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We analyze the entanglement entropy between the black O-brane solution to supergravity and its
Hawking radiation. The black O-brane admits a dual gauge theory description in terms of the matrix model
for M-theory, named Banks Fischler Shenker Susskind (BFSS) theory, which is the theory of open strings
on a collection of N D-branes. Recent studies of the model have highlighted a mechanism of black hole
evaporation for this system, based on the chaotic nature of the theory and the existence of flat directions.
This paper further explores this idea, through the computation of the von Neumann entropy of Hawking
radiation. In particular, we show that the expected Page curve is indeed reproduced, consistently with a
complete recovery of information after the black hole has fully evaporated. A pivotal step in the
computation is the definition of a Hilbert space that allows for a quantum mechanical description of
partially evaporated black holes. We find that the entanglement entropy depends on the choice of a
parameter, which can be interpreted as summarizing the geometric features of the black hole, such as the
size of the resolved singularity and the size of the horizon.
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I. INTRODUCTION

Black hole physics presents several unsolved, puzzling
questions, and it is widely believed that answering those
questions would shed light on the quantum nature of
gravity. In particular, the problem of finding a unitary
process describing the formation and evaporation of a black
hole is pivotal for solving the black hole information
paradox [1], a long-standing problem in modern physics.
This idea can be made concrete in the context of the gauge/
gravity duality conjecture [2,3], in which one can study
black hole formation/evaporation in the dual gauge theory.
In this spirit, we focus in this note on the Banks Fischler
Shenker Susskind (BFSS) matrix theory. This is known to
represent the low energy limit of string theory on a stack of
Dy-branes. BFSS theory has been conjectured to describe
the discrete light cone quantization (DLCQ) of M-theory
[4,5], and many consistency checks have been performed
since the formulation of the duality. See e.g. [6-9] for
reviews. In this interpretation, M-theory objects, including
low energy degrees of freedom of 11-dimensional super-
gravity, are mapped into bound states of Dg-branes, held
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together by open strings stretched between them. In
particular, multiparticle states are represented by block
diagonal matrix configurations, which are possible because
the bosonic matrix theory potential has flat directions.
From a gauge/gravity duality viewpoint, the state in
which all the branes and open strings form a single bound
state, with eigenvalues clumped around the origin, has been
conjectured [10] to be dual to a black 0-brane or black hole
configuration in the "t Hooft large N limit, where the matrix
size N goes to infinity and the "t Hooft coupling 1 = g3, N is
kept fixed. Deviations from the large N regime represent
stringy corrections to the black hole. Within this interpre-
tation, the instability due to the flat directions of the matrix
theory potential is interpreted in terms of Hawking radiation,
namely the emission of D -branes that escape from the
bound state. Such a picture makes sense in light of the
M-theory interpretation of BESS theory, in which emitted
branes are mapped into massless particles, consistently with
the idea of a black hole emitting massless Hawking radiation.
Recently, it has been shown [11,12] that the emission of
Dy-branes in BFSS theory can be characterized by the
classical (high temperature) limit of the matrix theory. The
argument is based on the existence of flat directions in
the potential and the fact that the dynamic of the theory is
chaotic. The result is that black hole evaporation can be
fully resolved in terms of the emission of branes in the
matrix theory. The consequence is that the black O-brane
should not feature any loss of information after complete
evaporation. This paper aims to make this statement precise
and show that it is indeed correct, by looking at the
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entanglement entropy between the black hole and its
radiation. A key step will be to provide a quantum
Hilbert space description of the black hole evaporation
process, which will then allow us to compute the entangle-
ment entropy. The construction of the Hilbert space will be
similar to the one in [13]. The main difference with our
work is the implementation of time evolution on the Hilbert
space: while the authors of [13] consider the average over
an ensemble of Hamiltonians to show that, in general,
unitarity is not a necessary ingredient for the recovery of
information after the black hole has evaporated, we con-
sider unitary time evolution for a specific theory. The
entanglement entropy in matrix theory was studied in [14]
from the gauge theory point of view, where the extended
Hilbert space can be factorized. In the present work, the
factorization of the Hilbert space will be carried out in the
gravitational theory. Our central result will be to show that
the profile of the von Neumann entropy as a function of
time follows a Page curve, implying that the information is
fully recovered, after complete evaporation.

The paper is organized as follows. In Sec. II, we summa-
rize the mechanism put forth in [11] for black hole formation
and evaporation. In Sec. I1I, we characterize the Hilbert space
of the quantized black hole plus radiation system. This will
enable us to compute the entanglement entropy. The com-
putation is carried out in Sec. I'V, in which the Page curve for
the entropy is obtained. A more quantitative and model-
dependent description of Hawking radiation is presented in
Sec. V. This is based on the distribution of the largest
eigenvalue of the radial coordinate matrix, as proposed in
[11]. Finally, we conclude with a brief summary of the results
and outlook in Sec. VL

II. A MECHANISM FOR BFSS BLACK HOLE
EVAPORATION

As outlined in the Introduction, a duality exists that maps
the BFSS gauge theory into a theory of gravity. Within this
framework, the dual description of a bound state of N D-
branes on the gauge theory side is a black O-brane or black
hole, on the gravity side. As such, BFSS theory provides a
framework to study a black hole configuration for which
microstates can be represented in terms of matrix theory
quantities. BFSS theory is the dimensional reduction of
(9 4+ 1)-dimensional super Yang-Mills theory to O+ I-
dimensions, and the Lagrangian of the theory reads

1

L Tr| (DX 4 X!, X'

B 2LCJ%{M
+ WDy + T X ]| (1)
Here X/, 1 =1,...,9 are N x N bosonic Hermitian matri-

ces, D, = 9, — i[A,, -] is the covariant derivative, A, is the
U(N) gauge field, w*,a=1,...,16 are N x N real

fermionic matrices, and Fgﬂ are the left-hand part of gamma
matrices in (9 + 1)-dimensions. When the matrices X’ are
close to diagonal, the entries on the diagonal can be thought
of as describing the coordinates of the N Dg-branes in
spacetime, whereas off-diagonal terms represent inter-
actions through open string stretched between branes.
The bosonic potential, namely
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= 3 TX XP) )

has flat directions in which it vanishes. This allows for multi-
particle states in the M-theory picture, which are represented
by block diagonal matrices in the gauge theory side. The
presence of flat directions is also pivotal in the description of
the evaporation mechanism, as presented below.

In the rest of the section, we summarize important
features of the BFSS black hole, such as a mechanism
for black hole formation and evaporation. The presentation
will follow the arguments put forth in [11].

A. Black hole formation

The formation of the BFSS black hole state, namely a
single bound state of N Dj-branes clumped around the
origin and kept together by open strings, is made possible
by the fact that it is entropically favored compared to a
collection of N noninteracting branes. This is explained by
looking at the bosonic part of the BESS Lagrangian and, in
particular, considering the matrices X/, I = 1,...,9. When
D,-branes are noninteracting, the matrices X’ are diagonal,
thus sitting in the flat direction of the potential (2).
Considering that those are valued in the adjoint of
SU(N), the number of degrees of freedom for such a
noninteracting configuration is O(N). On the other hand, if
the Dy-branes are all interacting with one another and form
a bound state, off-diagonal elements are nonzero and the
eigenvalues (representing the position of branes) are
clumped around the origin. This corresponds to the case
in which the matrices are noncommuting, yielding a non-
zero interaction potential. In this case, each matrix con-
tributes O(N?) degrees of freedom. It follows that such a
configuration is entropically favored, being accounted for
by a larger number of degrees of freedom.

Black hole formation is, therefore, entropically favored.
Moreover, the matrix model is chaotic [11] meaning that,
for almost all initial conditions, the entire phase space will
be explored by the system over time. Therefore, eventually,
the system will explore the bound state described above,
leading to black hole formation.

B. Black hole evaporation

The same chaotic nature of the theory causes the black
hole to eventually evaporate. Since the system is ergodic, a
single Dj-brane can explore configurations in which it is
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located far away from the bound state of the remaining
N — 1 branes. This causes the degrees of freedom describ-
ing the interaction of the Dy-brane with all other bounded
Dy -branes to become heavy, as their mass is proportional to
the length of the string stretched between the branes. When
the mass becomes larger than the temperature, the classical
treatment of the theory (1) does not hold anymore and one
loop effects become relevant. In particular, it has been
shown [4,15] that at large distances a cancellation occurs:
attractive and repulsive forces compensate, heavy degrees
of freedom decouple from the dynamics and can be
integrated out to obtain an effective description of the
system (the comparison between such an effective theory
and graviton scattering in 11-dimensional supergravity has
provided a perturbative check of the BFSS conjecture).
Such a cancellation relies on contributions coming from
both the fermionic and the bosonic parts of the BFSS
potential. On reaching a certain threshold, the interaction
becomes very feeble and can be considered to be turned off.
We then say that a flat direction of the matrix theory
potential (2) opens up. We consider the D(-brane to depart
from the black hole when this happens, as the off-diagonal
terms in the corresponding row and column of the X/
matrices are vanishing, namely

X’ X L X/ 0
N decoupling Xgy,p, = s
X; Xp, 0 xp,

(3)

where X’ is the (N — 1) x (N — 1) matrix describing the
remaining N — 1 Dy-brane bound state/black hole. Hence,
we can consider the decoupled Dy-brane to be emitted by
Hawking radiation from the evaporating black hole.

The loss of the radiated D,-brane brings about a loss of
entropy of the black hole of the order O(N), due to the
decreasing of degrees of freedom, which implies that this
process is increasingly improbable as N increases. This has
been verified by [11], as the authors argue that the emission
rate of a Dy-brane from a N D-brane black hole is ~e™",
implying that the emission of a Dy-brane is suppressed at
large N. It is also argued that the emission of individual
branes is dominant compared to the emission of composite
states of k Dy-branes with 1 < k < N. As a consequence,
evaporation occurs as a sequence of single-brane emissions.

In the next section, we will provide a quantized descrip-
tion of the process of black hole evaporation which is
consistent with this thermodynamic treatment. This will be
the first step toward a derivation of the Page curve for the
entanglement entropy of Hawking radiation.

III. QUANTIZED SYSTEM DESCRIPTION

The BFSS black hole, as described above, is charac-
terized as a bound state of Dg-branes. In this scenario,
Hawking radiation is completely resolved as a unitary

process consisting of the emission of branes. As a conse-
quence, the evaporation process for such a Black Hole
should not feature any loss of information. The aim of the
following sections will be to confirm this statement. To do
so, we will provide a quantum Hilbert space description for
the emission of Dy-branes as a radiative process, and we
will calculate the von Neumann entanglement entropy of
Hawking radiation as a function of time. The expectation is
that this should reproduce a Page curve, consistent with the
recovery of information from Hawking radiation. We will
show that this is indeed the case. As a first step, we need to
define a suitable Hilbert space that allows for entangled
states of black hole and radiation. This will enable us to
construct the radiation density matrix and, hence, to obtain
the entanglement entropy for the radiation.

The mechanism for black hole evaporation outlined in
Sec. II can be given a Hilbert space description in a
quantum mechanical setting. In particular, we can consider
the Hilbert space proposed in [13], which we summarize in
the following. The total Hilbert space can be decomposed
in subspaces spanned by eigenstates of the Hamiltonian
with energies taking values in small microcanonical win-
dows [E — §E, E| with 6E < E, namely

H = ?HE,EE' (4)

The small smearing of the energy ensures that we do not
run into any divergences. Moreover, conservation of energy
implies that, once we fix the energy of the system, the
dynamics will never leave the corresponding Hilbert sub-
space. We can, therefore, focus on a single H g sz. This, in
turn, will be spanned by entangled states representing a
partially evaporated black hole, where a fraction E’ of the
total energy has evaporated into radiation. In other words,
‘Hpse can be decomposed in terms of factorized Hilbert
subspaces as

Heor = OHpnp-r @ Huar- (5)
E/

with the sum over E’ to be intended as a continuous
integral. Note that the factorization is performed in the
gravitational theory, and it corresponds to a factorization in
the target space in the language of [14]. In this case, emitted
D, branes are completely decoupled from the black hole,
due to the presence of flat directions, as described in Sec. II.
This ensures that the factorization in the gravitational
theory holds.

We consider a system of N Dj-branes which at t =0
form a pure black hole state (i.e. radiation is in the vacuum
state). Due to the finite probability for the black hole to
radiate a D,-brane, radiation states can be excited. As a
consequence, the wave function of the system at time ¢ will
be in a superposition, weighted by the probabilities of
emission of a given number of Dy-branes from an initial
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number of black hole Dy-branes. The maximum number of
emissions is N — 1 since the branes can be emitted until
only one is left. Then the superposition coefficients are
defined as the probabilities pq(), pi (1), p2(2), p3(7), ...,
py-1(t) of 0,1,2,3....,N—1 emissions, respectively.
These probabilities will be explicitly calculated in the
following.

To construct the density matrix, a definition of the black
hole and radiation states that span the decomposition (5) is
required. Black hole states are characterized by the number
of D-branes, the invariant energy (mass) in the black hole,
and a recoil momentum that compensate the total momen-
tum of emitted branes. We define these states to satisfy the
orthonormality condition:

where |N, E, p)gy is a black hole stat with N branes, energy
E, and recoil momentum p. Using this definition and the
decomposition (5), we can take a partial trace over the black
hole states of any operator A via

Apg = Trgy (A)

N rE
=3 [ax [ dpuutiox. plalix B ()
— Jo R

where E is the energy of the black hole at t = 0, i.e. the
total energy of the system, which is conserved in time. This
will be necessary in calculating the radiation density
matrix.

Similarly, we characterize radiation states in (5) with the
number of Dj-branes and the nine-momentum of each
brane. Forexample: |m; p(VEW, R ER) | plm=1) Elm=1),
pUMEM) 1 is a m Dy-brane radiation state, which must be
intended as a symmetrized product state of individual brane
states with fixed momentum. We wrote down the energy
dependency explicitly for later convenience, but this is in fact

fixed by the dispersion relation E()) = \/mh, + 702, These

states are also defined to satisfy the orthonormality condition:
|

1/2 E 5E SE
Pt
dE/d / d
Z Vo \/Vol A(?E P p

E—-
2(m—1 (m—l)’ ﬁ(m)E(m)>rad’ (9)

® |m; pVEU ),13(2)15(2)’ s

<1.13<1>E<1>, o POEO s BOED 500 )

/
! lm Z ]‘_[(3 m)y

ceS, i=0

where the sum runs over permutations of the radiation state
entries. In the following, we will leverage this Hilbert space
construction to calculate the density matrix of the system.
This will lead us to the computation of the entanglement
entropy.

IV. PAGE CURVE FOR THE BFSS BLACK HOLE

The system we want to analyze consists of a BFSS black
hole, i.e. a bound state of Dj-branes, which radiates by
emission of individual branes. At r = 0 the system is in the
initial state, namely a black hole in a pure state and
radiation in the vacuum state

E ~ 5 ~ 5
w(0)) = M/@WﬂmMMM
SOF K

1
V/6E\/Vol(K) L—_
(8)

The black hole pure state is a superposition of energy
eigenstates within a narrow microcanonical window. Recoil
momentum is also smeared within a compact subset
K c R® centered around p = 0 and with a small radius
op. Time evolution for the system is unitary; therefore the
overall state will remain pure. In principle, such a time
evolution is the result of the action of the BFSS
Hamiltonian, namely the Legendre transform of (1), in
the matrix theory, which results in the time evolution of the
initial state (8). However, a full description of the black hole
state purely in terms of matrix theory quantities is not
known; hence the action of the full Hamiltonian on this
state cannot be determined exactly. Therefore, we have to
resort to an effective description. In particular, we describe
the state at later times ¢ as the superposition of partially
evaporated black hole plus radiation states, the weighting
coefficients being by the time-dependent probabilities of
emission of branes, p;(¢). It follows that the state of the
system at time ¢ takes the form

NmEZE

Efn 7= >0 50)
BH

i=1

where EX,; is the black hole recoil kinetic energy and we defined
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: for m =0
g m (i) oo ,~
/ [dp)m = my fdQy) [ dE() EO(ED2 — m3, )1/ o
0

’

xé’(x >, E(i> - E§H) for m #0

where ng) is the nine-dimensional solid angle for each brane and the € function ensures that the energy extracted from the
black hole by radiation does not exceed the initial black hole mass. In particular, it ensures that the integral has support on a
compact domain, and therefore converges. The normalization constants a,,(E — 6E) are fixed by requiring

i (2)? / “ldpm = 1. (11)

Note that

N-1
Pun(1)a(E — 5E)* / / "
(D) = dEdE dp dp
()l (1)) mz() SEVoI(K) E—SE ”
1 : . E—F ' EV E
LS [ s - ﬁ(g(,,,))>5(E _f Z EO 4+ Z EY - EX + E§H)
m‘aesm m=0 .
x5<fo—5'—zﬁ("’ +35)
i i=0

Pu(t)an(E - 5E / / /
dE [ dp =1, 12
Z 5EVol sk p (12)

meaning that the state is properly normalized at all times.
Since the system is in a pure state given by (9), the density matrix of the system reads

p(t) = lw (D) (y (1)l (13)

and the normalization property (12) implies Trp(¢) = 1. To compute the entanglement entropy of the radiation, we need to
consider the partial trace of the density matrix (13) with respect to black hole states, thus obtaining the reduced density
matrix:

Prad(t) = TTBHP 1)

/ dx/ dpgy(m. x, plp(t)|m, x, p)gy
m (1) E - ~ [E-SE _
= 0)(0 dx | dp E — 5E)? dEdE' | dp’ d*/ dp)m™[dp)™
= D0(1)uel0) |md+2/ ¢ [ b et anE—on | i [ a5 [ apimiap

xé(x—E—i—ZE —|—EB> (x B+ Zm: +E§H> <,3_,§+zm:5(i>>5<5_,§/+zm:;<i>>
i=1 i=1 : -

x qlm; pYEW, LY ms pYED L

which can be simplified by solving the delta function integrals, thus obtaining

N-1 E—6E _
=Y pu(t)an(E - 5E) / [dp)m 7]
m=0 0

rad

We note that we can define superposition states for radiation with fixed particle number
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E-GE , o _ _
|i>rad = A [dﬂ<l)ai(E_5E)|l;p<1)E(1)7 . -7p(m)E(l)>rad,
(14)
which satisfy the orthonormality condition
rad<i|j>rad = 51',j' (15)

With this choice of basis, the density matrix takes a
particularly simple form

N-1
prad(t) = Zpi(t)rad|i><i|rad' (16)
i=0

As a consequence, computing von Neumann entanglement
entropy is straightforward, and it yields

N-1
=Y piOIn(pi(1).  (17)

i=0

S(t) - _Tr(prad( lnprad(t

and the purity of the radiation state is given by

N—

P(r) = =Tr(p2,(t pil (18)
i=0

All in all, we have obtained closed expressions for the
entanglement entropy and the purity of the radiation state in
terms of the probabilities p,(¢) of emitting Dy-branes by
Hawking radiation, namely the probability for flat direc-
tions of the matrix theory potential to open up. In the
following, we will obtain an explicit expression for those
probabilities. This will enable us to fully characterize the
profile of the entanglement entropy and purity as functions
of time.

We consider the emission of branes by Hawking radi-
ation (through the mechanism outlined in Sec. II) as a
sequence of radiative processes. Defining the mean emis-
sion time of a brane from a composed of N — i D-branes as
t;, the probability of no emission p is given by

po(t) = e™"/". (19)

We can use this to compute the probability of one emission
p;- This is given by

t
A / dT po(T)eT-/", (20)
0

pi(t) =

where A, is a 7-independent factor such that the probability
of one emission from N branes in infinitesimal time ot is
A, ot. This can be generalized to recursively determine the
probabilities p; of i emissions as

t
pit) = A, / dT p,_(T)el T/, (1)

where A; are t-independent factors such that the probability
of one emission from N — i + 1 branes in infinitesimal time
ot is A;ot. These factors are found by imposing the
consistency condition on probabilities

Zpi(f) =1 (22)

However, we cannot have more than N — 1 emissions, since
after emitting N — 1 Dy-branes, there is only one D-brane
left, meaning that the black hole has already evaporated
into N noninteracting branes. It follows that py(7) = 0;
hence ty_; — o0. As a consequence, Eq. (22) is translated
into

Ayoy / ATpyAT) =1-Y pi().  (23)
0 i=0

The condition (23) can be solved recursively to obtain the
normalization factor:

A = , (24)

and the steps leading to this equation are carried out
explicitly in the Appendix.

Having derived the emission probabilities, we now have
full access to the entropy and purity as functions of time,
Egs. (17) and (18), respectively, which we can plot for
different values of N. Assuming the timescale for the
emission of a brane from a partially evaporated black hole
to be

ti ~ eN_i (25)

as argued in [11], the results for the plots are shown in
Figs. 1 and 2. From these graphs, we come to the following
conclusions:

(1) Unitarity of the black hole evaporation process is
preserved since the entropy tends to 0 as ¢ — o0, i.e.
after the black hole has fully evaporated.

(i1)) The information that was lost after the creation of the
black hole is recovered after complete evaporation of
the black hole in the form of Hawking radiation in a
pure state. This is the behavior displayed in Fig. 2,
where we see that the purity of the radiation goes
back to O after evaporation.

(iii) The peak of the radiation entropy curve occurs at the
Page time. This is defined as the time for which the
black hole has radiated half of its mass. We note
that tp ~ O(ty).
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Entropy vs t/t, for N=2,4,6,8,10 DO-Brane BHs
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FIG. 1. Entanglement entropy for the radiation as a function of
time.
11 Purity vs t/t, for N=2,4,6,8,10 DO-Brane BHs
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it

FIG. 2. Purity of the radiation density matrix as a function of
time.

Note that the average number of emitted branes is

N-1
(n(0) =D kpi(1). (26)
=0

Moreover, by differentiating (21), we get

dpi(x)  pi(x) _ pi-1(x)
dx + t; N ti_y (27)

and, as a consequence

G =Y n0=(r). e

k=0 “k tn

Considering that the number of branes in the black hole is
given by ngy = N — n, it follows that

4 (1) = —<tl> (29)

If we ignore quantum fluctuations and restrict ourselves to
the classical picture presented in [11], Eq. (29) reads

di )
= e, 30
P (30)

where 77 = (ngy), which in turn implies

i ‘
/ dne" = / —dt => t=eV — . (31)
N 0

If #,, is the half-life of the black hole,

t1/2 €N - €N/2 _
t—ziN:l—eN/z. (32)
0 e
Hence, as N — oo,
1
a2y, (33)
Ty

namely, the black hole half-life is equal to #; in the large N
limit. The analogous quantity to the half-life in our
quantum picture is the Page time, and we see that the
classical approximation captures the #p ~ O(#,) behavior
that we observed in our analysis. This can be seen as a
consistency check of the classical limit in [11], since
qualitative features such as the scaling of the Page time
with 7, do not change dramatically in the quantum picture.
Of course, this is not the end of the story. Describing the
black hole state and its radiation purely in terms of matrix
theory quantities would provide us with a full under-
standing of the problem and, therefore, remains an inter-
esting route to investigate.

V. A QUANTITATIVE ESTIMATE OF THE
EMISSION TIME

The approximate form of the mean decay time given in
[11], namely 7 ~ " where N is the number of D-branes in
the black hole, is inferred from the relation

trets, (34)

where AS is the entropy difference of the (BH + no
radiation) and the (BH + 1 brane) configurations. A more
quantitative estimate for the entropy difference can be
found by considering the distribution of the largest eigen-
value of the matrix R = /X, X/, defined in terms of the

BFSS position matrices X/. This was also computed in
[11], where they show that it takes the form
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, (35)

p(r)~(/1T)—1/4.{ r ]—SON—B)

(AT)/*

where 1 = Ng%,, is the 't Hooft coupling and we are
considering the theory at finite temperature 7. Here p(r)
can be thought of as the distribution of the radial coordinate
of the Dy-brane furthest away from the black hole. The
distribution (35) represents the leading contribution in the
large N limit and might be affected by O(%;) corrections at
finite N. Since, as described in Sec. III, we are restricting to
a micro canonical window, we can write the entropy of a
state as S = log(€2) where Q is the phase space volume
corresponding to the Dy-brane configuration of the state. In
particular, the entropy of the configuration in which no
brane has been emitted, which we denote by S_, is
computed from the phase space integral of the distribution
(35). The limits of integration must be chosen to ensure that
the D,-brane whose radial coordinate is distributed accord-
ing to (35) is the furthest away from the singularity while
still interacting with the black hole. Hence, we translate the
statement of r being the largest eigenvalue of the radial
coordinate matrix as the lower bound of integration in (36).
Then, ry is the average radius of the region occupied by the
bound state of the remaining N — 1 branes. R is the radius
at which the Dy-brane is considered to decouple. It follows
that, in this case,

eS< = C/R drp(r), (36)

0

where the factor C accounts for the phase space in the
remaining eight directions and is, therefore, independent of
the radial coordinate. Similarly, the entropy of the con-
figuration in which a Dy-brane has decoupled from the
black hole is determined through the equation

eS- = CAOO drp(r), (37)

where S. is the entropy for such a configuration. Hence,
the suppression factor is given by

oS- r’jx‘g(ZN‘3)dx

oAS — _
5. T oo ,—8(2N-3)
e [ex dx

— o(BaN-3)~1)log(R/ro) _ 1.

(38)

The above corresponds to the mean emission time of a
brane from a bound state of N Dj-branes. Indeed this
corresponds to a more quantitative version of (25), which
yields

1, — o(8RN=1=-3)=D)log(R/ro) _ | (39)

as a mean emission time.

Entropy vs t/t, for N=4

——Eq4.17
a=1
a=1.5
—a=2
a=2.5

5
tt,

FIG. 3. Refined entropy vs time graph for a 4 DO-brane BH.
Equation (39) is the mean emission time with a = 1,1.5,2,2.5
and is compared with the curve when considering Eq. (25) as the
mean emission time.

Having obtained a more quantitative estimate for the
emission times, Eq. (39), we now repeat the analysis carried
out in Sec. IV and compute a refined version of the Page
curve. To this end, it is useful to define the new parameter

a=161In(R/ry). (40)

We plug Eq. (39) in (17), and we look at plots of the
entropy as a function of time. Those are shown in Figs. 3
and 4 for different values of the parameters. From the
graphs, we infer the following:

(i) As before, the entropy comes back to O after the
evaporation of the black hole for all cases, showing
the expected Page curves. Again the BFSS black
hole represented with our model does not feature any
information loss.

Entropy vs t/t, for N=2,4,6 with a =2

— N=2
—— N=4
—N=6

Entropy

5
tit,

FIG. 4. Refined entropy vs time graph. The plot shows entropy
graphs obtained by considering Eq. (39) as the mean emission
time equation with @ =2 and N = 2,4, 6.
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(i) The Page time reduces with an increase in a. This
matches with the conclusions one can draw from the
half-life of the black hole in the classical limit,
given below.

(iii) As a increases, the entropy reduces at all times.

In this case, the classical limit of Eq. (29) reads

dn -1
a__ = 41
dt et 1 (41)

where a = 161n(R/r,) and b = 22 Applying the appro-

priate boundary conditions, we get

t = l (eaN—b

— e ) — N + 7, (42)
a

which implies for the black hole half-life

1 N
t1/2 = ; (EuN_h - e“%_h) - 5 . (43)
Hence, the ratio % is given by
11/2 B eaN—b _ ea%—h _ % (44)
to  aleN-P —1)

In particular, we note that as a increases, this ratio
decreases. Moreover, for large values of N

i — 1 (45)
o a ’

which is consistent with what we observe for the Page time
in Fig. 3. Once again, the classical approximation captures
the qualitative features that we observe in the quantum
system.

All in all, we obtained a profile for the entanglement
entropy as a function of time which depends on the features
of the black hole state through the parameter a.

VI. CONCLUSION AND OUTLOOK

In this paper, we have considered the black O-brane
solution to supergravity, which is dual to BFSS matrix
theory, and we have computed the entanglement entropy of
Hawking radiation. The presence of a gauge theory dual
allows for a microscopical description of the black hole
evaporation mechanism. In particular, the black hole state is
dual to a bound state of branes clumped around the origin
and held together by open strings. Evaporation is then
caused by the emission of branes which run astray from
the clump. Flat directions in the potential, together with the
chaotic nature of the theory, make this possible, as the
interaction between branes is turned off at a large distance
due to a supersymmetric cancellation. The process of

evaporation is, therefore, fully resolved in terms of unitary
evolution in the dual gauge theory description and no
information should go missing after the black hole is
completely evaporated. We checked this statement by
computing the entanglement entropy resulting from quan-
tizing the radiation process and showed the expected Page
curve is indeed reproduced. The computation is based on
assuming the Hilbert space to factorize into partially
evaporated black hole plus radiation configurations. We
then considered a more quantitative description of the rate
of emission of branes based on the distribution of the
largest eigenvalue of the radial coordinate matrix R =

/XX, proposed in [11]. Hence we found a more refined
version of the entanglement entropy as a function of time,
which also reproduces the desired Page curve. As such, this
computation confirms the fact that the mechanism put forth
in [11,12] for Dy-branes emission indeed represents
Hawking radiation in the gravitational dual description.

Interestingly, the quantitative estimate for the entangle-
ment entropy presented in Sec. V depends on the parameter
a in (40), roughly characterizing the size of the black hole.
To make a connection with the geometric interpretation
presented in [11], ry, which is the size of the N D,-brane
clump, can be thought of as the size of the resolved
singularity, whereas the radius R, representing the distance
at which branes are considered to decouple and be emitted,
might characterize the black hole horizon. It would be
interesting to further probe this connection.

The mechanism for quantum evaporation we considered
is the quantized version of a classical process. As such, our
results stand as an important consistency check for the
interpretation of a bound state of Dy-branes as an evapo-
rating black hole. However, a fully quantum description of
black hole evaporation, as well as of the black hole state
itself, is not known. An interesting route to explore would
be to try to fully determine the black hole state in terms of
matrix theory quantities. This would certainly improve our
understanding of the entanglement entropy to include O(;)
corrections and would shed light on the geometric inter-
pretation of the model.
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APPENDIX: NORMALIZATION FACTOR FOR
PROBABILITIES

In this section, we provide a proof by induction of
Eq. (24), namely that the correct normalization factor for
probabilities is A; = i V i=1,...,d. We proceed by
induction on d = N — 1. For d = 1, we simply integrate
Eq. (23)

pmwmmlvdozl—mm. (A1)

Using po(t) = e™"/0, we get A; = 1/t,. Now, assume that
Eq. (24) holds for i =1,...,d. We have to prove that
Agy1 = 1/1t4. For this, consider Eq. (21), which we rewrite
here for convenience, under the induction hypothesis

1 X
pi) = [Cdipaen. (A2)
i-1.J0
Differentiating the above yields
dp; i
pl(x)+pl(x) :pz l(x) (AS)
dx ti ti—l

To find A4, we consider Eq. (23), which now reads

Aggr Ax dipy(t) =1 - Zpi(x)-

We differentiate the above with respect to x, and we obtain

Agp1pa(x) = — dec;)(cX) = Zp,(x)

£ t

d

_Zpl_](X):pd(X)7 (AS)
i—1 1y tq

which implies

(A6)

Adp = —
d+1 P

as required.
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