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I derive constraints on the Dirac spectrum in the chirally symmetric phase of a gauge theory with two
massless fermion flavors. Using only general properties of correlation functions of scalar and pseudoscalar
bilinears, I prove that in the chiral limit of vanishing fermion massm the corresponding susceptibilities and
all their derivatives with respect to m2 must be finite. I then use the resulting spectral constraints to show
that effective breaking of the anomalous Uð1ÞA symmetry is allowed in the SUð2ÞA symmetric phase in the
chiral limit, and leads to distinctive spectral features: (i) the spectral density must develop a singular
Oðm4Þ=λ peak as m → 0, (ii) the two-point eigenvalue correlator of near-zero modes must be singular, and
(iii) near-zero modes cannot be localized. Moreover, in the symmetric phase the topological charge
distribution must be indistinguishable from that of an ideal gas of instantons and anti-instantons of
vanishing density, to leading order in m.
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The presence of two light fermions (the u and d quarks)
among the strongly interacting fundamental constituents of
matter has deep consequences, best understood theoreti-
cally by studying quantum chromodynamics (QCD) in the
chiral limit where u and d are exactly massless. In this limit
QCD has an exact SUð2ÞL × SUð2ÞR chiral symmetry,
spontaneously broken to its diagonal SUð2ÞV part at low
temperature. At higher temperature hadronic matter turns
into a plasma of quarks and gluons, and the broken SUð2ÞA
part of the symmetry gets restored. However, the nature of
the finite-temperature transition and the properties of the
high-temperature symmetric phase are still open questions.
A particularly contentious point is the fate of the anomalous
Uð1ÞA symmetry and the related role of gauge-field top-
ology. These affect the nature of the transition [1,2]; due to
the vicinity of the chiral and physical points, they can also
have phenomenological consequences in collider experi-
ments [3–6] and at the cosmological level [7–10].
There are arguments both in favor and against the necessity

of effective Uð1ÞA restoration as a consequence of SUð2ÞA
restoration. Arguments in favor are based on the conse-
quences of SUð2ÞA restoration for theDirac spectrum, and on
how these reflect on the Uð1ÞA order parameters. Under
plausible analyticity assumptions on the mass dependence of

observables in the symmetric phase, a smooth near-zero
behavior of the spectral density of Dirac modes implies the
absence of Uð1ÞA-breaking effects in scalar and pseudoscalar
susceptibilities [11–13]. Arguments against effective Uð1ÞA
restoration are instead based on assuming commutativity of
the chiral and thermodynamic limits, which generally leads
one to expect Uð1ÞA-breaking effects from the topology-
related zero modes [13–16]. This requires, however, the
presence in the spectral density of an implausible singular
delta at the origin at finite quark mass [17], calling into
question the full restoration of SUð2ÞA symmetry if Uð1ÞA
remains broken [18].
This issue could be settled in principle by numerical

investigations on the lattice, but numerical results are also
contradictory, with some supporting [19–21], and some
disfavoring [22,23] the effective restoration of Uð1ÞA.
Moreover, recent investigations (see also [24]) point at
the presence of a singular near-zero peak in the spectral
density [19,21,25–37], suggesting that neither the smooth-
ness assumption used in Refs. [11–13,17] nor the commu-
tativity assumption used in Refs. [13–17] may be correct.
There is currently no agreement on the physical meaning of
the peak and on its fate in the chiral limit. Some ascribe it to
a new phase of QCD [27–31] while others suggest a
topological origin [24,26,32–36]; some expect it to become
a Dirac delta at zero in the chiral limit [26,34], while others
claim that it disappears already at finite quark mass [19,21].
In this context, a recent calculation in a QCD-inspired
random matrix model for topology-related zero and near-
zero modes supports SUð2ÞA restoration with Uð1ÞA
remaining broken due to a singular spectral peak [38].
While the validity of results obtained in a mixed-action
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setup [26–28,31,35], using a nonchiral action in the sea
sector and a chiral one in the valence sector, has been
questioned due to the presence of large lattice artifacts
[19,21], Refs. [34,37] show how the peak emerges toward
the continuum limit even using the same nonchiral action in
both sectors. While waiting for more precise numerical
results to definitively answer these questions, an analytic
first-principles study of the possible consequences of the
spectral peak would be useful.
Several studies of QCD toward the chiral limit have

appeared in the literature in recent years, with particular
attention to spectral aspects [17,34–42]. The constant
advancement in computational power may soon allow
for a direct numerical study of the chiral limit, including
with chiral discretizations of the Dirac operator [43–47]. A
reassessment of the constraints of SUð2ÞA and Uð1ÞA
restoration on the Dirac spectrum, separating the conse-
quences of the assumption of symmetry restoration from
those of extra, technical assumptions, is therefore timely.
Restoration of chiral symmetry is signalled by correla-

tion functions of local operators related by chiral trans-
formations becoming equal in the chiral limit. (Here and
below, this is always understood to be taken after the
thermodynamic limit.) Susceptibilities, i.e., connected cor-
relation functions integrated over spacetime (normalized by
the four-volume), are then also equal in the chiral limit,
provided that the zero-momentum limit corresponding to
spacetime integration commutes with the chiral limit,
which is expected to be the case in the high-temperature
symmetric phase where the correlation length of the system
is finite. (The critical temperature is excluded in the case of
continuous transitions, since the correlation length diverges
there.) In the scalar and pseudoscalar sector, susceptibilities
can be expressed in terms of the Dirac eigenvalues only,
leading to necessary conditions required of the Dirac
spectrum for SUð2ÞA restoration. I now outline their
derivation; detailed calculations are reported in the
Supplemental Material [48].
I consider finite-temperature SUðNcÞ gauge theories

with two light fermions of mass m, and possibly further
massive fermions, regularized on a lattice. Lattice units are
used throughout this paper. I employ a discretized massless
Dirac operator D obeying the Ginsparg-Wilson (GW)
relation fD; γ5g ¼ 2DRγ5D with R local [43]. This oper-
ator has an exact lattice chiral symmetry [47] that reduces to
the usual one in the continuum limit. Denoting by ψ and ψ̄
two sets of Grassmann variables, carrying spacetime, color,
and flavor indices, all suppressed in what follows, the
relevant integrated densities are

S ¼ ψ̄ð1 −DRÞψ ; P ¼ ψ̄ð1 −DRÞγ5ψ ;
P⃗ ¼ ψ̄ð1 −DRÞσ⃗γ5ψ ; S⃗ ¼ ψ̄ð1 −DRÞσ⃗ψ ; ð1Þ

where the Pauli matrices σ⃗ act in flavor space, and
summation over suppressed indices is understood.

Restoration of chiral symmetry for scalar and pseudoscalar
susceptibilities can be expressed using their generating
function WðV;W;mÞ ¼ limV4→∞

1
V4
lnZðV;W;mÞ, where

V4 ¼ V3=T is the lattice four-volume, V3 its spatial volume
and 1=T its temporal extension, equal to the inverse
temperature, and ZðV;W;mÞ is the partition function in
the presence of sources V ¼ ðjS; |⃗PÞ and W ¼ ðjP; |⃗SÞ,

ZðV;W;mÞ ¼
Z

DUe−SðUÞFðU;V;W;mÞ;

FðU;V;W;mÞ ¼
Z

DψDψ̄e−ψ̄DmðUÞψ−Kðψ ;ψ̄ ;U;V;WÞ;

Kðψ ; ψ̄ ; U;V;WÞ ¼ jSSþ i|⃗P · P⃗þ ijPP − |⃗S · S⃗; ð2Þ

with Dm ¼ Dþmð1 −DRÞ. The dependence of W on T,
and ofZ onT andV3, is understood. HereU andDU denote
collectively the gauge links and the corresponding Haar
integration measure, and e−S includes the contributions of
the discretized Yang-Mills action and of the massive-
fermion determinants. Usual (anti)periodic boundary con-
ditions are understood. Expectation values of gauge-field
functionals are defined as hOi ¼ R

DUe−SFj0O=Zj0,
where j0 denotes setting sources to zero; their connected
part is denoted h·ic. Susceptibilities are the derivatives ofW
at zero sources. For present purposes, W (in its various
guises discussed below) is a formal power series that can
always be truncated to an arbitrarily large but finite order,
and so it can be treated in practice as an analytic function of
the sources; in particular, derivation with respect to the
sources can be freely exchanged with the chiral limit.
The multiplets ðS; iP⃗Þ and ðiP;−S⃗Þ are irreducible under

chiral transformations U, whose effect on K is simply
Kðψ ; ψ̄ ; U;V;WÞ → Kðψ ; ψ̄ ; U;RUV;RUWÞ, with suit-
able RU ∈SOð4Þ. Thanks to SUð2ÞV symmetry, which is
exact also at m ≠ 0, W depends on |⃗P and |⃗S only through
|⃗2P, |⃗2S, and |⃗P · |⃗S, or equivalently Y ¼ ðY1; Y2; Y3Þ ¼
ðV2;W2; V ·WÞ,

WðV;W;mÞ ¼ W̄ðjS; jP;Y;mÞ: ð3Þ

Notice that SUð2ÞV cannot break spontaneously for GW
fermions at any nonzero m [49]. The axial part SUð2ÞA is
instead explicitly broken at nonzero m.
Full symmetry restoration in the chiral limit for the

quantities under investigation requires

lim
m→0

½WðRUV; RUW;mÞ −WðV;W;mÞ� ¼ 0: ð4Þ

Since Eq. (4) must hold for arbitrary transformations, in the
chiral limit W must not depend explicitly on jS;P,

lim
m→0

∂jS;PW̄ðjS; jP;Y;mÞ ¼ 0; ð5Þ
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where ∂x ¼ ∂=∂x. As WðV;W;mÞ depends on jS and m
only through the combination jS þm, it is identical to
W0ðṼ;WÞ ¼ limV4→∞

1
V4
lnZðṼ;W; 0Þ, where Ṽ ¼ ðjS þ

m; |⃗PÞ is a modified, mass-dependent source. Since D and
the integration measure are invariant under (nonsinglet)
chiral transformations, W0ðṼ;WÞ depends only on SO(4)
invariant combinations of Ṽ and W,

WðV;W;mÞ ¼ W0ðṼ;WÞ ¼ ŴðṼ2;W2; 2Ṽ ·WÞ
¼ Ŵðm2 þ u; w; ũÞ; ð6Þ

where u ¼ 2mjS þ V2, w ¼ W2, and ũ ¼ 2ðmjP þ V ·WÞ.
(This relation holds exactly at any finite m, even if SUð2ÞA
breaks down spontaneously in the chiral limit, as it follows
from the symmetry properties of the massless partition
function in a finite volume in the presence of nonzero
sources.) Then, ∂jSW̄ ¼ 2m∂V2W̄ and ∂jPW̄ ¼ m∂V·WW̄,
and chiral symmetry will be restored if the derivatives of W̄
with respect to V2, W2, and V ·W at zero sources are finite
in the chiral limit. The converse is also true: since

∂mW̄ðjS;jP;Y;mÞ¼∂mWðV;W;mÞ¼∂jSWðV;W;mÞ
¼ð∂jSþ2jS∂V2þjP∂V·WÞW̄ðjS;jP;Y;mÞ;

ð7Þ
taking further derivatives with respect to Yi (that commute
with the differential operator appearing on the second line),
setting sources to zero, and taking the chiral limit, Eq. (5)
implies

lim
m→0

∂m

�Y
i

∂
ni
Yi

�
W̄ðjS; jP;Y;mÞj0

¼ lim
m→0

∂jS

�Y
i

∂
ni
Yi

�
W̄ðjS; jP;Y;mÞj0 ¼ 0; ð8Þ

and so An1;n2;n3ðmÞ ¼ ðQi ∂
ni
Yi
ÞW̄ðjS; jP; Y;mÞj0 are finite

(meaning nondivergent, here and below) in the chiral limit.
Taking now repeated derivatives of W̄ with respect to m
and Yi and using Eqs. (6) and (7) one finds

∂
n
mAn1;n2;n3ðmÞ ¼

Xbn2c
a¼0

CðnÞ
a ð2mÞn−2aAn1þn−a;n2;n3ðmÞ; ð9Þ

with mass-independent coefficients CðnÞ
a . By the result

above, odd derivatives vanish in the chiral limit, and even
derivatives are finite. Chiral symmetry restoration requires
then all An1;n2;n3 (including the free energy A0;0;0) to be
infinitely differentiable in m2 at zero (“m2-differentiable,”
for short), i.e., to be power series in m2 (possibly with zero
radius of convergence, but this does not affect the following
arguments) up to terms vanishing faster than any power.
This implies that susceptibilities arem2-differentiable, orm
times a m2-differentiable function, depending on whether

they involve an even or odd number of S and P [see
Eq. (6)]. This condition, which is commonly assumed, is
here proved to be necessary for SUð2ÞA restoration, using
only general properties of correlators in the symmet-
ric phase.
By a simple generalization of the argument, also con-

nected correlation functions of integrated scalar and pseu-
doscalar densities and (mass-independent) local fields built
out of gauge links, and their spacetime integrals, must be
m2-differentiable for chiral symmetry to be restored. Since
gauge fields are unaffected by chiral transformations, one
expects this result to extend to any functional of the gauge
fields; however, for nonlocal functionals (such as the
spectral density of the Dirac operator) this will be treated
as an additional assumption, that I will refer to as “nonlocal
restoration.”
I now specialize to γ5-Hermitian D obeying the GW

relation with R ¼ 1
2
[44,45], whose spectrum consists ofN�

zero modes of definite chirality �1, N2 modes with
eigenvalue 2, and N complex-conjugate pairs of eigenval-
ues λ2n=2� iλn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − λ2n=4

p
, λn ∈ ð0; 2Þ. I denote by N0 ¼

Nþ þ N− and Q ¼ Nþ − N− the total number of zero
modes and the topological charge, respectively, and by
n0 ¼ limV4→∞hN0i=V4 and χt ¼ limV4→∞hQ2i=V4 the
zero-mode density and the topological susceptibility.
Due to CP symmetry, W must be invariant under
jP; |⃗P → −jP;−|⃗P, so one can express it as a power series
in u, w, and ũ2,

W ¼ C0 þ uCu þ wCw þ ũ2Cũ2

þ 1

2
ðu2Cuu þ 2uwCuw þ w2Cww

þ2uũ2Cuũ2 þ 2wũ2Cwũ2 þ ũ4Cũ2ũ2Þ þ…: ð10Þ

Chiral symmetry restoration requires all the coefficients to
be finite in the chiral limit. To first order one finds

Cu ¼
χπ
2
¼ n0

m2
þ 2Ið1Þ½f�;

Cw ¼ χδ
2
¼ −

n0
m2

þ 2Ið1Þ½f̃�;

Cũ2 ¼
χπ − χδ
8m2

−
χt
2m4

¼ 1

m2

�
n0 − χt
2m2

þm2Ið1Þ½f2�
�
; ð11Þ

where ρðλ;mÞ ¼ limV4→∞ hρUðλÞi is the spectral density,

ρUðλÞ ¼
1

V4

XN
n¼1

δðλ − λnÞ;

Ið1Þ½g� ¼
Z

2

0

dλ gðλÞρðλ;mÞ;

fðλ;mÞ ¼ hðλÞ
λ2 þm2hðλÞ ; hðλÞ ¼ 1 −

λ2

4
; ð12Þ
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and f̃ ¼ f − 2m2f2. The dependence of ρ and other
spectral quantities on T is understood. Since both terms
in Cu are positive, they must be separately finite,

lim
m→0

n0
m2

< ∞; lim
m→0

Ið1Þ½f� < ∞: ð13Þ

This automatically implies the vanishing of the chiral
condensate Σ ¼ −mχπ in the chiral limit. Since m2f2 ≤
f for λ∈ ½0; 2�, χδ is automatically finite if χπ is. Finiteness
of Cũ2 requires that the term in brackets be Oðm2Þ, and so
that the Uð1ÞA-breaking parameter Δ ¼ limm→0

χπ−χδ
4

equal

Δ ¼ lim
m→0

�
n0
m2

þ 2m2Ið1Þ½f2�
�

¼ lim
m→0

χt
m2

; ð14Þ

and χt ¼ Oðm2Þ. Without further assumptions on n0 and ρ,
SUð2ÞA restoration is compatible with Uð1ÞA breaking.
It is argued, and well supported by numerical results, that

hNþN−i ¼ 0 [50], implying hN2
0i ¼ hQ2i and n0 ¼ 0; Δ is

then entirely determined by the density of near-zero modes,
since the region λ > δ does not contribute to m2Ið1Þ in the
chiral limit for arbitrary δ > 0. If ρðλ; 0Þ is well defined, and
ρðλ;mÞ admits an expansion in positive powers of λ,
ρðλ;mÞ ¼ P∞

n¼0 ρnðmÞλn, convergent within some mass-
independent radius (as assumed in Refs. [12,13]), then the
SUð2ÞA restoration condition, Eq. (13), and positivity of ρ
require only ρ0ðmÞ ¼ OðmÞ and ρ1ðmÞ ¼ Oð1= ln jmjÞ.
Effective Uð1ÞA restoration, i.e., Δ ¼ 0, requires
ρ0ðmÞ ¼ oðmÞ: this is the case if ρn are power series in
m2, as assumed in Refs. [12,13], and follows if restoration
is nonlocal. A power-series behavior of ρ as a function of
both λ and m2 leads then to Uð1ÞA restoration [12,13].
However, such a behavior is called into question by

recent results showing a singular near-zero peak in ρ
[19,21,24–37]. For a spectral density dominated by a
power-law behavior ρ ≃ CðmÞλαðmÞ at small λ, with
jαðmÞj < 1 at small nonzero m and αð0Þ ≠ 1, Eq. (13)

requires that CðmÞ ¼ cos ðαðmÞπ=2Þ
ð1−αð0ÞÞπ=2 m1−αð0Þðcþ oð1ÞÞ, result-

ing inΔ ¼ c, and so in effective Uð1ÞA breaking if c ≠ 0. In
this case ρ cannot be m2-differentiable, unless αð0Þ ¼ −1
with αðmÞ and CðmÞ=m2 m2-differentiable. This leads to a
surprising and highly nontrivial result: effective Uð1ÞA
breaking in the symmetric phase requires a singular peak in
ρ tending to C=λ with C ¼ Oðm4Þ in the chiral limit, if
restoration is nonlocal and ρ an ordinary function. (In
Ref. [12] a nonanalytic behavior ρ ∼ λα was considered, but
only for mass-independent α > 0. A behavior ρ ∼ 1=λ was
proposed in Refs. [28–30] in a different context.) This is
possible only if the chiral and thermodynamic limits do not
commute (otherwise one needs a term m2ΔδðλÞ in ρ) [17].
In this case one also finds 2

R
2
0 dλCðmÞλαðmÞ ¼ χt þ oðm2Þ

for the density of peak modes. This supports the topological
origin of the peak [24,26,32–36], and is consistent with the

instanton model of Ref. [38]. Moreover, it shows how
strongly suppressed the peak is in the chiral limit, requiring
very large volumes of order χ−1t ∝ m−2 to become fully
visible. The disappearance of the peak at finite m reported
in Refs. [19,21] could then simply be a finite-volume
artifact.
Further constraints are obtained requiring finiteness of

the second-order terms in Eq. (10). The first two are

bN2
0
− χt

2m2
−m2

∂

∂m2

n0
m2

− 2m2Ið2Þ½f; f� ¼ Oðm2Þ;
Ið2Þ½f̂; f̂� ¼ Oðm0Þ; ð15Þ

where f̂ ¼ f −m2f2, bX ¼ limV4→∞hXic=V4,

Ið2Þ½g1; g2� ¼
Z

2

0

dλ
Z

2

0

dλ0g1ðλÞg2ðλ0Þρð2Þc ðλ; λ0;mÞ; ð16Þ

and ρð2Þc is the connected two-point function,

ρð2Þc ðλ; λ0;mÞ ¼ lim
V4→∞

ðV4hρUðλÞρUðλ0Þic
−δðλ − λ0ÞhρUðλÞiÞ: ð17Þ

Together with the assumption hNþN−i ¼ 0, these con-
straints lead to remarkable results. I assume here that ρ and

ρð2Þc are ordinary functions; if deltalike singularities are
present, the arguments below apply to their ordinary parts.
Under general integrability conditions the region λ; λ0 >
δ > 0 does not contribute to m2Ið2Þ in the chiral limit, for
arbitrarily small δ. If one assumes furthermore that

ρð2Þc ðλ; λ0;mÞ ¼ AðmÞ þ Bðλ; λ0;mÞ, with B vanishing at

the origin and obeying the loose bound jBðλ; λ0;mÞj ≤
bðλ2 þ λ02Þβ2 with 0 < β < 1, the first constraint implies

−π2Að0Þ ¼ lim
m→0

χt − bN2
0

m2
¼ lim

m→0
lim

V4→∞

hN0i2
V4m2

¼ Δ0: ð18Þ

(This corrects a result of Ref. [13] where exact zero modes
were not fully accounted for.) On the other hand, the second
constraint implies that ðπ=4Þ2Að0Þ¼ limm→0m2Ið2Þ½f̂;f̂�¼0,
so Δ0 vanishes. This is possible only if the measure of the
positive random variable N0ffiffiffiffi

V4

p jmj is concentrated in zero in the
thermodynamic and chiral limit, implying in turn χt

m2 → 0 and
Δ ¼ 0. Uð1ÞA breaking by Δ ≠ 0 in the SUð2ÞA-restored
phase requires then a singular behavior at the origin of the

two-point function ρð2Þc for m ≠ 0.
The current wisdom is that in the high-temperature phase

of QCD, low modes are localized below a “mobility edge,”
λc, and obey Poisson statistics [51]. For a purely Poisson

spectrum of NPV4 eigenvalues one has ρð2ÞPc ðλ; λ0Þ ¼
−ρPðλÞρPðλ0Þ=NP [13,52], so one expects jρð2Þc ðλ; λ0;mÞj ≤
Cρðλ;mÞρðλ0;mÞ for some constant C if λ; λ0 < λc. As
localized modes fluctuate independently of each other, one
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expects their correlations with modes beyond the mobility
edge to be proportional to their density. It is then reasonable

to assume jρð2Þc ðλ; λ0;mÞj ≤ C0ρðλ;mÞ for λ < λc < λ0. If λc
remains finite in the chiral limit, under the assumptions
above m2Ið2Þ½f; f� vanishes in the chiral limit (and the
second constraint in Eq. (15) is satisfied), so Δ0 ¼ 0.
Barring deltalike contributions, the persistence of Uð1ÞA-
breaking topological effects in the symmetric phase
requires then that near-zero modes be not localized, either
because λc vanishes in the chiral limit, or because another
mobility edge is present near zero at nonzero m. (A
mobility edge exactly at zero, as proposed in Refs. [29–
31], is not sufficient, as the zero-measure lines λ ¼ 0 and
λ0 ¼ 0 can be excluded from the integral defining Ið2Þ.) The
second possibility seems more likely in the presence of a
singular spectral peak of topological origin. In any case,
Uð1ÞA breaking requires strong (singular) repulsion of near-
zero modes. Numerical evidence for non-Poissonian repul-
sion toward the chiral limit was found using staggered
fermions [34].
Two more constraints obtained at second order are

���� limm→0

∂

∂m2

χt
m2

���� < ∞;

���� limm→0

∂Cũ2
∂m2

���� < ∞: ð19Þ

The first one requires that in the symmetric phase
χt ¼ Δm2 þ c1m4 þ oðm4Þ. This follows (to all orders in
m2) from the argument under Eq. (9), since Q2 admits a
representation as the integral of a local correlator [53–55].
The second constraint implies that the term in brackets in
Eq. (11) is of the form d1m2 þ d2m4 þ oðm4Þ; this also
follows to all orders from the argument under Eq. (9).
The last two constraints at second order are

lim
m→0

8

m2

Z
2

0

dλ f̂ðλ;mÞρQ2cðλ;mÞ ¼ lim
m→0

ðCuu − CwwÞ; ð20Þ

where ρQ2cðλ;mÞ ¼ limV4→∞ hQ2ρUðλÞic, and

bQ4 − χt
m2

¼ Oðm2Þ: ð21Þ

No constraint on ρ is found at second order; no more
can be obtained, as higher-order coefficients involve
only higher-point eigenvalue correlators. In Eq. (20),
Cuu − Cww ∝ hðiPaÞ2ðiPbÞ2i − hS2aS2bi (a ≠ b), so if this

is nonzero one has Uð1ÞA-breaking effects originating
in non-negligible correlations between zero and nonzero
modes.
The constraint Eq. (21) requires that in the chiral limit, to

leading order in m and to the lowest nontrivial cumulant,
the distribution of Q be indistinguishable from that of an
ideal (noninteracting, Poisson-distributed) gas of instantons
and anti-instantons, with equal and vanishingly small
densities χt=2 ¼ Oðm2Þ. In the symmetric phase, the
coefficient b2 in the partition function at finite θ angle
[56] must then tend to −1=12 in the chiral limit. This leads
one to expect an early onset (near the transition temperature
Tc) of an ideal instanton gaslike behavior for physical
quark masses (though not necessarily that of the usual
semiclassical dilute instanton gas [57,58]), as seen in the
pure gauge case [56]. On the other hand, the results of
Ref. [7] for b2 show large deviations from an ideal gas up to
2Tc, which calls for a deeper scrutiny of the size of finite-m
corrections. As will be shown elsewhere, chiral symmetry
restoration actually requires all cumulants to be those of an
ideal gas, a result already obtained in Ref. [16] assuming a
free energy analytic in m2. (This does not mean that typical
gauge configurations must look like an ordinary ideal
instanton gas [16].)
Summarizing, SUð2ÞA restoration does not prevent

effective Uð1ÞA breaking in the chiral limit, but puts severe
constraints on the Dirac spectrum for it to happen: the
spectral density must develop a Oðm4Þ=λ peak; the two-
point function of near-zero Dirac modes must be singular;
near-zero modes cannot obey Poisson statistics and be
localized; and the distribution of the topological charge
must be the same as that of an ideal instanton gas with
density of order m2. These predictions of distinctive
spectral features, that can lead to a more accurate charac-
terization of the quark-gluon plasma phase of QCD, should
be verified by numerical investigations. The necessary and
sufficient condition for chiral symmetry restoration in the
scalar and pseudoscalar sector can probably be generalized
to other sectors and to more massless fermion flavors by
suitably adapting the proof.

I thank T. G. Kovács for discussions and a careful
reading of the manuscript, V. Azcoiti for useful remarks,
and C. Bonanno for discussions. This work was partially
supported by NKFIH Grant No. K-147396.

[1] R. D. Pisarski and F. Wilczek, Phys. Rev. D 29, 338 (1984).
[2] A. Pelissetto and E. Vicari, Phys. Rev. D 88, 105018 (2013).
[3] E. V. Shuryak, Comments Nucl. Part. Phys. 21, 235 (1994).

[4] J. I. Kapusta, D. Kharzeev, and L. D. McLerran, Phys. Rev.
D 53, 5028 (1996).

[5] Z. Huang and X.-N. Wang, Phys. Rev. D 53, 5034 (1996).

CONSTRAINTS ON THE DIRAC SPECTRUM FROM CHIRAL … PHYS. REV. D 110, L091504 (2024)

L091504-5

https://doi.org/10.1103/PhysRevD.29.338
https://doi.org/10.1103/PhysRevD.88.105018
https://doi.org/10.1103/PhysRevD.53.5028
https://doi.org/10.1103/PhysRevD.53.5028
https://doi.org/10.1103/PhysRevD.53.5034


[6] S. D. Bass and P. Moskal, Rev. Mod. Phys. 91, 015003
(2019).

[7] C. Bonati, M. D’Elia, M. Mariti, G. Martinelli, M. Mesiti, F.
Negro, F. Sanfilippo, and G. Villadoro, J. High Energy Phys.
03 (2016) 155.

[8] P. Petreczky, H.-P. Schadler, and S. Sharma, Phys. Lett. B
762, 498 (2016).

[9] S. Borsányi et al., Nature (London) 539, 69 (2016).
[10] A. Athenodorou, C. Bonanno, C. Bonati, G. Clemente, F.

D’Angelo, M. D’Elia, L. Maio, G. Martinelli, F. Sanfilippo,
and A. Todaro, J. High Energy Phys. 10 (2022) 197.

[11] T. D. Cohen, Phys. Rev. D 54, R1867 (1996).
[12] S. Aoki, H. Fukaya, and Y. Taniguchi, Phys. Rev. D 86,

114512 (2012).
[13] T. Kanazawa and N. Yamamoto, J. High Energy Phys. 01

(2016) 141.
[14] N. J. Evans, S. D. H. Hsu, and M. Schwetz, Phys. Lett. B

375, 262 (1996).
[15] S. H. Lee and T. Hatsuda, Phys. Rev. D 54, R1871 (1996).
[16] T. Kanazawa and N. Yamamoto, Phys. Rev. D 91, 105015

(2015).
[17] V. Azcoiti, Phys. Rev. D 107, 114516 (2023).
[18] V. Azcoiti, Symmetry 13, 209 (2021).
[19] A. Tomiya, G. Cossu, S. Aoki, H. Fukaya, S. Hashimoto, T.

Kaneko, and J. Noaki, Phys. Rev. D 96, 034509 (2017); 96,
079902(A) (2017).

[20] B. B. Brandt, A. Francis, H. B. Meyer, O. Philipsen, D.
Robaina, and H. Wittig, J. High Energy Phys. 12 (2016) 158.

[21] S. Aoki, Y. Aoki, G. Cossu, H. Fukaya, S. Hashimoto, T.
Kaneko, C. Rohrhofer, and K. Suzuki (JLQCD Collabora-
tion), Phys. Rev. D 103, 074506 (2021).

[22] A. Bazavov et al. (HotQCD Collaboration), Phys. Rev. D
86, 094503 (2012).

[23] M. I. Buchoff et al., Phys. Rev. D 89, 054514 (2014).
[24] R. G. Edwards, U. M. Heller, J. E. Kiskis, and R.

Narayanan, Phys. Rev. D 61, 074504 (2000).
[25] G. Cossu, S. Aoki, H. Fukaya, S. Hashimoto, T. Kaneko, H.

Matsufuru, and J.-I. Noaki, Phys. Rev. D 87, 114514 (2013);
88, 019901(E) (2013).

[26] V. Dick, F. Karsch, E. Laermann, S. Mukherjee, and S.
Sharma, Phys. Rev. D 91, 094504 (2015).

[27] A. Alexandru and I. Horváth, Phys. Rev. D 92, 045038
(2015).

[28] A. Alexandru and I. Horváth, Phys. Rev. D 100, 094507
(2019).

[29] A. Alexandru and I. Horváth, Phys. Rev. Lett. 127, 052303
(2021).

[30] A. Alexandru and I. Horváth, Phys. Lett. B 833, 137370
(2022).

[31] X.-L. Meng, P. Sun, A. Alexandru, I. Horváth, K.-F. Liu, G.
Wang, and Y.-B. Yang (χQCD and CLQCD Collaborations),
arXiv:2305.09459.

[32] T. G. Kovács and R. Á. Vig, Phys. Rev. D 97, 014502
(2018).

[33] R. Á. Vig and T. G. Kovács, Phys. Rev. D 103, 114510
(2021).

[34] H. T. Ding, S. T. Li, S. Mukherjee, A. Tomiya, X. D. Wang,
and Y. Zhang, Phys. Rev. Lett. 126, 082001 (2021).

[35] O. Kaczmarek, L. Mazur, and S. Sharma, Phys. Rev. D 104,
094518 (2021).

[36] O. Kaczmarek, R. Shanker, and S. Sharma, Phys. Rev. D
108, 094501 (2023).

[37] A. Alexandru, C. Bonanno, M. D’Elia, and I. Horváth, Phys.
Rev. D 110, 074515 (2024).

[38] T. G. Kovács, Phys. Rev. Lett. 132, 131902 (2024).
[39] N. Carabba and E. Meggiolaro, Phys. Rev. D 105, 054034

(2022).
[40] H.-T. Ding, W.-P. Huang, S. Mukherjee, and P. Petreczky,

Phys. Rev. Lett. 131, 161903 (2023).
[41] M. Giordano, J. Phys. A 54, 37LT01 (2021).
[42] M. Giordano, J. High Energy Phys. 12 (2022) 103.
[43] P. H. Ginsparg and K. G. Wilson, Phys. Rev. D 25, 2649

(1982).
[44] D. B. Kaplan, Phys. Lett. B 288, 342 (1992).
[45] H. Neuberger, Phys. Lett. B 417, 141 (1998).
[46] P. Hasenfratz, Nucl. Phys. B525, 401 (1998).
[47] M. Lüscher, Phys. Lett. B 428, 342 (1998).
[48] See Supplemental Material at http://link.aps.org/

supplemental/10.1103/PhysRevD.110.L091504 for details
on technical assumptions and proofs of the main statements.

[49] M. Giordano, Phys. Rev. D 107, 114509 (2023).
[50] T. Blum, N. H. Christ, C. Cristian, C. Dawson, X. Liao, G.

Liu, R. Mawhinney, L. Wu, and Y. Zhestkov, Phys. Rev. D
65, 014504 (2002).

[51] M. Giordano and T. G. Kovács, Universe 7, 194 (2021).
[52] T. Guhr, A. Müller-Groeling, and H. A. Weidenmüller,

Phys. Rep. 299, 189 (1998).
[53] P. Hasenfratz, V. Laliena, and F. Niedermayer, Phys. Lett. B

427, 125 (1998).
[54] M. Lüscher, Phys. Lett. B 593, 296 (2004).
[55] E. Vicari and H. Panagopoulos, Phys. Rep. 470, 93

(2009).
[56] C. Bonati, M. D’Elia, H. Panagopoulos, and E. Vicari, Phys.

Rev. Lett. 110, 252003 (2013).
[57] D. J. Gross, R. D. Pisarski, and L. G. Yaffe, Rev. Mod. Phys.

53, 43 (1981).
[58] A. Boccaletti and D. Nógrádi, J. High Energy Phys. 03

(2020) 045.

MATTEO GIORDANO PHYS. REV. D 110, L091504 (2024)

L091504-6

https://doi.org/10.1103/RevModPhys.91.015003
https://doi.org/10.1103/RevModPhys.91.015003
https://doi.org/10.1007/JHEP03(2016)155
https://doi.org/10.1007/JHEP03(2016)155
https://doi.org/10.1016/j.physletb.2016.09.063
https://doi.org/10.1016/j.physletb.2016.09.063
https://doi.org/10.1038/nature20115
https://doi.org/10.1007/JHEP10(2022)197
https://doi.org/10.1103/PhysRevD.54.R1867
https://doi.org/10.1103/PhysRevD.86.114512
https://doi.org/10.1103/PhysRevD.86.114512
https://doi.org/10.1007/JHEP01(2016)141
https://doi.org/10.1007/JHEP01(2016)141
https://doi.org/10.1016/0370-2693(96)00280-8
https://doi.org/10.1016/0370-2693(96)00280-8
https://doi.org/10.1103/PhysRevD.54.R1871
https://doi.org/10.1103/PhysRevD.91.105015
https://doi.org/10.1103/PhysRevD.91.105015
https://doi.org/10.1103/PhysRevD.107.114516
https://doi.org/10.3390/sym13020209
https://doi.org/10.1103/PhysRevD.96.034509
https://doi.org/10.1103/PhysRevD.96.079902
https://doi.org/10.1103/PhysRevD.96.079902
https://doi.org/10.1007/JHEP12(2016)158
https://doi.org/10.1103/PhysRevD.103.074506
https://doi.org/10.1103/PhysRevD.86.094503
https://doi.org/10.1103/PhysRevD.86.094503
https://doi.org/10.1103/PhysRevD.89.054514
https://doi.org/10.1103/PhysRevD.61.074504
https://doi.org/10.1103/PhysRevD.87.114514
https://doi.org/10.1103/PhysRevD.88.019901
https://doi.org/10.1103/PhysRevD.91.094504
https://doi.org/10.1103/PhysRevD.92.045038
https://doi.org/10.1103/PhysRevD.92.045038
https://doi.org/10.1103/PhysRevD.100.094507
https://doi.org/10.1103/PhysRevD.100.094507
https://doi.org/10.1103/PhysRevLett.127.052303
https://doi.org/10.1103/PhysRevLett.127.052303
https://doi.org/10.1016/j.physletb.2022.137370
https://doi.org/10.1016/j.physletb.2022.137370
https://arXiv.org/abs/2305.09459
https://doi.org/10.1103/PhysRevD.97.014502
https://doi.org/10.1103/PhysRevD.97.014502
https://doi.org/10.1103/PhysRevD.103.114510
https://doi.org/10.1103/PhysRevD.103.114510
https://doi.org/10.1103/PhysRevLett.126.082001
https://doi.org/10.1103/PhysRevD.104.094518
https://doi.org/10.1103/PhysRevD.104.094518
https://doi.org/10.1103/PhysRevD.108.094501
https://doi.org/10.1103/PhysRevD.108.094501
https://doi.org/10.1103/PhysRevD.110.074515
https://doi.org/10.1103/PhysRevD.110.074515
https://doi.org/10.1103/PhysRevLett.132.131902
https://doi.org/10.1103/PhysRevD.105.054034
https://doi.org/10.1103/PhysRevD.105.054034
https://doi.org/10.1103/PhysRevLett.131.161903
https://doi.org/10.1088/1751-8121/ac1c3a
https://doi.org/10.1007/JHEP12(2022)103
https://doi.org/10.1103/PhysRevD.25.2649
https://doi.org/10.1103/PhysRevD.25.2649
https://doi.org/10.1016/0370-2693(92)91112-M
https://doi.org/10.1016/S0370-2693(97)01368-3
https://doi.org/10.1016/S0550-3213(98)00399-X
https://doi.org/10.1016/S0370-2693(98)00423-7
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
http://link.aps.org/supplemental/10.1103/PhysRevD.110.L091504
https://doi.org/10.1103/PhysRevD.107.114509
https://doi.org/10.1103/PhysRevD.65.014504
https://doi.org/10.1103/PhysRevD.65.014504
https://doi.org/10.3390/universe7060194
https://doi.org/10.1016/S0370-1573(97)00088-4
https://doi.org/10.1016/S0370-2693(98)00315-3
https://doi.org/10.1016/S0370-2693(98)00315-3
https://doi.org/10.1016/j.physletb.2004.04.076
https://doi.org/10.1016/j.physrep.2008.10.001
https://doi.org/10.1016/j.physrep.2008.10.001
https://doi.org/10.1103/PhysRevLett.110.252003
https://doi.org/10.1103/PhysRevLett.110.252003
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1103/RevModPhys.53.43
https://doi.org/10.1007/JHEP03(2020)045
https://doi.org/10.1007/JHEP03(2020)045

	Constraints on the Dirac spectrum from chiral symmetry restoration
	References


