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We investigate the weak semileptonic decay of the Q, — E/."£D,, where a triply heavy baryon with
spin 1/2 decays into the observed doubly heavy baryon with spin 1/2, using quantum chromodynamics
(QCD) sum rule method in all lepton channels. We compute the six relevant vector and axial vector form
factors entering the low energy matrix elements in full theory. The invariant form factors are building

blocks, using the fit faction of which in terms of ¢ in whole physical region, we calculate the exclusive
widths in three lepton channels. Our predictions may help the present and future experiments in the course

of their search for doubly and triply heavy baryons.
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I. INTRODUCTION

Research on heavy baryons has gained significant
momentum in the last decade due to notable experimental
discoveries in the spectroscopy of heavy hadrons. These
advancements have driven considerable progress in the
field. Among the various types of heavy baryons, those
containing one heavy quark (b, ¢) have been extensively
investigated and observed in numerous experimental facili-
ties. In 2017, the LHCb collaboration reported the discov-
ery of the doubly charmed baryon, Z/F, well described by
the quark model in its lowest state of doubly heavy baryons,
in the final state AJK~ztz" [1]. Subsequently, they
measured the lifetime of Ef" [2] and identified another
decay mode, EfF — EF z* [3]. In 2022, LHCb announced
the observation of a new channel E;;" - Efz" from an
experimental perspective [4]. Triply heavy baryons, con-
sisting of three heavy quarks (b, c), represent the last
missing category of standard hadrons. Following the
discovery of the Z/.", the detection of triply heavy baryons
now seems increasingly likely. While theoretical studies of
triply heavy baryons have largely focused on their mass
spectra [5-49], relatively less attention has been given to
their decay properties [S0-56]. Decay processes discussed
in the literature predominantly involve transitions from spin
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3/2 to final states with spin 1/2 [50-55], or from spin 1/2
to 3/2 [56].

The present study focuses on the investigation of the
semileptonic decay of the triply heavy baryon Q7 , to the
doubly heavy baryon E}", where both the initial and final
particles have spin 1/2. To find the relevant form factors
and estimate the decay width for the process QF, —
ElF£0, in all lepton channels, we employ the quantum
chromodynamics (QCD) sum rule method, introduced by
Shifman et al. [57,58], a well-established nonperturbative
approach recognized for its effectiveness in predicting
hadronic properties [59—-63]. This methodology evaluates
the decay from two distinct perspectives: the first is the
physical side, where results are expressed in terms of
the hadronic parameters like mass and residue of both the
initial and final baryons as well as the transition form
factors; the second is the QCD side, where results are
derived in terms of the fundamental degrees of freedom
like quark masses, quark-gluon coupling constant and
condensates associated with the quark-quark, gluon-
gluon, and quark-gluon interactions through the QCD
vacuum. The form factors are subsequently computed by
correlating the outcomes of these two approaches, utiliz-
ing principles of quark-hadron duality assumption, double
Borel transformation as well as continuum subtraction.
Ultimately, the obtained form factors are used to deter-
mine the relevant semileptonic decay widths at different
lepton channels.

The structure of the rest of this article is as follows:
Section II outlines the formalism of QCD sum rules used to
calculate an appropriate correlation function in both the
physical and QCD sectors. We derive the desired sum rules
for the form factors based on the standard prescription of
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the method. Section III is dedicated to the numerical
analysis of the form factors. In Sec. IV, we present
numerical results for the semileptonic decay widths across
all lepton channels. Section V includes our concluding
remarks and some details of the calculations are presented
in the Appendixes.

II. FORMALISM

In the semileptonic decay Q) , — Eff£D, decay, the
charm quarks act as the spectators and the transition
is conducted by the weak current J, = ity,(1 —ys)b
through the process b — ufv, at quark level (see
Fig. 1). The effective Hamiltonian describing this process
is given by

G _ _
Hegr = \/—%VubuJ/y(l —75)bCy*(1 = ys)vg, (1)

where G represents the Fermi coupling constant and V ,;,
is the Cabibbo-Kobayashi-Maskawa (CKM) matrix
element. By sandwiching the effective Hamiltonian
between the initial triply and the final doubly heavy baryon
states, the corresponding amplitude is obtained

|
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where F; and G; (i = 1, 2, 3) represent the form factors
associated with the vector and axial components within the
full framework, respectively. The four-momenta of the
initial and final baryons are denoted as p and p’, respec-
tively, while g = p — p’ represents the four-momentum
transferred to the lepton pair. The symbols uq: (p.s) and
ug++(p',s') correspond to the Dirac spinors of the initial
and final states. As mentioned, the form factors are
fundamental parameters that can be extracted utilizing
the QCD sum rule method. The first step in this process
involves selecting an appropriate correlation function. To
derive the form factors, we express the three-point corre-
lation function as follows:

,(p.p'.q) = iz/d4xe"""x/d4ye""/'y<0|
x T{T= ()T (0) T (x)}10), (4)

where the symbol 7 denotes the time-ordered product,

tr,V(A)

while 7, “/(0) represents the transition current of
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FIG. 1. The Q/, — Ef¢D, semileptonic decay.
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As is seen, the transition current consists of two compo-
nents: the vector (V¥ =uy,b) and the axial vector
(A" = iy, ysb), each of which contains information about
three transition form factors. Therefore, the following low
energy matrix elements are defined in terms of six form
factors by taking into account the Lorentz invariance and
parity considerations

+ F3(q%)
me+ Me++

cch

pﬂ p’ﬂ }

cch

semileptonic decay. J%(x) and J=< (y) signify the
interpolating currents of the initial and final particles,
respectively. In this case, the initial particle is a triply
heavy baryon with spin 1/2, and the final particle is a
symmetric doubly heavy spin 1/2 baryon. The general
expressions of the interpolating currents for these specified
particles are given as follows:

J00e (x) = 2e¢{(QT (x)CQ" (x))ys Q¢ (x)
+ (0T (x)Cys Q% (x))0(x)}.  (5)

and

JRe0(x) = %abv{(ga’ (X)Cq” (x))r50° (x)

+ B(0" (x)Crsq’(x)) Q¢ (x)}. (6)

Here the superscripts a, b, and ¢ denote color indices, C
represents the charge conjugation operator, and £ is an
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arbitrary auxiliary parameter. The variable ¢ correspond to
light quark, u, while Q) denotes the heavy quarks c(b).
Within the framework of QCD sum rules, the correlation
function must be computed from both the hadronic and the
QCD sides. Then the form factors can be achieved by
relating the results derived from these two regimes,
applying dispersion integrals and quark-hadron duality
assumption and utilizing the Borel transformation tech-
nique and continuum subtraction to suppress contributions
of higher exited states.

(0175 (0)[E4 () (ELH (p)] T 0)Q, (p)) (@, ()| T (0)]0)

A. Hadronic side

In this subsection, the correlation function is evaluated
within the timelike region of the light cone. To achieve this,
it is imperative to incorporate two relevant complete sets
of states that possess the same quantum numbers as the
initial, Q7 ,, and final, E/.", states at the appropriate stage.
Subsequently, by performing the integrals over four dimen-
sional coordinates x and y, the form of the correlation

function in the hadronic sector is derived as follows:

(p,p'.q) = >

where the first term is the ground state contribution and
dots refer to the contributions from higher resonances and
continuum modes. The hadronic matrix elements refer-
enced in the correlation function are defined by the
subsequent equations

=

(0]7= (0)[ELH(P)) = Agpruzs- (P, 5),
(@ (P)| T %0 (0)[0) = - iig:, (. 5), (8)

the symbols Aot and Agz++ correspond to the residue of

the initial and the final states, respectively. ug: (p,s) and
' |

(P2 =mZ ) (p?* —mg. ) ’

|
ug:+(p',s') satisfy the following identities:

> uzi (p' )iz (' s') = P+ mzye,
S/

Z”Q;,)(P’ S)%jcb (p.s)=p+ Mmqt . )

N

By substituting the lately straightforward mathematical
relations into Eq. (7), the general form of the correla-
tion function in the hadronic sector can be expressed as
follows:

/1:++/1T (ﬁl + m:++)(¢ + mg+ ) /
—cc Qf —cc Q‘cfb p” p "
HHad p’pl’q — cch <|:F q2 7” + F q2 + F q2
H ( ) (plz_méjﬁ)(pz_m?sz) 1( ) 2( )mQ:b 3( )mEjf

Py Py
- |G + G 22 4 o) ) + (10)
mQZ'b mE(++
To suppress the contributions from excited and continuum states, we employ the double Borel transformation
. 1 1 1 1 1 iy
B (_1)m+n e—s/Mze—s /Mz’ (11)

(P =) (P =5’ Cpm]Cn] (2" (MP)
in this transformation, M? and M'? represent Borel parameters, which are determined by establishing working windows in
the numerical analysis section. In the Borel scheme, we have

+ Mot

Q.L.
B (p,p',q) =dzis iy (' +mas ) (Btmgy Je™ et

cb

2 n P! 2 P
X <{f1(61 ' +Fy(q”) . +F3(q%) .
me Mg+

cch —ce

] - [Gl(qz)y"ys ﬂLGz(qz)f:—+
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B. QCD side substitute the interpolating current of the initial and final
particle given in Egs. (5) and (6) within Eq. (4). Following
this substitution, and applying Wick’s theorem to compute
all possible contractions of the corresponding quark fields,
a clear expression emerges that includes the heavy and light
quark propagators for the correlation function

As previously indicated, within the QCD sum rule
formalism, it is crucial to compute the correlation function
in the QCD sector in the deep Euclidean spacelike region
through the application of operator product expansion
(OPE). To accomplish this objective, one must first

|

IL,(p, p') = 2v/2eeed? / d*xe=iP / d*ye'? Y {ysS< (y — x)ysTr[S (y — x) S5 ()7, (1 — 15) S (—x)]

— 758 (v = )8 (=) (1 = 15)r, S (v) S (v = 2)rs

+BrsSe (v = 0)TR[SE (y = )85 (9)7,,(1 = 75) S (=x)rs]

=758 (v =Sy (=x) (1 = 75)7, S () (v = %)

+ 8¢ (v = x)ys T[S (v = x)rs St (V)ru(1 = 75)SY (=x)

= S (y = )85 (=x) (1 = 75)ruSw (V)rsSe (v = 2)rs)

+ P (SETRSE (v = x)ysSu (07, (1 = 75) S (=x)7s]

=S¢ (y = x)rsSyY (=) (1 = 75)r, S (9)rsSe (v = x)) - (13)
Here, S.(;) denotes the heavy quark propagator, S, represents the light quark propagator, and §" = CS”C. To conduct

calculations in coordinate space, one should utilize the following explicit formulas for the heavy and light propagators,
respectively. We take:

. m (qq) .. ¥mgqq) X2 o xXmy
S (x) = i, -5 ) Spp 1220 5, —— G S ——o G
q (X) L0qp 271'2)64 ab 477,'2)62 ab 12 + 104 48 ab 192 <qg6 Q> + 104p 1152 <qg(7 CI>
aff 24.2/= \2 4/ 202
9G b . X*Xg°(qq) x*(qq)(9°G?)
— —i0 -6 14
327[2)(2 [xaa[)’ + 6(1/3}(] L0gp 7776 ab 27648 + ( )

and

9 (x) = / d*k oike Sap (K +my) _ gsGZ/Z Oop( +mg) + (K + mg)ogs
0 (2m)* k* — mZQ 4 (k* — m2Q)2
g G? K +mok  gG? (K +mp)

5 5
T CeMe G )t T Tas Ot k2 = e

[K(k> = 3m) + 2mg (2> — m)|(K + mg) + -+ } (15)

where m,) denote the mass of the heavy (light) quark and k represents the four-momentum. G/, = Gi’r,, t* = 24/2,

G? = GGy, G, denotes the gluon field strength tensor, A* illustrate the Gell-Mann matrices which A =1,2...8;
(gq), (G?) and (ggoGq) represent quark-quark, gluon-gluon and quark-gluon condensates, respectively. At this stage,
following the applying the quark propagators in coordinate space to the correlation function, we proceed to compute the
integrals within the QCD side utilizing a series of mathematical techniques. These techniques include Fourier transforms,

Feynman parametrization, and various identities, as detailed. An illustration of this process is provided in

‘ . , ki ky, ks, y)
d4k d4k /d4k /d4 l(k]+k2+k3—p).x/d4 i(=ki—ko+p').y f( 1,72, 13, ) 16
Ju e [ [ e " W =mr - mye =m0

In the initial step, we employ the following identity [64]:

1 e L(D/2—n) (_1\P/
2 —ityj(_1\n+1gD=2nD/2 T \ZI 2T ) [ . 17
el e e e T "
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inserting of y, —

—i % into the aforementioned relation yields
"

/th/d4k1/d4k2/d4k3/d4xei(k]+k2+k3—p).x/d4yei(—k|—k2+p’—t).y

f(ky. ka. k3)

=2y (1 = m2ym (2 —

1\ D/2—ny 18
) 1s)

In the subsequent step, we apply Fourier integrals with respect to the four variables x and y

/ d*xe!lkithatks—p).x / diyel=ki=kt' =0y = (27)46* (ky + ky + ks — p)(27)*8*(—ky — ko + p' — 1). (19)

Making use of the two Dirac delta functions derived in Eq. (A3), the four-integrals over k, and k3 can be easily performed.
In the third step, the remaining four-integrals over k; and ¢ are evaluated using the Feynman parametrization

1 F(n1+n2+ng+n4)/ /1 r/l rzdvdzd}"
24 n3r(n4

ATATATAT  T(m)I

= lznz—lvng—l 1—7r— z— v)n4 1

[rAl + A5 + vAs + (1 — r — 7 — v)Ay|mHmtmtn

In the fourth step, we use the following identity to address
the remaining integrals [64]:

/ oy (£2)m _ in?(=1)""T(m + 2)['(n — m —2)
GESNT F@F(n)-a]"

(21)

In the final step, we apply the following identity to extract
the imaginary parts [64]

r [3 - n] <— %) v 2;1_)2_;' (—A)Y"2In[-4]. (22)

It is important to note that for dimensions devoid of an
imaginary component, their contributions are calculated
|

H?CD(p2’p/2’q2> _ / ds/
(2m6+mb)2 (2m<‘>2

where p; is referred as the spectral density,
POPE(s. s, ¢%) = LImIIPPE (p?, p”%, ¢*). An alternative pro-
cedure for obtaining the two-variable spectral density,
pi(s,s’), for a simple term as an example in the QCD
side, and subtraction of higher states and continuum
contributions is provided in the Appendix A (for some
details about the dispersion relation for the two-variable
complex function see also Refs. [65,66].) pPFE encom-
passes the following components: (i) the perturbative part,
(i) the three-mass dimension or the condensation of
two quarks, (ggq), (iii) the four-mass dimension or the

ds’'

(20)

I

directly using the standard procedures of the method.
Ultimately, the correlation function within the QCD frame-
work is expressed as follows, representing a function of
twenty-four distinct Lorentz structures

HQCD (

p.pq) =Y TP p% s (23)

where i runs from 1 to 24, and S; denotes the various
Lorentz structures presented in Table I. The H?CD( p?
P, ¢*) functions computed on the QCD side are Lorentz
invariants, expressed in terms of double dispersion inte-

grals as

’

P75 q)

o p—p) ) (24)

condensation of two gluons, (G?). T'; represents the
contribution of the five-mass dimension, which is calcu-
lated directly. The p; and I'; for the structure y,ys, as an
example, are presented in the Appendix B. We present the
results for this structure related to the form factor G, in the
Appendix B, since this structure revives nonzero expres-
sions for all the perturbative and nonperturbative contri-
butions in momentum space. By adopting the quark-hadron
duality assumption, continuum thresholds, denoted as
so and s;, emerge in both the initial and final states.
Ultimately, by applying double Borel transformation to
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TABLE 1. Various Lorentz structures appeared in the calcu-
lations.

i S; i S; i S;

1 P 9 P 17 PubYs
2 PP 10 Pul'vs 13 Pubrs
3 Pl 11 pul 19 pub
4 Pub'rs 12 Pl 20 Pulf
5 pul Prs 13 YulbYs 21 Py
6 VARE 14 Yu 22 Purs
7 ﬁ‘/yﬂﬁyS 15 Y;t¢ 23 Pu
8 pul By 16 Yu¥s 24 Puls

suppress the contributions coming from the excited and
continuous states, the form of the correlation function
utilized in the QCD side is obtained as follows:

H?CD(Mz, M, 50,54, q%)

s 56
= /( 0 )2 ds /(20 )2 ds'es/M e IM" pAP (5 57 g?)

2me+my,

+0i(M2, M2, q7), (25)

where [';(M?,M"?,q%) is the double Borel transformed
form of T';(p?, p', ¢*). Note that, the contribution of five-
mass dimensional nonperturbative operator vanishes after
applying the double Borel transformation for the structure
Yu¥s- To ultimately derive the six form factors, various
corresponding coefficients of structures from both the
hadronic and QCD sides are matched.

III. NUMERICAL ANALYSIS

In this section, we present the numerical results for the
form factors defining the semileptonic decay Q, —
B¢, A comprehensive set of input parameters utilized
in the calculations is depicted in Table II. In addition to the
parameters listed in Table II, five auxiliary parameters are
introduced, which were referenced throughout the calcu-
lations: the Borel parameters M?> and M'?, the continuum
thresholds s, and sj,, as well as the arbitrary mixing
parameter 3. The physical quantities must exhibit minimal
dependence on variations in these parameters. Within the
framework of QCD sum rule method, to ascertain the
operational window for the aforementioned auxiliary
parameters, two conditions must be satisfied: the pole
contribution (PC) dominance and convergence of the
OPE series. These conditions can be imposed as follows:

pe - NP (M2, M2, 50, 50)

HQCD(M2 M/2 00 00) 205’ (26)

and

TABLE II. Input parameters used in calculations.

Parameters Values

my, (4.1810%) GeV [67]

m, (1.27 +0.02) GeV [67]

m, 0.51 MeV [67]

m, 105 MeV [67]

m, 1.776 GeV [67]

ma:, (8.15033) GeV [49]

Mg+ (3621.6 + 0.4) MeV [67]

Gr 1.17 x 1075 GeV~2 [67]

Vb (3.82 4 0.20) x 1073 [67]

m? (0.8 +0.2) GeV? [68-70]

(iau) —(0.24 £ 0.01)® GeV? [68,69]

(%G?) (0.012 £ 0.004) GeV* [68-70]

Aor, 0.44033GeV? [49]

Agg 0.16 +0.04 GeV? [71]
T1CD @ims+dims) M2,M/2’ 50, 5!

R(M?,M"™) = ( 0:50) <0.05. (27)

NP (M2, M, 5., 57)

The PC criterion, as articulated in Eq. (26), requires that the
PC exceeds the contributions coming from the higher and
continuum states, and help us determine the upper limits for
the Borel parameters. The convergence of the OPE series,
as expressed in Eq. (27), establishes the lower limits for
these parameters. Consequently, based on these criteria, the
Borel windows are implemented as follows:

9 GeV? < M? < 14 GeV?,
and

4 GeV? < M” < 6 GeV?2. (28)

The parameters s, and s;, are auxiliary variables whose
values are not entirely optional; their values depend on the
energy of the excited states in both the initial and final
channels. Although there is a lack of experimental data
regarding the excited states of triply and doubly heavy
baryons, our analysis affirm the optimal stability of the sum
rules within the following intervals:

(mg:, +0.1)> GeV2 < 50 < (mgr +0.5)? GeV?,
and

(mzor +0.1)2 GeV? < s < (mzi+ +0.5)2 GeV2.  (29)

In addition to the Borel parameters and continuum thresh-
olds, the other auxiliary parameter to be set is  entered
Egs. (5) and (6). While f can be chosen to be different for
the two interpolating currents in initial and final channels,
our analyses show that they belong to working regions that
have a major overlap. The optimization of the physical
quantities with respect to these parameters lead us to take
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FIG. 2. Variations of F; form factor corresponding to the
structure p'y, with respect to cos @ at the central values of s,
sy, M* and M and at ¢> = 0.

this parameter the same for two interpolating currents. The
range of the auxiliary mathematical parameter f can be
evaluated as follows: since this parameter spans the entire
interval from —oo to +oc0, we introduce a new parameter
defined as # = tan @ to incorporate all possible values for
such that —1.0 <cosf < 1.0. Figure 2 exemplifies the
variation of F| as a function of cos®, allowing for the
identification of the operational region for cos 6. Based on
numerical analysis and insights from Fig. 2, we conclude

that the optimal regions conducive to the stability of form
factors with respect to variations in cos 6 are delineated as
follows:

—0.7<cosf# <-0.5 and 0.5<cosf<0.7. (30)

To demonstrate the stability of the six form factors with
respect to the auxiliary parameters, Figs. 3—6 are provided.
In these figures, F, F,, F3, Gy, G,, and G5 correspond to
the structures denoted as p'y,,, p,p'. PP, b'vubYs. PuD'7s,
and p,ys, respectively. In Figs. 3 and 4 the variations of
form factors are depicted as functions of M? and M"
respectively, at three fixed values of s, along with other
parameters at their average values. In Figs. 5 and 6 the
variations of form factors are depicted as functions of M?>
and M" respectively, at three fixed values of 5|, while other
parameters are kept at their average values. It is important
to note that all graphs are generated at the average value of
cos @ with g> = 0. We see that the form factors demonstrate
good stability with respect to the auxiliary parameters in
their working intervals.

Following the identification of the operational windows
for all the auxiliary parameters, we proceed to examine the
behavior of the form factors as functions of ¢>. Our analysis
indicates that the fitting of the form factors is effectively
achieved using the following expression:

1 — 0.6 1
0
0.4
0.1 N N VR VRN RN -1
0 o p
¢ 00 W 5y=68.06 Gev? ¢ 00 I 5,=68.06 GeV? ¢ _3# e T N N MU N MU
0 s 4d GeV? ' 0 5p=71.44 oV . B 5,=68.06 GeV?
=041 3 5y=7482 GeV? 02 ¥ 57482 GeV? @ 5=T1.44 GeV?
-5 o 5,=74.82 GeV?
_02 ........................ _0l4....n....n....n....n.... _5 ' ' ' '
] 10 1 12 13 14 9 10 1" 12 13 14 9 10 1 12 13 14
W GeV) MGeV?) MGev?)
15 . . . . 1. 0p—r—rrr e 0.8 .
e 04
) 0 5Q& NP NN N VRN R
- - = . XL 0.4 =
. 05 B 5,=68.06 GV 5 ool 0 ""I"I o
0 ot e o % B 568,06 GoV? :
0.0 B 5p=71.44 GeV , W 5,=68.06 GeV?
¥ 5p=74.82 GeV? 05 8 syt dd eV 0 0 5;=71.44 GeV?
-0.5 ' * 59=74.82 GeV? -0.2
- ¥ 5y=74.82 GeV?
-1.0 H N H H -1.0 H H M H -0.4 M M M M
9 10 1 12 13 14 9 0 1 12 13 14 9 0 N 2 13 14
MGeV?) MGeV) M4GeV?)

FIG. 3.

auxiliary parameters (s{ = 15.40 GeV2, M = 5.00 GeV?, and cos 6 = 0.60).
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0.2 1
0
0.1 -1
.
o ¢ W 5;=68.06 GeV? ¢ 3
$p=00.! e! -
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01 0 527144 66V 02 So=T1 AR Ge -4 8 5,=71.44 GV
¥ 57482 GeV? ' * sieT482 6oV -5 ¥ 57482 GeV?
-0.2 . M . -0,‘ . . . -6 2 2 .
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FIG. 4. Form factors as functions of the Borel parameter M at various values of the parameter s, g> = 0 and average values of other
auxiliary parameters (s;, = 15.40 GeV2, M? = 11.50 GeV?, and cos 6 = 0.60).
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FIG. 5. Form factors as functions of the Borel parameter M? at various values of the parameter sj, g> = 0 and average values of other
auxiliary parameters (sy = 71.44 GeV?, M”> = 5.00 GeV?, and cos 8 = 0.60).
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FIG. 6. Form factors as functions of the Borel parameter M at various values of the parameter sj, g> = 0 and average values of other
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F(0)

Flq?) = 2 — — v 61)
<1—a 4 +a <—q ) +a (—q ) +a (—? ))
1 H42 2 rn2 3 Hﬂz 4 m”
Q*h Q*h of of

cc &

In this context, the parameters, F(0), a;, a,, az, and ay
serve as the fitting parameters corresponding to the
structures delineated in Table III. It is important to note
that these quantities are computed in the average values of
the auxiliary parameters. It is noteworthy that the uncer-
tainty associated with the form factors presented in
Table III arises from both of the auxiliary parameters
and the input ones. It should be noted that the structures
in Table III are not unique to find the form factors as is clear
from the presented results in both the physical and QCD

c

cch cch

sides. In the framework of sum rule method, the form
factors are practically obtained to be structure-dependent.
Generally, structures with more momenta lead to more
stability with respect to the variations of the auxiliary
parameters. In this study, the selected structures are based
on the operational domains of the auxiliary parameters,
wherein the uncertainty of the results is relatively minimal
and requirements of the method, discussed above, are better
satisfied. The variations of the form factors Fy, F», F3, Gy,
G,, and G5 as functions of g> within the permissible

TABLE III.  Parameters of the fit functions for different form factors corresponding to Q, — E3." b, transition.

Fi(q*): 17, F3(q*):pp i Gi(q*): Fvuibrs

Fy(q*) :pulf Gy (q?):pu#7s G3(4%):puys

Flg*=0) 0.06 +0.01 0.261 007 —2.52407 0.84+0.25 0.45+0.13 0.34£0.10
ap 252 2.92 1.41 1.80 3.12 2.14

a -0.25 -0.82 -15.54 ~17.87 -10.14 -5.94

a; 3.43 11.13 78.45 92.95 67.61 29.93

ay 0.99 -11.32 -124.53 —145.86 -106.61 -39.92
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range m? < g* < (mm_b - mECH)Z for the structures p'y,,  factors. In the subsequent section, we will employ the
pubs Pubs B7.Brs: puBrs, and p,ys, respectively, are fitting functions of the form fac'tors as primary input
parameters to evaluate the decay widths at different lepton
channels.

illustrated in Fig. 7. Figure 8 depicts these variations,
incorporating uncertainties in the calculation of form

qGeV) Feer) eV

FIG.7. The form factors Fy, F,, F5, G, G, and G5, corresponding to the structures in Table III, as functions of ¢ at average values of
auxiliary parameters.
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FIG. 8. The form factors corresponding to the structures in Table III with their errors at the average values of auxiliary parameters.
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IV. DECAY WIDTH

In this section, the decay widths of semileptonic mode
Q}, — Bl ¢0, across all lepton channels are computed
utilizing the fitted form factors derived in the preceding
section. The differential decay width is given by:

dr(Q/., - & ¢v,) _ Gi A2 (g7 —mz)?

Vosl? H(q?).
dg? a3 48m32;.bq2 .
(32)
where A = A(m? My _++, q%) = m‘gy + m45‘tf + g* -

cch

2 4 mQ qu + mqu %), and m, represents the

2(m2. mi
( QL’(?I) Tee

lepton mass (e, p, 7). Hy(q?) denotes total helicity, which

is defined as

1

HVA \/Zm + m~++(0'qi 1)[(m + :i:m~++)j-"V*A(6)

+1/2 0 ch e ch L 1

N g )

Hiipa = 2\/’”’19+ mzi- (0 F 1)F|" (o),

VA
H+1/2t
where

mgﬁ + }’I’l_.JrJr — q2
= : (36)
2mg: Mz

In this context, Y =F; and FA=G; (i=1, 2, 3)

illustrate vector and axial form factors The upper (lower)
sign is associated with the vector (axial) contribution.

HZ,’?W are utilized to represent the helicity amplitudes

for weak decays including the vector (V) and the axial
vector (A) currents, and 4’ and hy indices stand for the
helicities of the final baryon and the virtual W-boson,
respectively. The amplitudes for negative helicity values
can be derived using the relation

V.A V.A
HZj —hy =*H, Iy (37)
The total helicity amplitude for the V-A current is thus
expressed by

HA

Hyp, = H), W by (38)

W hy

The calculated decay widths for all lepton channels,
along with their associated errors, are provided in Table TV.
Due to the lack of experimental data on the lifetimes of

:I:mE(T(U:I: l)f;/’A

3m2

Ho(q?) =[Hu(q?) +He(q?)] (1 +2 ) +=—£

2 Hs(qz)-

(33)
The relevant parity-conserving helicity structures are

expressed in terms of the total helicity amplitudes as
follows:

Hy(q?) = |H+1/2,+1|2 + |H—1/z,-1|zv
Hi(q?) = |H i + |H-120[%
Hs(q*) = [Hirpol* + |Ho1 24l (34)

In this set of expressions, different helicity amplitude are
expressed in terms of the transition F; and G; form factors

(o) £mg: (o£1)F5(a)],

\/7 \/me m~++ ot1) [(mgfr F mg+ )]:Y’A (o) £ (mm_b - mgﬁa)fg’A (o) £ (mm_ba — Mg+ )f;/’A (0)],

(35)

|

triply heavy baryons, it is currently not possible to compute
the branching fractions. However, the decay width itself
serves as an important indicator for guiding experimental
searches and theoretical analysis. The decay width is
expected to show variations based on the choice of lepton
channels, primarily due to the mass differences among the
leptons involved. Specifically, as the lepton mass increases
(moving from e or p to 7), the decay width tends to
decrease. This trend is consistent with the fact that decays
involving heavier leptons are kinematically suppressed.
These findings are crucial in providing a benchmark for
upcoming experiments, as they enable experimentalists to
estimate decay probabilities and search for corresponding
signals. Assessing the ratio of decay width in 7 and e/u
channels is advantageous due to its reduced uncertainty. We
find:

e, - 2w,

R =
reQ, - 5276(”)”8(/4)]

=0.60"0%.  (39)

These results, combined with the mass and residue calcu-
lated in our prior work [49], are valuable for refining or
finalizing the properties of QY , through future experi-
ments. Comparing our results as Standard Model (SM)
theory prediction with future experimental data, could
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TABLE 1V. Decay widths (in GeV) for the semileptonic Q"

+p = Ed €D, transition at different channels.

rQ, - &iten,] x 101 reQ/, - 2 up,] x 10 rQ, —» Effw,) x 10°
12372 122733 B
confirm the SM or open new avenue for discovering ACKNOWLEDGMENTS

possible new physics in heavy baryon decays.

V. CONCLUSION

So far, there have been no experimental observations of
the triply heavy baryons as the last generation of the
standard heavy baryons predicted by the quark mode. Few
theoretical analysis concerning the weak decay of this
group of baryons have been conducted, often focusing on
the decay processes involving triply heavy baryons with
spin 3/2 transitioning to other triply heavy baryons, or
those with spin 1/2 decaying into triply heavy baryons
with spin 3/2. This study represents a pioneering inves-
tigation into the decay of triply heavy particles with spin
1/2 serving as both initial and final ones in the all lepton
channels. In this work, we employed the standard QCD
sum rule method to compute the relevant correlation
function, which here is the three-point correlation func-
tion. This computation was conducted first on the physical
side in terms of the vector and axial vector form factors.
Subsequently, we derived the three-point correlation
function on the QCD side through a series of manual
algebraic relations in terms of fundamental QCD param-
eters like the quark masses, condensation of quarks,
gluons, and their combinations, the strong coupling
constant and - - -. In the final step, the form factors were
calculated by assuming quark-hadron duality and applying
Borel transformations and matching the same Lorentz
structures from both sides. Upon completion of the form
factor calculations, we were positioned to determine the
decay width of the semileptonic transformation Q. , —
Bl T¢D, across all lepton channels. The order of exclusive
widths indicate that these channels are accessible in near
future.

The results presented in this study and those on the
spectroscopic properties of the triply heavy baryons in
Ref. [49] can help experimental groups at different colliders
in their search for these interesting heavy particles. New
developments in the experimental side tempt us to believe
that we may not be far from observing such states at various
hadron colliders.

1—r 1—r—
= Cl/d“/d“kl// / *drdzdv

K. A. is grateful to the CERN-TH division for their
support and warm hospitality.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: DOUBLE SPECTRAL DENSITY

In this appendix, we present an alternative procedure
for a simple term in QCD side, as an example, to derive a
two-variable dependent spectral density. For this aim, we
start with

:/d4k1/d4k2/d4k3/d4xei(kl+k2+k3—17)-x
X/d4yei(_kl_k2+l’l)-)'

1
— mg) (k3 —mj)y*

Using the identity presented in Eq. (17), we get

H—C/d“t/d“kl/d“kz/d4k3/d4xei(k1+kz+k3—p>.x

X/d4yei(—k|—k2+p'—l).y

(A1)

X
CEL ARG

1 1
= K= md) (=il (‘r) (A2)

where C = # is a constant. Now, we use

/d4xei(k1+k2+k3—p).x/d4yei(—k1—k2+p'—t)‘y

—p)(2r)*8* (=ky —ky + p' = 1),
(A3)

== (271')454<k1 + k2 + k3

where the resultant Dirac deltas are used to perform the
four-integrals over k3 and k,. We employ the Feynman
parametrization as the body text, which leads to

r

[(kz—m ) +z(=m

+ (ki +p = 1)*) + (-

ey P ) gy gy oL G
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where C; = i(27)®. In the next step, we use the identity
presented in Eq. (21) to perform the remaining integrals,
which leads to

1 1—r l—r—z r
In= Cl/ / / drdzdv—, (A5)
o Jo 0 A
where
A= (=1+47)[p?rzA; = (mi(r + 2)A,
+0[pPrzAs + mpA; - ¢*(r + 2)A1])]  (A6)
and
(-14+r+v+2)
A= 2
(rr+r(-14+2) +(-1+2)2)
1
A, = . A7
2T (P4 r(=1+2)+ (-1 +2)2) (A7)

Applying double Borel transformation with respect to the
p? and p” using the

1 =
= em"? ,
o — p/2

B(M?)e " = §(1/M?* - p),

B(MIZ)
(A8)

we get

1—r l—r—
B(M2)B(M™) = C, / / / * drdzdv By e

X 5<M2 M’2> (A9)
where a = m?B, + m2B; — ¢°By and ff = e The
variables B;, B,, Bs, and B, are defined by

B — 1
(-1 n)zA
B (r+2)(rP+r(-1+2)+ (-1+2)z2)
: rz(-l+r+v+z) ’
B — (P +r(-1+2)+ (-1 +2)z)v
’ rz(-l14+r+v+z2) ’
-1
B4:(r+z)v( +r+z+v)‘ (A10)
rz(=l14+r+v+z)
Performing integral over v, one obtains
1-r
B(M?*)B(M")1 = C1/ / drdz
£p —mID) gDy
XD476M/2+MZQ M2 e M% s
M?+ M"
(A11)

2 M/Z M‘
where M7 = Ve

shor[hand notations:

and we have applied the following

(=1+r+2)(r+2)

D, = pe :
D, = —(rP 4+ r(=1+2)+ (-1 42)z) ’
rz
D. — (r+2) (P +r(-1+2)+ (-142)z)
3 — s
rz(-1+r+z)
D, = (-14+r+z) (A12)

(P +r(=1+2)+ (-1+2)2)*(-1+7r)z’

In the last step, we discuss how contribution of the continuum
and higher states are subtracted (see also [72-74]). To this
end, we consider a generic term of the form

—r —mz)Dz - 203
—5— M
/ / ey e M2 M2

at g = 0. We introduce new variables by defining o; = #

(A13)

and 0, =

( ) / /1 rdrdze m,Da+miD3)o) p=mgDso;
61 + 02
:62/ /1 rdrdze_(miDZ""m%Dﬂﬂle—m%D3az
0 0
X/oodfe_f(’fﬁrﬁz)
0
:62/1/]_rdrdz/oodée_(miDersz;Jrf)o'] e—(m%D3+f>o.2
0 0 0
I f1-r
_/ / drdz
d e~ (meDs+&) —(m2Dy+m2D5+&)o
X dé’ dé: miD3+8)6; | o= (myDytmiDs 1
0

(A14)

#. We have

We obtain the double spectral density by performing another

double Borel transformation with respect to o —>§

1
s’

/ /1 rdrdz/ d§<d§ s —(§+m2D3)]>

X 8[s = (E+m2Dy+m2Dj)). (A15)

and 6, —

Performing the & integral, finally the following expression for
the double spectral density is found
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L fl=r d where s; = (my, +2m,)? and s, = (2m,)?*. From the same
N A [) drdz (% S'—s+ me2)> manner, we can generalized the calculations to the case

2 .
x 0(s — (m2D, + m2Ds)). (alg) ¢ 70 andwrite

. .. . . 50 s o
where 0 is thg Heav1s.1de Theta function. Now,.we use t.hls sub — ds | ° ds'p(s, s, q2)e—S/M2e—S /M= (A18)
spectral density to write the subtracted correlation function

corresponding to the considered term in Borel scheme as

5 5 which is the double Borel performed form of the two-

3w = / ds / “ds'p(s,s)e~/M ¢=s'/M?  (A17)  variable spectral representation of the related correlation
‘ St function.

|

APPENDIX B: OPE RESULTS FOR ONE OF THE INVOLVED STRUCTURES

In this appendix, we depict the explicit forms of spectral densities pi(s, s', ¢*) and functions I''(p?, p?, ¢*) corresponding
to the structure y,ys

1 1 1—u l—u=v  3D(s,s', g*)®[D(s. s, g*
phos(s.s'.q%) = 4/du/ dv/ dz (ssq)[(sssq)]
Vv25127* Jo 0 0 KW W)W3
x {[D(s,s", @*)Wr2uW3(W5 + 150) — v(W3(2 + 11K, W3) + 9W3v + 112?))

+ 2K \W3((W3 + 0)(=3¢*W, + 5’ (8uW3 + 23uv + 8W,)

+3s(uW3 + v(W3 + 1)) — (3¢> — 35 — 85') (W3u + (4u + W,)v)z)]

—8B[3D(s, 5", ¢*)Wa(uW5(W5 — 20) + v(W5(=1 + 3K, W3) + 4W50 + 302))

+ 4K (W3 +0)[s(W) —uW ) + ¢*W W3 + s'v(u — u? + 2K, W3 + 2(u + Wy)v)]

+ (g% = $)uW?2 + W3 (=K' + (=24 Ky)s'u + s(1 + K5 — (2 + K»)u)

+ @7 (=1 +2u+ K;W3))o + (27 = 25 + 5 )W30 + (¢ — 5 + 5)v°]2)]

+B*D(s,s", )W, (2uW3(W3 + 150) — v(W3(2 + 11K, W3) + W30 + 112?))

+ 2K W3 (W5 + v)[-3¢%(u(u + Wy) + Wyv) + s’ (8uWs + 23uv + 8W,4v) + 3s(uWs + v(W5 + v))]

— (3¢% =35 = 85")[W3u + (4u + W4)v]z)]}, (B1)
1= “ 1+ﬂ mb< > 2
,0},#],5 5,5, q%) / du/ SV (W)’ O[L(s, s, q%)]. (B2)

—u ey [D(s,s".q%)] <aYGG>
(s, du dv :
P (5:5-4°) / / / 12288\/_ KW, Wit \ =

{[3(=85u*W3 +uW3(129-333u+ 44K, W3)v— W3 (44 + 8K, W3 + u(—486 4 585u+ 16K, W3)) v?
+W3(80—373u+81<2w3)v +4(7=13u)v* +80°) + (24u(=25+21u) W3 +3W;(200— 1 10K, W5
+ u(—648 45801+ 95K, W) )0+ W5 (—1158 + 7651 + 242K, W5) 02 4 5(—160+ 1511) v 4 2420%)7
+6(2uW5(50W;5 + 1010) +50(W5(=20+ 11K, W53) +31W30+ 1102))22]
+B[96(=1> +u*(B+ (=94 K,)v) +u? (=34 (21 + K (=34 v) —=220)v) + 2W, 0> (=1 + K, +1v?)
+uW,v(=3+ K, —4K,v +v(18+)) + u?[1 +v(=15+ (41 = 150) v+ K, (3+2(=2+)v))])

+ (—=W3u(11+18u) + (3K, W3(—=20+ 13u) + u(—30+ (84 —43u)u) + 11W,)v
+ (58K, W3+ (27 —85u)u —4TW4) v +2(42u+29W,) %)z
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+ (11W3u + (60K, W3 — u(1 + 10u) — 11W,)v + (T1u + 60W4)v?)2?]

+ P[-282W3u? + 6(57 + 17K, W3 — 127u) W3uw + 2[u(—468 + 933u — 495u> + K, (331 + u(—410 + 163u)))

+ 84K, ud + 30ud?]v? + 8((20 + 21K,(=2 + u) — 26u)u + 21W3)v® + 434uv*

+ [OW3u(—18 + 5u) + (—KW3(—38 + 79u) + u(499 + u(—755 + 418u)) + 162W4)v

+ 227K, W3 + (319 = 303u)u + 9TW,)v* + (—181u + 54W,) 03]z

+ 2(81W3u — (19K, W3 + (305 — 224u)u + 81W4)v + (62u — 19W,)v?)2%]}, (B3)
and

() mg
322 WL (p?. P2 )

x {(—1 + B)*[(=mpuv(Li(p%. ™. ¢*)(Ly(p?, p"%. q%) — 2m2)W3 + 2mZuvp'?))]

0 (P 0% q%) =

- {(1 + Buvp(2(=1+ P)Li(p* p?. ¢*)m Wi + uWs((=1 + p)m.(p* + p* — ¢*)u

2
=2(1+B)L,(p* " ¢*)m,Ws)v + (1 +ﬂ)mhuzvzp/2)@]
+ (=1 + 51+ B)mc(Ly(p*. p"*. ¢*)Ws(3(p* + p"* — ¢*)u*v

Ly (P PP P WEu 4+ 20)) + 2u2v2p/4>]}, (B4)

where we have defined

D(s, s, ) = (Wg(m%wlws —s'uW,v + (;;ziwl — W, Ws + sm))z))
Wi
L(s,s'.q%) = <—m§ + (mj, — qz)W52W6 + S'MJ)’
LE
2 _ 2 WW ”
Ll(P27P/2,q2) = (—m%+ (mb q ) 52 6+ D uv>’
UE
W,w
K, = %
1
_Wl
T (55)
w3
Here, we have applied the following shorthand symbolizations, as well:
Wi = (@ +u(=1+v)+ (=1 +v)v),
Wy=(-14+u+v+z),
Wi = (-1+u),
Wy =(=1+0),
Ws = (u+v),
W= (=1 +u+u). (B6)
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