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We investigate the relation between the emergence of a dilaton in gapped (confining) field theories, and
the presence of either complex fixed points or instabilities in the strongly coupled dynamics in two classes
of bottom-up holographic models. We demonstrate that in one of the two classes there is a critical line of
first-order phase transitions (at zero temperature) that terminates at a critical point. We calculate the mass
spectrum of fluctuations of the associated regular gravity backgrounds, which we interpret as bound states
in the dual field theories. In proximity to the second-order phase transition, we find a parametrically light
scalar state, and its composition leads us to identify it as a dilaton.
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I. INTRODUCTION

The dilaton is the particle associated with the sponta-
neous breaking of approximate scale invariance [1]. The
Higgs boson itself [2,3] is a prominent example of an
approximate dilaton. Its couplings, which determine pro-
duction cross sections and decay rates, all descend from
this fundamental, symmetry-related, property. A composite
dilaton has been advocated to also emerge in special
strongly coupled field theories [4], in particular in the
context of certain models of dynamical electroweak sym-
metry breaking [5–8]. The problem of establishing which
strongly coupled theories admit a dilaton in their composite
spectrum has important implications, both theoretical and
phenomenological in nature [9], and has inspired a flurry of
studies [10–16], particularly in view of the Large Hadron
Collider program [17–23]. Yet, given the inherent difficulty
of treating strongly coupled theories, there is no clear
consensus in the field theory literature on the emergence of

a dilaton as a composite state (see, for instance, the
arguments in Refs. [24–27]).
In a parallel development, the lattice community has

uncovered evidence of an anomalously light scalar particle,
a flavor singlet, in the spectrum of composite states in
various theories [28–41]. In all these cases, it is tempting to
identify such a light state with the dilaton. This finding has
renewed interest in the study of dilaton effective field
theory (dEFT), the low-energy description of the dilaton
coupled to the pseudo–Nambu-Goldstone bosons (PNGBs)
of the theory [42–55]. Possible phenomenological appli-
cations of dEFT range from new dark matter models [56] to
composite Higgs models in which the Higgs boson is one
of the PNGBs [57–59],1 as highlighted in Refs. [68,69], by
building on the ideas in Refs. [70–72].
The phrase approximate scale invariance is used to draw

an analogy between the dilaton and the PNGBs associated
with approximate continuous internal symmetries. In dEFT
terms, the dilaton emerges when the spontaneous breaking
of scale invariance dominates over its explicit breaking.
Unfortunately, this requires tuning the dEFT, which in turns
demands a dynamical explanation. Historically, the slowing
down of the renormalization group (RG) flow (walking
dynamics) in the underlying theory has been invoked as a
microscopic explanation of such phenomena, already in the
early papers on the subject [5–7].
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In this regard, a link between the elusive concept of
approximate scale invariance and the classification of phase
transitions in field theories was put forward in Ref. [73].
There, walking dynamics was presented as a consequence
of the presence of a conjugate pair of complex fixed points
(FPs) in the vicinity of the RG flow of a theory. Later, in
Refs. [74,75] it was proposed to think of the physics at the
complex FPs as described by complex generalizations of
conformal field theories (CFTs). Within this approach, one
aims at understanding properties of the real flow from the
study of perturbations of the complex CFTs.
A major obstacle in dealing with these questions is the

strongly coupled character of this phenomenon. It is therefore
natural to address them using the gauge/gravity duality (also
known as holography) [76–79], which provides an alter-
native framework to analyze field theories beyond their
perturbative regime. In holography, the physics of special
strong-coupling field theories can be understood in terms of
classical gravitymodels living in higher dimensions.Already
in Ref. [73] it was argued that the instability of a gravity
theory with approximately anti–de Sitter (AdS) geometry
coupled to fields with mass just below the Breitenlohner-
Freedman (BF) unitarity bound [80] reproduces the physics
of complex FPs, including Berezinskii-Kosterlitz-Thouless
phase transitions and walking dynamics. Concrete realiza-
tions of this mechanism in string theory exist, starting with
Ref. [81].On the other hand, a different holographic proposal
that does not rely on violating the BF bound but on a
realization of the gravity dual of the complex CFTs through
complex geometries was introduced in Ref. [82].2

In this paper we exploit the holographic approach to
investigate the presence of a light dilaton in situations
where strong-coupling effects lead to the emergence of a
mass gap (e.g., in confining field theories). Confinement
admits a geometric realization in gravity duals, in terms
of a portion of internal space smoothly shrinking to zero
size [84–87]. Based on simple realizations of these ideas
in models that are not derived from fundamental theories
of gravity (bottom-up holography), early phenomenologi-
cal studies highlighted that under special conditions the
spectrum contains a light state, the radion [88–94]. This
particle has the properties of the dilaton. Yet, these earlier
examples do not capture the dynamics of confinement in
four dimensions, which historically was argued to prevent
the existence of a dilaton [24,25]. A plethora of studies
addressed the question of whether it persists in more realistic
holographicmodels [95–105], possiblywithin a fundamental
theory [106–112]. References [99,101] showed that the
existence of a light state is not a generic feature.
We propose and analyze a new class of holographic

models (dubbed model A later in the paper), in which the
scalar potential admits at the same time a runaway direction

that models confinement in the dual theory, along the lines
of Refs. [113,114], as well as (complex) critical points—
dual to complex CFTs. When these critical points are close
to the real axis, the RG flow slows down when passing in
between, giving rise to a hierarchy of scales with character-
istic Miransky scaling [115], as detailed in [82]. The
physics is quasiconformal in this region, so it is natural
to look for a light dilaton in the spectrum of the model.
Varying the position of the complex CFTs, we find choices
for which there is indeed a light scalar state. Confinement,
hence, does not always lift the mass of the lightest state.
However, in the body of the paper, we critically discuss

the limitation of this class of models. It does not appear that
the light scalar state found in the spectrum for backgrounds
in model A is due to the presence of complex CFTs close to
the RG flow of the field theory, before leading to confine-
ment. Rather, we find that a light scalar appears in regions
of parameter space near special types of classical insta-
bilities, at the boundaries of the phase space of model A
where their interpretation in field theory terms is uncertain.
In order to expose the relation between these findings and
the nature of possible phase transitions, we must build and
analyze alternative models.
To this purpose, we build a class of regular backgrounds

dubbed model B, in which confinement is modeled by the
smooth shrinking to zero size of a portion of internal
space [84]. For the region of parameters relevant to our
discussion, no instance of violation of the BF bound or
proximity to complex CFTs is realized. Yet, these models
possess classical instabilities in the gravity theory. Examples
of one-parameter families of nonsingular (super)gravity
solutions of this type have been found [116–118], even in
simpler bottom-up models [119]. In all of these, the mass of
the lightest scalar in the spectrum continuously depends on a
tunable parameter, which may be dialed to approach a
tachyonic instability. However, a careful analysis reveals the
presence of a first-order phase transition which prevents the
approach to this instability. Hence, the scalar particle cannot
be arbitrarily light in the physical region of parameter space.
Nevertheless, there is no known reason why the first-

order transition should be strong. We construct model B by
borrowing the five-dimensional action from Ref. [120],
which has been used for other purposes in Refs. [121–126].
Thanks to those studies, it is known that this model may
lead to the required phase structure: in the relevant region of
parameter space, there is a line of first-order phase
transitions that become weak, and it eventually disappears
into a crossover. At the end of the line, the transition is
second order and a critical point is encountered. As we shall
see, in the vicinity of this critical point, the spectrum of
bound states of the dual field theory contains a light scalar
particle. We also present evidence to support the claim that
this particle can be appropriately called a dilaton, which is
the main new result of the study reported here.

2This approach can also lead to multiple hierarchies; see
Ref. [83].
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The paper is organized as follows. In Sec. II we present
and analyze model A. We identify regions of parameter
space in which a light scalar state emerges. These happen to
be located in proximity to a boundary in parameter space,
across which the nature of the gravity background solutions
changes qualitatively. This is reminiscent of the findings in
Refs. [116–118], and points to the existence of phase
transitions, but we cannot determine their location and
nature. We demonstrate that these findings are not directly
related to the proximity of complex FPs to the RG flow
trajectories in the dual field theory. In Sec. III, we introduce
model B,withinwhich regular confining geometries exist. A
light state appears in the spectrum of fluctuations in the
vicinity of a critical point bearing clear evidence of a second-
order phase transition. We also show that the light scalar
is an approximate dilaton, to which purpose we analyze its
composition by comparing the calculation of the spectrum
performed with and without including the effects of back-
reaction on the metric. We summarize our results in Sec. IV,
and relegate the more technical details to the appendices.

II. MODEL A: SOFT-WALL CONFINEMENT
AND COMPLEX FIXED POINTS

The first class of models we consider is defined by a one-
scalar coupled to gravity in five dimensions, and by the
choice of a scalar potential that leads to background
solutions in which the long-distance dynamics of the dual
theory mimics a confining field theory—or, at least, a
gapped theory. To this purpose, we borrow ideas from
Ref. [114], in order to make a representative choice of the
potential. We then study the asymptotic behavior of the
classical backgrounds, and present numerical examples of
solutions that we interpret as providing the gravity dual
description of such (putative) gapped field theories. We
classify the properties of the solutions of interest, in
particular the monotonicity of the background scalar field,
and perform a local stability analysis by computing the
spectrum of fluctuations.

A. Models of type A

We consider gravity minimally coupled to a real scalar
field, ϕ, on a five-dimensional manifold, M, with action

S¼ 1

16πG5

Z
M
d5x

ffiffiffiffiffiffi
−g

p �
R−

1

2
gmn

∂mϕ∂nϕ−VAðϕÞ
�
þSbdy;

ð1Þ

where

Sbdy ¼
1

16πG5

Z
∂M

d4x
ffiffiffiffiffiffi
−h

p
½2K þ 4λAðϕÞ�: ð2Þ

In these expressions, G5 is the gravitational constant in five
dimensions, R is the Ricci scalar of the bulk metric gmn, and

g is its determinant. We denote by Sbdy boundary terms
localized on ∂M, the (regularized) conformal boundary of
the asymptotically AdS manifold, M. They are needed to
render the on-shell action finite and the variational problem
well defined [127]. They include the Gibbons-Hawking-
York (GHY) term, proportional to the extrinsic curvature,
K, and a boundary-localized potential, λA. Throughout this
paper, we use the mostly plus signature for the metric. In
this section, Latin indices m; n;… denote five-dimensional
bulk directions, while Greek indices μ; ν;… are used for
directions on the four-dimensional boundary. The equa-
tions of motion following from the action in Eq. (1) are

Rmn −
1

2
gmnR ¼ 1

2
∂mϕ∂nϕ −

1

2
gmn

�
1

2
ð∂ϕÞ2 þ VAðϕÞ

�
;

∇2ϕ ¼ ∂ϕVAðϕÞ: ð3Þ

In this section, we choose a scalar potential VA that
satisfies the relations

∂ϕVAðϕÞ ¼
M2

α

�
ϕ2

ϕ2
c
− 1

��
ϕ2

ϕ�
c
2
− 1

�
sinhðαϕÞ;

VAð0Þ ¼ −
12

L2
; ð4Þ

where ϕc ¼ ϕr þ iϕi is a complex constant (ϕr;i ∈R), M2

and α are real constants, and L is the radius of curvature of
the asymptotically AdS solutions we construct. Since
Eq. (4) is independent of the sign of α, we take α > 0
without loss of generality. The potential enjoys a Z2

symmetry under the transformation ϕ → −ϕ and has a
UV FP at ϕ ¼ 0. Moreover, it has extrema at complex
values of the field ϕ ¼ �ϕc and �ϕ�

c, giving rise to
complex AdS solutions that have been conjectured to be
dual to complex CFTs [82].3 It can be seen that, when these
extrema are close to the real axis, that is, ϕi ≪ 1, the
physics is approximately conformal and moreover an
exponential hierarchy of scales is generated as dictated
by Miransky scaling.
By integrating ∂ϕVAðϕÞ, we find the potential

VAðϕÞ ¼
M2

α2jϕcj4
��

ðϕ2 − ϕ2
cÞðϕ2 − ϕ�

c
2Þ þ 12ϕ2

α2

−
2

α2
ðϕ2

c þ ϕ�
c
2Þ þ 24

α4

�
coshðαϕÞ

−
2

α

�
2ϕ2 − ϕ2

c − ϕ�
c
2 þ 12

α2

�
ϕ sinhðαϕÞ

þ 2

α2
ðϕ2

c þ ϕ�
c
2Þ − 24

α4

�
−
M2

α2
−
12

L2
: ð5Þ

3There are also complex extrema at ϕ ¼ nπi=α with
n∈Znf0g. These do not play a role in the discussion.
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Expanding in powers of small ϕ, one finds VAðϕÞ ¼
−12L−2 þM2ϕ2=2þOðϕ3Þ, and hence we identify M2 ≡
−Δð4 − ΔÞL−2 as the mass squared of the scalar field,
which is related to the scaling dimension,Δ ≤ 4, of a scalar
operator O in the dual quantum field theory (QFT). For
large positive values of ϕ, the potential diverges exponen-
tially as

VAðϕÞ ≈
M2

2α2jϕcj4
ϕ4eαϕ þ… ð6Þ

We seek solutions to the equations of motion (3)
preserving Poincaré invariance in the dual field theory, a
requirement that can be satisfied by adopting the following
ansatz:

ds2 ¼ L2

z2
½dz2 þ fðzÞημνdxμdxν�; ϕ ¼ ϕðzÞ; ð7Þ

where ημν is the four-dimensional Minkowski metric. The
coordinates xμ can be interpreted as the coordinates in the
dual field theory, while z is the holographic radial coor-
dinate, with z ¼ 0 the conformal boundary. The nontrivial
components of the equations of motion (3) become

z
f0

f
−
z2

4

f02

f2
þ z2ϕ02

24
−
L2

12
VA − 1 ¼ 0; ð8aÞ

z2
f00

f
− 3z

f0

f
þ z2ϕ02

6
þ L2

3
VA þ 4 ¼ 0; ð8bÞ

z2ϕ00 þ
�
2z

f0

f
− 3

�
zϕ0 − L2

∂ϕVA ¼ 0; ð8cÞ

where primes indicate derivatives with respect to z. These
equations are not independent; Eqs. (8a) and (8b) together
imply (8c). Note that the equations of motion are invariant
under the rescaling f → Ω2f with constant Ω, correspond-
ing to the freedom to rescale the field theory coordinates
xμ. They are also invariant under the constant rescal-
ing z → Ωz.
The equations of motion (8a) and (8b) can be combined

to yield

z

�
zf0

f

�0
þ z2ϕ02

3
¼ 0; ð9Þ

which shows that �
zf0

f

�0
≤ 0; ð10Þ

implying that zf0=f is a monotonically decreasing function
of z. This inequality can, equivalently, also be derived from
the geometric form of the null energy condition. In the far

UV (small z), we generically expect ϕ ≃ Λz4−Δ, where Λ is
fixed by the boundary conditions and interpreted as the
source for the scalar operator dual to ϕ. Solving Eq. (9)
asymptotically at small z, subject to the boundary condition
fð0Þ ¼ 1, we then find that fðzÞ ≈ 1 − Λ2

12
z2ð4−ΔÞ. The

factor in brackets in Eq. (10) is then

zf0

f
≃ −

ð4 − ΔÞΛ2

6
z2ð4−ΔÞ; ðsmall zÞ: ð11Þ

Since this is negative, and since Eq. (10) implies that zf0=f
is a decreasing function of z, we conclude that zf0=f is
negative for all values of z > 0. Furthermore, since z and f
are themselves non-negative, we conclude that f must be a
decreasing function of z,

f0ðzÞ ≤ 0: ð12Þ

Finally, Eq. (8), which is quadratic in f0=f, admits one
solution with f0=f ≥ 0 and another solution with f0=f ≤ 0.
From Eq. (12) one sees that the latter is the one consistent
with the asymptotically AdS boundary conditions. We can
then substitute this solution for f0=f into Eq. (8c) to recast
the equations of motion in nested form:

z2ϕ00 þ zϕ0
 
1−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ϕ02−2L2V

6

r !
−L2

∂ϕV¼ 0; ð13aÞ

zf0 −

 
2 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ϕ02 − 2L2V

6

r !
f ¼ 0: ð13bÞ

This form of the equations of motion will be useful for
constructing numerical solutions.

B. Asymptotic behavior of solutions

As hinted at while introducing model A, we do not
consider all possible solutions of the background equations,
for all possible choices of the parameters. Rather, we isolate
a class of solutions that are representative of the gravity
duals of field theories of interest. We hence find it useful to
classify these solutions by discussing their asymptotic
behavior, in the region of the holographic direction, z,
corresponding to the far UV and deep IR regimes in their
dual field theory interpretation.

1. Ultraviolet asymptotics

From here on we set the mass of the scalar field, ϕ, such
that M2L2 ¼ −3, implying that the operator O dual to the
field ϕ has scaling dimension Δ ¼ 3. The equations of
motion (8) then admit solutions which behave near the
asymptotically AdS5 boundary (at small z) as
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fðzÞ ¼ 1 −
Λ2

12
z2 þOðz4 log zÞ; ð14aÞ

ϕðzÞ ¼ Λzþ
�
2 − 3α2 þ 18

ϕ2
c
þ 18

ϕ�
c
2

�
Λ3

12
z3 logðjΛjzÞ

þΦz3 þOðz5 log zÞ; ð14bÞ

where Λ and Φ are integration constants. We have used the
freedom to rescale f in order to set fð0Þ ¼ 1. All other
coefficients in the expansions are fixed by the equations of
motion. The constant Φ determines the one-point function
of the scalar operator O dual to ϕ; as we show in
Appendix A 1 we may choose a renormalization scheme
in which

hOi ¼ −
a
4
Φ; a≡ L3

2πG5

: ð15Þ

Here, a is the coefficient of the Euler density appearing
in the Weyl anomaly of the dual field theory [128],4 and
may thus be thought of as a measure of the number of
degrees of freedom. In the same renormalization scheme,
the renormalized on-shell action is

S⋆ren ¼
a
16

ΛΦ volðR3;1Þ; ð16Þ

where volðR3;1Þ denotes the (regularized) volume of four-
dimensional Minkowski space, arising from the integrals
over the field theory directions.

2. Infrared asymptotics

Inspired by Refs. [113,114], we seek solutions for which
fðzÞ vanishes at some z ¼ z0. To determine possible
asymptotics near z ¼ z0 it will be convenient to use the
equations of motion in the nested form of Eqs. (13a)
and (13b). We require f0ðzÞ=fðzÞ → −∞ at z ¼ z0, and
hence Eq. (13b) implies that we should seek singular
solutions to Eq. (13a) that have ϕ → �∞.5 We find that

e�αϕðzÞ ¼α2ð8−3α2Þjϕcj4
36

1

ð1−z=z0Þ2½logð1−z=z0Þ�4
þ��� ;

fðzÞ¼fIR

�
1−

z
z0

�
4=3α2

				 log
�
1−

z
z0

�				16=3α
2

þ���; ð17Þ

where fIR is an integration constant, and the ellipses stand
for terms that vanish for z → z0. The reality condition on ϕ
implies that these solutions only exist for α2 < 8=3.
Depending on the sign chosen in the exponent of
e�αϕðzÞ, in Eq. (17), we find that ϕ → �∞ as z → z0.
These two possibilities are related by the Z2 symmetry of
the potential in Eq. (5).
Since we are interested in cases when the dual field

theory exhibits a mass gap, we must restrict our attention to
potentials with α2 ≥ 2=3. This criterion [113,114] is
weaker than demonstrating confinement in the dual field
theory. It can be derived by noting that the geometry defines
a mass scale, μ, through the relation [129]

μ−1 ¼ 2

Z
z0

0

dzffiffiffiffiffiffiffiffiffi
fðzÞp : ð18Þ

Physically, μ−1 is the time it takes a massless particle to
travel from a point at z ¼ 0 to z ¼ z0 and back, as measured
by an observer at the conformal boundary at z ¼ 0. When
α2 < 2=3, one finds that fðzÞ vanishes faster than ðz0 − zÞ2
as z → z0, the integral on the right-hand side of Eq. (18)
diverges, and hence μ is undefined. On the other hand,
choosing 2=3 ≤ α2 < 8=3 leads to a finite μ that sets the
scale of the mass gap.
We conclude this subsection with a digression. For

completeness, we report here that we also found a second
class of IR asymptotic solutions to the equations of motion,
in which the leading-order behavior of the fields is

eϕðzÞ≈
eϕIR

ð1− z=z0Þ�
ffiffiffiffiffiffi
2=3

p ; fðzÞ≈fIR

�
1−

z
z0

�
1=2

; ð19Þ

where fIR and ϕIR are integration constants. We disregard
these solutions in the remainder of the paper since they
exhibit a bad singularity by the criterion of Ref. [130],
namely the asymptotics of fðzÞ are such that an extra, IR
boundary condition must be imposed to fix fIR.

C. Solutions

To construct the backgrounds of interest to this paper, we
first construct asymptotic solutions to the equations of
motion (13) near the end of space, z ¼ z0, with leading-
order behavior as in Eq. (17). Defining, for convenience,
s ¼ − logð1 − z=z0Þ, we find that such an asymptotic
solution takes the following form:

4If we place the field theory dual to our gravitational system on
a curved spacetime, then the trace of its stress tensor is [128]

hTμ
μi ¼ −

L3

2πG5

ðEð4Þ þ Ið4ÞÞ;

where Eð4Þ ¼ 1
64
ðRμνρσRμνρσ − 4RμνRμν þ R2Þ is the Euler

density in four dimensions while Ið4Þ is proportional to the
Weyl tensor contracted with itself, Ið4Þ ¼ − 1

64
ðRμνρσRμνρσ −

2RμνRμν þ R2=3Þ.
5In principle, we could also look for solutions that have ϕ0 →

�∞ but with ϕ remaining finite. We did not find any self-
consistent asymptotic solutions to Eq. (13a) of this type.
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e�αϕðzÞ ¼ α2ð8−3α2Þjϕcj4
36

e2s

s4
X∞
n¼0

Xn
l¼0

cðϕÞn;l
ðlogsÞl
sn

; ð20aÞ

fðzÞ ¼ fIRe−4s=3α
2

s16=3α
2
X∞
n¼0

Xn
l¼0

cðfÞn;l
ðlog sÞl

sn
; ð20bÞ

where cðϕÞ0;0 ¼ cðfÞ0;0 ¼ 1 and the remaining constant coeffi-

cients cðϕÞn;l and c
ðfÞ
n;l are determined iteratively by solving the

equations of motion, having fixed ϕc. We then proceed to
construct our numerical background solutions, using the
expansion in Eq. (20a)—truncated at order n ¼ 6—to set
boundary conditions for Eq. (13a) near z ¼ z0 and then
numerically integrating to small z. We fit the resulting
numerical solution for ϕðzÞ to the UV expansion (at small
z) in Eq. (14b), and determine the UV coefficients ðΛ;ΦÞ in
units of z0. Substituting the solution for ϕ into Eq. (13b),
we then numerically integrate Eq. (13b) using the IR
expansion (20b) with fIR ¼ 1 to set boundary conditions
close to z ¼ z0. This generically gives rise to a solution
with fðz ¼ 0Þ ≠ 1. Since Eq. (13b) is linear in f, we
rescale the numerical solution for fðzÞ to obtain a solution
with fðz ¼ 0Þ ¼ 1, which finally takes the form in
Eq. (14a). In doing so we find that fIR ≠ 1, as desired.
We show in Fig. 1 representative examples of the

resulting solutions, keeping fixed α ¼ 1, and varying the
choice of ϕc. We only show solutions with positive Λ, for
which ϕ is positive close to the UV boundary, z → 0. For
each value of ϕc there also exists an alternative solution
with negative Λ, related to the plotted ones by the
Z2 symmetry transformation ϕ → −ϕ. For ϕc ¼ 1þ i

(the dashed orange curve in the plot) we find a “bouncing”
solution, in which ϕ changes sign at intermediate z, and
thus a solution which has Λ > 0 with the IR behavior
ϕ → −∞. For ϕc ¼ 0.5þ 0.5i (solid black) we also have a
bouncing solution, this time with ϕ changing sign twice.
On the other hand, for the other two values of ϕc plotted the
field ϕðzÞ grows monotonically. In general we find that the
closer ϕc is to the origin of the complex plane, the more
nodes there are where ϕðzÞ changes sign.
In Fig. 2 we show, for α ¼ 1, the range of ϕc for which

we find bouncing solutions, defined by the fact that ϕ
changes sign at least once, contrasted to the region of
parameter space for which the solutions have ϕ of fixed
sign. We have not been able to find any other IR boundary
conditions, and hence any other solutions, consistent with
Eqs. (13a) and (13b). Yet, we anticipate here a result
presented in the next subsection: the computation of the
mass spectrum of fluctuations indicates that bouncing
solutions exhibit a tachyonic mode, signaling their insta-
bility. They therefore cannot describe the ground state of
the dual QFT, but as we have not been able to identify
viable alternative solutions, we do not have a candidate
ground state in the shaded region of parameter space in
Fig. 2. It is possible that the ground state is not captured by
our Poincaré-invariant ansatz in Eq. (7); for instance it may
be a state with spontaneously broken translational invari-
ance. Alternatively, there could be some intrinsic pathology
in the field theory interpretation of the backgrounds in this
region of parameter space. We leave this question open for
future investigations, while focusing in the reminder of this
section on values of ϕc leading to solutions for ϕ with a
fixed sign.

FIG. 1. Examples of classical solutions in model A. The left (right) panel displays four numerical examples of the background function
ϕ (f), as a function of the holographic direction z=z0, where z0 is the end of space (dual to the IR regime of the field theory). We fix
α ¼ 1 and allow a few different choices of ϕc. We only show solutions with positive source Λ in the dual field theory, or equivalently
with positive ϕ at small z; there are also solutions with negative Λ that can be obtained via the Z2 transformation ϕ → −ϕ. For the two
values of ϕc closest to the origin of the complex plane, we find “bouncing” solutions where the scalar field, ϕ, changes sign (possibly
multiple times). For larger values of jϕcj the scalar field does not bounce, and has definite sign.
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In Fig. 3, we show the expectation value, hOi, of the
scalar operator dual to the field ϕ as a function of ϕi, for
α ¼ 1 and several representative choices of ϕr. We show
hOi in units of Λ as well as in units of μ. We notice that
hOi=Λ3 diverges at ϕi ≈ 3.025 for ϕr ¼ 2. This is a point
on the boundary displayed in Fig. 2. The divergence is an
artifact that occurs because Λ vanishes precisely at this
point of parameter space. The final plot in Fig. 3 shows hOi
in units of the intrinsic mass scale μ defined in Eq. (18).
It demonstrates the presence of a discontinuity in the
response function, hOi=ðaμ3Þ, when crossing the boundary
displayed in Fig. 2. This occurs because, maintaining
positive Λ, the relevant solution switches between one
with ϕðz → z0Þ → −∞ for ϕi ≲ 3.025 to one with ϕðz →
z0Þ → þ∞ for ϕi ≳ 3.025. It would be tempting to identify
the discontinuity as a signal of a phase transition.
Unfortunately, as we cannot trust the bouncing solutions
to be the correct ground states, we have to defer further to
future studies on the presence of a possible phase transition
and its physics implications.

D. Spectrum of fluctuations

We analyze the mass spectrum of perturbations of the
metric and scalar field, by linearizing the equations of
motion around the classical solutions of model A described
in the previous subsection. We define the small perturba-
tions gmn → gmn þ δgmn and ϕ → ϕþ δϕ, and consider
single Fourier modes with respect to the field theory
directions xμ, with momentum pμ. For example, δϕðz; xÞ ¼
eipμxμδϕðz;pÞ. The spectrum of solutions for δgmn and δϕ
that are normalizable at the asymptotically AdS boundary

and regular at the singularity at z ¼ z0 lead to a discrete set
of allowed values of m ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−ημνpμpν

p
, where ημν is the

inverse of the Minkowski metric. These values of m
correspond to the locations of poles in the momentum-
space two-point functions involving the scalar operator, O,
and the stress tensor, Tμν, in the dual field theory.
To determine the spectrum of allowed values of m2, we

employ the gauge-invariant formalism of Refs. [131–136].
This formalism—reviewed in Appendix B—reduces the
problem of determining the spectrum of metric and scalar
fluctuations to that of finding UV-normalizable and IR-
regular solutions to two decoupled equations, removing
gauge artifacts. The spectrum of spin-zero excitations is
determined by the solutions to the equations of motion for a
gauge-invariant scalar variable, a, formed from a linear
combination of δϕ and one of themetric degrees of freedom,
related to the trace of the fluctuations of the metric. As we
show in Appendix B, the equation of motion for a is

z3

f2

�
f2

z3
a0
�0

þ
�
m2

f
−

4f2L2VAϕ
02

9z6½ðf=z2Þ0�2

−
4L2f∂ϕVAϕ

0

3z3ðf=z2Þ0 −
L2

z2
∂
2
ϕVA

�
a ¼ 0: ð21Þ

The spin-two states are the transverse, traceless components
of the metric perturbation, which we denote eμν, and obey
theKlein-Gordon equation on the curved backgroundmetric
in Eq. (7):

z3

f2

�
f2

z3
e0μν

�0
þm2

f
eμν ¼ 0: ð22Þ

Near the boundary, for z → 0, solutions to the equations
of motion (21) and (22) take the form

aðzÞ ¼ að1Þz − að1Þ
�
m2

2
þ Λ2

4

�
3α2 − 2 −

18

ϕ2
c
−

18

ϕ�
c
2

��
× z3 logðjΛjzÞ þ að3Þz3 þOðz4 log zÞ;

eμνðzÞ ¼ eð0Þμν

�
1þm2

4
z2 þm2

16

�
Λ2

3
−m2

�
logðjΛjzÞ

�

þ eð4Þμν þOðz6 log zÞ; ð23Þ

where ðað1Þ; að3Þ; eð0Þμν ; e
ð4Þ
μν Þ are integration constants fixed

by the boundary conditions. Near the singularity at z ¼ z0,
the regular solution to the spin-zero equation of motion
behaves as6

FIG. 2. In model A, for α ¼ 1 and values of ϕc ¼ ϕr þ iϕi
inside the shaded region, we find only bouncing solutions, in
which ϕðzÞ changes sign at least once at an intermediate value of
z. In Sec. II D, we show that bouncing solutions exhibit a
tachyonic mode in the spectrum of their fluctuations, and are
thus unstable. We therefore do not have any candidate ground
state in the shaded gray region. Along the boundary of the
unstable region, indicated by the black curve, solutions with the
IR asymptotics (19) have vanishing source, Λ ¼ 0 in Eq. (14).

6For α >
ffiffiffiffiffiffiffiffi
2=3

p
the IR expansion of a also includes a term

proportional to m2s−16=3α
2

e−2ð1−2=3α2Þs=ðα2 − 2=3Þ, similar to the
expansion of eμν in Eq. (25), but this is always subleading
compared to those in Eq. (24).
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aðzÞ ¼ aðIRÞ
�
1þ 2

s
þOðs−2 log sÞ

�
; ð24Þ

while the regular solution to the spin-two equation of motion behaves as

eμνðzÞ ¼

8>><
>>:

eðIRÞμν

h
1 − m2z2

0

21fIRs7
þOðs−8 log sÞ

i
; if α ¼ ffiffiffiffiffiffiffiffi

2=3
p

;

eðIRÞμν − eðIRÞμν
α4z2

0
m2s−16=3α

2
e−2ð1−2=3α2Þs

2ðα2−2=3Þðα2þ4=3ÞfIR ½1þOðs−1 log sÞ�; if α >
ffiffiffiffiffiffiffiffi
2=3

p
;

ð25Þ

where s ¼ − logð1 − z=z0Þ, and aðIRÞ and eðIRÞμν are integration constants. For given values of α and ϕc (and of Λ), the mass
spectrum of spin-zero fluctuations is the set of values ofm2 for which solutions to Eq. (21) that are regular at z ¼ z0 are also
normalizable at the boundary, that is, have að1Þ ¼ 0. Similarly, the mass spectrum of spin-two fluctuations is the set of

values ofm2 for which solutions to Eq. (22) that are regular at z ¼ z0 are also normalizable at the boundary, that is, eð0Þμν ¼ 0.

FIG. 3. Numerical results for the expectation value hOi of the scalar operator dual to the scalar field ϕ in model A as a function of ϕi,
for several illustrative choices of ϕr. The first three plots (reading left to right, top to bottom) show hOi in units of the source, Λ, while
the bottom-right plot shows hOi in units of the scale, μ, defined by the geometry. The top-left plot shows how, for ϕr ¼ 2, we find that
hOi=Λ3 diverges at ϕi ≈ 3.025. This is an artifact due to the vanishing of Λ for solutions with these choices of ϕc ¼ ϕr þ iϕi; for
ϕr ¼ 3.025 and ϕi ≲ 3.025 we find only bouncing solutions. The bottom-right panel demonstrates that there is a discontinuity in the
response function, hOi=ðaμ3Þ, when crossing the boundary displayed in Fig. 2.
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We compute the fluctuation spectra using a pseudospec-
tral method, by adopting the following numerical strategy.
We map the interval z∈ ½0; z0� into the interval x∈ ½−1; 1�,
and rescale the gauge-invariant fluctuations, by defining

x≡ logð1−z=z0Þþ1

logð1−z=z0Þ−1
; ā≡ 1−x

1þx
a; ēμν≡ð1−xÞeμν:

ð26Þ

We note that the logarithmic behavior of the change of
variable near z ¼ z0 has been chosen in order to tame some
of the nonanalyticities appearing in the IR expansions of
the fluctuations, so that solutions to the fluctuation equa-
tions may be better approximated as sums of Chebyshev
polynomials in x. In terms of these new variables, the
boundary conditions can be equivalently rephrased as

āðx ¼ �1Þ ¼ ēμνðx ¼ �1Þ ¼ 0: ð27Þ

We then decompose ā and ēμν as a sum of the first Ngrid

Chebyshev polynomials in x, and demand that the fluc-
tuation equations, (B12) and (B13), be satisfied on the grid
of Chebyshev extrema xk ¼ cos½kπ=ðNgrid − 1Þ� for
k ¼ 1; 2;…; Ngrid − 2, supplemented with the boundary
conditions (27) at x ¼ �1. The numerical approximation
to the spectrum of m2 is finally extracted in terms of the
generalized eigenvalues of the resulting Ngrid-dimensional
matrix equation for the Chebyshev expansion coefficients.
Many of the resulting eigenvalues are spurious numerical
artifacts. To eliminate the spurious eigenvalues and to check
convergence, we compute the spectra for two different
values of Ngrid, and retain only modes that agree between
the two computations. All spectra shown in this section are
computed forNgrid ¼ 70 and Ngrid ¼ 80. For further details
of the pseudospectral method, see Refs. [137,138].
In Fig. 4 we show the mass spectrum of spin-zero states

computed for α ¼ 1 and few representative values of ϕr, as

FIG. 4. Mass spectra of spin-zero states, in model A, for α ¼ 1 and representative values of ϕr. The masses are presented in units of the
mass, m�, of the lightest spin-two mode. We plot the absolute values of the masses multiplied by the sign of their square, such that
negative values on the plot correspond to tachyonic modes withm2 < 0. In the top-left panel, which shows the spectrum for ϕr ¼ 2, the
vertical gray line is at ϕi ¼ 3.025, and denotes a point of parameter space along the boundary identified in Fig. 2. For ϕi ≤ 3.025we find
only bouncing solutions, which as shown by the plot exhibit a tachyonic mode. The other panels show choices of parameters for which
monotonic solutions exist, and no tachyons emerge. We highlight the presence of a region of ϕi, in the two top panels, for which the
lightest scalar state has positive mass squared, yet it is anomalously light in comparison to the rest of the spectrum.
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a function of ϕi. The spectra are shown in units of the
lightest spin-two mass, which we denote bym�. We display
them as their absolute value times the sign of m2. Hence, a
mode that appears as negative in the plot corresponds to a
negative value of m2, corresponding to a tachyonic exci-
tation in the dual QFT, while a mode that appears as
positive corresponds to a positive value of m2.
A tachyonic excitation indicates that the gravitational

solution and its dual QFT state are unstable. This is because
every value of m2 in the spectrum corresponds to a family

of excitations that behave with time as e�i
ffiffiffiffiffi
m2

p
p̂μxμ for both

choices of the � sign, where p̂ is any unit-normalized
momentum, p̂μp̂μ ¼ −1. Thus when m2 < 0 one of the
choices of the � sign in the exponent will correspond to a
mode that grows exponentially with time, signaling an
instability.
The top-left panel of Fig. 4 shows the spectrum for

ϕr ¼ 2. The vertical gray line in the plot denotes the choice
ϕi ¼ 3.025, a point of parameter space along the boundary
identified in Fig. 2. For values of ϕi smaller than this we
find bouncing solutions. As can be seen in this figure, to the
left of the vertical line there is a tachyonic mode. This is an
example of the anticipated phenomenon, demonstrating the
instability of the bouncing solutions. As ϕi is increased
through ϕi ¼ 3.025, the lightest state has positive mass
squared. Just above ϕi ¼ 3.025 the mode is anomalously
light compared to all other modes in the spectrum. Note
that precisely at the boundary of the bouncing region at
ϕi ¼ 3.025 where the lightest spin-zero mode is massless,
the scalar field solutions have Λ ¼ 0 and nonzero hOi,
indicating that scale invariance is spontaneously broken.
In the top-right panel of Fig. 4 we show the spectrum for

ϕr ¼ 2.8. This value of ϕr is just large enough that there are
no bouncing solutions for any value of ϕi (see Fig. 2). We
do not find a tachyon in the spectrum. For small ϕi, the
lightest spin-zero mode becomes parametrically light com-
pared to any of the other spin-zero or spin-two modes. This
is a consequence of the fact that ϕr ¼ 2.8 and small ϕi lies
close to the range ϕc for which the solution bounces, where
the lightest spin-zero mode would become tachyonic. By
contrast, the plots in the bottom row of Fig. 4 show the
spin-zero spectra for ϕr ¼ 5 and ϕr ¼ 7.5, in which cases
there are no bouncing solutions. These spectra show
comparatively little structure, matching the generic quali-
tative expectations of the spectrum in a gapped theory.
For completeness, in Fig. 5 we show the spin-two

spectrum for α ¼ 1 and the same values of ϕr as in
Fig. 4. In contrast to the spin-zero case, the spin-two
spectra do not exhibit significant qualitative differences for
different values of ϕr. We only notice that, for excited
states, the masses (rather than their squares) grow linearly
with the excitation numbers. This is to be expected in the
supergravity approximation of the dual to a gapped field
theory.

All of the plots of spectra shown in this section were
computed for α ¼ 1. We have computed spectra for other
values of α as well, but since they exhibit the same
qualitative behavior we do not show them in the main
text. We show plots of sample spin-zero spectra for
α ¼ ffiffiffiffiffiffiffiffi

2=3
p

and α ¼ 1.25 in Appendix A 2.

E. Model A in compendium

To summarize our results, in this section we proposed a
simple bottom-up holographic model, consisting of a real
scalar coupled to gravity in five dimensions, built to
reproduce main features of a confining (or at least gapped)
dual field theory, which admits complex FPs at which
putative complex CFTs can be defined. We identified a
region of values for ϕc for which the complex FPs sit
relatively close to the origin of the complex plane. In this
case, we find that all available background solutions for
ϕðzÞ are bouncing and unstable, as the spectra of their
fluctuations exhibit a tachyonic spin-zero mode. Moving
ϕc away from the origin, the solutions eventually cease to
be bouncing. At the same point, the mode that was
tachyonic becomes stable. Close to the boundary between
these two behaviors, the lightest scalar state is anomalously
light relative to the other spin-zero and spin-two modes in
the spectrum. Moving ϕc yet further away from the origin,
the mode ceases to be light.
There are hence two main, encouraging messages this

class of models seems to support. First, it is possible to find
a parametrically light scalar state in the spectrum of a
gapped theory, which emerges in proximity to a boundary
in parameter space at which a classical instability appears.
Second, there is no immediate relation between the
presence of complex FPs near the real axis and such
phenomena, but rather a more general type of limiting
behavior appears to drive the dynamics.
It would be tempting to identify the classical instability

with the presence of a phase transition, but in the context of
these models we do not find any stable ground state,
leaving open the task of performing a global stability
analysis and a characterization of the phase structure. It
would also be tempting to identify the light scalar, which
emerges in the proximity of the boundary of parameter
space we discovered in Fig. 2, with a light dilaton.
However, the existence of a region of parameter space
for which we find only unstable solutions suggests that we
are missing some class of solutions to model A that would
provide the ground state in the unstable region. It may be
that a global stability analysis would then show this new
class of solutions to also be the true ground state in the
region where we currently find stable solutions exhibiting a
light dilaton; this unfortunately happens to be the case in
some top-down holographic models [116–118]. For these
reasons we now turn to a different model, for which we are
able to obtain a seemingly more complete picture of the
phase structure.
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III. MODEL B: SMOOTHLY SHRINKING
CIRCLES AND PHASE TRANSITIONS

The main difference between models of type A and B in
this paper is that in the latter the space ends smoothly, and
the geometry is regular for all values of the holographic
direction, while in the former the backgrounds meet
the modest requirement that the space ends in a “good”
singularity, according to Gubser’s criterion [139]. In model
B, one of the gauge theory directions (both in the gravity
picture and in its dual field theory interpretation) is
a circle, which shrinks smoothly to zero size at the bottom
of the geometry, as in Ref. [84]. As anticipated in the
Introduction, we have multiple reasons to consider this
scenario. First, it provides an instance of a regular confining
geometry with a light scalar in the spectrum. Second, we
want to demonstrate that the light scalar is present in a
physically stable region of parameter space, even if it is
near a weak phase transition. To do so requires a detailed
analysis of the global stability properties of the ground
state—its zero-temperature thermodynamics. Last but not

least, we want to demonstrate that the light scalar is a
dilaton.
To these purposes, after presenting the action of model B

and the solutions of interest, we compute the free energy
and the spectrum of fluctuations. We also repeat the
calculation of the spectrum of scalar fluctuations in the
probe approximation, to show that the results differ from
those obtained in the fully backreacted case, with the light
scalar mode absent in the probe spectrum. This finding
demonstrates that, in regions of parameter space in prox-
imity to the onset of a second-order phase transition, the
lightest state in the theory has a composition that includes a
mode coupled to the trace of the stress-energy momentum
of the dual field theory: the dilaton.

A. Models of type B

In models of type B, the dynamics of the gravitational
theory is governed by a five-dimensional action that takes
the form

FIG. 5. Same as Fig. 4, but for spin-two states. The mass spectra of tensor modes do not show any striking features, but rather
reproduce the expectations in the gapped field theory dual to a pure supergravity background, with masses of excited states growing
linearly with the excitation number.
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S ¼ 1

16πG5

�Z
M

d5x
ffiffiffiffiffiffi
−g

p �
R −

1

2
gMN

∂Mϕ∂Nϕ − VBðϕÞ
�

þ
Z
∂M

d4x
ffiffiffiffiffiffi
−h

p
½2K þ 4λBðϕÞ�

�
; ð28Þ

where ϕ is a real scalar, VBðϕÞ is its potential, and R is the
Ricci scalar associated with the metric gMN , which has
determinant g. Part of the action is localized at the
boundary, ∂M. It is expressed in terms of the induced
metric, h, the extrinsic curvature, K, and the boundary-
localized potential λBðϕÞ. Throughout this section, capi-
talized Latin indicesM;N;… denote five-dimensional bulk
directions. The reason to do so is that we adopt an ansatz
that assumes one of the bulk directions to be a circle. We
hence use lowercase indices m; n;… for the resulting,
dimensionally reduced, four-dimensional bulk theory, and
Greek indices μ; ν;… for its three-dimensional field-theory
dual. From the action in Eq. (28), one derives the classical
background equations,

RMN −
1

2
gMNR ¼ 1

2
∂Mϕ∂Nϕ −

1

2
gMN

�
1

2
ð∂ϕÞ2 þ VBðϕÞ

�
;

∇2ϕ ¼ ∂ϕVBðϕÞ; ð29Þ

as well as boundary conditions, which we do not report
explicitly for simplicity.
We write the potential in terms of a superpotential,

WðϕÞ, which, with the normalization conventions of
Eq. (28), obeys the relation

VBðϕÞ ¼ −
16

3
WðϕÞ2 þ 8

�
∂WðϕÞ
∂ϕ

�
2

: ð30Þ

We emphasize that this choice has nothing to do with
supersymmetry; it just simplifies some of the equations, for
example in the definition of boundary-localized potentials.
We adopt the superpotential proposed in Ref. [140]:

WðϕÞ ¼ 1

L

�
−
3

2
−
ϕ2

8
−

ϕ4

64ϕ2
M

þ ϕ6

64ϕQ

�
; ð31Þ

where L has dimensions of a length and sets the curvature
radius of the asymptotically AdS solutions emerging in
proximity of its stationary point ϕ ¼ 0. The motivation for
this choice of superpotential is that it is known that by
tuning the parameters, ϕM and ϕQ, one can explore a rich
thermodynamic phase structure [140]. Applications of this
potential in the context of strongly coupled phase tran-
sitions include the physics of heavy-ion collisions [121],
cosmological phase transitions [122–125], and primordial
black hole production [126]. For definiteness, we set ϕQ ¼
10 in the rest of our paper and let ϕM vary.
Expanding in powers of small ϕ, the potential resulting

from Eq. (31) obeys

VBðϕÞ ¼
1

L2

�
−12 −

3

2
ϕ2 −

1

12
ϕ4

�
þOðϕ5Þ: ð32Þ

From the coefficient of the quadratic term, we read off
that ϕ has mass squared around the AdS solution
M2

ϕL
2 ¼ −3 ¼ −Δð4 − ΔÞ. Applying the holographic dic-

tionary, the dual field-theory interpretation consists of a
four-dimensional conformal field theory deformed by an
operator of dimension Δ ¼ 3.
In order to capture the features expected to emerge from

a confining field theory within the gravity picture, we write
the following ansatz for the background metric:

ds25¼
L2

z2
½dz2þfðzÞdx20þgðzÞð−dt2þdx21þdx22Þ�; ð33Þ

where x0 ∈ ½0;lÞ is a compact (periodic) direction. Our
conventions are such that the boundary is at z ¼ 0. In the
solutions we consider, the internal circle parametrized by
x0 shrinks smoothly to zero size at a particular value of
the radial coordinate z ¼ z0. This is reflected in the
opening of a mass gap in the dual field theory, with a
mass scale related to z0.
By substituting the ansatz in Eq. (33) into the equations of

motion in Eq. (29), we find the following set of independent
equations for the background fields, which are assumed to
depend only on the holographic coordinate, z:

z2g00

g
−
3zg0

g
þ z2ϕ02

6
þ L2VB

3
¼ 0; ð34aÞ

z2ϕ00−
�
1−

zg0

g
−
gðz2ϕ02−2L2VBÞ

6z3ðg=z2Þ0
�
zϕ0−L2

∂ϕVB¼ 0;

ð34bÞ

zf0

f
þ zg0

g
−
gðz2ϕ02 − 2L2VBÞ

3z3ðg=z2Þ0 − 4 ¼ 0: ð34cÞ

The prime denotes differentiation with respect to z. The
background function fðzÞ does not appear in Eqs. (34a) and
(34b), which determine g and ϕ. This observation allows us
to simplify the numerical procedure used to construct the
solutions of interest. Equations (34a)–(34c) are invariant
under the three independent rescalings f → Ω2

ff, g → Ω2
gg,

and z → Ωzz, where Ωf;g;z are constant parameters.
We demand that the geometry be regular for all values of

z. For z close to z0, this is ensured if the function f vanishes
with the appropriate power of ðz − z0Þ, while g and ϕ reach
a finite value. At leading order in an expansion in small
powers of ðz − z0Þ, solutions to Eqs. (34a)–(34c) behave as

fðzÞ¼ fIRðz− z0Þ2þ��� ; gðzÞ¼ gIRþ�� � ;
ϕðzÞ¼ϕIRþ�� � ; ð35Þ
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where ðfIR; gIR;ϕIRÞ are integration constants and the
ellipses denote terms that vanish faster when z → z0.
Regularity requires that the function fðzÞ has a double zero
at z ¼ z0. The coefficient fIR of this zero is related to the
period l of the compact coordinate x0; to avoid a conical
singularity at z ¼ z0 we must impose fIR ¼ ð2π=lÞ2.
We also restrict our attention to solutions for which the

local geometry is asymptotically AdS, by requiring that f
and g tend to constant values and ϕ vanishes as z → 0þ.
Using the scaling symmetries enjoyed by Eqs. (34a)–(34c),
these constant values can be fixed to fð0Þ ¼ gð0Þ ¼ 1.
Solutions to the equations of motion (34a)–(34c) supple-
mented by these boundary conditions obey the UV
(small-z) expansions

ϕðzÞ¼ϕszþϕvz3þOðz5Þ;

gðzÞ¼1−
ϕ2
s

12
z2−

1

16

�
qþ2ϕsϕv−

ϕ4
s

18

�
z4þOðz6Þ;

fðzÞ¼1−
ϕ2
s

12
z2þ 1

16

�
3q−2ϕsϕvþ

ϕ4
s

18

�
z4þOðz6Þ; ð36Þ

where ðϕs;ϕv; qÞ are integration constants and we have
retained only terms up to the first appearance of these
parameters in the expansion. The definition of q is chosen
to simplify subsequent expressions. Through the holo-
graphic dictionary, we identify the leading integration
constant, ϕs, with the source for the scalar operator dual
to ϕ. The remaining integration constants, ϕv and q, are
determined by the requirement of regularity at z0. As we
will see in the next section, ϕv determines the vacuum
expectation value of the scalar operator.
The solutions of interest are known only numerically. We

construct them by using the expansion (35) in proximity of
z ¼ z0, which corresponds to the deep IR regime of the
dual field theory, to set up appropriate boundary conditions
to solve the equations of motion. The solutions are
extended towards smaller values of z, where they asymp-
totically approach the AdS geometry that captures the far
UV regime of the dual field theory. For each value of the
parameter ϕM appearing in the potential, we can obtain
different solutions. These are distinguished in the IR by
their values of ϕIR and in the UV by their values of the
dimensionless combination ϕv=ϕ3

s .
Invariance of the equations of motion (34a)–(34c) upon

the rescaling g → Ω2
gg implies the existence of a radially

conserved quantity, Q, such that ∂zQ ¼ 0. Applying the
Noether procedure, we find7

Q≡ L3

z3

ffiffiffiffiffiffiffiffiffi
gðzÞ
fðzÞ

s
½gðzÞf0ðzÞ − fðzÞg0ðzÞ�: ð37Þ

The radial conservation law may be used to partially relate
UV and IR quantities; evaluating Q using the UV expan-
sions in Eq. (36), we find Q ¼ L3q, while evaluating Q
using the IR asymptotics in Eq. (35) leads to an expression
for Q in terms of fIR and gIR, which we write as follows:

q ¼ −
2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
fIRg3IR

p
z30

: ð38Þ

B. Dimensional reduction,
holographic renormalization

and (zero-temperature) thermodynamics

The background solutions we have constructed are
independent of the compact coordinate, x0. The direction
described by x0 shrinks at the end of space, where the dual
field theory effectively becomes (2þ 1) dimensional (and
confines). For this reason, it is convenient to perform the
dimensional reduction of the theory. We write the five-
dimensional metric as

ds25 ¼ e−χ=
ffiffi
3

p
ds24 þ e2χ=

ffiffi
3

p
dx20; ð39Þ

with the four-dimensional metric denoted ds24¼gmndx
mdxn.

Integrating over the compact direction while discarding a
total derivative, the action in Eq. (28) can be recast in the
following form:

S ¼ 1

16πG4

�Z
M
d4x

ffiffiffiffiffiffi
−g

p �
R −

1

2
gmn

∂mϕ∂nϕ

−
1

2
gmn

∂mχ∂nχ − Vðϕ; χÞ
�

þ
Z
∂M

d3x
ffiffiffiffiffiffi
−h

p
ð2Kþ 4e−χ=ð2

ffiffi
3

p ÞλBðϕÞÞ
�
; ð40Þ

with Vðϕ; χÞ ¼ e−χ=
ffiffi
3

p
VBðϕÞ. All the geometric quantities,

g, R, h, and K, correspond to the four-dimensional metric
gmn. On the other hand, G4 ¼ G5=l, which becomes

G4 ¼
L3

2πal
ð41Þ

when we translate to gauge theory quantities and relate the
gravitational constant in five dimensions to the coefficient a
as in Eq. (15).
We will adopt the following domain-wall ansatz for the

four-dimensional metric:

ds24 ¼ e2Bð−dt2 þ dx21 þ dx22Þ þ dρ2; ð42Þ
7In contrast, the conserved quantities corresponding to the

invariance of the equations of motion under f → Ω2
ff and

z → Ωzz are identically zero.

LIGHT HOLOGRAPHIC DILATONS NEAR CRITICAL POINTS PHYS. REV. D 110, 126017 (2024)

126017-13



with the relation between the two sets of coordinates being

dρ¼−
�
L
z

�3
2

fðzÞ14dz; e2B ¼L3

z3
gðzÞfðzÞ12;

eχ=
ffiffi
3

p
¼L

z
fðzÞ12: ð43Þ

The background equations derived from Eq. (40)
coincide with Eq. (29), as long as the background fields
do not depend on x0. In the reduced theory, the geometry
presents a curvature singularity at the end of space in the
IR. In this sense it is similar to the solutions examined in
Sec. II. However, in this case the uplift to five dimensions
provides a resolution of the singularity into regular and
smooth geometries.
The long-distance (thermodynamic) behavior of the

theory is controlled by the on-shell action, that is inter-
preted in terms of the (thermodynamic) effective potential
(or, equivalently, free energy) of the dual field theory.
The radial integration in S extends from the bottom of the
geometry, z ¼ z0, to some finite value, z ¼ zUV, near the
boundary at z ¼ 0. Holographic renormalization is applied
to treat the UV divergences appearing in the zUV → 0
limit [141–143]. The boundary-localized contributions to
the action, Sct, consist of counterterms that remove such
divergences. Due to the choice we made of describing the
dynamics in terms of the superpotential in Eq. (31), it is
natural to adopt as a renormalization prescription the choice
λðϕÞ ¼ WðϕÞ. We can hence write the counterterms as

Sct ¼
1

4πG4

Z
∂M

d3x
ffiffiffiffiffiffi
−h

p
e−χ=ð2

ffiffi
3

p ÞWðϕÞ: ð44Þ

The renormalized, on-shell action, Sren, is defined by taking
the limit zUV → 0:

Sren ¼ lim
zUV→0

Sðλ¼WÞ

¼ volðR2;1Þ
16πG4

lim
zUV→0

ffiffiffiffiffiffi
−h

p �
4

3
Kþ 4e−χ=ð2

ffiffi
3

p ÞW
�				

zUV

;

ð45Þ

where V1;2 ¼
R
dt dx1 dx2 is the (infinite) volume of the

spacetime in the reduced theory. Because there is a
shrinking cycle, Eq. (45) does not receive any contribution
from the IR at z ¼ z0.
According to the holographic dictionary, the free-energy

density of the dual theory is

fQFT ¼ −
Sren

volðR2;1Þ ; ð46Þ

and the energy-momentum tensor reads

Tμ
ν¼−

1

8πG4

lim
zUV→0

h ffiffiffiffiffiffi
−h

p 

Kμ

ν−δμνðKþ2e−χ=ð2
ffiffi
3

p ÞWÞ�		zUV
i

¼diagð−ϵ;p;pÞ: ð47Þ

Both can be expressed in terms of the coefficients appear-
ing in the UV asymptotic expansions,

p¼−fQFT¼−ϵ¼ L3

16πG4

·
1

16

�
−4q−

ϕ4
s

ϕ2
M

þ8ϕsϕv

�
; ð48Þ

while the vacuum expectation value of the operator dual
to ϕ is

hOϕi¼
1

16πG4

lim
z→0

z
ffiffiffiffiffiffi
−g

p h
−gzzϕ0ðzÞ−4e−χ=ð2

ffiffi
3

p Þ
∂ϕWðϕðzÞÞ

i

¼ L3

16πG4

�
ϕ3
s

4ϕM

−2ϕv

�
: ð49Þ

Exploiting these expressions we can characterize the
different phases of the system. For each value of the
parameter in the potential, ϕM,

8 we can study the behavior
of the free-energy density as a function of the source,
Λ ¼ ϕs. We find that, for a range of choices of
ϕM ∈ ð0;ϕc

MÞ, there is evidence of a first-order quantum
phase transition, as exemplified in Fig. 6; the free-energy
density is multivalued, as a function of the source Λ.
Remarkably, the line of first-order phase transitions ends at
ϕc

M, as shown in Fig. 7, with ϕc
M ≃ 1.088. A second-order

phase transition is present at this critical point. For values
ϕM ≳ ϕc

M, the free energy becomes single valued and the
theory just undergoes a smooth crossover. In the following
subsection we investigate the spectrum near the second-
order phase transition. Wewill see that the end of the line of
first-order phase transitions has an important consequence:
it triggers the appearance of a light dilaton in the vicinity of
the critical point.

C. Spectrum of fluctuations

As in Sec. II D, we study the mass spectrum of fluctua-
tions of our solutions, using the gauge-invariant formalism
of Refs. [131–135]. It is convenient to employ this
formalism in the four-dimensional bulk of the dimension-
ally reduced theory. We restrict attention to fluctuations that
are independent of the compact direction, neglecting the
higher Kaluza-Klein (KK) modes. This should be sufficient
for our goal of determining which solutions have a light
scalar in their fluctuation spectra, since the excitations of
the higher KKmodes should have masses that are enhanced
by a factor of order l−1, the inverse of the size of the
compact direction, and therefore the spectra of excitations
of the higher KK modes should not contain any modes
lighter than the lightest excitations of the lowest KK mode.

8Recall that in this paper we fix ϕQ ¼ 10 for convenience.
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The equations of motion for the gauge-invariant fluctua-
tions can be found in Appendix B, for general bulk
dimension and an arbitrary number of scalar fields. To
obtain the equations used in this section, one should set
d ¼ 3, Φ1 ¼ χ, and Φ2 ¼ ϕ in the expressions in the
appendix.
We compute the spectrum of spin-two and spin-zero

states in dual field theory. We begin with the former. After
removing spurious (gauge) degrees of freedom, one is left
with a set of transverse, traceless components, eμν, of the
perturbation of the three-dimensional background metric in
Eq. (42). These satisfy the Klein-Gordon equation on the
background metric,

½∂2ρ þ 3ð∂ρBÞ∂ρ þm2e−2B�eμνðρÞ ¼ 0; ð50Þ

where we have Fourier transformed with respect to the field
theory directions, with corresponding momentum pμ, and
with the definition m2 ≡ −pμpμ. Each eigenvalue, m2, of
this differential equation supplemented by appropriate
boundary conditions, is the mass squared of a spin-two
state in the dual field theory.
It is convenient to analyze the boundary conditions by

looking at the expansions of eμν in the z coordinate. In the
deep IR, we consider solutions for which eμν is finite, which
requires that its Taylor expansion reads

eμν ¼ eðIRÞμν

�
1 −

m2

4gIR
ðz − z0Þ2 þ � � �

�
: ð51Þ

In particular, each component of eμν depends on one

integration constant, eðIRÞμν , with the other integration con-
stant having been eliminated by the requirement of regu-
larity in the IR.

In the far UV, two undetermined parameters, eð0Þμν and

eð4Þμν , appear in the asymptotic expansion of eμν:

eμν ¼ eð0Þμν þm2eð0Þμν

4
z2 þ eð4Þμν z4

þ eð0Þμν
m2ðϕ2

s − 3m2Þ
48

z4 log zþ � � � : ð52Þ

The spectrum of spin-two modes is given by those values of
m2 for which a solution that is regular in the IR has

eð0Þμν ¼ 0, as these correspond to poles in the propagator of
the traceless part of the stress tensor.

FIG. 6. Free energy density (left) and vacuum expectation value of the operator dual to ϕ (right) for model B, with the choice
ϕM ¼ 97=100, as a function of the deformation, lΛ. In a range of parameters, a first-order phase transition appears, as indicated by the
black dot in the classical swallow-tail diagrams. Two stable branches of solutions meet and have the same free energy at the transition. At
that point, the value of the response function, hOϕi, jumps discontinuously, as indicated by the vertical solid black line in the right plot.
As illustrated in Fig. 9, one can smooth out the transition by dialing the value of ϕM.

FIG. 7. The phase diagram of model B. The solid curve
indicates the critical value of lΛ as a function of ϕM. The disk
denotes the critical point, ðϕc

M;lcΛÞ ≃ ð1.088; 5.186Þ, at which
the transition is second order.
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The numerical strategy we follow to identify such values
of m2 is the following shooting method. We fix a value of
m2 and integrate the bulk equations along the holographic
direction starting from the IR, using the expansion in
Eq. (51) to set the initial conditions. Because the equations

are linear, we can choose eðIRÞμν ¼ 1 without loss of general-
ity. Fitting the numerical solution of the differential

equation to the UV expansion (52) we determine eð0Þμν for
our choice of m2. We repeat this procedure, scanning over
different values of m2. The mass spectrum of spin-two

states is given by the values ofm2 for which eð0Þμν ¼ 0. In the
following, we denote the lightest spin-two state of a given
theory by m�. We use this value to set the scale in the mass
spectrum of all other (spin-two and spin-zero) fluctuations.
We do not show the full spectrum of spin-two states in
model B, as it displays no distinguishing features, as in
model A; see Fig. 5.
The spectrum of spin-zero fluctuations is found by

studying two coupled second-order differential equations
for two scalars, a1 and a2, which are linear combinations of
the perturbations of the scalar fields, ϕ and χ, and scalar
perturbations of the metric. As explained in Appendix B,
the equations of motion are given by

0 ¼ ½∂2ρ þ 3B0
∂ρ þ e−2Bm2�aa

−
�
VΦa0Φ0

b

4B02 þ VaΦ0
b þΦa0Vb

2B0 þ Va
b

�
ab; ð53Þ

with Φ1 ¼ ϕ and Φ2 ¼ χ. Moreover, recall that
Va ¼ ∂V=∂Φa, Vab ¼ ∂

2V=∂Φa
∂Φb and indexes are raised

and lowered with the identity matrix, δab.
We solve Eq. (53) perturbatively in the deep IR, in terms

of a Taylor expansion in powers of small ðz − z0Þ.
Regularity near the end of space restricts the solutions to
take the following form:

a1 ¼ a1ðIRÞ −
1

12

 
3a1ðIRÞm

2

gIR
−
4a1ðIRÞL

2V5ðϕIRÞ
z20

−
2
ffiffiffi
3

p
a2ðIRÞL

2V 0
5ðϕIRÞ

z20

!
ðz − z0Þ2 þ � � � ;

a2 ¼ a2ðIRÞ −
1

12

 
3a2ðIRÞm

2

gIR
−
2
ffiffiffi
3

p
a1ðIRÞL

2V 0
5ðϕIRÞ

z20

−
3a2ðIRÞL

2V 00
5ðϕIRÞ

z20

!
ðz − z0Þ2 þ � � � ; ð54Þ

with two integration constants, a1ðIRÞ and a
2
ðIRÞ, while gIR is a

background-dependent parameter.
We perform the same exercise in the far UV, near the

boundary at z → 0, by expanding in powers of small z.

We find that the solutions take the form

a1 ¼ a1ð0Þ þ
a1ð0Þm

2

4
z2 þ a1ð4Þz

4

þ
a1ð0Þm

2ðϕ2
s − 3m2Þ

48
z4 log zþ � � � ;

a2 ¼ a2ð0Þzþ 2a2ð2Þz
3 −

a2ð0Þm
2

2
z3 log zþ � � � ; ð55Þ

where the integration constants are denoted as a1ð0Þ, a
2
ð0Þ,

a1ð4Þ, and a2ð2Þ.
The mass spectrum of scalar fluctuations is obtained by

identifying the discrete eigenvalues of m2 for which there
are solutions, of the form of Eq. (54), which are regular in
the IR and for which both a1ðzÞ and 1

z a2ðzÞ vanish when
z → 0. Numerically, we adopt the method of Ref. [144].
For each value for m2, we construct two linearly indepen-
dent numerical solutions in the bulk, which we denote
ða1þ; a2þÞ and ða1−; a2−Þ. These are obtained by integrating
Eq. (53) starting from the IR, with two different choices of
the integration constants in the IR expansions (54):

a1;2þ ∶ ða1ðIRÞ; a2ðIRÞÞ ¼ ð1; 1Þ;
and a1;2− ∶ ða1ðIRÞ; a2ðIRÞÞ ¼ ð1;−1Þ: ð56Þ

The spin-zero spectrum corresponds to values of m2 for
which there exists a linear combination of the plus and
minus solutions for which both a1ð0Þ ¼ 0 and a2ð0Þ ¼ 0 in

Eq. (55). This requirement is satisfied if the pairs
ða1þ; z−1a2þÞ and ða1−; z−1a2−Þ are proportional to each other,
in the limit z → 0. Thus, the spectrum consists of the values
of m2 for which the determinant of the matrix

Aðm2Þ≡ lim
z→0

 
a1þðzÞ a1−ðzÞ

z−1a2þðzÞ z−1a2−ðzÞ

!
ð57Þ

vanishes. In practice, we evaluate the determinant at a
small, finite value of z ¼ zϵ, and then check convergence as
zϵ is taken to zero.
Having performed the calculations of the spectra of

fluctuations of both spin-zero and spin-two states, we can
compare the results for different choices of background.
For instance, in Fig. 8 we display the spectrum correspond-
ing to the choice ϕM ¼ 97=100, the same value of ϕM for
which we showed the thermodynamics in Fig. 6. We find it
convenient to normalize the mass of the fluctuations to that
of the lightest spin-two state, m�, and plot our results for
different backgrounds by labeling them in terms of the
value of hOϕi. A tachyonic state appears precisely at the
turning points of Fig. 6, and persists over the whole range
of (thermodynamically) unstable background solutions.
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We devote the next subsection to a detailed analysis of the
relation between masses of the states, in particular that of
the lightest scalars, and thermodynamics.

D. A light state near the critical point

As we saw, having fixed the other parameters in the
potential, generic choices of ϕM < ϕc

M lead to the appear-
ance of a first-order phase transition in the space of
admissible, regular background solutions. For these, the
free-energy density plotted as a function of the source
shows the typical multivalued, swallow-tail diagram (see
Fig. 6) containing two branches of (meta)stable solutions as
well as one of unstable ones. In the spectrum, a tachyon
appears along the unstable branch.
This subsection is devoted to discussing how such

features change when one increases ϕM to approach and
move beyond its critical value, ϕc

M, highlighted in Fig. 7.
Illustrative examples are depicted in Fig. 9, where the
vacuum expectation value of the operator dual to ϕ, hOϕi,
is displayed as a function of its source, Λ, for several
choices of ϕM. The corresponding spectra are also shown.
When the critical value ϕc

M is reached, the transition
becomes of second order, as hOϕi is continuous but its
derivative, which diverges, is not. Ultimately, when the
critical value is exceeded, a smooth crossover is
encountered.
As can be seen in the figure, for values of ϕM ≲ ϕc

M near
the critical point but for which a phase transition is still
present, the lightest state becomes parametrically light.
This occurs along the physically realized and stable branch

of solutions. Such a light state survives for ϕM ≳ ϕc
M, over a

region of parameter space near the critical point. It hence
appears that the presence of a nearby critical point in the
space ðϕM;lΛÞ suppresses the mass of the lightest scalar
state in the theory, compared to the other scales, and other
masses.
We come now to discussing the nature of such a

parametrically light scalar particle. If it is a dilaton, the
pseudo–Nambu-Goldstone boson associated with the spon-
taneous breaking of approximate scale invariance, then it
should couple to the trace of the stress-energy tensor; see
for instance the lecture notes in Ref. [1]. In the language of
gauge/gravity duality, said trace sources the trace of the
bulk fluctuations of the metric. But this is not a gauge-
invariant statement, and furthermore the explicit breaking
of scale invariance results in the mixing of the would-be
dilaton with any other spin-zero, flavor-singlet excitation in
the theory. Following the suggestion in Ref. [145], we redo
the calculation of the spectrum of spin-zero states in the
probe approximation. In doing so, we ignore the back-
reaction on the metric, and hence the metric fluctuations are
ignored. This drastic approximation is doomed to miss the
dilaton, while it should capture well the properties of states
that are generic scalars. In the presence of modes that result
from the admixture of the two, the approximation is going
to work better for states that are predominantly the latter.
The details of the computation are collected in Appendix C,
and the results are shown in Fig. 10, for a particularly clear
example, obtained with ϕM ≃ ϕc

M. In a range of values of
hOϕi, the lightest scalar is approximately massless. The
probe approximation reproduces all the excited states very
well. However, it fails to capture the lightest mode,
particularly when this state is very light. This result
provides strong evidence that this light scalar state is to
be interpreted as a light dilaton.

E. Model B in compendium

Model B is built starting from the same general setup as
model A: a real scalar field is coupled to gravity in five
dimensions. However, we adopt a simpler, polynomial
potential, and furthermore generalize the ansatz for the
background, to admit solutions in which one of the
dimensions is compactified on a circle. We then search
for regular and smooth background solutions, in which the
circle shrinks to zero size, hence modeling the generation of
a mass gap in the dual, lower-dimensional field theory
interpretation.
As in model A, we identified a boundary in the parameter

space separating regions in which the background solutions
are qualitatively different. By contrast with model A
though, we were able to compute the free energy and
perform a global stability analysis of the background
regular solutions over the whole parameter space. This
analysis demonstrated that the aforementioned boundary is
actually a line of first-order, zero-temperature phase

FIG. 8. Mass spectrum of spin-zero states as a function of the
vacuum expectation value of the operator dual to ϕ, denoted as
hOϕi, normalized to powers of the scale Λ and a, defined in
Eq. (15). The masses are normalized to the mass of the lightest
spin-two state, m�. The value of hOϕi jumps at the first-order
phase transition between the black, dashed vertical lines. Sim-
ilarly, the red dot-dashed vertical lines indicate the value of hOϕi
at the turning points, when plotted against lΛ (see Fig. 6). In this
example, we set ϕM ¼ 0.97.
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FIG. 9. Vacuum expectation value of Oϕ (left) and corresponding mass spectrum of fluctuations (right), for different choices of ϕM

near the critical point. A massless scalar state appears at the critical point, ϕM ¼ ϕc
M.
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transitions, which terminates for a critical value of the
tunable parameters in a second-order phase transition.
The calculation of the mass spectrum of fluctuations of

model B shows that a tachyonic mode appears only in
regions of parameter space leading to background solutions
that are energetically disfavored, hence reinforcing the
interpretation of the global stability analysis in terms of
phase transitions in the theory. In the rest of the parameter
space, both spin-zero and spin-two states display the
properties one expects in a field theory that admits a
supergravity dual description, with towers of approxi-
mately equally spaced masses.
The noticeable exception is represented by the

region of parameter space close to the second-order
phase transition: in this case, one of the spin-zero
states is anomalously light, and its properties, ana-
lyzed by comparing the fully backreacted calculation
of the spectrum to the results of the probe approxi-
mation, are compatible with its interpretation as a
dilaton, the parametrically light particle associated
with spontaneous breaking of approximate scale
invariance.

IV. DISCUSSION

Motivated by the long-standing problem of identifying
classes of strongly coupled field theories with a spectrum of
composite states containing a light dilaton—the pseudo–
Nambu-Goldstone boson associated with spontaneous
breaking of approximate scale invariance—in this paper
we considered two classes of models, both constructed

within the bottom-up approach to holography. We pre-
sented the mass spectrum of fluctuations and the zero-
temperature thermodynamic properties of the backgrounds
we identified. These calculations provide two complemen-
tary (local and global) stability analyses of the vacuum
structure of the dual field theories. We summarize in this
final section our main findings, as well as their implications
for the more general research program on the dilaton. We
also identify some future avenues for research.
In model A our main results are depicted in Figs. 2 and 4.

We find evidence of the existence of a boundary, a
hypersurface in the parameter space of the theory, that
divides it into two regions within which the nature of the
classical background solutions is qualitatively different.
Furthermore, we find evidence of the existence of an
exactly massless scalar fluctuation along such boundary.
In the proximity of such boundary, said state has an
anomalously light mass compared to all other scales in
the dual field theory. It is tempting to associate the
boundary to the existence of a phase transition in the field
theory at zero temperature, and to associate the light state
with a dilaton. Unfortunately, the nature of the model does
not allow firm conclusions of this type. However, we do
find a remarkable, robust result: while model A has been
designed to exhibit the existence of complex FPs, in the
vicinity to which the RG flow slows down to the point that
the physics is nearly conformal, their presence plays no
central role in the aforementioned phenomena.
Our main results for models of type B are illustrated by

Figs. 6–10. First, we find that there are regions of parameter
space in which the lightest scalar in the spectrum of
fluctuations has a mass parametrically suppressed with
respect to all other mass scales in the theory. This happens
even when the field-theory phenomena associated with
confinement are modeled, in the gravity dual theory, by the
smooth shrinking to zero size of an internal compact
manifold (a circle), as suggested in the context of confining
Yang-Mills theories [84]. Furthermore, we find evidence
that this scalar particle is approximately a dilaton. We think
these are two important results, in the context of the historic
discussion in the literature [24–27].
We find that this is not a generic expectation, though. As

also discussed elsewhere in the literature, for instance in the
context of top-down holographic models obtained within
the context of extended supergravity theories in higher
dimensions [116–118], the generic expectation is that when
a gravity background is located in the proximity of a
classical instability, then a first-order phase transition in the
parameter space of the field theory is also present. If so,
generically one finds that along the physical, stable
branches of admissible solutions, the lightest scalar state
has a mass that is not significantly lower than the scale of
all other resonances. While it may be argued that the
composition of such a state does contain a significant
dilaton component, its physical properties are not dissimilar
to those of a generic scalar bound state.

FIG. 10. Spectrum of scalar fluctuations in model B computed
in the probe approximation (orange dashed lines), defined by
ignoring the metric fluctuations, compared to the correct spec-
trum of scalar fluctuations (solid blue lines), as a function of
hOϕi. The calculation is performed by keeping fixed ϕM ≃ ϕc

M, as
is the case for the third row of panels in Fig. 9. When the
fluctuations of the metric are ignored, the light state in the region
near the critical point is missed by the probe calculation, which
suggests it can be interpreted as a light dilaton.
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The remarkable finding of this paper is that, as hinted to
in the final paragraph of Ref. [118] (see also references
therein), we identified a model in which, for some choices
of the parameters, the phase transition is weak; for such
choices, we demonstrated the appearance of a light dilaton
in the spectrum. Qualitatively, this expectation may be
related to the ideas of Ref. [73]. Nonetheless, the models
discussed here include a mechanism for confinement, and
the direct connection between the emergence of the dilaton
and the proximity of a second-order phase transition
appearing at the end of a line of first-order ones is novel
in this context (a related argument can be found in the
lattice literature [146]).
These findings further motivate the program of searching

for realistic field theory realizations of the scenario in
which a parametrically light dilaton appears in the spectrum
of bound states of strongly coupled theories close to
instabilities, in particular when critical points at the end
of lines of first-order phase transitions exist. We do not
have, yet, a systematic understanding of the conditions
under which this might happen. Achieving this may require
the study of broader classes of models than the two
examples we provide in this paper. A prominent question
is whether examples of this type exist in the context of top-
down holographic models, embedded in well-understood
supergravity theories that are believed to be the low-energy
descriptions of fundamental theories of gravity (string
theory).
In conclusion, the results of this paper demonstrate that

the emergence of a light composite dilaton in strongly
coupled gauge theories is possible in the presence of
confinement and phase transitions at zero temperature.
The appearance of a dilaton in regions of parameter space
near the end point of lines of first-order (zero-temperature)
phase transitions is the central result that our examples
illustrate. It would be interesting to demonstrate that this
feature also survives in realistic field theories that can be
studied in the context of lattice gauge theories, in which
the discretized theories exhibit a rich, nontrivial phase
structure [146]. Investigating these and closely related
questions promises to be a fascinating future research
program.
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APPENDIX A: MORE ABOUT MODEL A

In this appendix, we provide details on the procedure of
holographic renormalization applied to the models of
type A we consider in the body of the paper. For
completeness, we also briefly expand the discussion of
the vacuum structure, to consider cases other than α ¼ 1,
which are the focus of the main body of the paper.

1. Holographic renormalization

Using the equations of motion, the Lagrangian density
appearing in the bulk part of the action, in Eq. (1), reduces
to a total derivative when evaluated on shell:

S⋆bulk ¼ −
L3

16πGN

Z
d4x
Z

z0

ϵ
dz

�
f
z

�
f
z2

�0�0

¼ −
L3

16πGN

Z
d4x

�
f
z

�
f
z2

�0�z¼z0

z¼ϵ

: ðA1Þ

Here Sbulk ≡ S − Sbdy, and ϵ is a small-z cutoff. Substituting
the small-z expansion offðzÞ fromEq. (14a),we find that the
regularized on-shell action is

S⋆bulk ¼ −
L3

8πGN

Z
d4x

�
1

ϵ4
−

Λ2

12ϵ2

þ Λ4

32

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
þOðϵÞ: ðA2Þ

The boundary term in the action (1) receives two additive
contribution, Sbdy ¼ SGHY þ Sct. The first is the GHY
boundary term evaluated on the cutoff surface at z ¼ ϵ,
SGHY ¼ 1

8πGN

R
d4x

ffiffiffiffiffiffi
−h

p
K, where hμν is the induced metric

on the cutoff surface, and K is its extrinsic curvature.
Evaluating on shell, we find

S⋆GHY ¼ L3

8πGN

Z
d4x

�
4

ϵ4
−

Λ2

3ϵ2

þ Λ4

8

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
þOðϵÞ: ðA3Þ
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The second contribution to the boundary term, Sct, is a set
of local counterterms that cancel the divergences in the on-
shell action,

Sct ¼ −
1

8πGNL

Z
d4x

ffiffiffiffiffiffi
−h

p �
3þ ϕ2

4
þ cϕ4

þ ϕ4

8

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

�
logϕ

�
; ðA4Þ

where c is a free coefficient, since it multiplies a finite
counterterm. Different choices of c amount to different
renormalization schemes. The remaining coefficients in
Eq. (A4) have been chosen to precisely cancel the small-ϵ
divergences in the action; adding the counterterms, we find
that the total renormalized on-shell action, S⋆ ¼ S⋆bulk þ
S⋆GHY þ S⋆ct, is given by

S⋆ ¼ L3

32πGN

Z
d4x

�
ΛΦ − 4cΛ4

þ Λ4

8

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
: ðA5Þ

The one-point function of the operator, O, dual to the
bulk scalar field, ϕ, is obtained from the functional
derivative of the on-shell action with respect to L,

hOi ¼ −
δS⋆

δΛ
: ðA6Þ

To obtain the contributions from the unrenormalized bulk
action and the GHY term, we write the latter as a bulk
integral over a total derivative and define Sbulk þ SGHY ¼R
d4x
R
dzL for some Lagrangian L. Then, under a small

variation ϕ → ϕþ δϕ and gmn → gmn þ δgmn we find
that the corresponding variation in the unrenormalized
action is

δS⋆bulkþδS⋆GHY ¼−
Z

d4x

�
δϕ

∂L
∂ϕ0 þδgmn

∂L
∂g0mn

�				
z¼ϵ

¼ L3

32πGN

�
−
2ΛδΛ
ϵ2

þ3ΦδΛ−ΛδΦ

þ3Λ3δΛ
2

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
; ðA7Þ

FIG. 11. The phase space and spectra of model A for α ¼ ffiffiffiffiffiffiffiffi
2=3

p
.
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where in the second equality we have substituted the UV
expansions in Eqs. (14a) and (14b), and we have dropped
terms that vanish in the limit ϵ → 0. The variation in the
counterterms may be obtained straightforwardly by
expanding Eq. (A4):

δS⋆ct ¼
L3

32πGN

Z
d4x

�
2ΛδΛ
ϵ2

þΦδΛþ ΛδΦ − 16cΛ3δΛ

− Λ3δΛ
�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
: ðA8Þ

The divergent term and the term proportional to δΦ
cancel from the variation of the full renormalized action,
as expected. Using Eq. (A6) we find the one-point
function:

hOi¼−
L3

8πGN

�
Φ−4cΛ3þΛ3

8

�
1

3
−
α2

2
þ 3

ϕ2
c
þ 3

ϕ�
c
2

��
:

ðA9Þ

It is convenient to choose a renormalization scheme (a
value of c) to cancel the terms in hOi proportional to Λ3.
In this scheme we find

S⋆ ¼ L3

32πGN
ΛΦvolðR3;1Þ; hOi¼−

L3

8πGN
Φ; ðA10Þ

where volðR3;1Þ denotes the regularized volume of
Minkowski space, arising from the integral over the field
theory directions in S⋆.

2. On the vacuum and spectra of model A

While in the main body of the paper we restricted
attention in model A to the choice α ¼ 1, we performed
an extensive study of the parameter space to check that our
findings have general value. To illustrate this point, we
present in Figs. 11 and 12 two numerical examples of the
phase space of the models, with α ¼ ffiffiffiffiffiffiffiffi

2=3
p

and α ¼ 1.25,
respectively, and samples of their corresponding spin-zero
spectra. We plot the spectra as functions of ϕi for three
different values of ϕr: one value of ϕr for which our
solutions are bouncing at small ϕi, one value of ϕr for
which our solutions are just outside the bouncing region,
and one value of ϕr well away from the bouncing region.
As can be seen in the figures, by comparing them with
Figs. 2 and 4, the qualitative features of our analysis are not
affected by the change in α. Namely, we find a region

FIG. 12. The phase space and spectra of model A for α ¼ 1.25.
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around the origin of the complex ϕc plane for which our
solutions bounce and are unstable. Just outside this region
the lightest spin-zero state is much lighter than the other
states in the spectrum.
We also investigate the probe limit of spin-zero fluctua-

tions in model A, similar to the analysis for model B
performed in Sec. III D. In this case the probe limit
equation of motion is incompatible with imposing regu-
larity of the spin-zero fluctuation in the IR—instead in the
probe limit there are a pair of modes with complex
exponents near z ¼ z0—so the spectrum is not well
defined. One possible approach is to cut off the deep IR,
considering only the region z ≤ z0 − ϵ with some small ϵ.
One can then compute the spectrum by imposing Dirichlet
boundary conditions at z ¼ z0 þ ϵ, and investigate whether
the spectrum converges in the limit ϵ → 0. We find that this
process indeed gives a convergent result for model A;
however the result bears no relation to the true spectra
plotted in Fig. 4.

APPENDIX B: FLUCTUATION EQUATIONS

The spectrumof bound states is computed by studying the
fluctuations of the background fields [84] in a sigma model
coupled to gravity (see, for instance, Refs. [148–150]),
and makes use of a formalism that exploits gauge inva-
riance [131–136]. In this appendix we discuss the derivation
of the equations of motion for the gauge-invariant combi-
nations of metric and scalar perturbations appearing in the
main text. We follow Ref. [132]. We consider gravity in
(dþ 1) dimensions, minimally coupled to some number of
scalar fields Φa, with bulk action

Sbulk ¼
1

16πGdþ1

Z
ddþ1x

ffiffiffiffiffiffi
−g

p

×

�
R −

1

2
gmn

∂mΦa∂nΦa − VðΦÞ
�
; ðB1Þ

where VðΦÞ is the potential for the scalar fields, including a
negative cosmological constant. Note our sigma-model
metric is the identity, Φa ¼ δabΦb. We consider linearized
fluctuations about an asymptotically AdSdþ1 background
geometry of the form

ds2¼ dρ2þe2BðρÞημνdxμdxν; Φa ¼ΦaðρÞ; ðB2Þ

where ρ is the radial direction and xμ are the field theory
directions. Greek indices in this appendix are raised and
loweredwith theMinkowski metric, ημν, and its inverse. The
notation used in this appendix differs slightly from that used
in Sec. II; at the end of the appendix we provide a dictionary
for translating between the two.
When perturbing the background in Eq. (B2), it is

convenient to decompose a general metric in radial slicing
according to the Arnowitt-Deser-Misner formalism:

ds2 ¼ ðn2 þ nμnμÞdρ2 þ 2nμdρdxμ þ ḡμνdxμdxν; ðB3Þ

where ðn; nμ; ḡμνÞ depend on ρ and xμ. We rewrite the small
perturbations as

ḡμν → e2BðρÞðημν þ hμνÞ; nμ → νμ;

n → 1þ ν; Φa → ΦaðρÞ þ ψa: ðB4Þ

The small ðhμν; νμ; ν;ψaÞ depend on both the radial
coordinate ρ and the field theory coordinates xμ. We further
decompose the symmetric tensor, hμν, as

hμν ¼ tμν þ ∂μuν þ ∂νuμ þ
∂μ∂ν

□
H þ ημνh; ðB5Þ

where tμν is a symmetric, transverse (∂μtμν ¼ 0), traceless
tensor, uμ is a transverse vector, and H and h are scalars.
The field theory d’Alembertian□≡ ημν∂μ∂ν is constructed
using the Minkowski metric. If we define the transverse
projector

Πμν ¼ ημν −
∂μ∂ν

□
; ðB6Þ

then we can extract the individual components of
hμν as [151]

tμν ¼
�
ΠμλΠνσ −

1

d − 1
ΠμνΠλσ

�
hλσ; ðB7aÞ

uμ ¼
1

□
Πμν∂λhνλ; ðB7bÞ

H ¼ 1

d − 1

�
d
∂
μ
∂
ν

□
hμν − hμμ

�
; ðB7cÞ

h ¼ 1

d − 1

�
hμμ −

∂
μ
∂
ν

□
hμν

�
: ðB7dÞ

Under an infinitesimal diffeomorphism, xm → xm þ ξm,
the scalar fields and metric transform as

Φa → Φa þ ξm∂mΦa þ…;

gmn → gmn þ∇mξn þ∇nξm þ…; ðB8Þ

where the ellipses denote terms of higher order in ξ.
Applying the projections in Eq. (B7), we can then extract
the following gauge transformations for the fluctuation
variables:

δψa¼Φa0ξρ; δν¼ ∂ρξ
ρ δνμ ¼ ημνe2B∂ρξνþ∂μξ

ρ;

δtμν¼ 0; δuμ ¼Πμνξ
ν; δH¼ 2∂μξ

μ; δh¼ 2B0ξρ:

ðB9Þ
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Using these transformations we identify gauge-invariant
combinations of the fluctuation variables. With n scalar
fields there are (nþ 1) combinations that do not include
any radial derivatives of the fluctuations,

aa ¼ ψa −
Φa0

2B0 h; eμν ¼ tμν: ðB10Þ

In addition, there are three gauge-invariant combinations
that we can form involving radial derivatives of the
fluctuations,

b ¼ ν −
�

h
2B0

�0
; c ¼ ∂

μνμ −
□h
2B0 −

e2B

2
H0;

dμ ¼ Πμ
λνλ − e2Bu0μ: ðB11Þ

Notice that c and dμ are essentially built from the longi-
tudinal and transverse components of νμ, respectively.
The action in Eq. (B1) leads to a cumbersome set of

linearized equations of motion for the fluctuations. We use
Eqs. (B10) and (B11) to eliminate ðψa; tμν; ν; νμÞ from these
linearized equations ofmotion in favor of the gauge-invariant
variables. One finds that the remaining gauge-dependent
variables ðuμ; h; HÞ then also disappear from the equations of
motion; they represent residual gauge degrees of freedom.
The fluctuations, written in the form of Eq. (B10), obey
decoupled, second-order ordinary differential equations.
Fourier transforming, so that aaðρ; xμÞ ¼ eipμxμaaðρ;pμÞ, the
Fourier modes of the scalar fluctuations, aa, obey

e−dBðedBaa0Þ0 þm2e−2Baa

−
�

VΦa0Φ0
b

ðd−1Þ2B02þ
VaΦ0

bþΦa0Vb

ðd−1ÞB0 þVab

�
ab¼ 0; ðB12Þ

where Va ¼ ∂V=∂Φa, Vab ¼ ∂
2V=∂Φa

∂Φb, and m2 ¼
−pμpμ. Recall that indices are raised and lowered with
the identity matrix, δab. Similarly, the independent compo-
nents of the gauge-invariant, spin-two fluctuation, eμν, obey
the Klein-Gordon equation on the background metric,

e−dBðedBe0μνÞ0 þm2e−2Beμν ¼ 0: ðB13Þ

Once these equations are solved, the remaining gauge-
invariant fluctuations are fixed by algebraic equations,

b ¼ Φ0
aaa

2ðd − 1ÞB0 ;

e−2Bc ¼ −
Φ0

aaa0

2ðd − 1ÞB0 þ
VΦ0

aaa

2ðd − 1Þ2B02 þ
Vaaa

2ðd − 1ÞB0 ;

dμ ¼ 0: ðB14Þ

The full set of fluctuation equations are completely solved by
any ðaa; b; c; dμ; eμνÞ satisfying Eqs. (B12)–(B14).
Equations (50) and (53) in Sec. III are recovered by

setting d ¼ 3 in Eqs. (B13) and (B12), respectively. To
recover the notation used in Sec. II, we set d ¼ 4,
ρ ¼ L logðz=z0Þ, and e2B ¼ L2fðzÞ=z2. Section II has a
single scalar field, Φ ¼ ϕ.

APPENDIX C: SCALAR FLUCTUATIONS
IN THE PROBE APPROXIMATION

In this appendix, we discuss the details of the computation
of the scalar fluctuations ofmodel Bwhen the fluctuations of
the metric are ignored, which we referred to as the probe
approximation. The motivation is to support our claim that
the mode that becomes light is indeed a dilaton. In this
approximation, the fluctuation equations become [145]

0 ¼ ½∂2ρ þ 3B0
∂ρ þ e−2Bm2�ãa − Va

bãb: ðC1Þ
Here, the “ ˜” reminds us that these are not the actual
perturbations, but their probe approximation.
Interestingly, the UV expansion of the perturbations are

significantly altered. We find that

ã1¼2
ffiffiffi
3

p �
v1þs1 logðzÞþ

1

4
ϕss2 logðzÞ2

�
z2þOðz4Þ;

ã2¼ s2zþ
�
v2þ

1

24
ðs2ϕ2

s−36ϕsðs1−2v1Þ−12m2s2Þ logðzÞ

−
3

8
ϕsðs2ϕs−4s1Þlog2ðzÞþ

1

4
s2ϕ2

s log3ðzÞ
�
z3þOðz4Þ:

ðC2Þ
Notice the appearance of the coefficient s2 in both
expansions. Fortunately, if we consider the combinations

ψ1ðzÞ¼
1

logðzÞ
�
ã1ðzÞ
2
ffiffiffi
3

p
z2
−
1

4
ã2ðzÞϕðzÞ logðzÞ

z2

�
;

ψ2ðzÞ¼
ã2
z
; ðC3Þ

we find that near the boundary

ψ1¼ s1þ
v1

logðzÞþOðz2Þ;

ψ2¼ s2þ
�
v2þ

1

24
ðs2ϕ2

s−36ϕsðs1−2v1Þ−12m2s2Þ logðzÞ

−
3

8
ϕsðs2ϕs−4s1Þlog2ðzÞþ

1

4
s2ϕ2

s log3ðzÞ
�
z2þOðz3Þ:

ðC4Þ
Thus, we identify s2 and s1 as the coefficients that have to
vanish for the solutions corresponding to the spectrum.
Similarly, the perturbations near the (IR) end of space read
as follows:
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ã1 ¼ c1 −
ðz − z0Þ2ð−2c1gIRL2VBðϕIRÞ þ 6c1m2z20 þ c2gIRL2V 0

BðϕIRÞÞ
24ðgIRz20Þ

þOððz − z0Þ3Þ;

ã2 ¼ c2 −
ðz − z0Þ2ð2c1gIRL2V 0

BðϕIRÞ − c2gIRL2V 00
BðϕIRÞ þ c2m2z20Þ

4ðgIRz20Þ
þOððz − z0Þ3Þ; ðC5Þ

with the appearance of two undetermined parameters, c1
and c2.
The appearance of logarithmic divergences in Eq. (C2)

makes the integration from the IR all the way up to the
boundary challenging. In particular, it is complicated to
proceed as we did with the full perturbations. There, we
were looking for a combination of numerical solutions
obtained from initial conditions at the IR for which the
sources vanish at the UV. Here, instead, we must compare
numerical solutions obtained by evolving the differential
equations from both sides, and merging them at an
intermediate point.

Weproceed as follows.On the one hand,we set the sources
to zero at theUVandmake the choices ðv1; v2Þ ¼ ðy1;�y2Þ,
with yi ∈R positive real values, obtaining two different
solutions fφð1;IÞðzÞ;φð2;IÞðzÞg and fφð1;IIÞðzÞ;φð2;IIÞðzÞg. We
find these solutions (numerically) and evolve them between
the boundary and an intermediate matching point,
z ¼ zm ∈ ð0; z0Þ. On the other hand, we solve the equations
from the IR with ðc1; c2Þ ¼ ðw1;�w2Þ, with wi ∈R. This
gives two additional numerical solutions, which we denote
by fφð1;IIIÞðzÞ;φð2;IIIÞðzÞg and fφð1;IVÞðzÞ;φð2;IVÞðzÞg. These
are defined between the matching point zm and the IR z0.
With these two sets of solutions, we construct the matrix

Mðm2; zmÞ ¼

0
BBBBB@

φð1;IÞðzmÞ φ0
ð1;IÞðzmÞ φð2;IÞðzmÞ φ0

ð2;IÞðzmÞ
φð1;IIÞðzmÞ φ0

ð1;IIÞðzmÞ φð2;IIÞðzmÞ φ0
ð2;IIÞðzmÞ

φð1;IIIÞðzmÞ φ0
ð1;IIIÞðzmÞ φð2;IIIÞðzmÞ φ0

ð2;IIIÞðzmÞ
φð1;IVÞðzmÞ φ0

ð1;IVÞðzmÞ φð2;IVÞðzmÞ φ0
ð2;IVÞðzmÞ

1
CCCCCA: ðC6Þ

If detM ≠ 0, it means that there is no linear combination of
the IR solutions that reproduces the UV solutions. Con-
sequently, modes with the sources s1 ¼ s2 ¼ 0 cannot be
connected to the regular IR. In contrast, if detM ≠ 0 there
is a linear combination of I and II the value and derivative
of which at zm coincide with a linear combination of III
and IV.

Within this midpoint determinant method, the mass
spectrum is given by those values of m2 for which
detðMðm2; zmÞÞ ¼ 0. This set of m2 should not depend
on zm, which we check explicitly in the case of the
numerical study presented in the body of the paper, and
shown in Fig. 10.
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