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All independent interaction vertices involving massless (Fang-Fronsdal) fermions in three dimensions
are classified, completing the classification of interactions of massless fields of any spin. Similar to the
bosonic case, we get no independent vertices at quartic or higher order in the fields involving fields with
spin s > 3/2 and cubic vertices only for spins satisfying triangle inequalities, apart from the cases involving
(matter) fields with spin s < 1. Different from the bosonic cases, we get only one vertex for each triple of
spins with two Majorana fermions and one boson, which is parity even (odd) when the sum of the spins of
all fields involved is odd (even). When the two Majorana fermions are identical, their coupling to an odd-
spin boson is trivialized. We comment on the nontrivial holographic dictionary relating these vertices to

conformal field theory correlators in two dimensions.

DOI: 10.1103/PhysRevD.110.L081702

Introduction. In this Letter, we classify and explicitly
construct all independent interactions involving massless
fermionic (Fang-Fronsdal) higher-spin (HS) fields [1] in
three-dimensional Einstein spacetimes, thus completing the
classification of all independent interaction vertices involv-
ing bosonic Fronsdal [2] and fermionic Fang-Fronsdal [1]
massless fields of any spin in three dimensions [3].

HS gravities [8] are promising candidates for quantum
gravity, in particular, as holographic duals (see, e.g., [9—-11])
of well-understood conformal field theories (CFTs)
(see, e.g., [12-15]). The main problem with known HS
gravities [16-18] is the lack of conventional action princi-
ples for these theories. This motivates the construction of a
conventional action for HS gravity, the so-called Fronsdal
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program [19]. Even though the conservative approach
to the Fronsdal program has shown an obstruction at quartic
order in d > 4 (see, e.g., [44-51]), the situation is different
ind <3.

In three dimensions, we make a distinction between the HS
gravities describing only edge modes (see, e.g., [52-58]),
which can, in general, be given a Chern-Simons action
formulation under mild assumptions [59], and those with
propagating degrees of freedom [17,60], where HS fields
interact with matter, but an action principle is not available so
far. In the case when propagating degrees of freedom are
present, the situation is analogous to higher dimensions
(necessarily infinite tower of HS fields, no action principle
known [61]), with a few key differences, that make it
plausible that a local action formulation can be achieved
via the Fronsdal program. Some of these differences are
summarized below.

(1) Minimal coupling to gravity is available in d = 3 (as
we show here, also for fermionic fields) for massless
fields of any spin, thus avoiding the Aragone-Deser
problem [63,64], as opposed to higher dimensions.

(i1) Interactions do not display differences in flat and
(anti-)de Sitter [(A)dS] backgrounds (furthermore,
they are available in any Einstein background), as

Published by the American Physical Society
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opposed to higher dimensions [65-67]. This allows us
to study HS gravity around flat spacetime [58,68,69],
which offers a simplification in metriclike language.

(iii) The existence of a Chern-Simons action indicates
that, at least for the HS (topological) sector, there
may exist also full nonlinear (Fang-)Fronsdal La-
grangians for a large class of models, which are yet
to be constructed [70,71].

(iv) Inthe metriclike (Fang-)Fronsdal formulation [72,73],
it is known how to realize the coupling to matter at
least in the lowest order, as opposed to the Chern-
Simons setup.

All of these properties single out three-dimensional
Minkowski spacetime as the simplest playground where
the Fronsdal program can be completed, leading to a non-
linear theory of HS gravity with matter, with further lessons
for higher-dimensional HS gravities.

Preliminaries. We work with the mostly plus convention
for the metric, and we choose a real representation of the y
matrices,

}/2 =01 =72, (1)

YO:i(fz:—Vo, 71203:7%

where ¢’s are Pauli matrices. They satisfy the y matrix
algebra

7=+ ey, )

where ¢**” is the Levi-Civita antisymmetric tensor with
€912 = 1 = —€"12 [74]. Throughout the Letter, we use real
Majorana spinors y satisfying

y=y.=Cy)" =C(-yH) =-C(/")'y* =y*, (3)

where the charge conjugation matrix is C = —y" in this
basis. The formulas we use, however, are also valid for
Dirac spinors.

We will work in the realm of perturbative field theory,
where any interactions can be switched off consistently, by
continuously sending corresponding coupling constants to
zero. In this case, the independent vertices are those that
involve independent coupling constants that can be con-
tinuously sent to zero without affecting any lower-order
vertex [75]. This way, we can classify all independent
(n + 2)th-order vertices by the lowest-order Noether iden-
tity they satisfy (see, e.g., [20]),

582 4 50 g(n+2) — (4)

where the superscripts indicate the order in fields for both
the action and gauge transformation,

§=5@ 4856 4., (5)

§=00 4604 ... (6)

We will study Eq. (4) for any n, or rather its weaker version,
50 s(+2) 0, (7)

where ~ denotes equivalence on free shell, to classify all
independent vertices involving fermionic fields in three
spacetime dimensions.

The lowest order of the action S® and gauge trans-
formations 5(°) are given by (a sum of) (Fang-)Fronsdal
actions and corresponding gauge symmetries [1,2],

§(2) — Z/d3x£(2)(¢i)’ (8)

where the sum goes over all the fields labeled by i, with
spins s; taking integer or half-integer values [76].

For bosonic field (p,(,‘f),,_ﬂs and fermionic field ‘I‘,(fﬂﬂ/ f2>
with spins s and Z + 1/2, respectively, the (Fang-)Fronsdal

free Lagrangian £() takes the following form:

LG
L) = g Dplhre . (9)

LO(PEH1/2) = gl

=W, 2, <f+%)m~~w_|_m, (10)

where g = y#9, and the omitted terms contain divergen-
ces and (y) traces of the field that are fixed by the
condition that the free action is invariant under free gauge
transformations [77],

508 s = 504, ) (11)

Hi

ogplrt) _
8 hpmu-zw =000, Ss. ) (12)
where we omit the spinor indices of ¥ +2) and g

As in the bosonic case [4-6], for classification of the
interactions, it is enough to restrict ourselves to the trace-
less-transverse part of the vertices. Then, it is sufficient to
use the free Fierz equations (see details in [5]),
W Py, =0,

by, =0, Uy, =0, (13)

and their fermionic counterparts,

Hi---He :0’ Wﬂl~~ﬂf =0. (14)

As a consequence of (14), we have also

MY, . =0, oY

He

”ﬂ]ﬂZ‘P

HiHa-Hs

=0, 0¥, , =0 (15)
When now studying the TT parts of the vertices for
massless fields, we impose gauge symmetry with param-
eters that also satisfy the Fierz equations. The full off-shell
vertices can be derived from the TT part by relaxing these
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conditions, which will not be pursued here. By applying (2)
to a fermionic field and using (14), we can deduce [here-
after &~ is equivalence due to (13) and (14)]

P ~ 6”]0’/}70[\?@42”#[, (16)

1
Ha-- e

which will play a major role throughout this Letter. Taking
the conjugate of the latter equation and using that

o = 117" (17)

we find a similar relation for the conjugate field
T _ il 0
‘P/t].‘./ls - _lPﬂlmﬂsy )

Tﬂlﬂzu-w = _eﬂ]uﬁ@ﬁuz---wya' (18)

Another relation can be derived by contracting (2) with a
derivative acting on a fermionic field and using Fierz
equations (14),

O~ yﬂﬁ‘{‘ul...w = (aﬂ + 6””/1}/101/)?1/1...1/{7 (19)
which further implies

~ MY 7
0~ e a/tht/yz.“y,« + 532 ylayq,ﬂuz..‘y/
~ eaﬂyayqlwzmup (20)

which leads to the following key identities:
a[ulyy]vz,..vf ~ 0~ a[ﬂq’v]vz...y/‘ (21)
As usual (see, e.g., [20]), when working with symmetric

tensor fields, it is useful to introduce an auxiliary vector for
each field, to contract the symmetric indices as

1 .

ébi(xi, ai) = g¢ﬂ1...ﬂsi (xi)alill T a?‘»’ (22)
1 H1 He;

‘Pi(xi, ai) = ;‘Pﬂ]...wi (xi)ai rdy . (23)

Then, one establishes an effective way of contracting
Lorentz indices by introducing operators A% := 9, which

combined with P; := d» construct the building blocks of
vertex operators via scalar contractions,

Vij =A;- lelSi-.fS”’
Fly =7
Qs =r{Pin o

Sij ::Pi'Pj|1§i§jsnv

zij=Ai Ajli<icj<ns

where y ;) is a y matrix contracting spinor indices of the kth
fermion pair in the vertex. We are looking for local scalar
vertices of 2f fermionic and »n bosonic fields given as (the

subscript of the Lagrangian term denotes the spins of
involved fields)

‘Cf|+l/2 ..... Cop+1/2,81,00008,

= V(Slm7 Yims Zims F(k)l’ Q(k)l)

f
X (H Yo (Xar-1, @op—1) Wi (X, azk))

k=1

X <H ¢j(x2f+j’02f+j)>
j=1

(25)

aj=0(i=1,...2f+n)
xj=x(i=1,....2f+n)

The gauge invariance of the vertices will impose severe
restrictions on vertex operators } as we show below. Note
that there are also operators involving the tensor e#*”. As we
show in the companion paper [78], these operators can be
related to the parity-even operators via relations (16)
and (18).

There are several relations to be taken into account. First,
the total derivative terms are discarded, which implies the
following equations [from now on, we assume the vertex
operators to be in the vertex term (25)]:

2f+n 2f+4n 2f+n

D w00 > ya0. Y Quy~0. (26)
j=1 j=1 J=1

Next, we impose the Fierz identities (13)—(15) (no sum-
mation over repeating indices)
z;; =0, (27)

s;~0,  y;=0,

Cipr-1 20T s Qa1 RO~ Q. (28)
One has also dimension-dependent Schouten identities
that impose further relations involving the operators in
the vertex (for details see [20]). In three dimensions, these
identities play a crucial role in determining the nontrivial
interacting deformations of bosonic-free (Fronsdal) theory
[4-6]. They should also be taken into account in the
interactions of fermions and will be discussed below.

Cubic vertices with fermions. The general construction of
the interacting theory order by order in the power of fields
starts from the classification of cubic vertices (see a
lightning review in [5]). The vertex operator for the cubic
case depends on the following variables [a full basis due
to (26)—(28)]:

F = F(l)?a? (29)

Yi = Vii+1s Zi = Zitli-1»

where i = 1, 2, 3 and i £ 3 = i. Note that 5;; ~ 0( VY i, j),
as in the bosonic case, and there is only one new operator
(I') compared to the bosonic case (all other I' and Q
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operators vanish on shell). Furthermore, we omit the index
of y() (a cubic vertex has at most one fermion pair).
We will need to solve the following equation:

5053 ~0, (30)

for the case when the cubic interaction contains two
fermionic and one bosonic fields. Given that the fermionic
fields satisfy also the Fierz equations for the bosonic fields
due to (14) and (15), the vertex operator (dimension-
dependent) identities for bosonic fields [4—6] can be
directly used also for fermions. However, fermionic equa-
tions (14) are stronger than the bosonic ones and imply
more identities to be taken into account. More general
analysis, involving the parity-odd structures, will be pro-
vided in [78]. Here we make a quick derivation of the
identities we need. Equations (16) and (18) translate into

Ag ~ Eﬂaﬁ]/aAQﬂ, Alf ~ —GﬂaﬁA]ﬁ}/a, (31)
whereas (21) translates into
Pl[yAllz] ~0~ Pz[ﬂAzy]. (32)

Together these relations imply

VIZIR Y222 R =323, Yy R0 (i#)), (33)

and

Lyizi ®yyzp & —Tysz3, F)’iyjzo(i?éf)- (34)
Note that (34) is not a trivial consequence of (33) as the set
of relations does not form an ideal [79]. These equations
turn out to be the seeds for all further relations, including
Schouten identities. The gauge transformation for each
field is given by the operator T; = d;P;, of the sym-
metrized derivative of the parameter, which commutes with
v, z, I' as follows:

vi.T;|~0, |[z,T;]=0, [ T;]=~0,
(Zic1: Ti] & £Yiz1- (35)

Therefore, a gauge-invariant vertex has to satisfy

o] 0
<Yi—1 F — Yit1 ?> V(y, Z) ~ 0, (36)

i+1 i—1

which is the same as in the bosonic case in any dimensions.
The difference, however, is that now the new relations (33)
and (34) change the space of functions } where we solve
these equations.

Using (33) and (34), it is straightforward to show that
vertices containing more than one derivative are trivial
when the spins satisfy triangle inequalities

2s; <51+ 55 + 53 (37)

The main point to notice here is that given the relation
yiy;~0 for i # j (and similarly I'y;y; ~ 0), the only way
to write a nontrivial higher derivative expression is
yEZ{1 25225 (with or without ') with k > 1 characterizing
the number of derivatives. When n; # 0, we can use the
identities (33) [(34) in the presence of I'] to replace y;z;
with £y;z;(j # i), thus getting a vertex containing
y:iy;(j # i) (and, therefore, trivial). This only leaves the
possibility n; = 0 which together with k > 1 implies that
the triangle inequalities (37) are violated.

When the triangle inequalities between spins are not
satisfied and all three massless fields have spins bigger than
1, the requirement of gauge invariance is strong enough to
kill all candidate cubic vertices. When one requires only
one or two gauge symmetries, some candidate vertices may
still survive, which is relevant to the study of interactions
involving massive fields [80,81], which is out of the scope
of this work.

For general spins s; > 1, satisfying triangle inequalities,
a general solution is given by a linear combination of the
following vertex operators:

Vie(y,2) = Dyszl g™, (38)
Vo(y.z) = ys2y 22t (39)

where Vi (V) is parity even (odd) and n; are some non-
negative integers. The spins of the fields are given as s; =
ny, +n3y +3/2, 5, = n; + n3 + 3/2 (for both vertices), and
s3 = ny + ny + 2 for the vertex (38), while s; =n;+n,+1
for the vertex (39). It is clear, therefore, that the spins
of the gauge parameters, s; — 1, satisfy triangle inequalities,
which turns into equality only for (38) when n; = 0. This
aspect is analogous to the cubic vertices of bosonic fields.

Note that there is only one vertex for each given triple of
spins satisfying triangle inequalities, different from bosonic
cases, where we had one parity-even and one parity-odd
vertex. When the two fermionic fields are identical, the
vertex (39) trivializes: odd-spin interactions require anti-
symmetric Chan-Paton factors (while even-spin inter-
actions require symmetric ones).

As with the bosonic vertices, the general structure of
cubic vertices is different when fields carrying propagating
degrees of freedom are involved (we will call those “matter
fields”). Here, these matter fields can take spin values
s =0,1/2, 1. The special vertices are

1/2,1/2,s s 1/2,1/2,s §—
V(O/ / ):yS’ V(E/ / ):Fy3 1’ (40)

1/2,/4+1/2,0 1/2,/+1/2,1
Vo MRyl VPRI — g (41)

£+1/2,1/2,0 +1/2,1/2,1
A A A A C)
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The last option to consider is when the bosonic field is a
Chern-Simons spin-1 field instead of a Maxwell one. This
case is different as the bosonic field equations are stronger,

P3LMA3I/] ~ 0. (43)
This in turn induces additional identities, including

Iy, =0~ Ty,, y323 ~ 0, (44)
which change the classification, allowing only for a zero-
derivative vertex. In the end, we find one vertex with
arbitrary equal-spin fermions,

Véguz,fﬂ/z,l — . (45)
This vertex can be derived by covariantizing the derivatives
of the Fang-Fronsdal action with d, — d, + A, (here A,
stands for the standard notation of a spin-1 Chern-Simons
field, which should not be confused with A’i‘). As in all
other cases with odd-spin interactions, this vertex requires
antisymmetric Chan-Paton factors and is therefore trivial
for a single Majorana fermion.

As with the couplings to Fronsdal fields, there is only
one fermionic vertex for the coupling to the Chern-Simons
field, while there are two bosonic vertices [5]: one parity
even and one parity odd.

There is an extra parity-odd vertex for coupling of matter
fields with spin 1/2,

VLY = (46)

This completes the classification of the cubic vertices
involving massless fields of any spin.

Higher-order vertices. By making use of (16) and (18), we
can achieve a form of the vertex in which every HS fermion
appears together with a y matrix. The analysis then follows
very closely the arguments in [6]. One can first use
Schouten identities (potentially after multiplication with
a nonvanishing combination of Mandelstam variables ;)
to rewrite the vertex such that there are no contractions
between field indices (i.e., no variables z;;) and no con-
traction between a field index and a y matrix index (i.e., no
variables I'(y;). In the presence of an e tensor, one can use,
as in [6], Schouten identities to achieve that the ¢ tensor is
contracted only to derivative operators, leading to a gauge-
invariant combination that can be ignored in the remaining
analysis.

Similarly, Schouten identities can be used to express all
yij in terms of y;;, | and y;;,,, and analogously all Q); by
Q41 [using that Q iy & Qi ~ 0]. The vertex then
depends on the gauge-invariant s;; and Q )y 41, as well
as y;.1 and y;;.,. With respect to the latter two variables,

gauge invariance of the vertex then requires that it can
depend only on the gauge-invariant combination

Yi=SiipaYiip1 = Siip1Viir2- (47)

As shown in [6], for the bosonic fields these new variables
satisfy

Y20 (i=2f+1,...2f +n), (48)

and therefore a bosonic field can have at most one index
(and is at most a spin-1 field). For the fermionic fields, we
have instead

Y,~0 (i=1,...,2f), (49)
which follows from (21). [The same condition also holds
for a spin-1 Chern-Simons field due to (43).] Interactions,
therefore, cannot include fermionic fields with a Lorentz
index; hence they can only be spin—% fields. One concludes
that there are no independent HS vertices of quartic or
higher order. A more detailed discussion will be provided
in [78] and can also be found in [82]. A similar conclusion
was made in a different formulation of the problem in the
recent work [83].

Discussion. In this Letter, we have classified and explicitly
constructed all independent interaction vertices involving
massless fermionic fields in three spacetime dimensions.
The characteristic feature of fermionic vertices without
propagating (matter) fields is that they all have one
derivative. Similar to the bosonic vertices, cubic vertices
with higher-spin fermions exist only for spins satisfying
triangle inequalities. Different from the bosonic case, where
for each collection of spins there is one parity-even and one
parity-odd vertex, here we find only one vertex for each
triple of spins satisfying triangle inequalities, and the parity
symmetry of the vertex depends on the spins. Note that the
bosonic vertices are either two or three derivative. The
fermionic vertices, in a sense, match all the properties of the
two-derivative bosonic vertices: they are unique for a given
triplet of spins satisfying triangle inequalities, have the
same number of derivatives as the free theory, and can be
either parity even or parity odd depending on the spins of
the fields involved.

A posteriori, our results can also be interpreted as a
nontrivial check of the holographic dictionary of the
AdS;/CFT, correspondence. For bosonic fields in three
dimensions, a single Fronsdal field corresponds on the
boundary to a pair of holomorphic and antiholomorphic
currents. The two cubic vertices of different parity that exist
for bosonic fields satisfying the triangle inequality corre-
spond to combinations of the corresponding conformal
three-point functions for holomorphic and antiholomorphic
currents on the boundary. For fermionic fields in three
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spacetime dimensions, a Majorana Fang-Fronsdal field is
dual to one Majorana-Weyl fermion on the boundary (see,
e.g., [84]). Its chirality depends on a discrete choice of how
to couple the Fang-Fronsdal fields to the AdS background
and boundary conditions. This is connected to two inequi-
valent representations of the Clifford algebra related by
y> <> —y? which, in turn, is related to a chirality change
from the point of view of the boundary. Fixing the choice
for all Fang-Fronsdal fields in the same way (for example,
to obtain right-moving boundary fermions), the analysis of
the vertices carries through and the existence of precisely
one vertex for fields satisfying the triangle inequality
corresponds to the existence of a unique structure of a
three-point function for holomorphic currents satisfying the
same inequality. Analogously to the discussion in [7], this
match extends to higher-point functions. For completeness,
we will present AdS extensions of the vertices presented
here in [78].

This interpretation can also be compared to the holog-
raphy of (HS) supergravity on AdS in a Chern-Simons
formulation [81,85-91]. Whereas for bosonic fields the
gauge group is of the product form G x G with the same
factors, one can consider [92] different supergroup exten-
sions of the two factors leading at the boundary to different
sets of left- and right-moving fermionic charges [93].

The general result [59] suggests that any theory of HS
fields without propagating degrees of freedom in three
dimensions has a framelike description as a Chern-Simons
theory. The results of this Letter are consistent with the
extension of this statement to theories with fermions. Using
the procedure in Sec. IV of [59], all of the vertices found
here can be translated to framelike vertices which can be
used in full nonlinear theories of the Chern-Simons form.
This, in particular, implies that any theory with massless
fermionic HS fields without matter can be described as a
Chern-Simons gauge theory with a Lie superalgebra. The
first example of such hypergravity was given in [95] (see
also [96,97]).

Our analysis, on the other hand, treats propagating
(matter) fields and HS fields on the same footing and
can be the starting point for the construction of a metriclike
theory of HS fields coupled to matter.
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