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In this study,we calculate theCP-averaged branching ratios and the directCP-violating asymmetries of the
three body decays B0 → Tðππ; KK̄; πηÞ in the perturbative QCD approach, where T denotes tensor mesons
a2ð1320Þ, K�

2ð1430Þ, f2ð1270Þ, and f02ð1525Þ, and the daughter branching is f0ð980Þ → ππ;
KK̄,f0ð500Þ → ππ, a0ð980Þ → KK̄; πη. By introducing two-meson distribution amplitudes parametrized
by the timelike form factors, the three-body decay is simplified to quasi-two-body decay. The scalar mesons
a0ð980Þ, f0ð980Þ, and f0ð500Þ are regarded as the lowest-lying qq̄ state, considering the effect of mixing
angle θ between f0ð980Þ and f0ð500Þ, ϕ between f2ð1270Þ and f02ð1525Þ on our calculations. We found the
following. (a) With θ ¼ 135°, we evaluate the branching fractions of B0 → K�

2ð1430Þ0f0ð980Þ½→ πþπ−� to
be 4.30 × 10−6,then under the narrow-width approximation we extract the branching fraction of the
decayB0 → K�

2ð1430Þ0f0ð980Þ to be 8.78 × 10−6, which is consistent with the current experimental data
well. (b) The decay rates for the considered decay modes are generally in the order of 10−8 to 10−5. (c) The
branching fractions are sensitive to the θ, and the opposite is true for ϕ. The ϕ is really small, so the decay
branching ratio has only little change, except for some decays involving f02ð1525Þ. (d) The θ and ϕ can
bring remarkable change to the direct CP asymmetries of pure penguin processes so that it is
not 0. (e) We calculate the relative partial decay widths Γða0 → KK̄Þ=Γða0 → πηÞ and the ratio
Bðf0 → KþK−Þ=Bðf0 → πþπ−Þ, which are in agreement with the existing experimental values. Our results
can help one to understand the internal structure of scalar mesons and the nature of tensor mesons and can be
tested by future experiments.
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I. INTRODUCTION

Three-body hadronic B meson decays can be important
for testing the Standard Model (SM) by measuring the
associated Cabibbo-Kobayashi Maskawa (CKM) matrix
parameters such as the weak phases α, β, and γ, under-
standing the potential mechanisms of hadronic weak
decays and CP violation, and discovering new physics
[1]. From the point of view of the spin-parity quantum
numbers JP, JP ¼ 2þ, 1þ, 0þ, 0− represents tensor mesons
(T), vector mesons (V), scalar mesons (S), and pseudo-
scalar mesons (P), respectively [2]. In this paper we study
the tensors including isovector mesons a2ð1320Þ, isodoulet
states K�

2ð1430Þ, and two isosinglet mesons f2ð1270Þ,
f02ð1525Þ [3,4]. The factorizable amplitude with a tensor
meson emitted is prohibited because a tensor meson cannot

be created from the (V � A) or (S� P) currents [2]. The
isoscalar tensor states f2ð1270Þ and f02ð1525Þ have a
mixing. From the experiment that f2ð1270Þ decays domi-
nantly into ππ, and KK is the dominant decay mode of
f02ð1525Þ, we can know that the f2ð1270Þ − f02ð1525Þ
mixing angle ϕ is really small, f2ð1270Þ is nearly
ðuūþ dd̄Þ= ffiffiffi

2
p

, and f02ð1525Þ is mainly ss̄ [4–6]. The
physical states f2ð1270Þ and f02ð1525Þ can be given by [2]

f2ð1270Þ ¼ fn2 cosϕþ fs2 sinϕ;

f02ð1525Þ ¼ fn2 sinϕ − fs2 cosϕ; ð1Þ

wherewe use the quark-flavor basis, with fn2 ¼ 1ffiffi
2

p ðuūþdd̄Þ,
fs2 ¼ ss̄. Moreover, it is also theoretically found that the
mixing angleϕ ¼ 5.8° [5], 7.8° [6], ð9� 1Þ° [7]. In two-body
decays, there have been experimental and theoretical studies
ofB → PT; VT; ST; TT [8–11]. In three-body decays,much
work has been done on the tensor as a resonance state [12–
16]. For the first time, we treat the tensor as a nonresonant
state, which is necessary to gain insight into the relevant
decays and facilitates the exploration of the nature of the
scalar resonances involved.
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The identification of scalar resonances is a long-standing
challenge. Scalar resonances are difficult to deal with
because some of them have very broad decay widths,
leading to strong overlap between the resonance and the
background. In addition, the fundamental structure of
scalar mesons is still quite controversial on the theoretical
side. Currently, there are two main different scenarios, the
so-called Scenario I (S-I) and Scenario II (S-II), to explain
scalar mesons [17,18]. In S-I, the mesons below or close to
1 GeV are considered as the lowest qq̄ bound states, while
mesons above 1 GeV are the first excited two-quark states.
In contrast, in S-II, mesons near 1.5 GeV are regarded as
ground two-quark states, while lighter mesons are identi-
fied with the dominant qqq̄q̄ state and possibly mixed with
glueball states. Each scenario has its own physical mean-
ing. In order to give quantitative predictions, we will only
work in the S-Iwheref0ð980Þ is regarded as the conventional
two-quark qq̄ state. The reason is that the f0ð980Þ described
by the four-quark state in S-II is too complex. It cannot be
studied by factorization approaches [1]. In addition, the
presence of nonstrange and strange quark contents in
f0ð980Þ and f0ð500Þ has been confirmed by the experi-
mental measurements of the decays Dþ

s → f0π, ϕ → f0γ,
J=ψ → f0ω, J=ψ → f0ϕ. f0ð980Þ and f0ð500Þ can be
regarded as a mixture of ss̄ and ðuūþ dd̄Þ= ffiffiffi

2
p

[19]. The
mixing relation for the f0 − σ system [20],

�
σ

f0

�
¼

�
cos θ − sin θ

sin θ cos θ

��
fn
fs

�
; ð2Þ

with fn ¼ 1ffiffi
2

p ðuūþ dd̄Þ; fs ¼ ss̄. The mixing angle θ has

not been determined experimentally or theoretically. The
authors use the ratio between J=ψ → f0ω andJ=ψ → f0ϕ to
derive a mixing angle of ð34� 6Þ° and ð146� 6Þ° [21,22].
TheWA102 experiment on f0ð980Þ production in central pp
collisions yields a result of θ ¼ ð42.3þ8.3

−5.5Þ° and ð158� 2Þ°
[23]. Furthermore, a phenomenological analysis of the
radiative decays ϕ → f0γ and f0ð980Þ → γγ shows that
the θ ¼ ð138� 6Þ° is preferable [22]. Conservatively, we set
θ to be a free parameter in this work.
It is well known that the multibody decay of heavy

mesons involves more complex dynamics than the two-
body decay and is difficult to describe in full phase space. It
has been proposed that the factorization theorem for three-
body B decay is approximately valid when two particles
move collinear and the bachelor particle recoils back,
which provides a theoretical framework for the study of
resonance contributions based on the quasi-two-body
decay mechanism. Three-body B decays have been exten-
sively studied using various methods, such as those based
on the symmetry principles [24], the QCD factorization
approach [25–28], the perturbative QCD approach (pQCD)
[29–32] and so on. Previous studies have shown that the
multibody Bmeson decay branching ratio calculated by the

pQCD approach based on the kT factorization fits well
with experimental results, which further verifies the effec-
tiveness of this method [33–37]. In the pQCD approach, the
three-body decay is simplified to the quasi-two-body decay,
and the pair of final state mesons is described by intro-
ducing the two-meson distribution amplitudes [38]. The
contribution from the direct evaluation of hard b-quark
decay kernels containing two virtual gluons is generally
power suppressed, and the dominant contribution comes
from the region where the two energetic light mesons are
almost collimating to each other with an invariant mass
below OðΛ̄MBÞ, (Λ̄ ¼ MB −mb is the difference in mass
between the B meson and b quark). Then, the pQCD
factorization formula for the three-body decay amplitude of
the B meson is written as [39,40]

A ¼ H ⊗ ϕB ⊗ ϕh3 ⊗ ϕh1h2 ; ð3Þ

where the hard decay kernel H can be calculated by using
the perturbative theory. The nonperturbative inputs ϕB,
ϕh1h2 , and ϕh3 are the distribution amplitudes of the B
meson, h1h2 pair, and h3 meson, respectively.
In the last decades, several B decays with resonance states

a0ð980Þ, f0ð980Þ, and f0ð500Þ have been observed exper-
imentally [41–43], and the corresponding theoretical calcu-
lations have attracted increasing attention. For example, the
LHCb Collaboration and the Belle Collaboration have
observed B0 → J=ψKþK− decay and B� → K�f0ð980Þ →
K�π∓π� decay with a0ð980Þ, f0ð980Þ as resonance states,
respectively [44,45]. In Ref. [46], the branching ratios of the
B → J=ψðKK̄; πηÞ decays have been calculated with the
resonances a0ð980Þ and a0ð1450Þ, and the timelike form
factors in the dimeson distribution amplitudes timelike form
factors are parametrized by the Flatté model and the Breit-
Wigner formula, respectively. The authors of Ref. [47],
employing a0ð980Þ, a0ð1450Þ, and a0ð1950Þ as resonances,
studied the multiparticle configurations of isovector scalar
mesons, in the B → a0ð→ KK̄; πηÞh by considering the
width effects. In Ref. [48], the Breit-Wigner formula and the
Bugg’s model for f0ð500Þ resonance, and the Flatté model
for f0ð980Þ resonance are adopted to study the quasi-two-
bodyB0

ðsÞ → ηcð2SÞπþπ−. InRef. [49], the author studied the
quasi-two-body decays B → Pf0ð500Þ → Pπþπ−. Based
on the decay B0

s → SSða0ð980Þ; f0ð980Þ; f0ð500ÞÞ [37],
the author predicted the branching ratios of the quasi-two-
body decays B0

s → S½→ P1P2�S [50]. In Refs. [51] and [52],
the branching ratios of theB → KðR → KþK−Þ andBðsÞ →
Vππ decays with f0ð980Þ resonance have been studied by
considering themixingof ss̄ and ðuūþ dd̄Þ= ffiffiffi

2
p

. Combining
the theoretical results [10] and the BABAR Collaboration
measurements of B0 → K�

2ð1430Þf0ð980Þ [53], we shall
extend the study toB0 → TS½→ P1P2�, where T denotes the
tensor mesons a2ð1320Þ, K�

2ð1430Þ, f2ð1270Þ, and
f02ð1525Þ, and P1P2 ¼ πη; ππ; KK̄ is the final state
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meson pair.1 For themesons f0ð980Þ and f0ð500Þ, f2ð1270Þ
and f02ð1525Þ we also adopt the corresponding mixing
mechanism. The results presented in this paper can be
validated in the LHCb and Belle II experiments in the near
future.
This paper is organized as follows. In Sec. II, we introduce

the theoretical framework. Section III will give the numerical
values and some discussion. Section IV contains our con-
clusions. The Appendix collects the explicit PQCD factori-
zation formulas for all the decay amplitudes.

II. THE THEORETICAL FRAMEWORK AND
HELICITY AMPLITUDES

A. The wave functions

The relevant weak effective Hamiltonian of the quasi-
two-body B0 → TS½→ P1P2� decays can be written as [54]

Heff ¼
GFffiffiffi
2

p
�
V�
ubVuq½C1ðμÞO1ðμÞ þ C2ðμÞO2ðμÞ�

− V�
tbVtq

�X10
i¼3

CiðμÞOiðμÞ
��

; ð4Þ

where the V�
ubVuq and V�

tbVtq are CKM matrix elements
with q ¼ d, s quark, the Fermi constant GF ¼ 1.66378×
10−5 GeV−2, and Ci is the corresponding Wilson coeffi-
cient. The local four-quark operator OiðμÞ can be divided
into the following three categories and the relevant
Feynman diagrams illustrated in Fig. 1.
(1) Current-current (tree) operators:

O1 ¼ ðb̄αuβÞV−AðūβqαÞV−A;
O2 ¼ ðb̄αuαÞV−AðūβqβÞV−A; ð5Þ

(2) QCD penguin operators:

O3 ¼ ðb̄αqαÞV−A
X
q0
ðq̄0βq0βÞV−A;

O4 ¼ ðb̄αqβÞV−A
X
q0
ðq̄0βq0αÞV−A;

O5 ¼ ðb̄αqαÞV−A
X
q0
ðq̄0βq0βÞVþA;

O6 ¼ ðb̄αqβÞV−A
X
q0
ðq̄0βq0αÞVþA; ð6Þ

(3) Electroweak penguin operators:

O7 ¼
3

2
ðb̄αqαÞV−A

X
q0
eq0 ðq̄0βq0βÞVþA;

O8 ¼
3

2
ðb̄αqβÞV−A

X
q0
eq0 ðq̄0βq0αÞVþA;

O9 ¼
3

2
ðb̄αqαÞV−A

X
q0
eq0 ðq̄0βq0βÞV−A;

O10 ¼
3

2
ðb̄αqβÞV−A

X
q0
eq0 ðq̄0βq0αÞV−A; ð7Þ

where the subscripts α and β are the color indices and q0 are
the active quarks at the scale mb, i.e., q0 ¼ ðu; d; s; c; bÞ.
The left-handed current is defined as ðb̄αqαÞV−A ¼
b̄αγμð1 − γ5Þqα, and the right-handed current is defined
as ðq̄0βq0αÞVþA ¼ q̄0βγμð1þ γ5Þq0α.
In the light cone coordinates, we let the B0 meson stay at

rest, and choose the P1P2 meson pair, and the final-state T
move along the direction of n ¼ ð1; 0; 0TÞ and v ¼
ð0; 1; 0TÞ, respectively. Thus, the momentum pB of the B0

meson, the totalmomentump ¼ p1 þ p2 of theP1P2meson
pair, and the momentum p3 of the final state T are
respectively

pB ¼ MBffiffiffi
2

p ð1; 1; 0TÞ;

p ¼ MBffiffiffi
2

p ð1 − r2; η; 0TÞ;

p3 ¼
MBffiffiffi
2

p ðr2; 1 − η; 0TÞ; ð8Þ

whereMB represents themass ofB0, r ¼ mT
MB

is themass ratio,
and mT refers to the mass of the final-state T. We think the
variable η ¼ ω2=ðM2

B −m2
TÞ, and ω is the invariant mass of

the P1P2 meson pair, which satisfies the relation ω2 ¼ p2.
Meanwhile, we define ζ ¼ pþ

1 =p
þ as one of theP1P2 meson

pair’s momentum fractions. Accordingly, the kinematic
variables of other components in the meson pair can be
expressed as

p−
1 ¼ MBffiffiffi

2
p ð1 − ζÞη;

pþ
2 ¼ MBffiffiffi

2
p ð1 − ζÞð1 − r2Þ;

p−
2 ¼ MBffiffiffi

2
p ζη: ð9Þ

We adopt xB, z, x3 to indicate the momentum fraction of
the light quark in each meson with the range from zero to
unity. So the light quark’s momentum of the B0ðkBÞ,
P1P2ðkÞ, and Tðk3Þ are defined as

1a0, f0, and σ refer to a0ð980Þ, f0ð980Þ, and f0ð500Þ
respectively in the following text. Moreover a2, f2, and f02 refer
to a2ð1320Þ, f2ð1270Þ, and f02ð1525Þ respectively.
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kB ¼
�
0;
MBffiffiffi
2

p xB; kBT

�
;

k ¼
�
MBffiffiffi
2

p zð1 − r2Þ; 0; kT
�
;

k3 ¼
�
MBffiffiffi
2

p r2x3;
MBffiffiffi
2

p ð1 − ηÞx3; k3T
�
: ð10Þ

For the B0 meson, the wave function can be expressed as
[55–57]

ΦB ¼ iffiffiffiffiffiffiffiffi
2Nc

p ð=pB þMBÞγ5ϕBðxB; bBÞ; ð11Þ

whereNc ¼ 3 is the color factor. The light cone distribution
amplitude (LCDA) ϕBðxB; bBÞ is explicitly expressed as

ϕBðxB;bBÞ ¼ NBxB2ð1− xBÞ2 exp
�
−
M2

BxB
2

2ω2
b

−
1

2
ðωbbBÞ2

�
;

ð12Þ

where the NB is the normalization constant, which can be
determined by the normalization condition

Z
1

0

ϕBðxB; bB ¼ 0Þdx ¼ fB=ð2
ffiffiffiffiffiffiffiffi
2Nc

p
Þ; ð13Þ

with the decay constant fB ¼ ð0.19� 0.02Þ GeV. The
corresponding shape parameter ωb in the LCDA of the
B0 meson is usually taken as the value (0.40� 0.04)GeV.
In the quark model, the tensor meson with JPC ¼ 2þþ

has angular momentum L ¼ 1 and spin S ¼ 1. The
polarization of λ ¼ �2 vanishes in the-three body decays
B0 → TS½→ P1P2� because of angular momentum con-
servation. In this case, the wave function of the tensor
meson is very similar to the vector meson and can be
defined as [58,59]

ΦT ¼ 1ffiffiffiffiffiffiffiffi
2Nc

p
�
mTϵ

�
•LϕTðxÞ þ ϵ�•LPϕ

t
TðxÞ þm2

T
ϵ• · v
P · v

ϕs
TðxÞ

�

Φ⊥
T ¼ 1ffiffiffiffiffiffiffiffi

2Nc
p ½mTϵ

�
•⊥ϕv

TðxÞ þ ϵ�•⊥PϕT
TðxÞ

þmTiϵμνρσγ5γμϵ�ν•⊥nρvσϕa
TðxÞ�; ð14Þ

with ϵ0123 ¼ 1. The reduced polarization vector ϵ•μ ¼ ϵμνvν

P·v ,
in which ϵμν is the polarization tensor of the tensor meson.

(a1) (b1) (c1) (d1)

(e1) (f1) (g1) (h1)

(c2) (d2) (e2) (f2)

(g2) (h2)

FIG. 1. The Feynman diagrams for the B0 → TS½→ P1P2� decays in pQCD. The symbol Black dot stands for the weak vertex, T means
the tensor mesons, and P1P2 denotes the final state meson pair; the corresponding relationship are a0ðπη; KK̄Þ, f0ðππ; KK̄Þ, and σðππÞ.
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The expressions of twist-2 and twist-3 LCDAs are given as

ϕTðxÞ ¼
fT

2
ffiffiffiffiffiffiffiffi
2Nc

p ϕkðxÞ; ϕt
TðxÞ ¼

f⊥T
2

ffiffiffiffiffiffiffiffi
2Nc

p htkðxÞ;

ϕs
TðxÞ ¼

f⊥T
4

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

hskðxÞ; ϕT
TðxÞ ¼

f⊥T
2

ffiffiffiffiffiffiffiffi
2Nc

p ϕ⊥ðxÞ;

ϕv
TðxÞ ¼

fT
2

ffiffiffiffiffiffiffiffi
2Nc

p gv⊥ðxÞ; ϕa
TðxÞ ¼

fT
8

ffiffiffiffiffiffiffiffi
2Nc

p d
dx

ga⊥ðxÞ;

ð15Þ

with the detailed

ϕk;⊥ðxÞ¼30xð1−xÞð2x−1Þ; gv⊥ðxÞ¼5ð2x−1Þ3;

htkðxÞ¼
15

2
ð2x−1Þð1−6xþ6x2Þ;

hskðxÞ¼15xð1−xÞð2x−1Þ; ga⊥ðxÞ¼20xð1−xÞð2x−1Þ:
ð16Þ

In this work, the S-wave two-meson DA is written in the
form

ΦS
P1P2

¼ 1ffiffiffiffiffiffiffiffi
2Nc

p ½=pϕSðz; ζ;ω2Þ þ ωϕs
Sðz; ζ;ω2Þ

þ ωðnv − 1Þϕt
Sðz; ζ;ω2Þ�; ð17Þ

and the asymptotic forms of the individual twist-2 and
twist-3 DAs ϕS and ϕs;t

S are parametrized as

ϕSðz; ζ;ω2Þ ¼ 9FSðωÞffiffiffiffiffiffiffiffi
2Nc

p a2zð1 − zÞð1 − 2zÞ;

ϕs
Sðz; ζ;ω2Þ ¼ FSðωÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p ;

ϕt
Sðz; ζ;ω2Þ ¼ FSðωÞ

2
ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2zÞ; ð18Þ

with the Gegenbauer coefficient a2 ¼ 0.3� 0.1 for a0 and
a2 ¼ 0.3� 0.2 for f0 [44,52,60]. FSðωÞ is the timelike
form factor, which can factorize the strong interactions
between the resonance and the final-state meson pair, as
well as the elastic rescattering processes of the final-state
meson pair.
For the scalar resonances a0 and f0, we adopt the Flatté

parametrization where the resulting line shape is above and
below the threshold of the intermediate particle. The pole
masses of the a0 and f0 resonances are both close to the
KK̄ threshold, and the main decay channels are a0 →
πη; KK̄ and f0 → ππ; KK̄. Since theFlatté parametrization
shows a scaling invariance and does not allow for an
extraction of individual partial decay widths when the
coupling of a resonance to the channel opening nearby is
very strong, we employ the modified Flatté model:

Ff0
S ðωÞ ¼ m2

f0

m2
f0
− ω2 − imf0ðgππρππ þ gKKρKKF2

KKÞ
; ð19Þ

for the f0 resonance [31,52] and

Fa0
S ðωÞ ¼ Ca0m

2
a0

m2
a0 − ω2 − iðg2πηρπη þ g2KKρKKÞ

; ð20Þ

for the a0 resonance [46]. The timelike form factor of the
resonant state a0 is parametrized by the complex amplitude
Ca0 ¼ jCa0 jeiϕa0 , where the value depends on whether the
final state mesons are πη or KK̄. For the a0 → KK̄ channel,
the magnitude of the complex amplitude jCKK

a0 j ¼ 1.07 and
the phase angleϕa0 ¼ 82°.When the channel isa0 → πη, the
phase angle remains the same as in the KK̄ system, and the
amplitudemagnitude satisfiesCπη

a0=C
KK
a0 ¼ ga0πη=ga0KK . The

definition of the strong coupling constants ga0KKðga0πηÞ can
be found in the literature [47,61]. We determined the strong
coupling constants ga0KK and ga0πη by using the relation
ga0KKðga0πηÞ=ð4

ffiffiffi
π

p Þ ¼ gKKðgπηÞ and the coupling constants
gπη ¼ 0.324 GeV, g2KK=g

2
πη ¼ 1.03 from the Crystal Barrel

experiment. Meanwhile, we employ the coupling constants
gππ ¼ 0.165� 0.018 GeV and gKK=gππ ¼ 4.21� 0.33 for
f0 [52,62], and introduce the factor FKK ¼ e−αq

2

into the
timelike form factorFf0

S ðωÞ to suppress theKK̄ contribution
with the parameter α ¼ 2.0� 1.0 GeV−2. In addition, the ρ
factors are chosen as

ρπη ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

�
mη −mπ

ω

�
2
��

1 −
�
mη þmπ

ω

�
2
�s
; ð21Þ

ρππ ¼
2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π�

ω2

s
þ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
π0

ω2

s
; ð22Þ

ρKK ¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K�

ω2

s
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
K0

ω2

s
: ð23Þ

Following the analysis of the LHCb Collaboration [63–65],
and motivated by the studies in Refs. [36,48,50,66,67], the
shape of the σ resonance can be well described by the Breit-
Wigner model:

Fσ
SðωÞ ¼

Cσm2
σ

m2
σ − ω2 − imσΓðωÞ

; ð24Þ

with the factor Cσ ¼ 3.50. The energy-dependent width
ΓðωÞ in the case of a scalar resonance decaying into a pion
pair can be parametrized as
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ΓðωÞ ¼ Γ0

mσ

ω

�
ω2 − 4m2

π

m2
σ − 4m2

π

�1
2

; ð25Þ

where Γ0 ¼ 0.40 GeV is the width of the resonance.

B. Helicity amplitudes

According to the typical Feynman diagrams as shown in Fig. 1, the total decay amplitude for each considered decay mode
in this work is given as follows:

AðB0 → K�
2fs½→ πþπ−; KþK−�Þ ¼ −

GFffiffiffi
2

p V�
tbVts

��
1

3
C5 −

1

6
C7 þ C6 −

1

2
C8

�
ðFSP

S þ ASP
S Þ

þ
�
1

3
C3 −

1

6
C9 þ C4 −

1

2
C10

�
ALL
S þ

�
C6 −

1

2
C8

�
MSP

S

þ
�
C3 −

1

2
C9 þ C4 −

1

2
C10

�
MLL

S þ
�
C3 −

1

2
C9

�
WLL

S

þ
�
C5 −

1

2
C7

�
ðMLR

S þWLR
S Þ

�
; ð26Þ

AðB0 → K�
2fn½→ πþπ−; KþK−�Þ ¼ GF

2

�
V�
ubVusC2MLL

S − V�
tbVts

��
C4 þ

1

3
C3 −

1

2
C10 −

1

6
C9

�
ALL
T

þ
�
C6 þ

1

3
C5 −

1

2
C8 −

1

6
C7

�
ASP
T þ

�
C3 −

1

2
C9

�
ðMLL

T þWLL
T Þ

þ
�
C5 −

1

2
C7

�
ðMLR

T þWLR
T Þ þ

�
2C6 þ

1

2
C8

�
MSP

S

þ
�
2C4 þ

1

2
C10

�
MLL

S

��
; ð27Þ

AðB0 → K�
2a

0
0½→ π0η; KþK−�Þ ¼ GF

2

�
V�
ubVusC2MLL

S − V�
tbVts

��
−C4 −

1

3
C3 þ

1

2
C10 þ

1

6
C9

�
ALL
T

þ
�
−C6 −

1

3
C5 þ

1

2
C8 þ

1

6
C7

�
ASP
T þ

�
−C3 þ

1

2
C9

�
ðMLL

T þWLL
T Þ

þ
�
−C5 þ

1

2
C7

�
ðMLR

T þWLR
T Þ þ 3

2
C8MSP

S þ 3

2
C10MLL

S

��
; ð28Þ

AðB0 → K�þ
2 a−0 ½→ π−η; K−K̄0�Þ ¼ GFffiffiffi

2
p

�
V�
ubVusC1MLL

T − V�
tbVts

��
C4 þ

1

3
C3 −

1

2
C10 −

1

6
C9

�
ALL
T

þ
�
C6 þ

1

3
C5 −

1

2
C8 −

1

6
C7

�
ASP
T þ

�
C3 −

1

2
C9

�
WLL

T

þ
�
C5 −

1

2
C7

�
WLR

T þ ðC3 þ C9ÞMLL
T þ ðC5 þ C7ÞMLR

T

��
; ð29Þ

AðB0 → a02fs½→ πþπ−; KþK−�Þ ¼ −
GF

2
V�
tbVtd

��
1

2
C10 − C4

�
MLL

S þ
�
1

2
C8 − C6

�
MSP

S

�
; ð30Þ
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AðB0 → a02fn½→ πþπ−; KþK−�Þ ¼ GF

2
ffiffiffi
2

p
�
V�
ubVud

��
C1 þ

1

3
C2

�
ðALL

S þ ALL
T Þ þ C2ðMLL

T −MLL
S þWLL

T þWLL
S Þ

�

− V�
tbVtd

��
−
1

3
C3 þ

3

2
C7 þ

5

3
C9 − C4 þ

1

2
C8 þ C10

�
ðALL

S þ ALL
T Þ

þ
�
1

6
C7 −

1

3
C5 − C6 þ

1

2
C8

�
ðASP

S þ ASP
T þ FSP

S Þ

þ
�
1

2
C9 þ

3

2
C10 − C3

�
ðMLL

T þWLL
T þWLL

S Þ −
�
2C6 þ

1

2
C8

�
MSP

S

þ
�
1

2
C9 −

1

2
C10 − C3 − 2C4

�
MLL

S þ 3

2
C8ðMSP

T þWSP
T þWSP

S Þ

þ
�
1

2
C7 − C5

�
ðMLR

T þMLR
S þWLR

T þWLR
S Þ

��
; ð31Þ

AðB0 → a02a
0
0½→ π0η; KþK−�Þ ¼ GF

2
ffiffiffi
2

p
�
V�
ubVud

��
C1 þ

1

3
C2

�
ðALL

S þ ALL
T Þ þ C2ðWLL

T þWLL
S −MLL

T −MLL
S Þ

�

− V�
tbVtd

�
−
3

2
C8ðMSP

T þMSP
S Þ þ

�
C3 −

1

2
C9 −

3

2
C10

�
ðMLL

T þMLL
S Þ

�

þ
�
7

3
C3 þ

1

3
C9 þ

5

3
C4 þ

2

3
C6 þ

1

6
C8 −

1

3
C10 þ

1

2
C7 þ 2C5

�
ðALL

S þ ALL
T Þ

þ
�
C3 −

1

2
C9 þ

1

2
C10 þ 2C4

�
ðWLL

S þWLL
T Þ þ

�
1

2
C8 þ 2C6

�
ðWSP

S þWSP
T Þ

þ
�
1

3
C5 −

1

6
C7 −

1

2
C8 þ C6

�
ðASP

S þ ASP
T þ FSP

S Þ

þ
�
C5 −

1

2
C7

�
ðWLR

T þWLR
S þMLR

T þMLR
S Þ

�
; ð32Þ

AðB0 → aþ2 a
−
0 ½→ π−η; K−K̄0�Þ ¼ GFffiffiffi

2
p

�
V�
ubVud

��
C1 þ

1

3
C2

�
ALL
S þ C2WLL

S þ C1MLL
T

�

− V�
tbVtd

�
ðC4 þ C10ÞWLL

S þ ðC6 þ C8ÞWSP
S

þ
�
C3 þ

1

3
C4 þ C5 þ

1

3
C6 þ C7 þ

1

3
C8 þ C9 þ

1

3
C10

�
ALL
S

þ ðC3 þ C9ÞMLL
T þ ðC5 þ C7ÞMLR

T þ
�
C5 −

1

2
C7

�
WLR

T

þ
�
4

3
C3 þ

4

3
C4 −

2

3
C9 −

2

3
C10 þ C5 þ

1

3
C6 −

1

2
C7 −

1

6
C8

�
ALL
T

þ
�
1

3
C5 þ C6 −

1

6
C7 −

1

2
C8

�
ASP
T þ

�
C6 −

1

2
C8

�
WSP

T

þ
�
C3 þ C4 −

1

2
C9 −

1

2
C10

�
WLL

T

��
; ð33Þ
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AðB0 → a−2 a
þ
0 ½→ πþη; KþK̄0�Þ ¼ GFffiffiffi

2
p

�
V�
ubVud

��
C1 þ

1

3
C2

�
ALL
T þ C2WLL

T þ C1MLL
S

�

− V�
tbVtd

�
ðC4 þ C10ÞWLL

T þ ðC6 þ C8ÞWSP
T

þ
�
C3 þ

1

3
C4 þ C5 þ

1

3
C6 þ C7 þ

1

3
C8 þ C9 þ

1

3
C10

�
ALL
T

þ ðC3 þ C9ÞMLL
S þ ðC5 þ C7ÞMLR

S þ
�
C5 −

1

2
C7

�
WLR

S

þ
�
4

3
C3 þ

4

3
C4 −

2

3
C9 −

2

3
C10 þ C5 þ

1

3
C6 −

1

2
C7 −

1

6
C8

�
ALL
S

þ
�
1

3
C5 þ C6 −

1

6
C7 −

1

2
C8

�
ASP
S þ

�
C6 −

1

2
C8

�
WSP

S

þ
�
C3 þ C4 −

1

2
C9 −

1

2
C10

�
WLL

S þ
�
C6 þ C8 þ

1

3
C5 þ

1

3
C7

�
FSP
S

��
; ð34Þ

AðB0 → fs2fs½→ πþπ−; KþK−�Þ ¼ −
GFffiffiffi
2

p V�
tbVtd

��
C3 þ

1

3
C4 þ C5 þ

1

3
C6 −

1

2
C7 −

1

6
C8 −

1

2
C9 −

1

6
C10

�

ðALL
T þ ALL

S Þ þ
�
C4 −

1

2
C10

�
ðWLL

S þWLL
T Þ þ

�
C6 −

1

2
C8

�
ðWSP

S þWSP
T Þ

�
; ð35Þ

AðB0 → fs2fn½→ πþπ−; KþK−�Þ ¼ −
GF

2
V�
tbVtd

��
C4 −

1

2
C10

�
MLL

T þ
�
C6 −

1

2
C8

�
MSP

T

�
; ð36Þ

AðB0 → fn2fs½→ πþπ−; KþK−�Þ ¼ −
GF

2
V�
tbVtd

��
C4 −

1

2
C10

�
MLL

S þ
�
C6 −

1

2
C8

�
MSP

T

�
; ð37Þ

AðB0 → fn2fn½→ πþπ−; KþK−�Þ ¼ GF

2
ffiffiffi
2

p
�
V�
ubVud

��
C1 þ

1

3
C2

�
ðALL

S þ ALL
T Þ þ C2ðMLL

T þMLL
S þWLL

T þWLL
S Þ

�

− V�
tbVtd

��
7

3
C3 þ 2C5 þ

1

2
C7 þ

1

3
C9 þ

5

3
C4 −

1

3
C10 þ

2

3
C6 þ

1

6
C8

�
ðALL

S þ ALL
T Þ

þ
�
1

3
C5 þ C6 −

1

6
C7 −

1

2
C8

�
ðASP

S þ ASP
T þ FSP

S Þ

þ
�
C3 þ 2C4 −

1

2
C9 þ

1

2
C10

�
ðMLL

T þMLL
S þWLL

T þWLL
S Þ

þ
�
2C6 þ

1

2
C8

�
ðMSP

S þMSP
T þWSP

T þWSP
S Þ

þ
�
C5 −

1

2
C7

�
ðMLR

T þMLR
S þWLR

T þWLR
S Þ

��
; ð38Þ
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AðB0 → fn2a
0
0½→ π0η; KþK−�Þ ¼ GF

2
ffiffiffi
2

p
�
V�
ubVud

��
C1 þ

1

3
C2

�
ðALL

S þ ALL
T Þ þ C2ðWLL

T þWLL
S −MLL

T þMLL
S Þ

�

− V�
tbVtd

�
3

2
C8ðMSP

S þWSP
T þWSP

S Þ þ
�
1

2
C9 þ

3

2
C10 − C3

�
ðMLL

S þWLL
S þWLL

T Þ

þ
�
3

2
C7 −

1

3
C3 þ

5

3
C9 − C4 þ

1

2
C8 þ C10

�
ðALL

S þ ALL
T Þ

þ
�
1

2
C9 − C3 −

1

2
C10 − 2C4

�
MLL

T −
�
1

2
C8 þ 2C6

�
MSP

T

þ
�
1

6
C7 −

1

3
C5 þ

1

2
C8 − C6

�
ðASP

S þ ASP
T þ FSP

S Þ

þ
�
1

2
C7 − C5

�
ðWLR

T þWLR
S þMLR

T þMLR
S Þ

��
; ð39Þ

AðB0 → fs2a
0
0½→ π0η; KþK−�Þ ¼ −

GF

2
V�
tbVtd

��
−C4 þ

1

2
C10

�
MLL

T þ
�
−C6 þ

1

2
C8

�
MSP

T

�
; ð40Þ

where superscripts LL, LR, SP refer to the contributions from ðV − AÞ ⊗ ðV − AÞ, ðV − AÞ ⊗ ðV þ AÞ, and ðS − PÞ ⊗
ðSþ PÞ operators, respectively. The explicit formulas for the factorizable emission (annihilation) contributions FSðASÞ
shown in Figs. 1(a1), 1(b1), 1(e1), and 1(f1), and the nonfactorizable emission (annihilation) contributions MSðWSÞ from
Figs. 1(c1), 1(d1), 1(g1), and 1(h1) can be obtained in the Appendix, as AT , MT , WT .
We use the quark flavor basis, according to Eqs. (1) and (2), the decay amplitudes for the physical states are as follows

AðB0 → K�
2f0½→ πþπ−;KþK−�Þ ¼AðB0 → K�

2fn½→ πþπ−;KþK−�Þ sinθþAðB0 → K�
2fs½→ πþπ−;KþK−�Þ cosθ ð41Þ

AðB0 → K�
2σ½→ πþπ−�Þ ¼ AðB0 → K�

2fn½→ πþπ−�Þ cos θ −AðB0 → K�
2fs½→ πþπ−�Þ sin θ ð42Þ

AðB0 → f02a
0
0½→ π0η; KþK−�Þ ¼ AðB0 → fn2a

0
0½→ π0η; KþK−�Þ sinϕ −AðB0 → fs2a

0
0½→ π0η; KþK−�Þ cosϕ ð43Þ

AðB0 → f2a00½→ π0η; KþK−�Þ ¼ AðB0 → fn2a
0
0½→ π0η; KþK−�Þ cosϕþAðB0 → fs2a

0
0½→ π0η; KþK−�Þ sinϕ ð44Þ

AðB0 → f02f0½→ πþπ−; KþK−�Þ ¼ AðB0 → fn2fn½→ πþπ−; KþK−�Þ sinϕ sin θ

þAðB0 → fn2fs½→ πþπ−; KþK−�Þ sinϕ cos θ

−AðB0 → fs2fn½→ πþπ−; KþK−�Þ cosϕ sin θ

−AðB0 → fs2fs½→ πþπ−; KþK−�Þ cosϕ cos θ ð45Þ

AðB0 → f2f0½→ πþπ−; KþK−�Þ ¼ AðB0 → fn2fn½→ πþπ−; KþK−�Þ cosϕ sin θ

þAðB0 → fn2fs½→ πþπ−; KþK−�Þ cosϕ cos θ

þAðB0 → fs2fn½→ πþπ−; KþK−�Þ sinϕ sin θ

þAðB0 → fs2fs½→ πþπ−; KþK−�Þ sinϕ cos θ ð46Þ

AðB0 → f02σ½→ πþπ−�Þ ¼ AðB0 → fn2fn½→ πþπ−�Þ sinϕ cos θ −AðB0 → fn2fs½→ πþπ−�Þ sinϕ sin θ

−AðB0 → fs2fn½→ πþπ−�Þ cosϕ cos θ þAðB0 → fs2fs½→ πþπ−�Þ cosϕ sin θ ð47Þ

AðB0 → f2σ½→ πþπ−�Þ ¼ AðB0 → fn2fn½→ πþπ−�Þ cosϕ cos θ −AðB0 → fn2fs½→ πþπ−�Þ cosϕ sin θ

þAðB0 → fs2fn½→ πþπ−�Þ sinϕ cos θ −AðB0 → fs2fs½→ πþπ−�Þ sinϕ sin θ: ð48Þ
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III. NUMERICAL RESULTS AND DISCUSSIONS

With the decay amplitudes A, the differential branching
ratio for the B0 → TS½→ P1P2� decays can be taken as

dB
dω

¼ τωjp⃗1jjp⃗3j
32π3M3

B
jĀj2; ð49Þ

where τ is the B meson lifetime, jp⃗1j and jp⃗3j respectively
denote the magnitudes of momentum for one of the P1P2

meson pairs, and the tensor meson T

jp⃗1j ¼
λ1=2ðω2; m2

P1
; m2

P2
Þ

2ω
;

jp⃗3j ¼
λ1=2ðM2

B;m
2
T;ω

2Þ
2ω

; ð50Þ

with the Källén function λða; b; cÞ ¼ a2 þ b2 þ c2 −
2ðabþ acþ bcÞ.

Meanwhile, the direct CP asymmetries of these decays
can be defined as

ACP ¼ BðB̄ → f̄Þ − BðB → fÞ
BðB̄ → f̄Þ þ BðB → fÞ ; ð51Þ

where f̄ is the CP conjugate state of f. Obviously, both the
branching ratios and the direct CP asymmetries are related
to the mixing angle.
In Table I, we present the input parameters used in the

calculations, including themasses and decay constants of the
mesons, the lifetime of the B0 meson, and the Wolfenstein
parameters of the CKM matrix elements [1,4,11,47].
By using the helicity amplitudes and the input param-

eters, we predict theCP averaged branching fractions of the
B0 → TS½→ P1P2� decays in the pQCD approach, and
make some comments on the results. There are still many
uncertainties in our calculation results. We primarily
consider three types of errors. The first error is the decay

TABLE I. Input parameters of the B0 → TS½→ P1P2� decays.
MB ¼ 5.28 GeV mb ¼ 4.2 GeV fB ¼ 0.19� 0.02 GeV τ ¼ 1.519 ps
ma0 ¼ 0.98� 0.02 GeV mf0 ¼ 0.99� 0.02 GeV mσ ¼ 0.5 GeV f̄s ¼ 0.37 GeV
mK�0

2
¼ 1.432 GeV MK��

2
¼ 1.427 GeV Ma2 ¼ 1.317 GeV Mf0

2
¼ 1.517 GeV

Mf2 ¼ 1.275 GeV fa2 ¼ 107� 6 MeV fK�
2
¼ 118� 5 MeV ff2 ¼ 102� 6 MeV

ff0
2
¼ 126� 4 MeV fTa2 ¼ 105� 21 MeV fTK�

2
¼ 77� 14 MeV fTf2 ¼ 117� 25 MeV

fTf0
2
¼ 65� 12 MeV mπ� ¼ 0.14 GeV mπ0 ¼ 0.135 GeV mK� ¼ 0.494 GeV

mK0 ¼ 0.498 GeV mη ¼ 0.548 GeV
λ ¼ 0.22650 A ¼ 0.790 ρ̄ ¼ 0.141 η̄ ¼ 0.357

TABLE II. CP-averaged branching fractions and the direct CP asymmetries for the B0 → Ta0½→ πη; KK̄� decays
in the pQCD approach.

Decay modes B ACP

B0 → K�
2ð1430Þa00½→ π0η� 1.40þ0.10þ1.32þ1.23

−0.07−0.64−0.81 × 10−6 −5.17þ4.10þ10.76þ29.98
−4.61−6.49−13.33 %

B0 → K�
2ð1430Þa00½→ KþK−� 1.64þ0.10þ1.51þ1.40

−0.07−0.73−0.93 × 10−7 −3.73þ4.34þ9.31þ29.27
−4.70−6.61−13.44 %

B0 → K�þ
2 ð1430Þa−0 ½→ π−η� 2.78þ0.34þ0.50þ1.03

−0.32−0.29−0.76 × 10−7 −35.80þ1.66þ0.93þ2.18
−1.77−0.96−2.75 %

B0 → K�þ
2 ð1430Þa−0 ½→ K−K0� 5.25þ0.70þ1.02þ2.12

−0.66−0.63−1.55 × 10−8 −41.82þ1.71þ2.36þ2.22
−1.96−0.96−0.78 %

B0 → a02ð1320Þa00½→ π0η� 2.37þ1.33þ0.68þ3.35
−1.01−0.35−1.88 × 10−6 −2.78þ0.87þ0.71þ3.69

−1.44−0.11−12.63%

B0 → a02ð1320Þa00½→ KþK−� 3.33þ1.48þ1.45þ4.54
−1.15−0.71−2.59 × 10−7 −3.90þ0.97þ0.87þ3.75

−1.41−0.22−12.08%

B0 → aþ2 ð1320Þa−0 ½→ π−η� 5.43þ0.94þ2.17þ4.02
−0.86−1.41−2.88 × 10−6 11.57þ0.52þ1.44þ4.07

−0.60−1.37−1.99 %

B0 → aþ2 ð1320Þa−0 ½→ K−K0� 1.12þ0.21þ0.44þ0.82
−0.18−0.28−0.58 × 10−6 11.82þ0.62þ1.34þ3.93

−0.72−1.32−2.00 %

B0 → a−2 ð1320Þaþ0 ½→ πþη� 5.59þ1.52þ4.85þ5.61
−0.21−3.60−3.18 × 10−7 13.84þ12.93þ0.29þ17.48

−17.41−16.42−3.69 %

B0 → a−2 ð1320Þaþ0 ½→ KþK0� 1.71þ0.06þ1.08þ1.69
−0.01−0.87−1.03 × 10−7 −9.61þ12.93þ8.47þ4.90

−8.99−18.54−2.83 %

B0 → f02ð1525Þa00½→ π0η� 7.76þ0.75þ6.34þ7.14
−0.67−3.43−4.76 × 10−7 28.53þ3.55þ2.83þ1.51

−3.27−2.75−5.85 %

B0 → f02ð1525Þa00½→ KþK−� 8.21þ0.78þ6.79þ7.59
−0.71−3.61−5.02 × 10−8 28.06þ3.43þ2.07þ2.70

−3.22−2.22−9.46 %

B0 → f2ð1270Þa00½→ π0η� 4.10þ0.83þ3.18þ3.27
−0.72−1.76−2.30 × 10−5 −3.08þ1.60þ0.53þ1.56

−1.97−0.67−0.81 %

B0 → f2ð1270Þa00½→ KþK−� 4.55þ0.93þ3.50þ3.58
−0.80−1.96−2.53 × 10−6 −2.76þ1.59þ0.33þ1.94

−2.00−0.44−1.00 %
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constants of tensor mesons, the second is the shape
parameter of B meson ωb ¼ 0.40� 0.04 GeV, and the
third comes from the Gegenbauer coefficient a2 ¼ 0.3�
0.1 for a0 and a2 ¼ 0.3� 0.2 for f0. We have neglected the
uncertainties caused by the Wolfenstein parameters λ, A, ρ,
η because they are typically small. In considered branching
ratios, the major uncertainties stem from the shape param-
eter ωb of the Bmeson’s wave function and the Gegenbauer
coefficient a2. It is well known that the S-wave two-meson
distribution amplitudes are not well determined; this leads
to significant errors in the Gegenbauer coefficient a2. The
rigorous theoretical calculation for nonresonance contribu-
tion in the context of the PQCD framework is still absent,
and the comparison between experiment measurements and
theoretical predictions is still challenging. We hope that
future research can further explore more precise description
methods. It is worth mentioning that the ωb plays vastly
different roles in various decay modes. In Table II, the
branching ratios of B0 → K�

2a
0
0½→ π0η; KþK−� exhibit

significantly higher sensitivity to the shape parameter ωb

than those of B0 → K�þ
2 a−0 ½→ π−η; K−K0�. Firstly, the con-

tribution of the factorizable annihilation diagrams is unre-
lated to ωb. Meanwhile, the B0 → K�

2a
0
0½→ π0η; KþK−� and

B0 → K�þ
2 a−0 ½→ π−η; K−K0� are primarily dominated by

tree operator contributions, and the nonfactorized emission
diagrams will generate significant uncertainty from ωb.
However, the latter is suppressed by the coefficient C1,
resulting in a relatively smaller impact from ωb.
In Figs. 2 and 3, by setting the mixing angle ϕ to be a free

parameter, we plot the variation of the branching fractions
and direct CP asymmetries of decays B0 → f02a

0
0½→ π0η�

and B0 → f2a00½→ π0η� with the angle ϕ, respectively. In
Fig. 2, the pattern of change in the decay branching ratio of
B0 → f02a

0
0½→ π0η�, indicated by the blue line, agrees with

the image of the sine function, while the change in the decay
branching ratio ofB0 → f2a00½→ π0η�with themixing angle,
indicated by the yellow line, satisfies the law of the cosine
function. The detailed discussions about the mixing angle ϕ
could be found in Refs. [2,4–7]. In Table II, we employ the
most recent updated value 9°. It is known to us that the direct
CP asymmetry is proportional to the interference between
contributions from the tree and penguin operators. In Figs. 2
and 3, when the mixing angle ϕ ¼ 0°, f02 is regarded as the
pure ss̄, the branching ratio of B0 → f02a

0
0½→ π0η� is about

2.11 × 10−7, the direct CP asymmetries are zero since it is
pure penguin processes, and the both of value will increase a
lot after considering the mixing of 1ffiffi

2
p ðuūþ dd̄Þ. Whereas

for B0 → f2a00½→ π0η� decay, the branching ratio is 4.18 ×
10−5 with ϕ ¼ 0°, the direct CP asymmetries are −2.57%
and the values will have little change after considering the
mixing of ss̄. Moreover, in Table II, we find that the
branching fractions of B0 → f2a00½→ π0η� are 2 orders of
magnitude larger than that ofB0 → f02a

0
0½→ π0η�. Therefore,

fn2 ¼ 1ffiffi
2

p ðuūþ dd̄Þ makes the dominant contribution in the

decays, and B0 → f02a
0
0½→ π0η� are sensitive to the interfer-

ence between fn2 and fs2.

(°)

FIG. 2. The branching ratio of B0 → f02ðf2Þa00½→ π0η� decay
with a variant of the mixing angle ϕ.

FIG. 3. The direct CP asymmetries of B0 → f02ðf2Þa00½→ π0η� with a variant of the mixing angle ϕ.
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In Table II, we present the branching fractions and direct
CP asymmetries of the B0 → Ta0½→ πη; KK̄� decays.
Meanwhile, we can find the branching ratios of the B0 →
Ta0½→ πη� decays are much larger than that of the B0 →
Ta0½→ KK̄�a0 decays, which can be explained by the fact
that the phase space for KK̄ is suppressed. At the same
time, the authors also concluded that the branching frac-
tions of the πη channel were five times larger than that of
the KK̄ channel with the resonance a0ð980Þ in Ref. [47].
Next, wewill use our calculations to investigate the value of

Γða0 → KþK−Þ=Γða0 → π0ηÞ with the narrow-width
approximation.
When the narrow-width approximation is considered,

the branching ratio of the quasi-two-body decay can be
written as

BðB→M1ðR→ÞM2M3Þ≃BðB→M1RÞ×BðR→M2M3Þ;
ð52Þ

with the resonance R. We can define a ratio R1 as

R1 ¼
Γða0 → KþK−Þ
Γða0 → π0ηÞ ¼ BðB0 → Ta00Þ × Bða00 → KþK−Þ

BðB0 → Ta00Þ × Bða00 → π0ηÞ ≃
BðB0 → Ta00½→ KþK−�Þ
BðB0 → Ta00½→ π0η�Þ : ð53Þ

After considering the isospin relation Γða0 → KþK−Þ ¼
Γða0 → KK̄Þ=2, we obtain the relative partial decay width

Γða0 → KK̄Þ
Γða0 → π0ηÞ ≈

8>>><
>>>:

0.23 K�
2ð1430Þ

0.28 a02ð1320Þ
0.21 f02ð1525Þ
0.22 f2ð1270Þ;

ð54Þ

respectively. The OBELIX Collaboration acquired the ratio
Γða0 → KK̄Þ=Γða0 → π0ηÞ ¼ 0.57� 0.16 using data from
πþπ−π0, KþK−π0, and K�K0Sπ∓ [68]. In Ref. [69], the
authors found the branching ratio for Bðpp̄ → a0ð980Þπ →
KK̄πÞ ¼ 5.92þ0.46

−1.01 × 10−4, and combined this withBðpp̄ →
a0ð980Þπ → π0π0ηÞ ¼ ð2.61� 0.48Þ × 10−4 [70], yielding
Γða0→KK̄Þ=Γða0→ πηÞ¼ 0.23�0.05. The WA102 Col-
laboration reported Γða0 → KK̄Þ=Γða0 → πηÞ ¼ 0.166�
0.01� 0.02 from f1ð1285Þ decays [71]. From this, it can
be seen that for different decay processes, the analysis of the
partial decay width ratio Γða0 → KK̄Þ=Γða0 → πηÞ may

yield some differences [46,47,72]. The Particle Data
Group provides an average ratio of Γða0 → KK̄Þ=
Γða0 → πηÞ ¼ 0.183� 0.024. Our results are slightly lager
than this average but are consistent with the data from
Ref. [69] within the errors.
The mixing angle θ is introduced into the f0 − σ mixing

mechanism, which has not been determined precisely by
current experimental measurements, and is suggested to be
in the wide ranges of 25° < θ < 40° [50,73–75] and 135° <
θ < 165° [1,10,20,22,52]. In Figs. 4 and 5, by setting the
mixing angle θ to be a free parameter, we plot the variation
of the branching fractions and direct CP asymmetries of
decays B0 → K�

2f0ðσÞ½→ πþπ−� and B0 → a02f0ðσÞ½→
πþπ−� with the angle θ, respectively. In Fig. 4, the pattern
of change in the decay branching ratio of B0 → K�

2f0½→
πþπ−� and B0 → a02f0½→ πþπ−�, indicated by the blue line,
and the change in the decay branching ratio of B0 →
K�

2σ½→ πþπ−� and B0 → a02σ½→ πþπ−� with the mixing
angle, indicated by the yellow line. We find graphically that
the contribution from the fn ¼ 1ffiffi

2
p ðuūþ dd̄Þ component is

FIG. 4. The branching ratio of B0 → K�
2f0ðσÞ½→ πþπ−� and B0 → a02f0ðσÞ½→ πþπ−� decay with a variant of the mixing angle θ.
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dominant. For these modes, both fn and fs will contribute,
but the relative sign of the fs state with respect to the fn is
negative for the σ and positive for the f0, which
leads to a destructive interference between fn and fs for
B0 → K�

2ða02Þσ½→ πþπ−�, but a constructive interference
for B0 → K�

2ða02Þf0½→ πþπ−�.
As we all know, both strong and weak phases are the

necessary conditions for direct CP asymmetry. In Fig. 5,
we can observe when θ ¼ 0°, the direct CP asymmetries of
decay B0 → K�

2f0ð980Þ½→ πþπ−� is zero, since the decay is
induced by b → sss̄ transition. In the Wolfenstein para-
metrization of CKM matrix, there is no weak phase in this
transition, which is a pure penguin process, the direct CP
asymmetries is zero. For B0 → K�

2σ½→ πþπ−� that is
induced by b → sqq̄ðq ¼ u; dÞ, the direct CP asymmetry
decay is less than 5%, because jVusVubj ≪ jVtsVtbj.
Without the influence of mixing angles, the decay process
B0 → a02f0½→ πþπ−� solely receives penguin contributions
from the c1 and d1 nonfactorizable emission diagrams,
resulting in a direct CP asymmetry of 0. Similarly, in the
decay B0 → a02σ½→ πþπ−�, the interference between the
tree and penguin contributions is minimal, yielding small
direct CP asymmetries with 5.08%. However, when we
incorporate mixing effects, the fn term introduces tree

contributions, thereby rendering the direct CP asymmetries
of both B0 → K�

2f0½→ πþπ−� and B0 → a02f0½→ πþπ−� no
longer zero in this work. Therefore, if the two-quark
structure will be confirmed, the branching fractions and
CP asymmetries can be used to determine the mixing angle
θ and study the nature of scalar particles.
In the current study, we take θ ¼ 135°;ϕ ¼ 9° to make a

numerical calculation, and the Branching ratios and the
direct CP asymmetries for the B0 → Tf0½→ πþπ−; KþK−�
and B0 → Tσ½→ πþπ−� decays are presented in Table III.
We can find that the direct CP asymmetries in the B0 →
Tf0½→ πþπ−� and B0 → Tf0½→ KþK−� decays with the
same tensor are comparable. With the reason that the direct
CP asymmetry is quantified by the ratio of decay rates, the
impact of the scalar timelike form factor parameters and the
invariant mass range in the quasi-two-body decay will be
basically canceled. We still can find that the local CP
asymmetries of the decays B0 → K�

2f0½→ πþπ−; KþK−�
are as small as about 5%, and the reason is that the tree
diagram contributions are both color and CKM elements
suppressed. For the decay B0 → a02f0½→ πþπ−; KþK−�,
although the tree operator contributions proportional to
the term ðC1þ C2=3Þ are color suppressed, the effects of
penguin operators are significantly reduced due to the
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FIG. 5. The direct CP asymmetries of B0 → K�
2f0ðσÞ½→ πþπ−� and B0 → a02f0ðσÞ½→ πþπ−� with a variant of the mixing angle θ.
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complete prohibition of factorizable diagrams involving
emission tensors by Lorentz invariance, and the heavy
suppression of factorizable diagrams for meson pair
emission by the vector decay constants of scalars from
charge conjugation invariance. Consequently, theCP asym-
metries observed in this decay process are indeed very small.

To compare with existing data and further discuss our
calculations, we then use the narrow-width approximation to
study the B0 → K�

2f0½→ πþπ−; KþK−� decays which have
the same resonance; we can define a ratioR2 to describe the
relationship between f0 → πþπ− and f0 → KþK−, which
can be given as

R2 ¼
Bðf0 → KþK−Þ
Bðf0 → πþπ−Þ ¼ BðB0 → K�

2f0Þ × Bðf0 → KþK−Þ
BðB0 → K�

2f0Þ × Bðf0 → πþπ−Þ ≃
BðB0 → K�

2f0½→ KþK−�Þ
BðB0 → K�

2f0½→ πþπ−�Þ ≈ 0.27: ð55Þ

This ratio can be used to estimate the branching ratios for
the f0 → πþπ− and f0 → KþK− decays by using the
formulas Bðf0 → πþπ−Þ ¼ 2

4R2þ3
and Bðf0 → KþK−Þ ¼

2R2

4R2þ3
[76]. So we can get

Bðf0 → πþπ−Þ ≈ 0.49;

Bðf0 → KþK−Þ ≈ 0.13: ð56Þ
The BES Collaboration gained the relative branching ratios
for the ψð2SÞ → γχc0 decays, where χc0 → f0f0 →
πþπ−πþπ− or χc0 → f0f0 → πþπ−KþK− [77,78]. Mean-
while, the CLEO Collaboration has obtained Bðf0 →
KþK−Þ=Bðf0 → πþπ−Þ ¼ ð25þ17

−11Þ% andextractedBðf0 →
πþπ−Þ ¼ ð50þ7

−9Þ% by utilizing BES’s findings [79]. Our
calculations are well aligned with CLEO’s results and
theoretical outcomes [73,74]. At the same time, based on
the narrow width Bðf0 → πþπ−Þ ≈ 0.49, we can evaluate
BðB0 → K�

2f0Þ ¼ 8.78 × 10−6, which agree with the BA-
BAR Collaboration’s data [53] and theoretical results per-
formed well in the two-body framework [10].

In Table III, the considered decays involving f02 are
sensitive to the ϕ, whereas the decays involving the f2 are
opposite. If there is no mixing in the B0 → f02f0½→ πþπ−�
decay process, the CP asymmetry is zero due to the pure
penguin contribution from the annihilation diagram.
However, when both the ϕ and θ mixing angles are taken
into consideration simultaneously, they provide fn2 and fn

components, leading to a significant interference between
the tree operator contribution and the penguin contribu-
tion. This interference results in a large CP asymmetry,
and the branching ratio increases by 1 order of magnitude.
The ϕ is really small, so the decay branching ratios
involving f2 barely change. The branching ratio of B0 →
f2f0½→ πþπ−� is bigger than that of B0 → f02f0½→ πþπ−�
with the reason that the 1ffiffi

2
p ðuūþ dd̄Þ component makes

the dominant contribution in the B0 decays.
In Ref. [52], the authors have taken the mixing angle

θ ¼ 145°, studied the branching fractions of the B0 →
Vf0½→ πþπ− decays in the pQCD approach, and gotten the
results as follows:

TABLE III. Branching ratios and the direct CP asymmetries for the B0 → Tf0½→ πþπ−; KþK−� and B0 →
Tσ½→ πþπ−�σ decays in the pQCD approach with the f0 − σ mixing angle θ ¼ 135°.

Decay modes B ACP

B0 → K�
2ð1430Þf0½→ πþπ−� 4.30þ0.40þ2.71þ5.52

−0.34−1.57−3.21 × 10−6 3.21þ2.95þ2.30þ3.02
−2.59−1.41−5.99 %

B0 → K�
2ð1430Þf0½→ KþK−� 1.18þ0.11þ0.75þ1.46

−0.09−0.43−0.86 × 10−6 6.13þ2.83þ1.89þ2.66
−2.57−0.95−5.52 %

B0 → K�
2ð1430Þσ½→ πþπ−� 8.26þ0.82þ8.94þ8.67

−0.51−4.24−3.88 × 10−6 1.63þ0.40þ0.36þ0.20
−0.51−1.28−2.32 %

B0 → a02ð1320Þf0½→ πþπ−� 4.44þ0.73þ5.01þ4.88
−0.57−2.39−2.09 × 10−6 −1.43þ1.32þ1.31þ6.35

−1.08−0.38−0.37 %

B0 → a02ð1320Þf0½→ KþK−� 1.02þ0.14þ1.15þ1.14
−0.10−0.55−0.47 × 10−6 −1.39þ1.53þ1.62þ6.06

−1.33−0.53−0.05 %

B0 → a02ð1320Þσ½→ πþπ−� 3.98þ0.74þ4.31þ3.96
−0.61−2.09−1.83 × 10−6 10.69þ2.69þ2.20þ1.00

−2.27−1.82−6.47 %

B0 → f02ð1525Þf0½→ πþπ−� 1.10þ0.04þ0.61þ1.28
−0.04−0.37−0.49 × 10−7 −72.69þ7.63þ2.66þ23.46

−7.01−2.43−2.47 %

B0 → f02ð1525Þf0½→ KþK−� 2.51þ0.12þ1.43þ2.96
−0.09−0.85−1.08 × 10−8 −72.39þ8.26þ1.43þ48.09

−7.49−1.08−6.32 %

B0 → f02ð1525Þσ½→ πþπ−� 3.77þ0.09þ3.78þ4.16
−0.04−1.86−1.73 × 10−8 −94.94þ3.21þ7.81þ50.55

−1.49−0.40−0.77 %

B0 → f2ð1270Þf0½→ πþπ−� 2.05þ0.30þ1.23þ1.47
−0.16−0.79−0.77 × 10−6 19.47þ4.01þ0.58þ7.18

−4.88−0.42−26.68%

B0 → f2ð1270Þf0½→ KþK−� 5.69þ1.02þ3.62þ4.00
−0.61−2.28−2.07 × 10−7 14.28þ4.25þ0.28þ7.65

−4.48−0.15−26.12%

B0 → f2ð1270Þσ½→ πþπ−� 1.34þ0.13þ0.85þ1.09
−0.02−0.52−0.55 × 10−6 −15.20þ1.16þ4.30þ10.99

−0.39−3.00−3.91 %
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BðB0 → ρ0f0½→ πþπ−�Þ ¼ 0.82þ0.36þ0.02þ0.05
−0.34−0.16−0.10 × 10−6

BðB0 → ωf0½→ πþπ−�Þ ¼ 0.97þ0.51þ0.16þ0.13
−0.39−0.19−0.10 × 10−6

BðB0 → K�0f0½→ πþπ−�Þ ¼ 0.82þ0.36þ0.02þ0.05
−0.34−0.16−0.10 × 10−6:

ð57Þ
These are comparable to our results of B0 → ða02; f2;
K�

2Þf0½→ πþπ−� decays which are shown in Table III
because ρ and a02, ω and f2, and K�0 and K�

2 have the
same components in the quark model. The branching
ratio of B0 → ðρ0;ω; K�0Þf0½→ πþπ−� and B0 → ða02; f2;
K�

2Þf0½→ πþπ−� are at the same order, but the former is a
little small. The reason is that the QCD dynamics of the
vector mesons and tensor mesons are different, the tensor
meson has a greater mass than vector meson, andwe take the
smaller slightly mixing angle θ ¼ 135°. As shown in Fig. 4,
when the mixing angle θ > 90°, the contribution from the
1ffiffi
2

p ðuūþ dd̄Þ component can cancel the contributions from

the ss̄ component, and the branching ratio of B0 → Tf0½→
πþπ−� decreases as the angle increases. We expect these

results can be tested by the LHCb andBelle II experiments in
the near future.
Different from the fixed kinematics of the two-body

decays, the decay amplitudes of the quasi-two-body decays
depend on the invariant mass, which results in the differ-
ential distribution of branching ratios. In Fig. 6, we graph
the differential branching ratios of the B0 → K�

2a0½→
KK̄; πη� decays on the invariant mass; the results of the
B0 → K�

2a
0
0½→ KþK−; π0η� models are shown on the left,

and those of the B0 → K�þ
2 a−0 ½→ K−K0; π−η� models are

shown on the right. The differential branching ratios of the
B0 → K�

2f0½→ πþπ−�, B0 → K�
2f0½→ KþK−�, and B0 →

K�
2σ½→ πþπ−� decays on the ππ or KK̄ invariant mass ω

are presented in Fig. 7 with a red solid line, blue solid line,
or red dashed line, respectively. For the a0 resonance, the
contributions of the KK̄ channel are much smaller than that
of the πη channel. From the figures, it is clear that the peak
occurs around the resonance peak mass; the majority of the
branching ratios are concentrated around the resonance
state, basically in the range of ½mS − ΓS; mS þ ΓS�; and the
contributions from the ω > 2.0 GeV are really small and
can be neglected safely.

IV. SUMMARY

In this article, considering the mixing angle θ ¼ 135°
between f0ð980Þ and f0ð500Þ, and ϕ ¼ 9° between
f2ð1270Þ and f02ð1525Þ, we predict the branching fractions
and direct CP asymmetries of the B0 → Ta0½→ KK̄; πη�,
B0 → Tf0½→ πþπ−; KþK−� and B0 →Tσ½→ πþπ−� decays
with the pQCD approach firstly, where T denotes tensor
mesons a2ð1320Þ, K�

2ð1430Þ, f2ð1270Þ, and f02ð1525Þ; the
scalars are considered as the qq̄ state in the first scenario.
Our results show that among these considered decays, the
pQCD predictions for the CP-averaged branching ratios
vary in the range of 10−8 to 10−5. The branching fractions
are sensitive to the θ, and the opposite is true for ϕ, except
for some decays involving f02ð1525Þ. The direct CP

5
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FIG. 6. Differential branching fractions of the B0 → K�
2a0½→ KK̄; πη� decays.

/

FIG. 7. Differential branching fractions of the B0 → K�
2f0½→

πþπ−; KþK−� and B0 → K�
2σ½→ πþπ−� decays.
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asymmetries are also affected by the mixing angle. Using
the narrow-width approximation, we calculate the relative
partial decay widths Γða0 → KK̄Þ=Γða0 → πηÞ and the
ratio Bðf0 → KþK−Þ=Bðf0 → πþπ−Þ, and extract the
decays B0 → K�

2ð1430Þ0f0ð980Þ branching fractions,
which are in agreement with the existing experimental
and theoretical values. Our work has positive implications
for understanding the QCD behavior of the scalars, and we
also expect that our calculations can be tested by the LHCb
and Belle II experiments in the future.
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APPENDIX: FACTORIZATION FORMULAS

In this section, we list the factorization formulas with
x̄i ¼ 1 − xi; η̄ ¼ 1 − η. CF ¼ 4

3
stands for the color factor.

Because of the charge conjugation invariance, the S-wave
meson pair cannot be emitted with the ðV − AÞðV − AÞ and
ðV − AÞðV þ AÞ current, namely

FLL
S ¼ FLR

S ¼ 0 ðA1Þ

FSP
S ¼ 16

ffiffiffi
2

3

r
πCFf̄sM4

B

Z
1

0

dxBdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× f½rx3η̄ðr2 − η̄Þϕt
T þ rð4rb − 2þ x3ðr2 þ η̄ÞÞϕs

T þ ðη̄ − r2Þð2 − rbÞϕT �
× αsðta1Þha1ðαa1; βa1; bB; b3Þ exp½−SBðta1Þ − S3ðta1Þ�Stðx3Þ
þ ½2rðη̄ − xB þ r2Þϕs

T − r2xBϕT �αsðtb1Þhb1ðαb1; βb1; b3; bBÞ exp½−SBðtb1Þ − S3ðtb1Þ�StðxBÞg: ðA2Þ

MLL
S ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB;bBÞϕS

× f½rððr2 − 1ÞðxB þ ðz− 2ÞηÞ þ x3η̄þ r2x3ð2η− 1ÞÞϕs
T þ rη̄ðð1− r2ÞðxB − zηÞ þ x3ðr2 − η̄ÞÞϕt

T

þ ðr2 − 1− ηÞðz̄ η̄þr2ðzη̄− x̄BÞÞϕT �αsðtc1Þhc1ðαc1;βc1; b; bBÞ exp½−SBðtc1Þ− Sðtc1Þ− S3ðtc1Þ�
þ ½rððr2 − 1ÞðxB − zηÞ þ x3η̄þ r2x3ð2η− 1ÞÞϕs

T þ rη̄ððr2 − 1ÞðxB þ zηÞ− x3ðr2 − η̄ÞÞϕt
T

þ ðr2 − 1þ ηÞðð1− r2Þz− xB þ x3ðr2 þ η̄ÞÞϕT �αsðtd1Þhd1ðαd1;βd1; b; bBÞ exp½−SBðtd1Þ− Sðtd1Þ− S3ðtd1Þ�g ðA3Þ

MLR
S ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

× f½2ðz̄þ r2ðx3 − z̄ÞÞðη̄ϕT þ rϕs
T − rη̄ϕt

TÞϕt
S þ ððz̄ η̄þr2ðzη̄ − x̄BÞÞϕT

þ rðx̄B − zþ x3 þ r2ðx3 − z̄Þ þ x̄3ηÞϕs
T − rη̄ðx̄3η̄þ xB − zþ r2ðx3 − z̄ÞÞϕt

TÞðϕs
S − ϕt

SÞ�
× αsðtc1Þhc1ðαc1; βc1; b; bBÞ exp½−SBðtc1Þ − Sðtc1Þ − S3ðtc1Þ� − ½2rðxB − x3η̄ÞðrϕT − ϕs

T − η̄ϕt
TÞϕt

S

þ ððzη̄þ r2ðxB − zη̄ÞÞϕT þ rðzð1 − r2Þ − xB þ x3ðη̄þ r2ÞÞϕs
T − rη̄ðzð1 − r2Þ þ xB þ x3ðr2 − η̄ÞÞϕt

TÞ
× ðϕs

S − ϕt
SÞ�αsðtd1Þhd1ðαd1; βd1; b; bBÞ exp½−SBðtd1Þ − Sðtd1Þ − S3ðtd1Þ�g ðA4Þ

MSP
S ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞϕS

× f½rððr2 − 1ÞðxB þ ðz − 2ÞηÞ þ x3η̄þ r2x3ð2η − 1ÞÞϕs
T − rη̄ðð1 − r2ÞðxB − zηÞ þ x3ðr2 − η̄ÞÞϕt

T

þ ðr2 − η̄Þðx̄B þ x3 − zþ r2ðx3 − z̄Þ þ ηx̄3ÞϕT �αsðtc1Þhc1ðαc1; βc1; b; bBÞ exp½−SBðtc1Þ − Sðtc1Þ − S3ðtc1Þ�
− ½rððr2 − 1ÞðxB − zηÞ þ x3η̄þ r2x3ð2η − 1ÞÞϕs

T − rη̄ððr2 − 1ÞðxB þ zηÞ − x3ðr2 − η̄ÞÞϕt
T

þ ðr2 − 1 − ηÞðzη̄þ r2ðxB − zη̄ÞÞϕT �αsðtd1Þhd1ðαd1; βd1; b; bBÞ exp½−SBðtd1Þ − Sðtd1Þ − S3ðtd1Þ�g ðA5Þ
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ALL
S ¼ 8

ffiffiffi
2

3

r
πCFfBM4

B

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
x3η̄ðη̄ − r2Þϕs

Sϕ
t
T − 2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx3ðr2 þ η̄Þ − 2Þϕs

Sϕ
s
T

þ ðη̄ − r2Þðx3η̄ − 1þ r2x3ηÞϕSϕT �αsðte1Þhe1ðαe1; βe1; b; b3Þ exp½−S3ðte1Þ − Sðte1Þ�Stðx3Þ
− ½2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2z̄ − z̄þ ηÞϕt

Sϕ
s
T þ 2r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2z̄þ zþ η̄Þϕs

Sϕ
s
T

þ η̄ðr4z̄ − zþ r2ð2z − η̄ÞÞϕSϕT �αsðtf1Þhf1ðαf1; βf1; b3; bÞ exp½−S3ðtf1Þ − Sðtf1Þ�StðzÞg ðA6Þ

ALR
S ¼ ALL

S ðA7Þ

ASP
S ¼ −16

ffiffiffi
2

3

r
πCFfBM4

B

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½rðx3η̄ − 1 − ηþ r2ðx̄3 þ 2ηx3ÞÞϕSϕ
s
T − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2 − η̄Þϕs

SϕT

þ rx̄3η̄ðr2 − η̄ÞϕSϕ
t
T �αsðte1Þhe1ðαe1; βe1; b; b3Þ exp½−S3ðte1Þ − Sðte1Þ�Stðx3Þ

− ½2r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
η̄ϕt

SϕT − 2rðz̄η − 1þ r2ð1 − 2ηþ zηÞÞϕSϕ
s
T

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2 − 1Þzη̄ðϕs

S − ϕt
SÞϕT �αsðtf1Þhf1ðαf1; βf1; b3; bÞ exp½−S3ðtf1Þ − Sðtf1Þ�StðzÞg ðA8Þ

WLL
S ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

× f½ðrbðη̄ − r2Þ þ ð1 − r2 þ ηÞðη − z̄þ r2ðz̄ − xBÞ þ ðr2 − 1ÞzηÞÞϕSϕT þ 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz̄þ r2ðx3 − z̄ÞÞ

× ϕt
Sðϕs

T − η̄ϕt
TÞ þ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄B þ x3 − zþ r2ðx3 − z̄Þ þ x̄3ηÞðϕs

S − ϕt
SÞϕs

T − 4rrb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ϕs
Sϕ

s
T

− rη̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − zþ r2ðx3 − z̄Þ þ x̄3η̄Þðϕs

S − ϕt
SÞϕt

T �αsðtg1Þhg1ðαg1; βg1; bB; bÞ

× exp½−SBðtg1Þ − Sðtg1Þ − S3ðtg1Þ� − ½2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄Þϕt

Sðϕs
T − η̄ϕt

TÞ
þ ðr2 − η̄ÞðxB − x̄3η̄ − zη − r2ðxB − x̄3ð1 − 2ηÞ − zηÞÞϕSϕT

þ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄þ r2ðx3 − z̄Þ − zÞðϕs

S − ϕt
SÞϕs

T þ rη̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄3η̄ − xB þ r2ðx3 − z̄Þ − zÞ

× ðϕs
S − ϕt

SÞϕt
T �αsðth1Þhh1ðαh1; βh1; bB; bÞ exp½−SBðth1Þ − Sðth1Þ − S3ðth1Þ�g ðA9Þ

WLR
S ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

× f½2η̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz̄þ r2ðx3 − z̄Þ þ rbÞϕt

SϕT þ rðð1 − r2Þðrb − xB þ x3Þ þ ð2þ rb − z − x3 þ r2ðz − 2x̄3ÞÞηÞ

× ϕSϕ
s
T −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2ðx̄B þ rb − zη̄Þ − ðrb þ z̄Þη̄Þðϕs

S − ϕt
SÞϕT þ rη̄ðð1 − r2ÞðxB − zηÞ þ ðx3 þ rbÞðr2 − η̄ÞÞ

× ϕSϕ
t
T �αsðtg1Þhg1ðαg1; βg1; bB; bÞ exp½−SBðtg1Þ − Sðtg1Þ − S3ðtg1Þ�

− ½2η̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2ðx3 − z̄Þ − zÞϕt

SϕT − rðx̄3η̄ − xB þ zηþ r2ðxB − ð1 − 2ηÞx̄3 − zηÞÞϕSϕ
s
T

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄ÞÞðϕs

S − ϕt
SÞϕT þ rη̄ðx̄3η̄ − xB þ r2ðx3 − x̄B þ zηÞ − zηÞϕSϕ

t
T �

× αsðth1Þhh1ðαh1; βh1; bB; bÞ exp½−SBðth1Þ − Sðth1Þ − S3ðth1Þ�g ðA10Þ
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WSP
S ¼ 32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBbdbϕBðxB; bBÞ

× f½ðr2 − η̄Þðrb þ ð1 − r2ÞðxB − x3Þ þ ðz − 2þ x3 − r2ðz − 2x̄3ÞÞηÞϕSϕT þ 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x3η̄ − ηÞ

× ϕt
Sðϕs

T − η̄ϕt
TÞ þ 4rrb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ϕs
Sϕ

s
T − rη̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB þ x̄3η̄ − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕt

T

− r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄B þ x3 − zþ r2ðx3 − z̄Þ þ x̄3ηÞðϕs

S − ϕt
SÞϕs

T �αsðtg1Þhg1ðαg1; βg1; bB; bÞ exp½−SBðtg1Þ

− Sðtg1Þ − S3ðtg1Þ� − ½rη̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄3η̄ − xB − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕt

T − 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2ðx3 − z̄Þ

− zÞϕt
Sðϕs

T − η̄ϕt
TÞ þ ðr2 − 1 − ηÞðzη̄þ r2ðxB − zη̄ÞÞϕSϕT − r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄ − zþ r2ðx3 − z̄ÞÞ

× ðϕs
S − ϕt

SÞϕs
T �αsðth1Þhh1ðαh1; βh1; bB; bÞ exp½−SBðth1Þ − Sðth1Þ − S3ðth1Þ�g ðA11Þ

MLL
T ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞϕT

× f½2r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄Þϕt

S þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄ÞÞðϕs

S − ϕt
SÞ þ ðη̄ − r2Þ

× ðxB − x̄3η̄ − zη − r2ðxB − x̄3 þ 2ηx̄3 − zηÞÞϕS�αsðtc2Þhc2ðαc2; βc2; b3; bBÞ exp½−SBðtc2Þ − Sðtc2Þ
− S3ðtc2Þ� − ½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄ÞÞðϕs

S − ϕt
SÞ − 2η̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzðr2 − 1Þ − r2x3Þϕt

S þ ðη̄ − r2Þ
× ðxB þ zðr2 − 1Þ − ðη̄þ r2Þx3ÞϕS�αsðtd2Þhd2ðαd2; βd2; b3; bBÞ exp½−SBðtd2Þ − Sðtd2Þ − S3ðtd2Þ�g ðA12Þ

MLR
T ¼ −

32

3
πCFrM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× f½2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz − r2ðx3 − z̄ÞÞϕt

Sðϕs
T − η̄ϕt

TÞ þ ðx̄3η̄ − xB þ zηþ r2ðxB − x̄3 þ 2ηx̄3 − zηÞÞϕSϕ
s
T

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄ − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕs

T þ η̄ðx̄3η̄ − xB − zηþ r2ðxB − x̄3 þ zηÞÞϕSϕ
t
T

þ η̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄3η̄ − xB − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕt

T �αsðtc2Þhc2ðαc2; βc2; b3; bBÞ exp½−SBðtc2Þ

− Sðtc2Þ − S3ðtc2Þ� − ½ððr2 − 1ÞðxB − zηÞ þ x3η̄þ r2x3ð2η − 1ÞÞϕSϕ
s
T − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzðr2 − 1Þ − r2x3Þ

× ϕt
Sðϕs

T þ η̄ϕt
TÞ − η̄ððr2 − 1ÞðxB þ zη − x3Þ − x3ηÞϕSϕ

t
T −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB þ zðr2 − 1Þ − ðr2 þ η̄Þx3Þ

× ðϕs
S − ϕt

SÞϕs
T þ η̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB þ ð1 − r2Þðz − x3Þ þ x3ηÞðϕs

S − ϕt
SÞϕt

T �
× αsðtd2Þhd2ðαd2; βd2; b3; bBÞ exp½−SBðtd2Þ − Sðtd2Þ − S3ðtd2Þ�g ðA13Þ

MSP
T ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞϕT

× f½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄ÞÞðϕs

S − ϕt
SÞ − 2η̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2ðx3 − z̄Þ − zÞϕt

S

þ ðη̄ − r2ÞðxB − x̄3η̄ − zþ r2ðx3 − z̄ÞÞϕS�αsðtc2Þhc2ðαc2; βc2; b3; bBÞ exp½−SBðtc2Þ − Sðtc2Þ − S3ðtc2Þ�
− ½2r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x3η̄Þϕt

S þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄ÞÞðϕs

S − ϕt
SÞ þ ðr2 − η̄Þ

× ððr2 − 1ÞðxB − zηÞ þ x3η̄þ r2x3ð2η − 1ÞÞϕS�αsðtd2Þhd2ðαd2; βd2; b3; bBÞ exp½−SBðtd2Þ − Sðtd2Þ − S3ðtd2Þ�g
ðA14Þ
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ALL
T ¼ 8

ffiffiffi
2

3

r
πCFfBM4

B

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ð2þ ðr2 − 1ÞzÞðϕs

S − ϕt
SÞϕs

T − ðz̄ η̄þr2ð2zη̄ − 1Þ − r4zη̄ÞϕSϕT

þ 4r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ϕt
Sϕ

s
T �αsðte2Þhe2ðαe2; βe2; b3; bÞ exp½−S3ðte2Þ − Sðte2Þ�StðzÞ

− ½ðr2 − η̄Þðx3 þ ð1 − r2Þx̄3ηÞϕSϕT þ 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ð1þ x3 − r2x̄3 þ x̄3ηÞϕs

Sϕ
s
T

þ 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
x̄3η̄ðr2 − η̄Þϕs

Sϕ
t
T �αsðtf2Þhf2ðαf2; βf2; b; b3Þ exp½−S3ðtf2Þ − Sðtf2Þ�Stðx3Þg ðA15Þ

ALR
T ¼ ALL

T ðA16Þ

ASP
T ¼ −16

ffiffiffi
2

3

r
πCFfBM4

B

Z
1

0

dzdx3

Z
∞

0

bdbb3db3

× f½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2ð1 − zη̄Þ − η̄ z̄Þðϕs

S − ϕt
SÞϕT − 2η̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ð1þ ðr2 − 1ÞzÞϕt

SϕT

þ 2rð1þ z̄ηþ r2ðzη − 1ÞÞϕSϕ
s
T �αsðte2Þhe2ðαe2; βe2; b3; bÞ exp½−S3ðte2Þ − Sðte2Þ�StðzÞ

þ ½2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðr2 − η̄Þϕs

SϕT þ rðx3η̄ − 2ðr2 − 1Þηþ r2x3ð2η − 1ÞÞϕSϕ
s
T

þ rx3η̄ðr2 − η̄ÞϕSϕ
t
T �αsðtf2Þhf2ðαf2; βf2; b; b3Þ exp½−S3ðtf2Þ − Sðtf2Þ�Stðx3Þg ðA17Þ

WLL
T ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× f½r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðη̄ðx̄3η̄ − xB − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕt

T − ðxB − x̄3η̄ − zþ r2ðx3 − z̄ÞÞðϕs
S − ϕt

SÞϕs
T

− 2ðr2ðx3 − z̄Þ − zÞϕt
Sðϕs

T − η̄ϕt
TÞÞ − ðrb þ xB − x̄3η̄ − zη − r2ðxB þ ð2η − 1Þx̄3 − zηÞÞ

× ðr2 − η̄ÞϕSϕT − 4rrb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ϕs
Sϕ

s
T �αsðtg2Þhg2ðαg2; βg2; bB; b3Þ exp½−SBðtg2Þ − Sðtg2Þ − S3ðtg2Þ�

− ½2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x3η̄ − ηÞϕt

Sðϕs
T − η̄ϕt

TÞ − r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄B − zþ x3 þ r2ðx3 − z̄Þ þ ηx̄3Þðϕs

S − ϕt
SÞϕs

T

þ ðr2 − 1 − ηÞðr2ðx̄B − zη̄Þ − η̄ z̄ÞϕSϕT − rη̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðx̄3η̄þ xB − zþ r2ðx3 − z̄ÞÞðϕs

S − ϕt
SÞϕt

T �
× αsðth2Þhh2ðαh2; βh2; bB; b3Þ exp½−SBðth2Þ − Sðth2Þ − S3ðth2Þ�g ðA18Þ

WLR
T ¼ −

32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× f½2r2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄ − rbÞϕt

SϕT þ rðð1 − r2Þðx̄3 − xB þ rbÞ þ ðz − x̄3 − r2ðz − 2x̄3Þ þ rbÞηÞϕSϕ
s
T

þ rη̄ðx̄3η̄ − xB − zηþ r2ðxB − x̄3 þ zηÞ − rbðr2 − η̄ÞÞϕSϕ
t
T þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðzη̄þ r2ðxB − zη̄Þ − rbðr2 − η̄ÞÞ

× ðϕs
S − ϕt

SÞϕT �αsðtg2Þhg2ðαg2; βg2; bB; b3Þ exp½−SBðtg2Þ − Sðtg2Þ − S3ðtg2Þ�
− ½rη̄ðð1 − r2ÞðxB − zηÞ þ x3ðr2 − η̄ÞÞϕSϕ

t
T − rððr2 − 1ÞðxB þ ðz − 2ÞηÞ þ x3η̄þ ð2η − 1Þr2x3ÞϕSϕ

s
T

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz̄ η̄þr2ðzη̄ − x̄BÞÞðϕs

S − ϕt
SÞϕT − 2r2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − η − x3η̄Þϕt

SϕT �
× αsðth2Þhh2ðαh2; βh2; bB; b3Þ exp½−SBðth2Þ − Sðth2Þ − S3ðth2Þ�g ðA19Þ
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WSP
T ¼ 32

3
πCFM4

B

Z
1

0

dxBdzdx3

Z
∞

0

bBdbBb3db3ϕBðxB; bBÞ

× ½ðrbðr2 − η̄Þ þ ð1 − r2 þ ηÞðzη̄þ r2ðxB − zη̄ÞÞÞϕSϕT þ 2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðxB − x̄3η̄Þϕt

Sðϕs
T − η̄ϕt

TÞ

þ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðϕs

S − ϕt
SÞððxB − z − x̄3η̄þ r2ðx3 − z̄ÞÞϕs

T þ η̄ðx̄3η̄ − xB − zþ r2ðx3 − z̄ÞÞϕt
TÞ

þ 4rrb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ϕs
Sϕ

s
T �αsðtg2Þhg2ðαg2; βg2; bB; b3Þ exp½−SBðtg2Þ − Sðtg2Þ − S3ðtg2Þ�

− ½2r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz̄þ r2ðx3 − z̄ÞÞϕt

Sϕ
s
T þ ðr2 − η̄Þððr2 − 1ÞðxB þ ðz − 2ÞηÞ þ x3η̄þ r2x3ð2η − 1ÞÞϕSϕT

þ r
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðϕs

S − ϕt
SÞððz̄ − xB þ x3 þ r2ðx3 − z̄Þ þ ηx̄3Þϕs

T − η̄ðxB − zþ x̄3η̄þ r2ðx3 − z̄ÞÞϕt
TÞ

− 2rη̄
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2Þη

q
ðz̄þ r2ðx3 − z̄ÞÞϕt

Sϕ
t
T �αsðth2Þhh2ðαh2; βh2; bB; b3Þ exp½−SBðth2Þ − Sðth2Þ − S3ðth2Þ�: ðA20Þ

The hard functions hi are derived from the Fourier transform with i ¼ ða1;…; h2Þ, whose specific expression is

hiðα; β; b1; b2Þ ¼ h1ðα; b1Þ × h2ðβ; b1; b2Þ;

h1ðα; b1Þ ¼
�
K0ð

ffiffiffi
α

p
b1Þ; α > 0;

K0ði
ffiffiffiffiffiffi
−α

p
b1Þ; α < 0;

h2ðβ; b1; b2Þ ¼
�
θðb1 − b2ÞI0ð

ffiffiffi
β

p
b2ÞK0ð

ffiffiffi
β

p
b1Þ þ ðb1 ↔ b2Þ; β > 0;

θðb1 − b2ÞJ0ð
ffiffiffiffiffiffi
−β

p
b2ÞK0ði

ffiffiffiffiffiffi
−β

p
b1Þ þ ðb1 ↔ b2Þ; β < 0;

ðA21Þ

with the Bessel function J0, and the modified Bessel functions K0 and I0. The expressions for α and β in the hard functions
are

αða1;b1Þ ¼ βðc1;d1Þ ¼ M2
Br

2x3ðxB − η̄x3Þ;
βa1 ¼ M2

B½ðr2x3 − 1Þð1 − x3η̄Þ þ r2b�;
βb1 ¼ M2

Br
2ðxB − η̄Þ;

αc1 ¼ M2
B½r2ðz − x̄3Þ þ z̄�ðxB − η − x3η̄Þ;

αd1 ¼ M2
B½r2ðx3 − zÞ þ z�ðxB − x3η̄Þ;

αðe1;f1Þ ¼ βðg1;h1Þ ¼ M2
Bx̄3η̄½r2ðx3 − z̄Þ − z�;

βe1 ¼ M2
Bðr2x3 − 1Þð1 − x3η̄Þ;

βf1 ¼ M2
Bη̄ð−r2z̄ − zÞ;

αg1 ¼ M2
Bf½r2ðz − x̄3Þ þ z̄�ðxB − η − x3η̄Þ þ r2bg;

αh1 ¼ M2
B½r2ðx̄3 − zÞ þ z�ðxB − x̄3η̄Þ;

βðc2;d2Þ ¼ M2
Bð1 − r2ÞxBz;

αc2 ¼ M2
B½z − r2ðz − x̄3Þ�ðxB − x̄3η̄Þ;

αd2 ¼ M2
B½r2ðx3 − zÞ þ z�ðxB − x3η̄Þ;

αðe2;f2Þ ¼ βðg2;h2Þ ¼ M2
B½r2ðz − x̄3Þ þ z̄�ð−η − x3η̄Þ;

βe2 ¼ M2
B½ð1 − r2Þz − 1�;

βf2 ¼ M2
Bð1 − r2x̄3Þð−η − x3η̄Þ;

αg2 ¼ M2
Bf½r2ðx̄3 − zÞ þ z�ðxB − x̄3η̄Þ þ r2bg;

αh2 ¼ M2
B½r2ðz − x̄3Þ þ z̄�ðxB − η − x3η̄Þ: ðA22Þ

The hard scales tiði ¼ a1;…h2Þ, which are taken to remove the large logarithmic radiative corrections, are given by
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ta1 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jβa1j
p

; 1=bB; 1=b3
o
; tb1 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jβb1j

p
; 1=bB; 1=b3

o
;

tc1 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jαc1j
p

;
ffiffiffiffiffiffiffiffiffi
jβc1j

p
; 1=bB; 1=b

o
; td1 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jαd1j

p
;

ffiffiffiffiffiffiffiffiffi
jβd1j

p
; 1=bB; 1=b

o
;

te1 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jβe1j
p

; 1=b; 1=b3
o
; tf1 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jβf1j

q
; 1=b; 1=b3

o
;

tg1 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jαg1j
q

;
ffiffiffiffiffiffiffiffiffi
jβg1j

q
; 1=bB; 1=b

o
; th1 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jαh1j

p
;

ffiffiffiffiffiffiffiffiffi
jβh1j

p
; 1=bB; 1=b

o
;

tc2 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jαc2j
p

;
ffiffiffiffiffiffiffiffiffi
jβc2j

p
; 1=bB; 1=b3

o
; td2 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jαd2j

p
;

ffiffiffiffiffiffiffiffiffi
jβd2j

p
; 1=bB; 1=b3

o
;

te2 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jβe2j
p

; 1=b; 1=b3
o
; tf2 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jβf2j

q
; 1=b; 1=b3

o
;

tg2 ¼ Max
n ffiffiffiffiffiffiffiffiffi

jαg2j
q

;
ffiffiffiffiffiffiffiffiffi
jβg2j

q
; 1=bB; 1=b3

o
; th2 ¼ Max

n ffiffiffiffiffiffiffiffiffi
jαh2j

p
;

ffiffiffiffiffiffiffiffiffi
jβh2j

p
; 1=bB; 1=b3

o
: ðA23Þ

The Sudakov exponents are defined as

SB ¼ sðxBpþ
1 ; bBÞ þ

5

3

Z
t

1=bB

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

S ¼ sðzpþ; bÞ þ sðz̄pþ; bÞ þ 2

Z
t

1=b

dμ̄
μ̄
γqðαsðμ̄ÞÞ;

S3 ¼ sðx3p−
3 ; b3Þ þ sðx̄3p−

3 ; b3Þ þ 2

Z
t

1=b3

dμ̄
μ̄
γqðαsðμ̄ÞÞ; ðA24Þ

with the anomalous dimension of the quark γq ¼ −αs=π, and sðQ; bÞ is the Sudakov factor, which can be found in Ref. [80].
Meanwhile, the threshold resummation factor StðxÞ is taken from Ref. [81],

StðxÞ ¼
21þ2cΓ

	
3
2
þ c



ffiffiffi
π

p
Γð1þ cÞ ½xð1 − xÞ�c; ðA25Þ

with the parameter c ¼ 0.3.
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