {vzb JICH ()01 (1) + Co(1) 0 (1)

ViV, [Z cwoin| | @)

where the V;,V,, and V},V,, are CKM matrix elements
with ¢ = d, s quark, the Fermi constant Gy = 1.66378x
1073 GeV~2, and C; is the corresponding Wilson coeffi-
cient. The local four-quark operator O;(u) can be divided
into the following three categories and the relevant
Feynman diagrams illustrated in Fig. 1.

(1) Current-current (tree) operators:

0, = (Z)auﬂ)V—A(uﬁq(z)V—A’
05 = (baty)y_s(Tipqp)y_a- (5)

(2) QCD penguin operators:

05 = (EaCIa)V—AZ(EI;;CI};)V—As
q/

04 = (BaCIﬂ)V—AZ(ZI;;CIQ)V—As
q/

0s = (BaQa)v—AZ(%CI;;>V+Av
q/

O = (BaQﬁ)V—AZ(q/ﬁQ:z>V+A’ (6)
q/

‘a9, fo. and o refer to ay(980), £,(980), and f((500)
respectively in the following text. Moreover a,, f5, and f’ refer
to a,(1320), f,(1270), and f%(1525) respectively.

(3) Electroweak penguin operators:

3
0; = E aCIa 1% AZ qﬂq/; V+A»
05 =2 (Butp)yv-r 3 g (@hdl)
8 =5 adp)v-a ¢\dp9a)vias
q/
3
09 - E(brICIa V- AZE QﬂQﬂ)V A
q
3 _
Oy = o) (baQ/;)V—AZeq’(%%)v—fp (7)

q/

where the subscripts a and f are the color indices and ¢’ are
the active quarks at the scale my, i.e., ¢ = (u,d,s,c,b).
The left-handed current is defined as (b,q,)y_4 =
l_aayﬂ(l ¥5)qq, and the right-handed current is defined
as (QﬂCIa)V+A ‘1/37;4(1 +75)4a-

In the light cone coordinates, we let the B® meson stay at
rest, and choose the PP, meson pair, and the final-state T
move along the direction of n=(1,0,0;) and » =
(0,1,07), respectively. Thus, the momentum pj of the B°
meson, the total momentum p = p; + p, of the P, P, meson
pair, and the momentum p; of the final state 7 are
respectively

M
Pp = Tg(la 1,07),
M
p :75(1 _rz,n,0T>,
M
Pz = 75(72 1 —n,07), (8)

where M j represents the mass of BY, r = 37~ is the mass ratio,
B

and my refers to the mass of the final-state 7. We think the
variable = @ /(M% — m3.), and  is the invariant mass 0f
the PP, meson pair, Wthh satisfies the relation w? = p?.
Meanwhile, we define { = p|/p™ asone of the P| P, meson
pair’s momentum fractions. Accordingly, the kinematic
variables of other components in the meson pair can be
expressed as

Pr —%(1 -,
+ f% _ -2
2 —ﬁ(l O =r9),
123 —%C’?- (9)

We adopt xp, z, x3 to indicate the momentum fraction of
the light quark in each meson with the range from zero to
unity. So the light quark’s momentum of the B°(kg),
PP, (k), and T(k3) are defined as
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The Feynman diagrams for the B® — T'S[— P, P,] decays in pQCD. The symbol Black dot stands for the weak vertex, T means

the tensor mesons, and P, P, denotes the final state meson pair; the corresponding relationship are ay (7, KK), fo(nz, KK), and o(zx).

Mpg
kg = | 0,—=xp, kpr |,
B < NG B BT)

k= (%z(l - r2),0,kr>,

My

ky = < rPxy,—= ( —1)x3, k3T> . (10)
\/’ \/’

For the B® meson, the wave function can be expressed as

[55-57]

_2—NC(ﬁB+MB)75¢B(vabB)’ (11)

where N, = 3 is the color factor. The light cone distribution
amplitude (LCDA) ¢ (x3, bg) is explicitly expressed as

M%XBZ 1
—_(wth)2 )
2a)l27 2

(12)

¢p(xp.bp) = NBsz(l —XB)2 eXp (—

where the N is the normalization constant, which can be
determined by the normalization condition

A ' pp(ep by = 0)dx = 5/ (2V/2N,).  (13)

with the decay constant fz = (0.19 £0.02) GeV. The
corresponding shape parameter @, in the LCDA of the
B® meson is usually taken as the value (0.40 + 0.04)GeV.

In the quark model, the tensor meson with J7€ = 2+
has angular momentum L =1 and spin S = 1. The
polarization of A = £2 vanishes in the-three body decays
BY — TS[— P,P,] because of angular momentum con-
servation. In this case, the wave function of the tensor
meson is very similar to the vector meson and can be
defined as [58,59]

26‘1}

O = e [ mréibrl) + PO )+ i 51 )
OF =gl () + €, P

+ mri€,ersytel nf v ¢ (x)], (14)
with €123 = 1. The reduced polarization vector €., = 6“},”—_1:,

in which €, is the polarization tensor of the tensor meson.
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The expressions of twist-2 and twist-3 LCDAs are given as

AN
brl0) = 5Tt W), ) = 3T ),
) = L. g =g
T = AN a1 O =g ),
d
$0) = Tl 9 = A )

(15)
with the detailed
$).1(x) =30x(1-x)(2x=1), g} (x)=502x~1),
B
hﬂ(x)zle(l—x)(bc—l), g1 (x)=20x(1-x)(2x—1).
(16)

(x) :12—5(2x— 1)(1-6x+6x?),

In this work, the S-wave two-meson DA is written in the
form

Vgﬁw%@zw%+wﬂ@¢w%

+ it = 1)z ¢ 0?))

S —
Pp,p, =

(17)

and the asymptotic forms of the individual twist-2 and
twist-3 DAs ¢bg and ¢’ are parametrized as

9Fs(a)
N,
Fg(w)

22N,

~

¢S(Zv é‘v w2) =

arz(1 = z)(1 - 22z),

ﬁ

P5(z. 8. 0%) =
(18)

with the Gegenbauer coefficient a, = 0.3 £ 0.1 for a( and
a, =03 +0.2 for f, [44,52,60]. Fg(w) is the timelike
form factor, which can factorize the strong interactions
between the resonance and the final-state meson pair, as
well as the elastic rescattering processes of the final-state
meson pair.

For the scalar resonances a, and f,,, we adopt the Flatté
parametrization where the resulting line shape is above and
below the threshold of the intermediate particle. The pole
masses of the ay and f|) resonances are both close to the
KK threshold, and the main decay channels are a; —
mn, KK and f, — nn, KK. Since theFlatté parametrization
shows a scaling invariance and does not allow for an
extraction of individual partial decay widths when the
coupling of a resonance to the channel opening nearby is
very strong, we employ the modified Flatté model:

2
my,

Fl'(w) = . . (19)
s m?'o - a)2 —imyg, (.gzmpzm + gKKpKKF%(K)
for the f( resonance [31,52] and
C, m>
Fg(w) = — 5 (20)

Cm2, = 0 = iy + TikPrE)

for the a, resonance [46]. The timelike form factor of the
resonant state a, is parametrized by the complex amplitude
C,y = |Ca0|ei¢00, where the value depends on whether the
final state mesons are 757 or KK. For the a; — KK channel,
the magnitude of the complex amplitude |C5X| = 1.07 and
the phase angle ¢,,, = 82°. When the channelis a, — 77, the
phase angle remains the same as in the KK system, and the
amplitude magnitude satisfies Cg / CXX = g, 20/ 9u k- The
definition of the strong coupling constants g, xx (Ja,m) can
be found in the literature [47,61]. We determined the strong
coupling constants g, xx and g, ., by using the relation
YagkK (gaoﬂn)/(4\/7_[) = 9Kk (gm]) and the coupling constants
Gy = 0.324 GeV, g% /g2, = 1.03 from the Crystal Barrel
experiment. Meanwhile, we employ the coupling constants
e = 0.165 £ 0.018 GeV and gxg /g, = 4.21 £ 0.33 for
fo [52,62], and introduce the factor Fgx = e~ into the
timelike form factor F’ ’;" (w) to suppress the KK contribution
with the parameter @ = 2.0 £ 1.0 GeV~2. In addition, the p
factors are chosen as

1 4m2. 1 4m2,
=1 ——L 4 /1 -—K,
PKK 2\/ w? +2 w?

Following the analysis of the LHCb Collaboration [63-65],
and motivated by the studies in Refs. [36,48,50,66,67], the
shape of the o resonance can be well described by the Breit-
Wigner model:

C,m?

F(w) = XA , 24

(@) m2 — o? — im,I'(w) (24)

with the factor C, = 3.50. The energy-dependent width

I'(w) in the case of a scalar resonance decaying into a pion
pair can be parametrized as
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my (0> —4m2\z
T(w) =Ty—2 <ﬁ) : (25)

where I'j = 0.40 GeV is the width of the resonance.

B. Helicity amplitudes

According to the typical Feynman diagrams as shown in Fig. 1, the total decay amplitude for each considered decay mode
in this work is given as follows:

AB° = Kif |- nta ,KTKT]) = \G/gv;*b s K3 Cs— g C7 + Cg —%Ci;) (F3F + A3P)
+ <1C3 —lc9 +C,4 —1C10>A§L + <c6 —1C8>M§P
3 6 2 2
1 1 LL 1 LL
+<C3—§C9+C4—§C10>Ms +<C3—§C9>Ws
+(es- 56 )oagtwin)| (26)

G 1 1 1
A(B = Kif, [ n*nm, KK = ZF{vubvmczMs Vi (Gt yeimgen-gna

1 1

1 1
1

1
+ (C5 3G >(M%R + WERY 4 <2C6 +2C8> M5P

NEREERAN )

Gr

A(B® = K3ad[— n°n, KTK™]) = >

1 1 1
{V’;bVwCZMLL ViV, [(—C4 —3C+5C0tg C9>A%L

1 1 1 1

+ (—C(, —3Cs+5Cs + 6C7>A~;“’ + <—C3 + EC9> (ME- 4+ WEh)
1 LR LR 3 SP 3 LL

+ —CSJFEC7 (MR 4+ Wi )+EC8MS +§C10MS . (28)

+ _ _ = G N . 1 1 1
-A(BO - K2+a0 [— 77, K KO]) = é{vubvusclM%L = Vi Vis KC4 +§C3 _ECIO —6C9)A%L

1 1 1 1
+ <C6+—C5 - =Gy ——c7>A§P+ (C3 —§C9>W%L

3 2 6
1
+ <C5 - 5C7> WER + (C3 4 Co)ME" + (Cs + C7)M%R] } (29)
b - _Gr o, 1 LL 4 1 SP
A( —>(12f[ n T ,K K ]) 2 th td CIO_C4 M 5C8_C6 MS N (30)
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G
A = o o K KD = 2 ViV (€4 3€0 ) A+ AR + o - it W+ W)

1 3 5 1
- ijvtd[<_§c3 +§C7 +§C9 -G +§Cs + C10> (ALE + ALL)

1 1
+ (—c7 —~Cs —C6+§C8>(A§P + ASP 4 F3P)

1
3 - c3> (MEE & WE 4 W) — <2c6 + 5cg)MgP
3
Cio—Cs— 2C4>M§L - ECS(M?’ + Wi + wiF)

cr - cs) (MER 4 MER - WER W§R>] } (31)

Gr 1
A = et 2.k kD) = P v v (€04 56 ) A5+ AR + Cow + w—bagt -

3

. 1., 3
- th Via|=5

CS(M§P + M3F) + <C3 ——C9 —§C10> (MEE + M?)}

5 2 1
( C3+3C9+3C4+3C6+6C8 3C10+§C7+2C5>(A§L+A§L)

1
+ <C3 —5Co+5 c10 + 2c4> (WEE + WEL) + (2 Cs + 2C6> (WP + wiPh)
1 1 SP SP SP
+ 5C5 8 —§C8+C6 (A" + A" + F)
1
+ <C5 E > WLR+ WLR +MLR—|—MLR)} (32)

_ G 1
A(B® = ajag[— nn, K~K"]) = \/g {V*,,V,,d [(C1 + §c72>,4§L + C,WEL + ClM%L}

Vi, Via |:(C4 + Cio)WEE 4 (Co + C) WP

1 1 1 1
+ <C3 +§C4 + Cs +§C6 + G +§C8 + Gy +§C10>A§L
1
+ (C3 + Co)MEE + (Cs + C7)MER + <C5 - 2C7) Wik

4 4 2.2 I T T N
+ §C3 +§C4 —§C9 —§C10+Cs +§C6 —§C7 _ECS A7

1 1 1 1

1 1
+ <C3+C4—§C9—§C10>W%L}}, (33)
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_ G 1
A(B® = asaf[- ntn, K*KY)) = 7‘%{V;;,)vud [(Cl + §C2>A%L + C,WEL + C,Mﬂ

- ViV |:(C4 + Co)WEE + (Co + Co)W5T

1 1 1 1
+ <C3 +§C4+C5 +§C6+C7 +§C8+C9 +§C10>A%L

1
+ (C3 + Co)MEE + (C5 + C7)MER + <C5 - 5@) WER

4 . 4 2 2 11,1 i

1 1 1 1
+ <3C5 +C6—6C7 —2C8>A§P+ (C6 —2C8>W§P

1.1 1 1
+ (C3 +Cy—=Co ——C10>W§L + (C6 + Cs +=Cs +—C7>F§P} } (34)

2 2 3 3

G 1 1 1 1 1 1
.A(BO - f%fs[—) JT+7I_,K+K_]) = —7gV:bV,d|:(C3 +§C4 + Cs +§C6 —§C7 _ECS —ECQ _ECIO)

1 1
(AFE + Ah) + <C4 - §C10> (Wt + Wih) + <C6 - §C8> (WP + Wip)] ; (35)

1 1
-— ViV [<C4 - §C10>M%L + <C6 - ECS)M;P] ) (36)

AW = ip o o koK) = =S Vv (- oo Jm o+ (- ). 37)

G 1
A(B® = fif | 7 KV K]) = ﬁ {Virvia (€0 362 ) agt + a32) + o0 4wt it wis)|

1 1 5 1 2 1
1 zd{<3c3+zcs+ Cr+3C+3C- §C10+§C6+6C8>(A§L+A%L)

1 1
+ <§C5 +C6—6C7 —§C8>(A§P+A§P+F§P)

1 1

+(C3+2Cy - EC9 + 2C10> (MEE + MEE + WEL + WLL)

2

_|_

1
+ (206 += C8> (M5P + M3P + W3P + wiP)
CE

1
5Cr > MLR+MLR+WLR+WLR):|} (38)
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G 1
A = i kKD = ViV (€456, ) A5 A5+ oW+ Wit = i+ i)

3 1 3
ViV [— Cy(M3" + Wi + W§P) + (5 Co+5Ci0 - C3> (MG" + Wt + WE)
1
< C3 += C9 C,+ ECS + C10> (ALE + ALL)
1 LL _ 1 SP
5 C3—_C10—2C4 M §C8+2C6 MT
< C5 + = C8 C6> (AP + AP + F3P)
(2 C, - C5> (WER 4 WLR 4 MLR 4 MLR)] } (39)
+ K= G * LL 1 SP
( fzao[_)ﬂ' n, K"K D Vb Via|| —Cs+= Clo M7 _C6+§C8 Mz, (40)

where superscripts LL, LR, SP refer to the contributions from (V—-A) @ (V—-A), (V-A) ® (V+A),and (S-P) ®
(S + P) operators, respectively. The explicit formulas for the factorizable emission (annihilation) contributions Fg(Ag)
shown in Figs. 1(al), 1(b1), 1(el), and 1(f1), and the nonfactorizable emission (annihilation) contributions Mg(Wy) from
Figs. 1(cl), 1(d1), 1(gl), and 1(h1) can be obtained in the Appendix, as Ay, My, Wr.

We use the quark flavor basis, according to Egs. (1) and (2), the decay amplitudes for the physical states are as follows

A(B® = Kifol> mtn K*K™]) = A(B® = Kif > n7n~ , KTK7])sin0 + A(B° > Kif,[> ntn~, K*K"])cos®  (41)
A(B? - Kjo|— ntn7]) = A(B® - K f [ ntn7]) cos — A(B® - K f [— zta])sin6 (42)

A(B® = frag[— 2%, K*K~]) = A(B® > fiai[— 2°n. K" K~])singp — A(B® — f3ag[— 7", K*K"])cos ¢ (43)
A(B® = frag|— n. K*K~]) = A(B® — f3ag[— 2", K*K~]) cos ¢ + A(B” — fiag|—> n'n. K*K~])sing  (44)

A(B® = fifol= nta,KTK™]) = AB® - fif, = n"n~,K"K™]) sin¢sin 0
+ A(B® = fif - nta~,KTK™])singcos®
—AB° - f5f, = nta, KTK™])cos ¢ sin6
—AB® > f5f - atn~, K*K~]) cos ¢ cos 0 (45)

AB° = fofol= nta,KTK])) = A(B® = fif,[» nta,K*K7])cos¢sin@
+ A(B® = fif - nta~, K*K~]) cos ¢ cos 6
+ AB® - f5f, = nta ,KTK™])singhsin 0
+ AB® = f5f |- atn~, K*K~])sin¢cos o (46)

A(B® = fhol— ntn7]) = A(B® = fif,[—= zntn7])singpcos @ — A(B® — fif[— ntn])singsin@
—AB° - f5fu|= nta])cospcos@ + A(B® — f5f[— nta])cosgpsing  (47)

A(B® = fro]— ntn7]) = A(B® = fif,[— nta])cosgpcos@ — A(B® — fif[— ntn"])cossin®
+ A(B® = f5f,|— atn])singpcos@ — A(B® — f5f[— ntn])singpsing.  (48)

016002-9



LUN-LIAN MU and XIAN-QIAO YU

PHYS. REV. D 111, 016002 (2025)

TABLE L

Input parameters of the B® — TS[— P, P,] decays.

My =528 GeV
mg, = 0.98 £0.02 GeV
mygo = 1.432 GeV

My, = 1275 GeV
fr,=126+4 MeV
f},z =65+ 12 MeV
mgo = 0.498 GeV

A =0.22650

my, = 4.2 GeV

My = 1.427 GeV
fa, = 107 £ 6 MeV
fI =105+21 MeV

my: =0.14 GeV

m, = 0.548 GeV
A =079

my, = 0.99 + 0.02 GeV

7=1.519 ps

7, =037 GeV
My, = 1517 GeV

fr, =102+ 6 MeV
f1 =117 £25 MeV
my: = 0.494 GeV

fp=0.19+0.02 GeV
my, = 0.5 GeV
M,, = 1317 GeV
fr; =118 +5 MeV
fk; =T7+14 MeV
myu = 0.135 GeV

5 =0.141 il = 0.357

III. NUMERICAL RESULTS AND DISCUSSIONS

With the decay amplitudes A4, the differential branching
ratio for the B® — T'S[— P,P,| decays can be taken as

dB _tw|p[p3l |
— = AP, 49
do  327°M; Al (49)

where 7 is the B meson lifetime, |p,| and |ps| respectively
denote the magnitudes of momentum for one of the P; P,
meson pairs, and the tensor meson T

5| = P mi)
! 2w ’
. MP(ME mE, o)
_ , 50
7l & (50)

with the Killén function A(a,b,c) = a*+ b*+ ¢ —
2(ab + ac + bc).

TABLE II.
in the pQCD approach.

Meanwhile, the direct CP asymmetries of these decays
can be defined as

Acr =iz ( i1 (51)

where f is the CP conjugate state of f. Obviously, both the
branching ratios and the direct CP asymmetries are related
to the mixing angle.

In Table I, we present the input parameters used in the
calculations, including the masses and decay constants of the
mesons, the lifetime of the B® meson, and the Wolfenstein
parameters of the CKM matrix elements [1,4,11,47].

By using the helicity amplitudes and the input param-
eters, we predict the CP averaged branching fractions of the
B — TS[— P,P,] decays in the pQCD approach, and
make some comments on the results. There are still many
uncertainties in our calculation results. We primarily
consider three types of errors. The first error is the decay

CP-averaged branching fractions and the direct CP asymmetries for the B® — Tay[— 7, KK] decays

Decay modes

B Acp

B’ — K3(1430)aj[~ %) 140250 o401 X 107° =517 4o o4 1353 %
B’ - K3(1430)aj[~ K* K] 16410577073 095 X 1077 =373 1450 011544 %
B’ = K3 (1430)ag [~ 771) 278205 059 076 X 1077 35801177 000 275 %
B’ = K;"(1430)a5 [~ K~K*] 525066 0135 X 1078 —41.821 156 556 075 %
B’ — a§(1320)ag[—~ 2] 23755 055 g x 107° —2 T8N0 %
B’ — a3(1320)aj[~ K*K~] 33355005155 x 107 —3.901 31102, 5 s %
B’ — a3 (1320)ag [~ 771] 543505  tat-aay x 107° 115725505 57 109 %
B’ = a3 (1320)a5 [ K~K'] L1227 0% o8 x 107° 1182209311 357550 %
B’ — a;(1320)ag [~ =" 1] 5.59%051 56031 x 1077 138471740 6 h 0 %
B’ — a;(1320)ag [~ K K] LTG0 g 1s % 1077 —9.61%55 1554 553 %
B’ = f3(1525)af[— 7] 7761057 3iv1 76 X 1077 28.53537 275 555 %
B’ — f5(1525)ap[— K*K~] 821107 Sl s x 107 28.06135 157 5 %
B’ = £,(1270)af[— 2] 4102075156550 < 1079 —3.081157 05 051 %
B’ = f,(1270)af[— K*K"] 4551050 196-233 * 10°° ~2.761550 044-1.00 %
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FIG. 2. The branching ratio of B® — f5(f)ad[— 7] decay
with a variant of the mixing angle ¢.

constants of tensor mesons, the second is the shape
parameter of B meson w;, = 0.40 +0.04 GeV, and the
third comes from the Gegenbauer coefficient a, = 0.3 &
0.1 for ag and a, = 0.3 £ 0.2 for f,. We have neglected the
uncertainties caused by the Wolfenstein parameters 4, A, p,
n because they are typically small. In considered branching
ratios, the major uncertainties stem from the shape param-
eter w;, of the B meson’s wave function and the Gegenbauer
coefficient a,. It is well known that the S-wave two-meson
distribution amplitudes are not well determined; this leads
to significant errors in the Gegenbauer coefficient a,. The
rigorous theoretical calculation for nonresonance contribu-
tion in the context of the PQCD framework is still absent,
and the comparison between experiment measurements and
theoretical predictions is still challenging. We hope that
future research can further explore more precise description
methods. It is worth mentioning that the w; plays vastly
different roles in various decay modes. In Table II, the
branching ratios of B’ — Kjal[— 7z, K*K~] exhibit
significantly higher sensitivity to the shape parameter w,

0.4

02F

than those of B® — K" ag[— n7n, K~ K"). Firstly, the con-
tribution of the factorizable annihilation diagrams is unre-
lated to wj,. Meanwhile, the B — Kjal[— 7y, K*K~] and
B’ > Kitag[— n7n, K"K°] are primarily dominated by
tree operator contributions, and the nonfactorized emission
diagrams will generate significant uncertainty from w,,.
However, the latter is suppressed by the coefficient C1,
resulting in a relatively smaller impact from w,.

In Figs. 2 and 3, by setting the mixing angle ¢ to be a free
parameter, we plot the variation of the branching fractions
and direct CP asymmetries of decays B — fhal[— 7%
and B® — f,ad[— %] with the angle ¢, respectively. In
Fig. 2, the pattern of change in the decay branching ratio of
B® > f,al|— 7%, indicated by the blue line, agrees with
the image of the sine function, while the change in the decay
branching ratio of B® — f,a{[— %] with the mixing angle,
indicated by the yellow line, satisfies the law of the cosine
function. The detailed discussions about the mixing angle ¢
could be found in Refs. [2,4-7]. In Table II, we employ the
most recent updated value 9°. It is known to us that the direct
CP asymmetry is proportional to the interference between
contributions from the tree and penguin operators. In Figs. 2
and 3, when the mixing angle ¢ = 0°, f), is regarded as the
pure 53, the branching ratio of B® — f,ad[— 7% is about
2.11 x 1077, the direct CP asymmetries are zero since it is
pure penguin processes, and the both of value will increase a
lot after considering the mixing of % (uit + dd). Whereas

for B® — f,a|— n%] decay, the branching ratio is 4.18 x
10> with ¢ = 0°, the direct CP asymmetries are —2.57%
and the values will have little change after considering the
mixing of s5. Moreover, in Table II, we find that the
branching fractions of B’ — f,al[— %] are 2 orders of
magnitude larger than that of B® — f%,ad[— z%]. Therefore,
5= % (uit + dd) makes the dominant contribution in the

decays, and B® — fhad[— 7] are sensitive to the interfer-
ence between f% and f3.

0.4

0.2

0.0

Acp(B*>fragl->°n))
o
=)

Acp(B“—»f'zao[—)rron])

~0.4 S S S S S S |

n P S S S SR R
50 100 150

50 100 150
o)

FIG. 3. The direct CP asymmetries of B® — f(f,)a3[— z%] with a variant of the mixing angle ¢.
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In Table II, we present the branching fractions and direct ~ T'(ay —» K*K~)/T'(ay — 7n°7) with the narrow-width
CP asymmetries of the B’ — Tay[— nn, KK] decays.  approximation.
Meanwhile, we can find the branching ratios of the B — When the narrow-width approximation is considered,
Tay[— nn] decays are much larger than that of the B’ — the branching ratio of the quasi-two-body decay can be
Tay|— KK]a, decays, which can be explained by the fact ~ Written as
that the phase space for KK is suppressed. At the same
time, the authors also concluded that the branching frac- B(B— M;(R—)M;M3)~B(B— MR)x B(R—> M)M;),
tions o_f the 7y channel were five times larger than that of (52)
the KK channel with the resonance a((980) in Ref. [47].
Next, we will use our calculations to investigate the value of ~ with the resonance R. We can define a ratio R as

|

I(ay— K*K™) B(B" - Tad) x B(a) - K*K~) B(B" - Tad[- KTK™))
Ry = 0oy 0 0 0 0N o 0 0 0, (53)
I'(ag — 7'n) B(B’ — Tag) x B(ag — #n°n) B(B’ — Tag[— 7'n])

I
After considering the isospin relation I'(a¢yg —» K™K~) =  yield some differences [46,47,72]. The Particle Data
I'(ay — KK)/2, we obtain the relative partial decay width ~ Group provides an average ratio of I'(ay — KK)/
['(ay — 7n) = 0.183 £ 0.024. Our results are slightly lager

0.23  K3(1430) than this average but are consistent with the data from
Tay — K I_() 028 0 (1320) Ref. [69] within the errors.
o ~ /2 (54) The mixing angle @ is introduced into the f, — o mixing
Iag = ) 021 f5(1525) mechanism, which has not been determined precisely by
0.22  f,(1270), current experimental measurements, and is suggested to be

in the wide ranges of 25° < 6 < 40° [50,73-75] and 135° <
respectively. The OBELIX Collaboration acquired the ratio ¢ < 165° [1,10,20,22,52]. In Figs. 4 and 5, by setting the
I'(ay — KK)/T'(ay — 7°7) = 0.57 £ 0.16 using data from  mixing angle 6 to be a free parameter, we plot the variation
ata 7%, KTK-7°, and K*K°Sz¥ [68]. In Ref. [69], the  ©f the branching fractions and direct CP asymmetries of
authors found the branching ratio for B(pp — a0(980)z —  decays B - Kifo(o)[= ntn~] and BY = af (o)~
KKx) = 592940 5 107, and combined this with B(pp — 7"z~ with the angle 6, respectively. In Fig. 4, the pattern
a(980)7 — 7°72%) = (2.61 £ 0.48) x 10~* [70], yielding of change in the decay branching ratio of B — K3f[—
[(ag— KK)/T(ag— nn) =0.23+£0.05. The WA102 Col- 7"~ | and B’ — a§fo[— 7"z}, indicated by the blue line,
laboration reported T'(aq — KK)/T'(ag — 75) = 0.166+ and the change in the decay branching ratio of B —
0.01 +0.02 from f,(1285) decays [71]. From this, it can ~ K3o[— ztz7] and B — a3o[— ztz~] with the mixing
be seen that for different decay processes, the analysis of the ~ angle, indicated by the yellow line. We find graphically that
partial decay width ratio I'(ay — KK)/T'(ay — zn) may  the contribution from the f,, = \/% (uit + dd) component is

BB K3 fo(a)[-»7t* 17])(1078)
B(BY>azfy(a)[-> 1T ])(107°)

FIG. 4. The branching ratio of B’ — K} fo(o)[— zt2~] and B® - a3fy(o)[— n'2~] decay with a variant of the mixing angle 6.
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FIG. 5. The direct CP asymmetries of B® — K3 f(c)[— atn]

dominant. For these modes, both f,, and f, will contribute,
but the relative sign of the f state with respect to the f,, is
negative for the o and positive for the f,, which
leads to a destructive interference between f, and f for
B® - K;(aY)o[— z*z~], but a constructive interference
for B® - K3(a9)fol— nta ).

As we all know, both strong and weak phases are the
necessary conditions for direct CP asymmetry. In Fig. 5,
we can observe when 0 = 0°, the direct CP asymmetries of
decay B® — K3 £((980)[— z* 7z~ is zero, since the decay is
induced by b — ss§ transition. In the Wolfenstein para-
metrization of CKM matrix, there is no weak phase in this
transition, which is a pure penguin process, the direct CP
asymmetries is zero. For B® — Kjo[— ztz~| that is
induced by b — sqg(q = u, d), the direct CP asymmetry
decay is less than 5%, because |V, V.| < |VVyl.
Without the influence of mixing angles, the decay process
B® = a)fy[— nta~| solely receives penguin contributions
from the cl and d1 nonfactorizable emission diagrams,
resulting in a direct CP asymmetry of 0. Similarly, in the
decay B’ — aYo[— n"7n7], the interference between the
tree and penguin contributions is minimal, yielding small
direct CP asymmetries with 5.08%. However, when we
incorporate mixing effects, the f, term introduces tree

" 1 " " 1 "
100 150

o)

S
and B® — a3f(c)[— 7t 7] with a variant of the mixing angle 6.

contributions, thereby rendering the direct CP asymmetries
of both B® — K} fo[— zntz~] and B® - aSfo[— 277~ no
longer zero in this work. Therefore, if the two-quark
structure will be confirmed, the branching fractions and
CP asymmetries can be used to determine the mixing angle
0 and study the nature of scalar particles.

In the current study, we take 8 = 135°, ¢p = 9° to make a
numerical calculation, and the Branching ratios and the
direct CP asymmetries for the B — T'fy[— 272~ , KT K|
and B® — To[— nt7n~] decays are presented in Table III.
We can find that the direct CP asymmetries in the B —
Tfol— ntn7] and B® - Tfo[— K*K~] decays with the
same tensor are comparable. With the reason that the direct
CP asymmetry is quantified by the ratio of decay rates, the
impact of the scalar timelike form factor parameters and the
invariant mass range in the quasi-two-body decay will be
basically canceled. We still can find that the local CP
asymmetries of the decays B’ — Kjfo[— 2Tz~ K*K™|
are as small as about 5%, and the reason is that the tree
diagram contributions are both color and CKM elements
suppressed. For the decay B — aSfo[— ntn~, KTK7,
although the tree operator contributions proportional to
the term (C1 4 C2/3) are color suppressed, the effects of
penguin operators are significantly reduced due to the
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TABLE III.  Branching ratios and the direct CP asymmetries for the B — Tfy[— zta~,K*K~] and B* —»
To|— n"n~]o decays in the pQCD approach with the f, — ¢ mixing angle 6 = 135°.

Decay modes

B Acp

B® — K3(1430) fo[— 777

4.30+0A40+2A71+5A52 X 10—6

321 +2.95+2.3043.02 %

—0.34—-1.57-3.21 —2.59-1.41-5.99
B = K3(1430) o[~ K*K] LIS 05030 1070 61325702 2
B~ K3(1430)ol— 7] 82610512445 x 10 163 19:01020:0200;
B — Y(1320)fol> 7 44T 106 L3 A
B — al(1320) ol K" K] L0210 10 ~1307 8 2106,
B~ a(1320)0l— 7] 3987430 w1070 1069322210,
B — £4(1525) ol 7] L1001 084138 x 107 7260 T3
B = £(1525)fol— K'K] 25102 w1078 723913300
B~ £5(1525)o[ 7' 37700 107 0404331178 0550,
B = F2(1270)fo— w2 205004304 x 1070 194740058 7 8
B~ £2(1270)fol— K'K] 56032 w1077 142854210 85
B = £,(1270)gf— n] 134205085519 10 1520/ 1550 0

complete prohibition of factorizable diagrams involving
emission tensors by Lorentz invariance, and the heavy
suppression of factorizable diagrams for meson pair
emission by the vector decay constants of scalars from
charge conjugation invariance. Consequently, the CP asym-
metries observed in this decay process are indeed very small.
|

B(fo— K*K™) _B(B® — K3fo) x B(fo > K*K™) B(B® — K3 fo[> K*K7])

To compare with existing data and further discuss our
calculations, we then use the narrow-width approximation to
study the B — K} fo[— n"n~, KTK~] decays which have
the same resonance; we can define a ratio R, to describe the
relationship between f, - z7z~ and f, —» K*K~, which
can be given as

RZZ

This ratio can be used to estimate the branching ratios for
the fo—» ztz~ and f, — K"K~ decays by using the

formulas B(fo — #*n") = g5 and B(fo » K*K™) =
2R,

R, 13 [76]. So we can get

B(fo — ntz™) ~0.49,
B(fy — K+*K~) ~0.13. (56)

The BES Collaboration gained the relative branching ratios
for the w(2S) — yy.o decays, where y. — fofo—
gtnratn or yoo = fofo = nta~ KtK~ [77,78]. Mean-
while, the CLEO Collaboration has obtained B(f, —
K*K™)/B(fy = n*n~) = (257|])% and extracted B(f, —
ztz™) = (5079)% by utilizing BES’s findings [79]. Our
calculations are well aligned with CLEQO’s results and
theoretical outcomes [73,74]. At the same time, based on
the narrow width B(f, — z7z~) ~ 0.49, we can evaluate
B(B® - K} fy) = 8.78 x 107%, which agree with the BA-
BAR Collaboration’s data [53] and theoretical results per-
formed well in the two-body framework [10].

B(fo—ntz") — B(B® - K3fo) x B(fo —» a*n™) — B(B® = K;fol— n*n7])

~0.27. (55)

In Table III, the considered decays involving f} are
sensitive to the ¢, whereas the decays involving the f, are
opposite. If there is no mixing in the B’ — f fo[— 77 77|
decay process, the CP asymmetry is zero due to the pure
penguin contribution from the annihilation diagram.
However, when both the ¢ and  mixing angles are taken
into consideration simultaneously, they provide f4 and f"
components, leading to a significant interference between
the tree operator contribution and the penguin contribu-
tion. This interference results in a large CP asymmetry,
and the branching ratio increases by 1 order of magnitude.
The ¢ is really small, so the decay branching ratios
involving f, barely change. The branching ratio of B® —
fafol— nta] is bigger than that of B® — f,fo[— 7]
with the reason that the \/% (uit + dd) component makes

the dominant contribution in the B® decays.

In Ref. [52], the authors have taken the mixing angle
0 = 145°, studied the branching fractions of the B’ —
Vfol— n"z~ decays in the pQCD approach, and gotten the
results as follows:
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— B% - Ks* ag(K- K?)

— B> K" ag(rr )
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FIG. 6. Differential branching fractions of the B — Kjao[— KK, 7| decays.

B(BO N /)Ofo[_) ”-&-”—D — 0.82+0.36+0.02+0.05 X 10—6

~0.34-0.16-0.10
B(B? = wfy|— ntn]) = 0.971“8"?911“8']196:“09']103 x 1070
B(B® — K*fo[— x77]) = 0.827030 0 e b x 1076,

(57)

These are comparable to our results of BY — (ag, fa,
K%)fol— n"n~] decays which are shown in Table III
because p and a9,  and f,, and K** and K} have the
same components in the quark model. The branching
ratio of B — (p°, w, K**)fo[— n*n7] and B® - (&9, f»,
K%)fol— n"n~] are at the same order, but the former is a
little small. The reason is that the QCD dynamics of the
vector mesons and tensor mesons are different, the tensor
meson has a greater mass than vector meson, and we take the
smaller slightly mixing angle & = 135°. As shown in Fig. 4,
when the mixing angle @ > 90°, the contribution from the
L (uit + dd) component can cancel the contributions from

V2
the s5 component, and the branching ratio of B — T'f,[—
nt x| decreases as the angle increases. We expect these

3.0

BO - K fy(K* K-)
BO - K fo(re* 1)
B® » K o(rr 1)

dB/dw(107°GeV™")

2.0

FIG. 7. Differential branching fractions of the B — K;fol—
atn ,K*K~] and B® — Kjo[— n"n~] decays.

results can be tested by the LHCb and Belle II experiments in
the near future.

Different from the fixed kinematics of the two-body
decays, the decay amplitudes of the quasi-two-body decays
depend on the invariant mass, which results in the differ-
ential distribution of branching ratios. In Fig. 6, we graph
the differential branching ratios of the B® — Kjao[—
KK, zn| decays on the invariant mass; the results of the
B® - K3a[— K*K~,z%] models are shown on the left,
and those of the B — K" ag[— K~K°, z7n] models are
shown on the right. The differential branching ratios of the
B’ - K fo[—» nta]|, B > K;fo|— K"K~], and B° —
K3o|— n"n~] decays on the zz or KK invariant mass @
are presented in Fig. 7 with a red solid line, blue solid line,
or red dashed line, respectively. For the a; resonance, the
contributions of the KK channel are much smaller than that
of the 7y channel. From the figures, it is clear that the peak
occurs around the resonance peak mass; the majority of the
branching ratios are concentrated around the resonance
state, basically in the range of [mg — I'y, mg + I's]; and the
contributions from the @ > 2.0 GeV are really small and
can be neglected safely.

IV. SUMMARY

In this article, considering the mixing angle 6§ = 135°
between f((980) and f((500), and ¢ =9° between
f2(1270) and f%(1525), we predict the branching fractions
and direct CP asymmetries of the B — Tay[— KK, my],
BY = Tfy[» ntn~,KTK~] and B® - To[— nt 7] decays
with the pQCD approach firstly, where 7" denotes tensor
mesons a,(1320), K5(1430), f,(1270), and f5(1525); the
scalars are considered as the gg state in the first scenario.
Our results show that among these considered decays, the
pQCD predictions for the CP-averaged branching ratios
vary in the range of 1073 to 107>. The branching fractions
are sensitive to the @, and the opposite is true for ¢, except
for some decays involving f%(1525). The direct CP
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asymmetries are also affected by the mixing angle. Using
the narrow-width approximation, we calculate the relative
partial decay widths I'(ay — KK)/T'(ay — 7n) and the
ratio B(fyo - KTK™)/B(fo —» #tz7), and extract the
decays B — K;(1430)°f,(980) branching fractions,
which are in agreement with the existing experimental
and theoretical values. Our work has positive implications
for understanding the QCD behavior of the scalars, and we
also expect that our calculations can be tested by the LHCb
and Belle II experiments in the future.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX: FACTORIZATION FORMULAS

In this section, we list the factorization formulas with
Xx=1=-xp,n=1-n.Cp = % stands for the color factor.
Because of the charge conjugation invariance, the S-wave
meson pair cannot be emitted with the (V — A)(V — A) and
(V—A)(V + A) current, namely
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|
FSP = 16\@7:chng A ' dxgds /) * bydbybydbspp(xg, bg)
x {[rxsii(r* = )@ 4 r(dry =2+ x3(r* + 7))y + (71— 17)(2 = 1) br]
X ay(ta1)ha1 (@a1. Bars by, b3) exp[—=Sp(ta1) — S3(2a1)]S1(x3)
+ [2r(f = xg + 1)y = rPxpdrlag(tp1) o (@1, Br b3, bp) exp[=Sp(ty1) = S3(t,1)]S,(x5) }- (A2)
ML = —3—3271CFM% A ' dxpdzds A " bydbgbdbgy(xg, bg)bs
) A[r((? = 1) (xp + (2= 2)n) + 2371 + r7x3 (20 = 1)y + rif((1 = 17) (xp = 21) + x3(1% = 77))
+ (7 = 1=n) @7 +r* (27 = %)) prlas(te)) her (@1, fer, b, bg) exp[=Sp(ter) = S(ter) — S3(te1)]
+[r((r2 = 1) (g = 20) + x371 + 22320 = 1) + 1((r2 = 1) (xp + 20) = x3(2 = 7))y
+ (P =14n)((1 =)z =xp +x3(* + 7)) prlas(ta))har (@ar, Bar, b, bg) exp[=Sp (1) = S(ta1) = S3(tar)]}  (A3)
MLR = —3—32ncFM§ A ' dxgdzdrs A * bydbybdbdp(xy, bs)
X {2E + (3 = 2)) @by + rey — ridy)ds + (7 +r2 (2 = Xp)) by
+r(Xp — 24+ x5 + 17 (x3 = 2) + Xan) g — ri(X37 + xp — 2+ (x5 = 2))p7) (d%5 — ¢5))]
X ag(ter)hei(Qers Bers b, bp) exp[=Sp(ter) = S(ter) — S3(te1)] — [2r(xp — x37) (rpr — b7 — 17 ) s
+ (a1 + r*(xp = 20))br + r(2(1 = 72) = xp + x5 + 1)) = rit(2(1 = %) + x5 + x3(r* = 7))
x (g5 — ¢9)]as(ta) har(@ar, Par, b, bp) exp[=Sp(tar) = S(tar) — Sa(ta1)]} (A4)
M§P = —%ﬂCFM% /0 ' drgdzdys /0 " bydbybdby(xg. by)ds
x A[r((r* = D xp + (2= 2)n) + x50 + r*x3(20 = 1))y = rin((1 = ) (xp — 2n) + x3(r* = 7))
+ (r* =) (g + x5 — 2+ 1*(x3 = 2) + 1%3)brlag(te1) e (@ers Bers b, by) exp[=Sp(ter) = S(t1) = S3(te1)]
= [r((? = D) (xp = 2n) + x371 + 2320 = 1)@y — rin((r> = 1) (xp + 21) = x3(r* = 7))
+ (=1 =n) (i + 1*(xg = 200))prla(tar)har (@ars Pars b, bg) exp[=Sp(tar) = S(tar) — S3(tar)]} (A5)
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2 1 o0
ALL :8\/5ﬂchBM§ A dzdx; A bdbbydbs

x {[2r\/ (1 = P)nxsii (i = 1) sy = 2/ (1 = r2)n(x3(r* + 77) = 2) 3y
+ (1 = ) (x371 = 1+ rx3n)psprlog(ter) B (Aot Bers b b3) exp[—=S5(ter) — S(t,1)]S,(x3)
— 2r\/ (1 = P)n(r’z =2+ ) sy + 2r\/ (1 = P )n(r*z + z + ) psdy

+7(r*z — 24 (22 = 1)) psbrlag(t 1) hpy (g Bri. by, b) exp[—S;(tp1) — S(141)]S:(2)}

LR _ ALL
AS _AS

2 1 )
A§P:—16\/%HCFfBM§ / dzdx, / bdbbydb,
0 0

x A[r(xsit = 1=+ (%3 + 20x3) )pspy — 24/ (1 = 2 )n(r* = i) pspr
+ ”)_C37_7(’”2 — ) pshr|as(ter)her (o1, Per, b, b3) exp[=S5(ter) — S(2,1)]S,(x3)
— 274/ (1 = P)niiglsepr = 2r(zn = 1+ r*(1 = 25 + zn) ) sy

+ /(1= )n(r? = 1)zii(d§ — ds)prlas(tp)hpy (g, Bris by, b) exp[—=Ss(ts1) — S(t71)]S.(2)}

32

1 Y]
WéL = —?ﬂCFM;‘;/ dXBdZdX3/ debBbdb¢B(xB, bB)
0 0

x{[(ry(i=1)+ (A =r?+n)(n—2+r*(Z—xp) + (= Dzn))pspr +2r\/ (1 = r*)n(z + r*(x3 — 7))
X Gs(py =) +r\/ (1= (g +x3 = 2+ 17 (x5 = 2) + Xan) (b5 — P5) 7 — drrpy ) (1 = 1 )ngps by
- ”7] (1 - 1’2)7’]<XB —-zZ+ r2()€3 - Z) + X%ﬁ)((ﬁfq - ¢f§)¢[7‘]as(tgl )hgl (agl ’ﬂgl s bB’ b)

x exp[=Sg(tg1) = S(ty1) = S3(t1)] = [2r\/ (1 = r*)n(xp — Xa7) s (5 — 1pT)

+ (r* = 71)(xp — X371 — 2 — 2 (xp — X3(1 = 217) — 20) ) pspr

+ /(1= P)n(xg = X3 + 17 (x3 = 2) — 2) (% — @5) 5 + rip [ (1 = P )n(Fsi — xp + 72 (x3 — 2) — 2)

X (s — dS) Pl (ty) i (@ny, Pur» b, b) exp[=Sp(tn) — S(tn1) — S3(th1)]}

3 i %
WgR = —?TFCFM%/ dedZdX3/ debBbdbqu(xB,bB)
0 0

(A8)

(A9)

x {27/ (1 = )z + r*(x3 = 2) + ry)pspr + r(1 = r2)(ry = x5 + x3) + (2 + 1, — 2= x3 + r*(z2 = 2%3))1)

X sy =) (1= )n(r*(Xp + 1 = 200) = (ry + D) (B5 = @) br + rf((1 = 1) (x5 = 2n) + (x5 + 1) (7 = 7))

X sl (tg) hgi (g, Bgrs by, b) exp[=Sp(ty) — S(ty) — S3(t41)]
— 27/ (1 = P)n(r*(x3 — 2) — 2)Plspr — r(Xsi — x5 + 211 + r* (x5 — (1 = 2n) %3 — 2) ) pshy;

— /(1= )z + rP(xp — 200)) (§§ — @)y + rii(X37] — xp + 12 (x5 — Xp + 20) — 20)PsP}]
X ag(tp1) hp (apr, Pis bg, b) exp[=Sp(t1) = S(tm) — S3(tm)]}
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32 1 0
W§P = ?ECFM%A d.deZd.X3/0 debBbdb¢B(xB,bB)

< A[(? =7)(rp + (1= ) (xp = x3) + (2 = 2+ x3 = (2 = 2%3))n)pspr + 2r\/ (1 = r*)n(xp — X371 — 1)
X Ps(py — ) +Arrp/ (1= r*)ngsdy — rip\/ (1= r)n(xp + Xt — 2+ 17 (x5 = 2) ) (85 — #5) 97

=\ (1= r)n(xp +x3 = 24 12 (x3 = 2) + X31) (b5 — ¢5) Pl (1) hgr (@g1. Byr. by, b) exp[=Sp (1)

= S(ty1) = S3(tg)] = [/ (1 = P)n(337 — xp — 2+ r*(x3 = 2))(#5 — #5) 7 — 2r\/ (1 = *)n(r? (x3 = 2)
= )5y — i) + (= 1 =n) (2 + 1 (xp — 20))pspr — r\) (1 = P )n(xp — Xaf] — 2+ 12 (x; — 7))

x (@5 — ¢ )dy)a(th) hp (any, P bg. b) exp[=Sg(tp1) — S(tp1) — S3(tn)]} (A11)

32 1 oo
M%L = —37[CFM%/) dedde:;/; debBb3db3¢B(xB,bB)¢T

x {27\ (1= )n(xp = Xait) s + 1/ (1= r)n(zit + r*(xp — 201) ) (5 — @) + (7 = 1)

X (xp = Xaf] — 21 = r*(xg — X3 + 21%3 — 20) ) ps| s (tea) hea (@eas Beas b3, bg) exp[=Sp(tea) — S(tc2)

= S3(te2)] = [\ (1 = P)n(zit + r*(xp = 27) ) (5 = #5) = 271/ (1 = P*)n(z(r® = 1) = rPx3) s + (7 = 1)

X (xg +2(r? = 1) = (i1 + r*)x3) s s (tar) har (@azs Ban» b3, bp) exp[=Sp(tan) — S(tan) — S3(ta2)]} (A12)

MR = —%ﬂCFrM‘}; A ' dxgdzdys A " bydbybydbspp(xg. bg)
) {24/ (1 = P)n(z = r*(x3 = 2) (b7 — 1g7) + (X3t — x5 + 20 + 1> (x5 — X3 + 2033 — 20) ) ps by
=\ (1= )nlxg = X371 — 2+ 2 (x3 = 2)) (s = §5) by + M(Xsh) — xp — 20 + (x5 = X3 + ) sl
+ 7\ (1= r)n(xsi = xp = 2+ r*(x3 = 2))(§§ = #5) Pl (1e2) hea(@ca. Pea. b3, b)) exp[=Sp(tea)
= S(tea) = S3(t2)] = [((r* = 1) (x5 = z0) + x371 + r*x3(2n = 1)) pspy — 24/ (1 = r)n(z(r* = 1) = r’x3)
X @s(by +0igpy) = i((r? = 1)(xp + 200 = x3) = x3n)pspy — 1/ (1 = r)n(xg + 2(r* = 1) = (r* +177)x3)

< (b5 = @)y + 70/ (1= r2)n(xp + (1= 2)(2 = x3) + x3m) (5 — B5) 7]

X ag(ta)har (@, Pans b3, bg) exp[=Sp(tan) — S(t1) — S3(t2)]} (A13)
32 1 )
ML}P = _3”CFM41§/ dedzdx3/ bgdbybsdbsp(xp, bp)dr
0 0

x A\ (1= r)n(zip 4 r*(xp = 200)) (5 = #) = 271/ (1 = r)n(r* (x5 = 2) = 2)b§
+ (7 — 1) (xp — X3 — 2+ r*(x3 — 2))bslas (1.2) hea(@a. Pea. b3 b)) exp[—=Sp(tea) — S(t2) — S3(1,2)]
— 27/ (1 = P)n(xp — x3i) s + 1/ (1 = rP)n(zin + r(xp — 201)) (9§ — @) + (P —77)

x ((r* = 1)(xg = z11) + x377 + r*x3(2n = 1)) sl (ta2) hap (@, Ban b3, bg) exp[=Sg () — S(142) — S3(12)]}
(A14)
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ALL — 8\/%7:CF FpM A ' dzdxs A * bdbbdbs
<AR2r\ (1= )2+ (P = 1)) (g5 — ds)by — (271 +77 (220 = 1) = i) sy
+4r\ /(1 = P )ngisdpy)ats (ter) hea(Qeas Peas b3, b) expl[=S3(tea) = S(12)]S,(2)
— (P =) (x5 + (1= P)Xsm)spr + 2r/ (1 = (1 + x5 — P2X5 + X37) i,

+2r/(1- P nxsi(r2 — i)yl ag(tp2) hpa (g, Bras b, bs) exp[—S3(t12) — S(142)]S:(x3)} (A15)

ALR — ALL (A16)

ASP = —16\/§HCF F M A ' dzds A ” bdbbsdb;
) A\ (1 =) (1 = zi) =1 2) (5 = ¢s)bpr = 271 \/ (1 = r*)n(1 + (* = 1)2)pspr
+2r(1 427+ (21 = 1)) s3]t (tea) hea (@en, Bea, b3, b) exp[—S3 (1) — S(1e2)]S:(2)
+ 20/ (1= P)n(r* = i) spr + r(xsit = 2(r2 = V) + rPx3(2n = 1)) sy
+ rxsij(r? = i) psdrlas(t)ha (A, Bras by b3) exp[=Ss(ty2) — S(22)]S:(x3)} (A17)

W%L = —%IZCFMé /)'l d.deZdX3 /)oo debBb3db3¢B()CB,bB)
x [/ (1 = (3371 = xp — 2+ 1 (x3 = 2))(§§ = @5) 7 — (x5 = X3l — 2+ 1 (x3 = 2)) (% — B5) b5
—2(r*(x3 = 2) = 2)@ () — i) — (ry + xp — Xaij — 27 — r* (xp + (20 — 1)%3 — 217))
X (r* =) pstpr — 4rrp\[ (1 = P )ndsdy)as (1) hp (g, Beas b, b3) exp[=Sp(1,0) — S(tg) — S3(1)]
= [2r\/ (1 = P)n(xp = x31 = )5 (5 = iipy) = r/ (1 = P )n(Fp = 2+ x3 + 17 (x3 = 2) +n¥3) (% — B5)5
+ (PP =1 =n)(*(3p = 21) = 12)bstr — i1 \/ (1 = r*)n(Zsi] + xp — 2+ r*(x3 = 2)) (5 — P5) BT
X ag(tia) hpa (a2, Pros by b3) exp=Sp(tin) — S(th2) — S3(th2)]} (A18)

32

1 oo
W%R = _3HCFM%A dedZdX3A debBb3db3¢B(xB,bB)

x {2,/ (1 = r*)n(xg = X3t = ry)Plspr + r((1 = 1) (X3 — x5 + 1) + (2 = X3 — 12 (2 = 2X3) + 1,)0) Ps iy
+ rij(X37 — xp — 21 + r*(xp — X3 + 27) — rp (P = 7)) sy +\/ (1 = r)n(zi + r*(xp — 27) — rp(r* = 7))

X (¢§ - ¢tS)¢T]as(tg2)hg2(ag2vﬂg27 bB7 b3> exp[_SB(IQZ) - S(th) - S3(t92)]
= (1 = ) (xp = 2n) + x5 =) sy — r((* = 1) (xp + (2 = 2)n) + X371 + (21 = 1)r°x3) sy

— /(L= Pz i +r*(zi — X)) (9§ — P)pr — 2r7\/ (1 = r)n(xp — 1 — x377) Pispr]
X ay(tp) i (a2, Pras b, b3) expl=Sg(tn) — S(t2) — S3(ti2)]} (A19)
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32 1 00
W;P :?ECFM%A dedde3/0 debBb3db3¢B(xB,bB)

< [(ry(r* =7) + (L= r* 4+ ) (2t + r*(xp — 201)))pspr + 2r\/ (1 = r*)n(xp — X37) P57 — g7

+ /(1= r)n(gs — ¢5)((xp — 2 = 371 + 17 (x3 = 2)) @7 + (X371 — xp — 2+ r*(x3 — 2))¢bf)

+4rrp\[ (1= rP)ndsdilag(t0)hp(ag. By, b, bs) expl=Ss(t) = S(1,0) = S3(1,0)]

= 2r/ (1 =)z + (x5 = )y + (7 = ) (7 = 1) (xp + (2 = 2)n) + x37 + r7x3(20 = 1)) psebr

+ 1\ (1= )n(gs — ¢5)((Z = xp + x5 + 12 (%3 = 2) +n%3) @} = 71(xp — 2+ X3 + (x5 — 2))9b7)

=20\ (1= r)n(Z + 1* (x5 = 2)) sl (tha) luo (o Bra. b, b3) exp[=Sp(tia) = S(tia) = S3(1ha)]. (A20)
The hard functions /; are derived from the Fourier transform with i = (a1, ..., h2), whose specific expression is

hi(a, B, by, by) = hy(a. b )Xhz(ﬂ by, bs),

- Ko a>0,
a { K, \/—_ab a<0,
hy(B, by, by) = { 0(b) = b2)10<\/—b2)K0(\/'_.Bb1) + (b < by), p >0, (A21)
0(by — b2)Jo(vV=Pb2)Ko(iv/=pb1) + (by <> by), B <O,

with the Bessel function J|), and the modified Bessel functions Ky and /. The expressions for a and $ in the hard functions
are

Aarp1) = Blerary = Mprixs(xp —ixs),
Bar = My[(rPxs = 1)(1 = x377) + 1],
Bri = Myr*(xg — 1)
e = My[r*(z — %3)

ag = M3[r*(x; - 2)

El

ag = My{[r*(z = %3) + Z)(xp — 1 = x37) + 13},
ay = Mz[ (X3 = z) + 2](xp — X377).
Pier.a) M3(1 = r*)xpz,
Ay = Mplz — 1*(z = %3)] (xp — %37]),
agp = Mp[r*(x3 — 2) + 2 (xp — x37),
Aer.p2) = Propz) = My[r*(z = %3) + 2] (=n — x370),
Per = M[(1 = r*)z = 1],
B = My(1 — r’x3)(—n — x37).
ap = My{[r*(%; — 2) + 2] (xp = X37) + 13}
apy = My[r*(z = X3) + ) (xp — n = x377). (A22)

The hard scales t;(i = al, ...h2), which are taken to remove the large logarithmic radiative corrections, are given by

016002-20



STUDY OF QUASI-TWO-BODY B° — T(zz, KK, 7n)...

PHYS. REV. D 111, 016002 (2025)

tar = Max{ /1Bl 1/b5, 1/b3 }. 11 = Max{ /Iy 1. 1/by. 1/bs }.

tor = Max{ Vi V1Bl /65, 1/b . 1 = Max{ /o], /1Bl 1/, 1/b}.
to = Max{\/1Br]. 1/6.1/b3 }. 151 = Max{ /18| 5}

t =Max{\ /1| /1B /by 1/b Y.t = Max{/Jal. /1Bl 1/65. 1/b}.

I = = Max

{
{Viaal

ty —Max{\/|_ﬂ; 1/b, 1/bg},tf2 :Max{\/@, }
{

laca|, v/ |Beals 1/ b, l/bz}yldz = Max{v lanl, VBals 1/bg, 1/b3},

tpr = Max{\/laa|. /1Bl 1755 1/3 }. 112 = Max{ VIl v/1Bral. 1/bs. /b5 }. (A23)
The Sudakov exponents are defined as
5 [t dn _
o = sCpi ba)+3 [ L, faa),
1/by H
+ 5+ " dpi
§S=s(zp™.b) +s(zp™.b) +2 | —v4(as(i)).
1/b K
dp _
S3 = s(x3p3.b3) + s(X3p3.b3) +2 b —Vq( ay(k)), (A24)
3

with the anomalous dimension of the quark y, =

—a,/m, and s(Q, b) is the Sudakov factor, which can be found in Ref. [80].

Meanwhile, the threshold resummation factor S,(x) is taken from Ref. [81],

St<x> - \/7—1_1—‘(

with the parameter ¢ = 0.3.

21+2cr ( + C)

o [x(1 =), (A25)
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