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In this letter, we consider a positive geometry conjectured to encode the loop integrand of four-point
stress-energy correlators in planarN ¼ 4 super Yang-Mills. Beginning with four lines in twistor space, we
characterize a positive subspace to which an l-loop geometry is attached. The loop geometry then consists
of l lines in twistor space satisfying positivity conditions among themselves and with respect to the base.
Consequently, the loop geometry can be viewed as fibration over a tree geometry. The fibration naturally
dissects the base into chambers, in which the degree-4l loop form is unique and distinct for each chamber.
Interestingly, up to three loops, the chambers are simply organized by the six ordering of x21;2x

2
3;4, x

2
1;4x

2
2;3,

and x21;3x
2
2;4. We explicitly verify our conjecture by computing the loop-forms in terms of a basis of planar

conformal integrals up to l ¼ 3, which indeed yield correct loop integrands for the four-point correlator.
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Introduction. The amplituhedron [1–3] is a collection of
positive geometries whose canonical forms [4] are conjec-
tured to give all-loop integrands for scattering amplitudes in
planar N ¼ 4 supersymmetric Yang-Mills theory (SYM).
Surprisingly, a simple deformation of its definition gives the
so-called ABJM amplituhedron [5,6], which achieves the
same for Aharony-Bergman-Jafferis-Maldacena theory
(ABJM) theory [7,8]. A nice by-product in [5] is a new
way for computing canonical forms of these geometries:
loop geometry can be viewed as fibration over the tree
geometry which naturally dissects the latter into chambers.
It is then very natural to ask whether we can extend the
amplituhedron, as well as this new way of computing
loop-forms based on chambers, to other observables. A
promising prospect would be the correlation functions of
stress-energy multiplets [9] in N ¼ 4 SYM, which have
been significant objects of great interests (cf., a recent

review [10] and references therein). In [11], a geometric
object called the correlahedronhas been introduced as certain
“off-shell” generalization of the Amplituhedron, which is
conjectured to encode correlation functions: via the remark-
able duality the correlator gives the square of amplitudes/
Wilson loops in lightlike limits [12–17], where the correla-
hedron is supposed to reduce to (the square of) the ampli-
tuhedron [18]!
In this letter,we focus on four-point correlator:we consider

a positive geometry and provide strong evidence that its
canonical form gives the correct loop integrand. The inte-
grand for the four-point correlator has been determined to ten
loops [19,20]: due to the discovery of a hidden permutation
symmetry, the basis for integrands is reduced to enumerating
planar graphs with certain conformal properties, or the so-
called f graphs [9]; an efficient graphical method has been
developed for obtaining the coefficients of such graphswhich
gives compact formulas for the correlator integrand.
Here we will focus on the super correlator naturally

described as a potential in chiral superspace [21]. Similar
to the correlahedron, we define our geometry in bosonized
twistor space, where a set of positivity conditions are
imposed on four lines representing the positions of the
operators. In position space, these positivity conditions
simply translate to x2i;j > 0, where xis are the position of
the operators. This subspace is two-dimensional and we
introduce a coordinate chart that is a double cover. On each
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point of this “tree kinematics”, we will attach additional l
pairs of twistors at l loops. Requiring each pair to be
mutually positive and with respect to the point it is attached
to, the resulting 4l-dimensional subspace defines our loop
geometry. Thus the full geometry consists of a loop geometry
fibered over the tree geometry and the total dimension is
2þ 4l-dimensional.
We compute the canonical forms on this geometry,

which is defined to have logarithmic singularities at its
boundaries. Since each point in kinematic space has its own
loop-geometry, the tree region can be naturally dissected
into chambers, for which the loop-form is the same within
one chamber and differs once one crosses the boundary. Up
to three loops, we find that there are 6 chambers associated
with 6 different ordering of x21;2x

2
3;4, x

2
1;4x

2
2;3, and x21;3x

2
2;4.

The definition. Let us begin with the definition of the
geometry. We collect 4 bi-twistors XIJ

i ¼ ZI
½1;iZ

J
2�;i where

I; J ¼ 1;…; 4 and i ¼ 1;…; 4, representing the 4 positions
into a 4 × 8 matrix fX1; X2; X3; X4g. We consider the
subregion defined through the following non-negative
condition

hi; ji≡ 1

4!
ϵIJKLXIJ

i X
KL
j > 0: ð1Þ

The bitwistors and position space are related via

x2i;j ≡ ðxi − xjÞ2 ¼
hi; ji

hi; Iihj; Ii ð2Þ

where I is the infinity twistor that breaks the SL(4)
conformal symmetry. Note that the constraint in Eq. (1)
is invariant under a g ¼ left GLð4Þ × right ðGLð2ÞÞ4 action
on the bitwistors. We can utilize this freedom to choose the
frame where fX1; X2; X3; X4g takes the form,

0
B@

I2×2 0 I2×2 I2×2

0 I2×2 I2×2
c1 0

0 c2

1
CA; ð3Þ

with c1, c2 related to the cross-ratios as ð1 − c1Þð1 − c2Þ ¼
h1;2ih3;4i
h1;3ih2;4i ¼ v and c1c2 ¼ h1;4ih2;3i

h1;3ih2;4i ¼ w (they are convention-
ally denoted as z; z̄). Note that this is a double cover of
Eq. (1) with c1 ↔ c2 yielding the same point.
In this two-dimensional subspace, wewill further impose

the constraint Δ2 ¼ s2 þ t2 þ u2 − 2ðstþ tuþ usÞ > 0,
with s≡ h1;2ih3;4i, t≡ h1; 4ih2; 3i and u≡ h1; 3ih2; 4i.
To motivate this constraint, note that in the frame Eq. (3),
Δ2 ¼ ðc1 − c2Þ2. Thus the constraint is equivalent to
requiring c1;2 being real. We will define the tree-region
as the union between Eq. (1) and Δ2 > 0,

T4∶ hi; ji > 0 ∪ Δ2 > 0: ð4Þ

Now at each point in T4 we can introduce a loop-region by
introducing l pair of twistors ðZAli

; ZBli
Þ with i ¼ 1;…;l

at l loops. Again modding GL(2) this introduces an
additional four-degrees of freedom for each loop, and
the subregion is defined via

hðAli ; BliÞ; Xji > 0; hðAli ; BliÞ; ðAlj ; BljÞi > 0: ð5Þ

We define the loop-geometry as the canonical form of this
subregion. Thus the total geometry is 2þ 4l-dimensional.
Again since the loop-form may depend its “base point” in
T4, this suggests that T4 should be dissected into chambers
[5], with each chamber defined as regions in T 4 where the
loop form is uniform. Note that for Δ2 < 0, the loop form
actually vanishes identically which is why T 4 is constrained
to have Δ2 > 0.
We will be constructing the canonical form of T 4 or of its

chambers. Using the parametrization in Eq. (3) one con-
structs a two-form fðc1; c2Þdc1dc2 that has logarithmic
singularity at the boundary of Eq. (1) and that of the
chambers. The canonical form is then uplifted into a g
invariant form by introducing YI

α ∈ Gr(4,8) where

YI
α ¼

X8
i¼1

Cα;i ·XI
i : ð6Þ

with X ¼ fZ1;1; Z1;2;…; Z4;1; Z4;2g. The original X can
then be identified as Xi ¼ Y⊥ ·Xi and

hi; ji ¼ ⟪Y;Xi;Xj⟫ ð7Þ

where ⟪ � � �⟫ takes the determinant of 8 × 8 matrix. Then
the canonical form is uplifted by identifying dc1dc2 ¼ dμY

Δ2

with dμY ≡Q
4
α¼1 ⟪Yd

4Yα⟫ and:

f�σ ðc1; c2Þdc1dc2 ¼ ω�
σ ðY;XÞdμY: ð8Þ

where σ labels the distinct chambers and � indicates the
two branches of the double cover (c1 > c2 and c2 > c1).
For the loop-form, one simply expand the loop twistors

ðAli
; BliÞ on any four external twistors Zs and compute the

4l-form that is the canonical form for Eq. (5), which we

denote asΩðlÞ�
σ . The potential for the correlation function is

then identified as GðX; YÞ through

GðX; YÞ ¼
X
σ;�

ω�
σ ðY;XÞΩðLÞ�

σ : ð9Þ

Finally as GðX; YÞ is itself conformal invariant, the infinity
twistor in Eq. (7) will cancel and one simply replace
hi; ji → x2i;j to recover the correlator in position space.
Before moving on to explicit forms, we comment that the

definition of the geometry in Eq. (4) combined with Eq. (5)
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enjoys an P4þl permutation invariance. While our triangu-
lation in terms of different chambers obscures this property,
it will emerge in the sum.

The tree geometry. We first consider the form associated
with the tree geometry T 4. Since the region is determined
by six inequalities hi; ji > 0, it is straightforward to obtain
the canonical form using the parametrization in Eq. (3). The
form associated with c1 > c2 is given as,

ð1 − c2 þ c1c2Þdc1dc2
ðc1 − 1Þðc2 − 1Þc1c2

; ð10Þ

and the form for c2 > c1 is obtained by simply exchanging
1 ↔ 2. The two forms are then uplifted to

ω�ðY;XÞ ¼
�
sþ tþ u�Δ

stu

�
⟪X1;X2;X3;X4⟫

4

Δ2
: ð11Þ

Note that this does not give the tree-level correlator. This is
not a surprise given that the loop-level correlators are not
proportional to the tree correlator. The prefactor
⟪X1;X2;X3;X4⟫

4 is necessary to balance the conformal
weight at each point, and will be universal for all-loop
geometries. This turns out to give the universal prefactor
Rð1; 2; 3; 4Þ for the four-point correlator as we show in the
Supplementary Material A [22].

One and two-loops.We now proceed with the loop-forms at
one and two-loops. At one-loop, we introduce a pair of
twistors ðZA; ZBÞ which can be expanded on any set of four
twistors in Z1;i and Z2;i. For example, we have

�
ZA

ZB

�
¼

�
1 x 0 −w
0 y 1 z

�
0
BBB@

Z1;i

Z2;i

Z1;j

Z2;j

1
CCCA ð12Þ

Then for any given point in T4 we can construct a canonical
form (4-form at one-loop) from the region defined in
Eq. (5). Since the boundary of the region simply correspond
to propagators, the loop-form can be naturally expanded on
local integrands. The topologies relevant up to three loops
are shown in Fig. 1.
At one loop, it turns out the loop-form for the two

branches is nothing but the four-mass box integral nor-
malized by (inverse) leading singularity �Δ for the branch
þ and − respectively

Ωð1Þ� ¼ �Δd4xa
x2a;1x

2
a;2x

2
a;3x

2
a;4

; ð13Þ

where the loop variable is denoted as xa. After combining
with the form for the two branches, the complete one-loop
form is then

X
�
ω�Ωð1Þ� ¼ ⟪X1;X2;X3;X4⟫

4 gð1; 2; 3; 4Þ
stu

; ð14Þ

where gð1; 2; 3; 4Þ represents the one-loop box integral.
Thus we see that Δs, which contains square root, is
canceled and we recover the well-known result of four-

mass box integral. Note that the combination gð1;2;3;4Þ
stu is

permutation invariant with respect to all five points xi
with i ¼ 1; 2; 3; 4; a.
Moving to two loops, the loop-forms are expressed as

linear combinations of the square of one-loop box and the
double-box integral, which we denote as

gð1;2;3;4Þ2 ≔ d4xad4xb
2x2a;1x

2
a;2x

2
a;3x

2
a;4x

2
b;1x

2
b;2x

2
b;3x

2
b;4

þða↔ bÞ;

hð1;2;3;4Þ≔ d4xad4xbx23;4
x2a;1x

2
a;3x

2
a;4x

2
a;bx

2
b;2x

2
b;3x

2
b;4

þða↔ bÞ; ð15Þ

where we have symmetrized the loop variables a, b; while
gð1; 2; 3; 4Þ is permutation invariant with respect to the 4
external points, hð1; 2; 3; 4Þ is symmetric under the
exchange of 1 and 2, as well as 3 and 4, so there are in
total 6 inequivalent permutations. What we find is that the
two-loop forms for þ and − regions are

Ωð2Þ� ¼ Δ2gð1;2;3;4Þ2 �Δðhð1;2;3;4Þ þ 5permÞ ð16Þ

The sum of two branches again produces the correct
integrand for two-loop correlators (with Δ canceled):

FIG. 1. Topologies of correlator integrands up to l ¼ 3. The
integrand E0ð1; 2; 3; 4Þ, collapsing the propagator x2b;4 of
Eð1; 2; 3; 4Þ, does not appear in the correlator but would be
used in the chamber’s loop-form.
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X
�
ω�Ωð2Þ� ¼ ⟪X1;X2;X3;X4⟫

4

stu
ððsþ tþuÞgð1;2;3;4Þ2

þðhð1;2;3;4Þþ 5permÞÞ ð17Þ

once again the integrand is proportional to ⟪X1;X2;
X3;X4⟫

4 and the combination in the bracket is in fact
permutation invariant with respect to six points xi
with i ¼ 1; 2; 3; 4; a; b.

Three-loops and chambers. Starting from l ¼ 3, we find
that the loop-form becomes dependent on kinematics. In
particular, besides the two branches, T4 can be dissected
into six different chambers depending on the ordering
of s, t, u, depicted in Fig. 2:

r1∶ s < t < u; r2∶s < u < t; r3∶t < s < u;

r4∶t < u < s; r5∶u < s < t; r6∶u < t < s: ð18Þ

The forms for these chambers can be computed straight-
forwardly. For example for r1 we have

ω�
r1 ¼

⟪X1;X2;X3;X4⟫
4

Δ2
×

�
1

sðt − sÞ �
Δ

sðt − sÞðu − tÞ
�
:

ð19Þ

This form reflects the boundary of the chamber, s¼0, s ¼ t
and t ¼ u. One obtains the form for other chambers by
permuting s, t, u. Summing over the six chambers, we can
recover the tree-form in Eq. (11).
(a) Loop forms and three-loop integrands The loop-form

for each chamber is now distinct, and we find a
remarkably simple formula for all six of them:

Ωð3Þ;�
ri ¼ Δ2Aσ3 � ΔðB − σ1ðCσ2 þ Cσ3Þ − σ2Cσ1Þ;

ð20Þ

where the σi’s appear in the inequality σ1 < σ2 < σ3 for
each chamber in Eq. (18). Thus Aσ3 for each chamber is
labeled by the largest s, t, u, and similarly for Cσi. The
building blocks above contain the following integrals:

As ≔ ½Hð1; 4; 2; 3Þ − E0ð1; 4; 2; 3Þ þ ð1; 4Þ ↔ ð2; 3Þ� þ ð3 ↔ 4Þ þ ghð1; 2; 3; 4Þ þ ghð3; 4; 1; 2Þ;
B ≔ Tð1; 2; 3; 4Þ þ Eð1; 2; 3; 4Þ þ 11 permsþ Lð1; 2; 3; 4Þ þ ðtþ uÞE0ð1; 2; 3; 4Þ þ 5 perms;

Cs ≔ 4ðE0ð1; 2; 3; 4Þ þ E0ð3; 4; 1; 2ÞÞ ð21Þ

with the explicit integrals given in Supplementary Material
B [22] and the functions with subscript t, u are defined as
Ot ¼ Osð2 ↔ 3Þ and Ou ¼ Osð2 ↔ 4Þ. For instance, the
loop-form for the chamber s < t < u is given by

Ωð3Þ�
r1 ¼ Δ2Au � ΔðB − sðCt þ CuÞ − tCsÞ: ð22Þ

Very nicely, by summing over the 6 chambers, of the

chamber-form times loop-form,
P

i;� ω�
i Ω

ð3Þ�
ri , one repro-

duces exactly the three-loop answer in [23].

(b) Positive maximal cut The way the local integrals
appear in the loop-form for each chamber can be
understood via the positivity of maximal cuts. Since
by construction, our loop-form can be expanded on a
local integrand basis, if a given topology is present,
that implies that its maximal cut must be positive in the
sense that the cut (loop) solution satisfies eq. (5). Such
criteria was also utilized in the Landau singularity
analysis for N ¼ 4 SYM [24].
All maximal cuts associated with topologies T, E, L

and E0 are always positive, hence they are present in
every chamber, i.e. the B building blocks in eq. (20).
The maximal cut of typologies H, gh are only positive
in the specific region of positive kinematic. For
example, the cut in Hð1; 2; 3; 4Þ, ghð1; 2; 3; 4Þ are
positive only when s is maximal, and thus appearing in
As building block. The presence of E0 is more subtle as
while its maximal cut is positive for all kinematics, the
value of the cut changes sign as one crosses the
boundaries of the chambers. This accounts for its
appearance being dressed with appropriate factors of
s, t, and u in front of Cσi building block.

(c) Leading singularities from chamber’s form As the
loop-form for each chamber is built as a canonical
form, this implies that the combination of integrands
in Eq. (20) are integrated to pure functions. Indeed

FIG. 2. Shaded region (left) shows positive kinematics where
Δ2 > 0. It splits into six chambers for l ¼ 3 (right). Axes are
cross-ratios v and w.
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in [25], the three-loop result is given in combinations of
logarithms and multiple polylogarithms, dressed with
rational prefactors of c1;2 that are leading singularities,
i.e., themaximal residue of the associated integrals. Our
result indicate that these leading singularities are in fact
linear combinations of the chamber forms.

It is straightforward to verify this. The leading singu-
larities that appear include

1

stuΔ
;

1

ðs− tÞtuΔ ;
sþ t

stuðs− tÞtΔ ;
1

stΔ2
;

sþ t
stuΔ2

ð23Þ
as well as their permutation with respect to s, t, u. Indeed
they can all be written as linear combinations of Eq. (19).
For example, we have

sþ t
stuðs − tÞtΔ ¼ 1

2

X
�

�
� X

i¼3;4;6

ω�
ri −

X
i¼1;2;5

ω�
ri

�
: ð24Þ

Other leading singularities can be similarly represented.

Loop forms on boundaries and lightlike limit. The loop-
forms in each chamber must satisfy global consistency
conditions. Given two chambers that share a boundary,
their loop-form must agree on the boundary For example,
the chambers r1, r3 share the boundary s ¼ t, and indeed
one finds

Ωð3Þ�
r1 js¼t ¼ Ωð3Þ�

r3 js¼t: ð25Þ

On the other hand, if the boundary shared by two chambers
resides in the region Δ2 < 0, then the loop-form should
vanish. For example, chamber 1 and 2 share the boundary
s < t ¼ u, which leads to Δ2jt¼u ¼ sðs − 4uÞ < 0. Indeed
on the boundary

Ωð3Þ�
r1 jt¼u ¼ Ωð3Þ�

r2 jt¼u ¼ 0: ð26Þ

The matching of loop-forms on the boundary also has
consequences on the lightlike limit of the geometry, where
the consecutive points become null separated. It is known
that the correlator then becomes dual to the square of the
amplitude [12–17]. We can take the lightlike limit by setting
the bitwistors to XIJ

i ¼ Z½I
i Z

J�
iþ1 with Z5 ¼ Z1. In this limit

s; t → 0 andu → 1 thus T4 collapse to a point. The geometry
then becomes the same as the four-point amplituhedron scans
sign flipping conditions. As discussed in [18], this geometry
indeed corresponds to the square of amplituhedron.

Conclusions and outlook. We have considered a positive
geometry that captures the all-loop planar correlator of
N ¼ 4 SYM. The construction utilizes the notion of
fibration, where one defines a positive space on which a
loop-geometry is attached to each point, and the latter in

turn dissects the base in distinct chambers. We have verified
the resulting loop-form combined with chamber-form
matches to known results up to three loops. An immediate
question is whether the chambers that emerged at three
loops suffice for dissecting the all-loop geometry. In a
separate work [26] we will provide evidence this is indeed
the case at four loops. This might be somewhat puzzling, as
some four-loop integrals are known to contain elliptic
polylogarithms (whose elliptic curves can be seen from
the corresponding maximal cuts). Yet our construction
implies that at any loop order, the answer should be given
by a product of chamber forms which are at most algebraic,
with some pure functions from integrating d log forms. It
would be interesting to clarify this, and to understand more
generally the meaning of chambers for both the correlator
and higher-point amplitudes in SYM/ABJM.
It is straightforward to generalize our construction to

higher points, which at least reduces to the correct squared
amplituhedron [18]. It would be highly desirable to see if it
continues to give the correct loop geometry for correlators
and the nature of higher-point chambers. Obviously, one
can make contact with the original proposal of correlahe-
dron [11] and understand the precise relation. The sepa-
ration of tree and loop-geometry also makes it natural to
decompose the latter into negative geometries originally
introduced in [27] (further discussed in [28–34]), making it
highly desirable to study loop integrations for these
negative geometries of the correlators and even consider
possible all-loop resummations. Moreover, given the hid-
den ten-dimensional symmetry presented in all-loop inte-
grands [35], it would be extremely interesting to consider
extending our geometries to incorporate correlators involv-
ing the infinite tower of half-BPS operators. Finally, by
construction our geometry is permutation invariant with
respect to the four external points, reflecting the properties
of the correlation function. It will be interesting to break it
down to cyclic invariant, while keeping the external points
spacelike separated. This would be the desired property of
Coloumb branch amplitudes, and might be closely related
to the construction of [36].
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