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We present the first systematic study of the relativistic axial-vector four-current distributions inside a

nucleon. We show in particular that the slope of the axial form factor G,4(Q?) in the forward limit—
conventionally denoted as R? in the literature—does not represent the three-dimensional mean-square axial
radius in the Breit frame, but corresponds instead to a contribution to the mean-square spin radius. We derive
explicit expressions for the latter in different frames and find in general additional contributions that depend
on both the nucleon mass and the forward values of the axial-vector form factors G, (0) and Gp(0). This
provides an additional key motivation for ongoing lattice quantum chromodynamics (QCD) calculations and
future experimental measurements of the induced pseudoscalar form factor Gp(Q?).

DOI: 10.1103/PhysRevD.110.L091503

Introduction. A fundamental aspect of the nucleon spin
structure is captured by the axial-vector form factors (FFs),
which are Lorentz-invariant quantities playing a crucial role
in the weak sector, especially in neutrino scattering [1-11]
and oscillation [12-16] experiments. Numerous theoretical
investigations of these FFs based on chiral perturbation
theory and phenomenological models can be found in
Refs. [17-28]. Tremendous progress from the lattice quan-
tum chromodynamics (QCD) side has also been reported in
the last few years [29-37]. For recent reviews on axial-
vector FFs, see e.g. Refs. [38—42].

Following the early works [43,44], the mean-square
axial radius of the nucleon is traditionally defined in the
literature as [11,45-49]

(1)

G4(0) dQ* g

where G4(Q?) is the nucleon axial FF. This definition is
based on an analogy with the standard (conventional)
expression for the mean-square charge radius [50-52]
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where G(Q?) is the nucleon Sachs electric FF.

It should be stressed that Eq. (2) is not merely a
definition, but the result of evaluating the r>-moment of
the conventional electric charge distribution of the nucleon
in the Breit frame (BF) [51]. In this particular case, it turns
out that the conventional mean-square charge radius can be
simply expressed in terms of the slope of the electric FF at
Q? = 0. However, the relations between genuine mean-
square radii and FFs are in general more complicated. For
example, the mean-square mass radius of a spin-0 target
(of mass M) is given by [53]

dA(Q%) _3D(0) 3
dQ* |p_o 2M>  4M?

<rr2nass> =-6 (3)

where A(Q?) and D(Q?) are gravitational FFs that para-
metrize the energy-momentum tensor of the system, and the
last term is a relativistic recoil contribution that was
neglected in Ref. [53]. Similar expressions have been found
for spin-} [54], spin-1 [55] and spin-3 [56] targets. In the
case of the mechanical radius, the expression does not even
involve any FF derivative [53].

In view of these observations and the prevailing mis-
conceptions in the literature, the aim of the present Letter is
to investigate in detail whether the widespread interpretation
of R} given by Eq. (1) as the nucleon mean-square axial
radius is justified or not. In particular, we demonstrate that
the nucleon mean-square spin radius, defined in terms of
both the axial and induced pseudoscalar FFs, is a natural and
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physically meaningful 3D mean-square radius that better
characterizes the size of the weak content of the nucleon.

Mean-square radii. Fundamentally, the notion of mean-
square radius characterizes the extension of a spatial
distribution p(r), and is defined as [57]

_ fd3rr2p(r) B 1

}’2 = = -
A e S R()

Vir(A)ls—0. (4

where

P(A) = / Brep(r). (5)

This inverse Fourier transform is usually identified with
some BF amplitude, i.e., a matrix element where the initial
and final momenta satisfy pp = —pj = —A/2.

For example, the conventional electric charge distribu-
tion of the nucleon [51] is defined as the Fourier transform
of the following BF amplitude

j%(A) — <P;37 T|j;(3)|l737 1) _ eGE(Az), (6)

where j#(x) is the electromagnetic four-current operator,
|p,s) is a covariantly normalized momentum eigenstate
with canonical polarization s, and e is the positive unit of
electric charge. Setting p = J% in Eq. (4) leads directly to
Eq. (2), since in the BF we can write Q% = A,

This is to be contrasted with the phase-space formalism
[57-59], where the intrinsic relativistic electric charge
distribution of the nucleon is unambiguously defined as
the Fourier transform of

5 /’ -00 , M
79(a) = Pt T|121()%)|p3 n_ 5

Gp(A?). (7)

in agreement with older analyses [60,61] and the require-
ment that the total electric charge must transform as a
Lorentz scalar [58]. The BF energy being given by PY =
p'% = pY% = M\/1 + 7 with t = Q*/(4M?), one concludes
that the relativistic mean-square charge radius of the proton
is in fact given by [57,62]

3

(72 = () + s

(8)

The additional term, known as the Darwin-Foldy term
[60,62—64], see also the Egs. (5b) and (5c) of Ref. [62],
actually appeared in Ref. [50] but was later discarded by
hand by the authors to comply with the conventions in force
in atomic spectroscopy [65].

3D Breit frame distributions. Using solely fundamental
symmetries (namely Poincaré symmetry including parity,
time-reversal and charge-conjugation symmetries, and the
G-parity invariance of QCD), the matrix elements of the
axial-vector four-current operator j5(x) = y(x)y*ysy(x)
for a given quark flavor and for a generic spin—% target can
be parametrized as [31,38]

(p'5'1j5(0)

AH
= i(p'.5)|175G4(Q%) + 55 Gr(Q%)

ps)
u(p.s), (9

where Gp(Q?) is the induced pseudoscalar FF, and A* =
p* — p* is the four-momentum transfer.

Similarly to Eq. (7), we define the axial-vector BF
amplitudes as

(P5: 1175(0)|pg. 1)
2P,

Ap(A) = (10)

with the nucleon spin polarized along an arbitrary direction
denoted by the unit vector §. We obtain

o
» ‘ Ai(A-§)
A= |3 ——— 271G (A2
B 4P%(PY + M) A(4%)
Ai(A-§)
22 Y GA(A?). 11
P p(A%) (11)

Contrary to the electromagnetic case, we see that the axial
charge density vanishes identically in the BF, hence there is
no nontrivial axial charge radius. This can be understood
from the fact that the electromagnetic four-current is
timelike, whereas the axial-vector four-current is spacelike.

Although the axial charge density vanishes identically in
the BE, it is still possible to provide a density interpretation
for the spatial part of the axial-vector current. Using the
QCD equations of motion, the rank-3 canonical spin tensor
operator can be expressed as S*% = 1 e#® 5, with €gp; =
+1 [66]. The spin density operator is then given by
St =1elkS0k = 1 jL As a result, we can define a mean-
ingful 3D nucleon spin distribution in the BF as follows [67]

: 1 [ dBA
SL(r) == [ —=e AT AR(A). 12
b0 =3 [ et aa. 1)
The 3D nucleon spin radius g can then be unambiguously

defined as rg =, /(rZ;,), with
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FIG. 1. The 3D relativistic spin distribution S (r) from Eq. (12)

in the r, = 0 plane for a longitudinally polarized nucleon, using
the nucleon axial-vector FFs (14) and parameters from Table 1.

zfd3rr2§-SB(r)
[ drs-Sp(r)

1
1
e (1

Besides the R3 term coming from the slope of the axial FF at
Q? = 0 given by Eq. (1), we find two additional contribu-
tions associated with the A’(A-§) terms in Eq. (11).
The latter can be understood as relativistic effects [57,68]
which can formally be ignored only if we consider the static
limit M — oo.

In Fig. 1, we illustrate the 3D spin distribution (12)
inside the nucleon in the r, = 0 plane using the nucleon

axial-vector FFs G4(Q%) =3, G\ (0?) and Gp(Q?) =
dor G’,;(Qz) from recent lattice QCD calculations [34],

where G{((QZ) for X =A,P and f = u,d are parame-
trized as

<r52'pin>

:R%_F

2GP(O)) | 13)

G4(0)

A =1 gy %0

(14)
0 2
T+ <m§>2>

with the dipolar parameters given in Table I. It should be
noted that the contributions from heavier quarks (e.g.,
s and ¢ quarks) are not included in our numerical
calculations due to their small contributions but large
uncertainties [34]. We find in particular that r¢ =~ 0.916 fm
and R4 ~ 0.567 fm by using the lattice parametrization of

TABLE I. The dipole model parametrization of the axial and
induced pseudoscalar form factors of the u and d quarks for the
nucleon from Ref. [34].

G4(0) G4(0) mY [GeV] mé [GeV]

0.859 -0.423 1.187 1.168

G3(0) G3(0) m} [GeV] m$ [GeV]
125 -115 0.193 0.191

G (Q?) from Ref. [34]. This indicates that the relativistic
2G,(0)

contribution — (1+ G4 (0)

e

) in Eq. (13) is not small.

2D light-front distributions. Although BF distributions
provide us the best proxy for picturing in 3D a system
sitting in average at rest around the origin, their lack of
strict probabilistic interpretation is often regarded as a
deficiency [69]. By focusing on a Galilean subgroup of the
Lorentz group, one can define alternative densities with
strict probabilistic interpretation [70] by using the light-
front (LF) formalism, see e.g. Refs. [69,71-74].

In the LF formalism [75], a four-vector is represented by
the set of components a* =[a*,a",a,] with a*=
(a® + a*)/v/2. Since the scalar product takes the form
p-x=px+pTx —p, -x,,treating x* as the LF time
variable implies that p~ corresponds to the LF energy,
given by (p3 + M?)/(2p*) according to the on-mass-shell
relation p? = M?.

Similarly to the electromagnetic distributions studied in
Refs. [57-59], the axial-vector LF distributions are defined
via the following two-dimensional Fourier transform

PAL o, -
Aieb,iP) = [ GRS Ay (8. (15)

where the amplitudes with given initial and final LF
helicities

p’/1>LF

«z‘fF<ALZP+) = LF(P/J/UP;(O)

2P+ (16)

are evaluated in the so-called symmetric LF frame specified
by P, = (p', +p.)/2=0, and AT =0. Note that the
latter condition amounts to an integration over the longi-
tudinal LF coordinate »~ in position space.

Using the LF Dirac spinors in the parametrization (9),
we find
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vz‘fp = <O'z)/1’iGA(Ai)7

A = ~pr (6.)7,Ga(AT),
- M, , iA!
Al r = T {(O'L)M + 2—1\/;5”’1} G4(AY)
Ai (A -0 ) /
~ e OrAD: )

where o are the Pauli matrices and A | = e, <A, . The
LF axial charge distribution A; (b ) turns out to be P'-
independent. It does not vanish in the case of a longitu-
dinally polarized nucleon and is interpreted in the LF
formalism as the quark helicity distribution [70,76].

The 2D transverse mean-square helicity (or axial) radius
is naturally defined on the LF for A’ = 4 as [76]

Since LF distributions are two-dimensional, it is tempting
to interpret R3 as the corresponding 3D mean-square axial
radius, e.g. based on the Abel-Radon transformation
[77,78]. This would be justified if we could demonstrate
that the LF axial charge distribution is the projection of a
spherically symmetric 3D distribution onto the transverse
plane. Unfortunately, 3D LF distributions with strict
probabilistic interpretation do not exist because of the
necessary At = 0 constraint [79].

Alternatively, one can consider the longitudinal LF spin
distribution given by S; | ¢ = ; Tr[o,A;'], which is nothing
other than half of the light-front helicity distribution. Since
by definition the (transverse) mean-square radius does not
depend on the overall normalization of the distribution, we
obtain naturally

2
<b§pin,L>LF = (b/za>LF = ngx- (19)
If we use instead the transverse LF spin distribution
Srip=3Trle, - A| 5] =8, - Syyp, where the numerical
result of Sz r(b,;P") is illustrated in Fig. 2, we find

PSRN PO O ()
spin,7/LF 3 A 2M2GA(0)

. (20)

Note that the P*-dependence of Sy enters merely as a
global factor and drops out when calculating the transverse
mean-square radius. The difference between longitudinal
and transverse LF (transverse) mean-square spin radii is
of relativistic origin (20), and disappears in the static
limit M — oo.

2D elastic frame distributions. BF and LF axial-vector
distributions at first appearance look somewhat different.

L7 Sr.Lr(b3PY) [fm ]
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FIG. 2. The scaled 2D transverse LF spin distribution
%ST.Lp(bl; Pt) = %ALLF(bJ_; P*) from Eq. (15) for a trans-
versely polarized nucleon, using the nucleon axial-vector FFs
(14) and parameters from Table I.

To understand how they are related to each other, we can
use the phase-space formalism and define 2D elastic frame
(EF) distributions [54,67]. Besides transverse position,
these time-independent distributions depend also on the
average momentum P = (p’ +p)/2 = P_e_ of the target,
which defines the z-axis without loss of generality [58].
Taking the limit P, — O we obtain naturally the projection
of the BF distributions onto the transverse plane, while
taking the infinite momentum limit P, — co we recover
basically the LF distributions [57-59].

Similarly to the axial-vector LF distributions (15), the
axial-vector EF distributions are defined via the following
two-dimensional Fourier transform

d2A

(271.)2 e_iALbL‘;v]fZF(AL;Pz)’ (21)

Aelosir) = |
where the EF amplitudes in polarization space

(p',s'1j5(0)
2P0

(AP, = PSL )

are evaluated in a generic frame where P, =0, and
A, =0 so as to ensure that no energy is transferred to
the system. We can therefore write p = p® = P0 =
VM (1 + 1) + P2

Evaluating the matrix elements (9) in a generic EF,
we find

L091503-4
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P,
Ay = 25(0.)0,Ga(AD).
ZEF ( ) s's )
~. VP l&l .
Algr =55 { §5 €O 6 — mlﬁaﬁ sin e} GA(A2)
_AL(AL -6y )y [Ga(AT) | Gp(AT) (23)
4po P+ M M ’
with the Wigner rotation given by [57,59,80]
PO+ M(1 +7)
cosf = ,
(PO +M)V/1++7
. TP,
sinf = — < . 24
(PO +M)V1+7 (24)

Above results nicely agree with the expected Lorentz
transformation law for amplitudes from the BF to a generic
EF [81,82]

(p'.5'|75(0)|p. s) ZD‘ V2 (P MDY (ps. A)
Sh.5p
x Ay (pg. s5175(0) | pa. s8), (25)

where D(1/2) is the Wigner spin rotation matrix for a spin—%
system [57,59]. It is straightforward to see that the EF
amplitudes (23) reduce to the BF ones (11) with A, =0
when P, - 0, and to the LF ones (17) up to some
convention-dependent factors when P, — oo [57,59].

When P, > 0 and the target is longitudinally polarized,
the axial density is nonzero. We can then define a mean-
ingful 2D transverse mean-square axial radius in a generic
EF for a longitudinally polarized target s = s

&b DA ASDb ;P,) 2 1

Py (po) = L LA L P 2 b , (26
(b3)er(P:) Tdb, A0(b,: P, 3 A+2E2 (26)
with Ep = /M? + P%. We stress, however, that the 2D

axial density is not intrinsic and arises simply because a
longitudinal boost mixes the components .A° and A, . In the
LF formalism the boost is not necessary since one defines
from the very beginning the density via the compo-
nent A" = (A% + A,)/V2.

Alternatively, we can consider the longitudinal and
transverse EF spin distributions S; gp = %Tr[aZAZ,EF] and
Srep=4Trl6, - A gp] =8, - Sy g, where the numerical
result of Sy gr(b,; P,) is illustrated in Fig. 3. The corre-
sponding 2D transverse mean-square radii read

S7.er(b;P.=1 GeV) [fm2]
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FIG. 3. The 2D transverse EF spin distribution S; g (b ; P.) =

%A Ler(by;P,) from Eq. (21) for a transversely polarized
nucleon at P, =1 GeV, using the nucleon axial-vector FFs
(14) and parameters from Table I.

2

<b3pm L> gRi’
2 1 Gp(0)
2 = 2 i
<bspin,T>EF(PZ) - g A WGA(O)
1 1

_2M(EP+M)+ﬁ'

(27)
In the infinite-momentum limit P, — co, we recover,
as expected, the LF transverse mean-square spin radii
(19) and (20). Interestingly, if we average over all spin
directions and take P, — 0, we find

<b52pin,L>EF + 2<b52'pin,T>EF(0) B %< )
3 3 spm

(28)

in agreement with the 3D BF mean-square spin radius
given in Eq. (13), taking into account the fact that the latter
does not depend on the spin direction.

Conclusions. We investigated in detail in this letter whether
the widespread interpretation of R3 given by Eq. (1) as the
nucleon mean-square axial radius is justified or not. In the
Breit frame, where 3D spatial distributions are traditionally
defined, the axial density vanishes identically (11). This
means that the 3D mean-square nucleon axial radius does
not exist, and thus the interpretation of R, as the nucleon
axial radius does not rest on sound physical grounds. In
contrast, we demonstrated that a physically meaningful 3D
nucleon mean-square spin radius (13) can be unambigu-
ously defined in terms of the same axial-vector FFs.
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Another option is to consider 2D spatial distributions in
the light-front formalism. For a longitudinally polarized
nucleon, the 2D transverse mean-square axial radius is
equal to the transverse mean-square longitudinal spin
radius, and is given by %Rﬁ (19). For a transversely
polarized nucleon, however, the transverse mean-square
axial radius vanishes while the transverse mean-square
transverse spin radius receives an additional contribution
on top of the 3R term (20).

An interpolation between the Breit frame and light-front
results can be obtained by using the concept of 2D elastic
frame distributions, based on the phase-space formalism.
When the nucleon has finite average momentum P_, the 2D
transverse mean-square axial and transverse spin radii
receive additional P,-dependent contributions compared
to the light-front ones, see Eqs. (26) and (27). These extra
contributions formally disappear, however, in the infinite-
momentum limit P, = oo.

In summary, contrary to what is usually stated in the
literature we did not find any proper justification for
interpreting the quantity Ri as the physical 3D mean-square
axial radius of a spin-j target (a nucleon for instance). On
the other hand, the 3D mean-square spin radius (rZ;,) (13)

is a well-defined and physically meaningful radius that
characterizes more realistically the spatial extension of the
weak content of the system. From a 2D perspective,

however, the quantity 2R} can consistently be interpreted
as the 2D transverse mean-square axial or longitudinal spin
radius, albeit only for a longitudinally polarized spin—%
target.

While our analysis does not directly impact the phe-
nomenology of axial-vector form factors, it explicitly
demonstrates that the quantity R} alone does not faithfully
measure the spatial extension of the weak content of the
nucleon. According to Eq. (13), the 3D mean-square spin
radius (rg,;,) requires besides R} an additional determi-
nation of the ratio Gp(0)/G4(0), which provides an addi-
tional key motivation for ongoing lattice QCD calculations
and future experimental measurements in (anti)neutrino-
nucleon scatterings of the induced pseudoscalar form
factor Gp(Q?).
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