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We analyze the real-time dynamics of the large N vector model, focusing on heavy states with energies
of the order N. In this regime, we demonstrate that interactions become sufficiently strong to produce
nonzero condensate of the Hubbard-Stratonovich field σ, which, in turn, induces particle production. This
process leads to a significant transformation of the initial state and potential thermalization. For
homogeneous perturbations, our results show that the equations become integrable, yet can still lead
to thermalization in the continuum limit. Furthermore, we calculate the energies of these heavy states and
their contributions to the thermal free energy, thereby determining the free energy of the critical OðNÞ
model by operator counting.
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Introduction. The solvable models of quantum field the-
ories play a crucial role in the development of new ideas,
enhancing our understanding of various aspects of other
quantum field theories in similar setups. In particular,
certain models become solvable when the number of fields
N is taken to infinity [1–3]. Examples include large N
vector models, which have been extensively studied due to
their simplicity and solvability. These models are believed
to be integrable in the large N limit, thanks to the presence
of approximately conserved higher spin currents [4].
Additionally, the coupling constant scales as 1

N, and some
correlators involving light operators receive negligible
contributions in the large N limit. Consequently, it is
commonly believed that such models cannot thermalize
at infinite N [5,6]. However, this logic works only for low
excited states, and to make a precise statement about
thermalization, it is essential to study the behavior of
highly excited states, as we expect that at temperatures
β ∼ 1, the relevant energy scale should be on the order ofN,
i.e., E ∼ NE0 [7].
In this paper, we argue that high-energy states in large N

theories, contrary to common belief, could thermalize due
to nonperturbative effects involving particle production.
The collective real-time dynamics of the fields in these
models create a nonstationary background described by the
Hubbard-Stratonovich field σ, which subsequently leads to
particle creation and possible thermalization. Although
these equations are analytically challenging, they can be

studied numerically. In the case of homogeneous excita-
tions, our numerical studies indicate that a system with a
finite number of degrees of freedom does not thermalize
and, moreover, is actually integrable. Thus, we find a set of
commuting charges that are conserved. Nonetheless, in the
thermodynamic or continuum limit, when we have an
infinite number of degrees of freedom, these systems could
still lead to thermalization. By examining the stationary
solutions of these equations, we also discovered a new
family of states that generalizes those found by Giombi and
Hyman [9]. By counting these states, we determine the
thermal free energy. For the criticalOðNÞmodel, we obtain
a result that coincides with the one obtained using conven-
tional techniques [10].
Another interesting application of this approach is

studying the real-time dynamics of such models in the
background of nontrivial electromagnetic or gravitational
backgrounds, such as constant electric fields or gravita-
tional de Sitter backgrounds. This approach could poten-
tially enhance our understanding of quantum field theories
in these settings. Addressing these questions is crucial, as
the behavior of these theories in such backgrounds—
whether they reach a steady or equilibrium state or create
a strong backreaction that significantly alters the back-
ground—remains unclear. These questions will be
addressed in future papers.
The paper is organized as follows. In Sec. II, we briefly

review the Schwinger-Keldysh technique, which describes
the real-time dynamics of quantum field theories, and apply
it to the large N vector models. In Sec. III, we derive the
equations governing the dynamics of the large N quantum
vector model in the regime involving high-energy states,
demonstrating that such states create a nonzero σ field
background, which subsequently leads to particle produc-
tion and introduces significant corrections to the initial
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states. We also show that these equations, in the homo-
geneous setup, are integrable and present the set of
commuting charges. In Sec. IV, we count the heavy states
and compute their energy spectrum, which allows us to
determine the thermal free energy of the large N models at
temperature β.

Review of the large N vector model and schwinger-keldysh
technique. In this section, we review the large N models
and the Schwinger-Keldysh technique [3,11]. We focus on
the three-dimensional case, d ¼ 3, as it simplifies some
aspects of the analysis and avoids renormalization issues
encountered in d ¼ 2 and d ¼ 4. Furthermore, we assume
that our space is M3 ¼ R ×M2, where the spatial mani-
foldM2 is compact. The large N model is described by the
following action:

S ¼
Z

d3x

�
1

2
ð∂μϕiÞ2 þ

1

4
Rϕ2 −

1

2
m2

0ϕ
2
i −

g0Λ
4N

ðϕ2
i Þ2

�
;

ð2:1Þ

The index i ¼ 1;…; N enumerates the fields, and the
theory exhibits OðNÞ invariance. We explicitly introduce
the UV cutoff Λ and bare parameters m0 and g0, which
must be renormalized to ensure a well-defined quantum
field theory, with the physical massm ≪ Λ. The term 1

4
Rϕ2

ensures that the stress-energy tensor is traceless. To ensure
a well-behaved large N limit, we scale the coupling
constant in front of the quartic interaction as 1

N to com-
pensate for the additional sum over indices. This model is
typically solved using the Hubbard-Stratonovich trans-
formation, which introduces the field σ to decouple the
quartic term, followed by the saddle-point approximation.
Although this method is quite effective, we will adopt a

different approach by directly considering the Feynman
diagrams and identifying the leading contributions that
survive in the largeN limit. This approach is also extremely
useful for studying the real-time dynamics of largeN vector
models using the Schwinger-Keldysh technique.
The Schwinger-Keldysh technique studies the real-time

dynamics of various correlators by directly expanding the
evolution operator and computing the resulting correlators
for an arbitrary state jΨi

hΨjUð−∞;∞ÞT½ϕiðx1; t1Þϕjðx2; t2ÞUð∞;−∞Þ�jΨi;

Uð∞;−∞Þ ¼ T exp

�
−i

Z
∞

−∞
HIðtÞ; dt

�
: ð2:2Þ

For stationary states, we typically omit the initial evolution
operator U, but we will retain it here and simply expand
both time-ordered exponentials. These correlators can be
computed using the famous Wick theorem [11]. Now,
instead of a single time-ordered correlator (the usual
Feynman propagator), we have a matrix of correlators,

as the fields can now belong to either the anti-time-ordered
or time-ordered parts of the correlator. This leads to quite
cumbersome expressions and significantly increases the
number of diagrams. Let us show what these propagators
look like in the case of free field theory. The operator of the
field ϕi satisfies the following equation:

ð∂2t −∂
2
i þm2Þϕi¼0;

ð−∂2i ÞhiλðxÞ¼ λ2hλðxÞ;
X
λ

hλðxÞh�λðyÞ¼δd−1ðx−yÞ ð2:3Þ

then we can expand the field as

ϕi ¼
X
λ

½aiλfiλðx; tÞ þ H:c:�; fiλðx; tÞ ¼ hλðxÞfiλðtÞ

½aiλ; a†jμ� ¼ δλ;μδij;

the operators aiμ; a
†
jν are our Fock operators and span

Hilbert space.
Taking into account the usual commutation relations for

fields, we find that the harmonics fλðtÞ should behave as

∀ λ iðfλ∂tf�λ−f�λ∂tfλÞ¼1; fλ¼
e−i

ffiffiffiffiffiffiffiffiffiffi
λ2þm2

p
tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2þm2

pp ; ð2:4Þ

where we have chosen the single-exponent harmonics to
find the vacuum solution. Selecting a solution involving
two harmonics leads to a state that is a Bogolyubov
transformation of the standard vacuum state. For simplicity,
we shall restrict ourselves to this specific set of states,
though this approach can easily be generalized to cases
where the states have a definite number of excitations at
each level. Using this decomposition, we can compute all
correlation functions that appear when studying the exact
correlator (2.2)

G−−ðx1; t1; x2t2Þ ¼ hTϕiðx1; t1Þϕjðx2; t2Þi
¼

X
λ

δij½fλðx1; t1Þf�λðx2; t2Þθðt1 − t2Þ

þ fλ� ðx1; t1Þfλðx2; t2Þθðt2 − t1Þ�;
Gþ−ðx1; t1; x2; t2Þ ¼ δijhϕðx1; t1Þϕðx2; t2Þi

¼
X
λ

fλðx1; t1Þf�λðx2; t2Þ;…; ð2:5Þ

where the subscripts � indicate the origin of the operators
in the correlator (2.2): þ for the anti-time-ordered compo-
nent and − for the time-ordered component. We now study
the large N limit, where careful consideration of all
diagrams reveals that only one type of diagram contributes
in the large N limit (the so-called “snail” diagrams [1], see
Fig. 1). This results in the following exact Dyson-
Schwinger equation:
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G−1
σ1σ2 ¼ G−1

0;σ1σ2
− δσ1σ2Σðx; tÞ;

Σðx; tÞ ¼ Gþþðx; t; x; tÞ ¼ σðx; tÞ; ð2:6Þ

where we have accounted for the fact that all propagators
coincide at identical points. Plugging the decomposition
(2.5) back into this equation, the solution remains formally
valid, but we must adjust the equation for the harmonic

ð□þm2
0 þ σÞfλ ¼ 0; σ ¼ g0Λ

N

X
λ

jfiλðx; tÞj2; ð2:7Þ

which gives us a system of equations controlling the
dynamics of the large N model. By choosing harmonics
fλðtÞ, we select an initial state and can study the behavior of
these equations. In this and the following section, we will
focus on the case where all states for all i ¼ 1;…; N are
identical.
The motivation for considering such highly excited states

is straightforward: such states would have energy on the
order of the thermal free energy at finite temperatures with
β ¼ Oð1Þ. Hence, we would expect these states to be
relevant at finite temperatures and capable of thermalizing.
Indeed, if we choose an initial state with σ ¼ OðN−1Þ in the
limit N → ∞, we obtain a free field theory, which, of
course, would not thermalize. However, if the energy of a
state is on the order Est ∼ N, we would expect σ ¼ Oð1Þ,
thus causing backreaction on the harmonics and leading to
subsequent thermalization.

Real-time equations for the large N vector model. Due to
the UV divergences, the Eq. (2.7) should be reorganized
once the continuum limit is considered, and remain
unchanged when d < 2 (for instance, in the case of large
N quantum mechanics [12]). The first problem arises from
UV divergences: the equation for the field σ contains
divergences. To make it finite and thus precise, we restrict
the summation to some UV cutoff Λ and subtract a constant
from m2

0 to compensate for these large contributions. In the
end, we obtain a physical mass m ≪ Λ and a physical field
σ. After implementing these procedures, we arrive at the
following equations:

ð□þm2 þ σÞfλ ¼ 0;

σ ¼ g0Λ
N

X
i;λ≤Λ

�
jfi;λðx; tÞj2 −

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2

p
�
; ð3:1Þ

where we have used the harmonics (2.4) to fix m2
0 and

renormalize σ. These equations are still not entirely correct
in the continuum limit Λ → ∞. The reason is that g0Λ is
dimensionful and of the order Λ. Since σ determines the
mass of our fields, and we want σ ∼m ≪ Λ, we should
impose the following constraint:

X
λ≤Λ

�
jfλðx; tÞj2 −

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2

p
�

∝
σ

Λ
→ 0: ð3:2Þ

Thus, the role of σ in the above equation is to ensure the
constraint (3.2) during the dynamics of harmonics deter-
mined by equation (3.1). These features make the situation
quite drastically different from the large N quantum
mechanics. Consequently, we arrive at the following
equations (where we have absorbed m2 into σ)

ð□þ σ þm2Þfλ ¼ 0;
X
λ≤Λ

jfλðx; tÞj2 ¼ r ¼
X
λ≤Λ

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þm2

p ð3:3Þ

Using the constraint for the harmonics fλ, we can find σ as
a function of harmonics

σ ¼
P

λj∂μfλj2P
λjfλj2

¼
P

λðj∂tfλj2 − λ2jfλj2Þ
r

−m2 ð3:4Þ

Roughly speaking, we find that the quantum dynamics of
the large N vector model corresponds to the dynamics of a
particle on an S2NΛ−1 sphere of radius r in a complex NΛ-
dimensional space, where NΛ is the number of modes with
eigenvalues less than the cutoff Λ. Note that such dynamics
appear only when the number of excited degrees of freedom
is on the order of N; if there were fewer excited degrees of
freedom, our constraint would be negligible in the large N
limit, resulting in weakly coupled dynamics. Analogous
equations were studied in [13].
Now, we will restrict ourselves to the case where the field

σ is homogeneous. This assumption allows us to analyti-
cally discuss the properties of the dynamics, leading to the
following equations:

ð∂2t þ λ2 þ σÞfλ ¼ 0; ð3:5Þ
where for simplicity we reabsorbed mass m2 into the
eigenvalues λ2 for brevity. We multiply the above equation
by ∂tf�λ and taking the real part we get

∂t½j∂tfλj2 þ λ2jfλj2� þ σ∂tjfλj2 ¼ 0; ð3:6Þ
if σ ¼ 0 we would have conservation of energy for each
individual harmonics, and this way we could establish the
conservation of higher spin currents. But if we have some

FIG. 1. Only “snail” diagrams survive in the largeN limit of the
large N vector model. The thick line corresponds to the exact
propagator, where additional snails have already been taken into
account.
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nontrivial behavior of σ, each individual energy would
depend on time and we would have a violation of
conservation of higher spin currents. Nonetheless, sum-
ming over λ and using (3.2) we get that the following
quantity is conserving

E ¼ 1

2

X
λ

ðj∂tfλj2 þ λ2jfλj2 − λÞ: ð3:7Þ

This is, obviously, the energy of our model, and we have
also subtracted the ground state energy for each harmonic λ
by setting the energy of the vacuum state to zero.
Looking at Eq. (3.5), we see that we can treat the

harmonics fλ as fields oscillating in the background of a
time-dependent external field σ, which is created by other
harmonics. This time-dependent external field implies that,
for each individual harmonic, the conservation of energy is
violated, allowing for particle creation.
Let us assume that, after some time, σ → const We then

expect the harmonics to behave as

fλðtÞ →
�

αλffiffiffiffiffiffiffiffi
2ωλ

p e−iωλt þ βλffiffiffiffiffiffiffiffi
2ωλ

p eiωλt

�
;

jαλj2 − jβλj2 ¼ 1; ω2
λ ¼ λ2 þ σ ð3:8Þ

the appearance of a sum of two exponents is not something
special—in the presence of the “external” time-dependent
potential we expect particle creation. And this particle
creation is encoded in these coefficients αλ, βλ. By doing
the Bogoliubov transformation we can find, for instance,
the particle number at level λ will be jβλj2. Now, if we plug
definition of σ in these equations, we get

X
λ

jfλj2 ¼
X
λ≤Λ

1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p ðjαλj2 þ jβλj2

þ αβ�e2iωλt þ α�βe−2iωλtÞ ð3:9Þ
In the limit t → ∞ we can neglect the oscillating terms [14]
and get the following equation on σ

X
λ

�
1þ 2jβλj2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p −
1

2λ

�
¼ 0;

X
λ

jβλj2ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p ¼
X
λ

σ

2λ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
ð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
þ λÞ ð3:10Þ

that gives the gap equation for σ as a function of jβλj2. If we
compute now the energy we get

E ¼
X
λ

�ð1þ 2jβλj2Þð2λ2 þ σÞ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p −
λ

2

�

¼
X
λ

�
jβλj2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
−

σ

4λ
−
λ

2

�
; ð3:11Þ

where we have used the gap equation. The meaning of this
equation is quite simple, the first part says that we have

jβλj2 particles at level λ with energy
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
and the

second part just computes the offset of the ground state
energy, caused by the change of the mass by the field σ.
We can generalize the above the equations when we have

a pure state with nλ excitations (that corresponds to just the
change jβλj2 → nλ) at each energy level λ. Thus we can find
that if we have a set of states nλ and a field σ that satisfy the
following equation

X
λ

�
1þ 2nλ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p −
1

2λ

�
¼ 0; ð3:12Þ

then one can find that we will have a state of our field with
energy

E ¼ N
X
λ

�
nλ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
−

σ

4λ
−
λ

2

�
; ð3:13Þ

let us note the above expression satisfies the following
relation

∂EðσÞ
∂σ

¼ N
X
λ

�
1þ 2nλ
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p −
1

4λ

�
¼ 0; ð3:14Þ

so for given nλ we can find that energy by minimizing the
functional (3.13) as a function of σ.
Now, we want to address the question of thermalization.

We can study the Eq. (3.3) numerically. For that, we will set
M ¼ S2 and m2 ¼ 1

4
, which gives the spectrum λ ¼ Lþ 1

2
,

where L∈N≥0, corresponding to the critical OðNÞ model.
After this setup, we can either work directly with

Eqs. (3.3) and (3.4), or we can use (2.7) and choose a
large coupling constant. The results will be equivalent, but
the latter approach tends to produce more stable results. We
observe that the resulting dynamics does not stabilize and
thus does not thermalize (see Fig. 2).
The reason is that we have a large number of commuting

charges [15] for any choice of the spatial manifoldM2 and
physical mass m. For instance, we can introduce

Iλ ¼ jfλj2 þ
X
μ≠λ

ðfλ∂tf�μ − f�μ∂tfλÞ2
λ2 − μ2

; ð3:15Þ

which can easily be checked to satisfy I0λðtÞ ¼ 0. Thus, the
question remains open as to whether the large N vector
model does indeed thermalize. Since these charges com-
mute, they do not form the higher spin algebra [16]. Note
that these charges appear only in the case of a homo-
geneous perturbation. In the case of an inhomogeneous
perturbation, the resulting dynamics should not be inte-
grable, and we would expect the background σ field to
induce particle production. Additionally, one possible way
to achieve thermalization is to consider the system of
equations in the continuum limit (taking Λ → ∞) and show
that in this particular limit, we could still obtain solutions
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that thermalize (or at least where σðtÞ tends to a stationary
value) by dispersing energy to higher energy modes.

Computation of the thermal free energy. In the previous
sections, we restricted ourselves to the case where we have
a state corresponding to a Bogolyubov transformation of a
standard Fock vacuum. Here, we will consider the case of
usual Fock states with definite number of excitations at
energy level and find the corresponding spectrum of these
states. Thus, we consider states of the form

jniλi ¼
Y
λ

Y
i

a†iλj0i; fλðtÞ ¼
e−iωλtffiffiffiffiffiffiffiffi
2ωλ

p ð4:1Þ

where we have a macroscopically large number of oper-
ators a†. By studying the dynamics of such states using the
Keldysh-Schwinger technique, we find that these states are
stationary, with σ ¼ const as a homogeneous background.
Thus, jniλi is an eigenstate of this system, and we can use
equation (3.13) to determine the energy of these states.
Note that if we constrain to the case where only ni;λ¼0 are
nonzero, we recover the result obtained by Giombi and
Hyman [9], where the energies or dimensions of such states
were computed using different methods.
To do so, we introduce the averaged number of states

with eigenvalue λ as

nλ ¼
1

N

XN
i¼1

niλ;

where the macroscopically large number of particles
implies that these nλ are nonzero. Then, we find that the
energy of such a state is given by

Eðnλ; σÞ ¼ N
X
λ

�
nλ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
−

σ

4λ
−
λ

2

�
;

∂EðσÞ
∂σ

¼ 0; ð4:2Þ

where the last equation determines σnλ as a function of nλ.

How many states have nλ particles at level λ? This
requires distributing Nnλ excitations over N oscillators.
This is a simple combinatorics problem, and we can
compute the entropy contribution of such a configuration

Snλ ¼ log

�
N

Nð1þ nλÞ
�

≈ N½ð1þ nλÞ log ð1þ nλÞ − nλ log nλ�: ð4:3Þ

Then, our partition function is given by

Z ¼
Z Y

λ

dnλe
Snλ−βEðnλ;σnλ Þ: ð4:4Þ

Since energy and entropy scale with N, we can use the
saddle-point approximation, yielding

∂

∂nλ
½Snλ − βEðnλ; σnλÞ� ¼ log

�
1þ 1

nλ

�
− β

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p
;

nλ ¼
1

eβ
ffiffiffiffiffiffiffiffi
λ2þσ

p
− 1

: ð4:5Þ

The equation for β is

X
λ

�
coth

�β
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2 þ σ

p −
1

λ

�
¼ 0; ð4:6Þ

which allows us to find a typical state contributing to this
energy. We thus find that

jΨi ¼
Y
λ

Ynλ
k¼1

a†ikλj0i; nλ ¼
1

eβ
ffiffiffiffiffiffiffiffi
λ2þσ

p
− 1

: ð4:7Þ

Restricting ourselves to the case of S2 and setting m ¼ 1
4
,

we find that in the limit β → 0, the thermal free energy of
the critical OðNÞ model is

Fcrit ¼ E − TS ≈ −
2ζð3ÞN
5πβ3

; ð4:8Þ

which coincides with the free energy of the critical OðNÞ
model on a plane computed by conventional methods [10].
Using the operator-state correspondence, we find that the
typical thermal state should be described by the operator

Oβ ¼
Yn0
k¼1

ϕik

Yn1
k¼1

∂μ1k
ϕik

Yn2
k¼1

∂μ1k
∂μ2k

ϕik… ð4:9Þ

Hence, we expect that if we compute the thermal one-point
functions of various operators O, they will coincide with
the OPE coefficients CββO.

5 10 15 20

–2

–1

1

2

3

4

(t)

t

FIG. 2. The plot of σ as a function of time t of m2 ¼ 1
4
and

homogeneous initial perturbation.
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Conclusion. The large N models offer an ideal framework
for addressing various conceptual and technical questions
in different areas of quantum field theory. In our study of
the real-time dynamics of the large N model, we demon-
strated that at energies E ¼ OðNÞ, the dynamics of the
model becomes strongly coupled but is still governed by a
simple set of equations. In the case of homogeneous
perturbations, we showed that the system becomes inte-
grable. A detailed exploration of this model would be
interesting, particularly to determine whether the large
N vector models thermalize in the continuum limit.

Additionally, it would be interesting to apply the developed
formalism to study the dynamics of quantum field theories
in the presence of external time-dependent fields and to
derive the hydrodynamic description of the emergent IR
dynamics.
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