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Functional information geometry of Euclidean quantum fields
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Information geometry provides differential geometric concepts like a Riemannian metric, connections
and covariant derivatives on spaces of probability distributions. We discuss here how these concepts extend
in a functional sense to quantum field theories in the Euclidean domain which can also be seen as statistical
field theories. The geometry has a dual affine structure corresponding to source fields or expectation value
fields seen as coordinates. In the latter version the coordinates label the macrostates of the classical field
theory. A key concept is a new generating functional, which is a functional generalization of the Kullback-
Leibler divergence. From its functional derivatives one can obtain connected as well as one-particle
irreducible correlation functions. It also encodes directly the geometric structure, i.e. the functional Fisher
information metric and the two dual connections, and it determines asymptotic probabilities for field
configurations through Sanov’s theorem. Based on the two dual connections one can construct covariant
functional derivatives which allow one to calculate connected and one-particle irreducible correlation

functions in general functional coordinate systems.
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I. INTRODUCTION

Information-theoretic aspects of quantum field theory are
getting more important recently, partly triggered by the
advancement of quantum information theory. Traditionally
this has been discussed in the context of black holes and the
information paradox [1-4], but also in the context of
nonequilibrium dynamics and thermalization [5,6] or for
expanding quantum fields [7-10]. Information-theoretic
methods can be used to classify states, for example, in
terms of entropy or entanglement entropy, to compare
states in terms of relative entropies, etc.

It is interesting in that context that there is actually a
sophisticated geometric structure on the spaces of proba-
bility distributions. This has been developed mathemati-
cally in the field of information geometry, see Refs. [11,12]
for recent reviews. More specifically, the Fisher informa-
tion metric provides a natural Riemannian metric to induce
a distance on the space of probabilities and Chentsov’s
theorem ensures that it is unique in being invariant under
sufficient statistics. Beyond this, a pair of dual connections
is available in the form of the Amari-Chentsov structure
[11,12]. They differ from the Levi-Civita connection and
are not metric compatible or, in other words, they have
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nonmetricity. Even more, the entire geometric structure is
very nicely encoded in terms of the Kullback-Leibler
divergence.

On the one side this raises the question whether a similar
geometric structure exists on the space of quantum field
theoretic states. Such a structure could be highly interesting
to better understand nonequilibrium dynamics, for exam-
ple. One generalization of the Fisher metric is the Kubo-
Mori-Bogoliubov metric, which is similarly induced by the
quantum relative entropy. However, there are other possible
metrics on the space of quantum states, and a uniqueness
result as strong as the Chentsov theorem in the classical
case is not available, for reviews see [13,14].

Relative entropy and the Fisher information metric have
been discussed as an interesting possibility to distinguish
between different quantum field theories [15]. Previously
information-theoretic metrics have been considered in a
finite-dimensional space of coupling constants, for example,
in Refs. [16-19]. In this context, infinite information-
theoretic distances have been discussed in Refs. [20-22]
with a view on applications in the context of the Swampland
program, see Refs. [23,24] for reviews. In Ref. [25],
Erdmenger et al. explored the use of the Fisher information
metric in different model systems. In Ref. [26] they studied
relative entropy and the connections of neural networks with
the renormalization group, see also Ref. [27].

An information-theoretic view on the renormalization
group has actually been being developed for many years,
see Refs. [28-39]. Recently also connections between the
renormalization group and optimal transport have been
explored [40,41].
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The quantum Fisher information has also been employed
in the context of entanglement detection, see e.g. Refs. [42—
44] and references therein. It was also discussed in the
context of holography, see e.g. Refs. [45,46]. In Refs. [47,48]
an emergent metric in large-N scalar theories has been
discussed. Similar concepts have also been used to quantify
complexity [49-51]. Let us mention here that somewhat
different information-theoretic concepts (based on the
Wasserstein metric) have also been applied in particle
physics [52,53].

Geometric concepts also find applications in thermody-
namics, see [54,55] for reviews or to characterize phase
transitions [56]. Quantum states have a geometric charac-
terization as well, see, for example, Ref. [14] for an
introduction. Relative entropy has recently been used to
formulate entropic uncertainty relations for quantum field
theories [57].

Previous applications of information geometry to
Euclidean quantum field theory have concentrated on the
space of theories that can be parametrized by a finite
(countably infinite) set of coupling constants. In contrast
we develop in the present work a different application. We
consider a parametrization of actions in terms of local fields
and take those as coordinates in a functional sense. We work
with Euclidean quantum field theories that directly have a
probability interpretation or that can be seen as classical
statistical field theories with one more spatial dimension. In
one representation the parameter fields are sources that
couple to fundamental fields or composite operators and
could in the latter case also be seen as space-dependent
masses or coupling constants. In another representation,
related to the former through a Legendre transform, the
information geometric coordinates are expectation value
fields. The beauty of geometric concepts is that they apply
also in other coordinate systems, however.

In other words, in the present work we discuss the
information geometry of statistical field theories which
can also be seen as quantum field theories in the
Euclidean domain. We explore specifically how source fields
or expectation value fields, which parametrize the macro-
states of these statistical theories, can be seen as alternative
coordinates in the space of functional probability distribu-
tions and what kind of geometric structures are associated
with them.

In terms of source or expectation value coordinates, the
Riemannian Fisher information metric will be seen to
correspond to connected two-point correlation functions.
The two dual connections are corresponding to different
kinds of three-point correlation functions (connected and
one-patrticle irreducible).

We will find very close relations between functionals like
the Schwinger functional and the quantum effective action
that are used in the quantum field theoretic context to
generate correlation functions, effective propagators and
vertices, or to investigate thermodynamic properties and
information geometric concepts. We will introduce a

functional generalization of the Kullback-Leibler diver-
gence and show that it can itself be used to generate
connected correlation functions as well as one-particle
irreducible correlation functions, effective vertices, propa-
gators and so on.

This leads to a new, information-theoretic perspective on
important concepts of nonperturbative statistical and quan-
tum field theory. In addition also a new geometric view is
thereby obtained, that allows one, for example, to go to
arbitrary field coordinates but to calculate nevertheless
connected or one-particle irreducible correlation functions
through the use of appropriate connections and covariant
derivatives. Specifically in this regard the newly introduced
divergence functional has substantial advantages over the
traditionally used Schwinger functional and quantum effec-
tive action. When evaluated in arbitrary coordinates it
automatically contains the geometric information about
the Riemannian metric as well as a set of two dual
connections. This information can be used to formulate
covariant functional derivatives and to calculate the corre-
lation functions, again from the divergence functional. In this
sense the divergence functional is a generating functional for
the functional information geometry but also for connected
as well as one-particle irreducible correlation functions.

The fact that we concentrate on Euclidean theories with
probabilistic interpretation has the advantage that concepts
can be taken over from the mathematical literature on
classical information geometry rather directly, with the
generalization being from functions to functionals.'

Let us remark that the discussion we present here is from
a mathematical point of view heuristic. For example, issues
with different topologies or the precise definition of the
functional integral will not be discussed. We leave in
particular the issue of ultraviolet regularization and renorm-
alization to future work.

This paper is organized as follows. In Sec. II we briefly
recall the conceptual setup of Euclidean quantum field
theory before discussing a natural affine structure in terms
of sources in Sec. III. In Sec. IV we introduce the Fisher
information metric and discuss its significance in the field
theoretic context. In Sec. V we introduce expectation value
fields as alternative coordinates using Legendre transforms
and the quantum effective action. The corresponding affine
geometry is discussed in Sec. VI. In Sec. VII we discuss a
new generating functional for quantum field theory, the
functional generalization of the Kullback-Leibler diver-
gence in terms of source coordinates, expectation value
coordinates and combinations thereof. Also the informa-
tion-theoretic significance of this object will be discussed.
Subsequently, in Sec. VIII we present functional integral
representations of the divergence functional including

'Note that some of the mathematical literature is formulated
based on powerful measure theoretic concepts that also apply
formally to functionals [12].
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steepest descent or one-loop approximations to it. In
Sec. IX we discuss different connections in more detail,
before explaining how they can be obtained from the
divergence functional in general coordinates in Sec. X.
We also introduce there covariant functional derivatives
based on these divergences. Finally, we draw some con-
clusions in Sec. XII.

II. EUCLIDEAN QUANTUM FIELD THEORY

We study here a bosonic quantum field theory in
Euclidean spacetime, or statistical field theory. The fluc-
tuating field y,;(x) is seen here as a very large set of random
variables. In a discretized version of the theory there would
be 1 degree of freedom or random variable per field
component / and lattice site x;, but in the field theoretic
limits of infinite volume and vanishing lattice constant the
number tends to infinity.

We assume here that there is a well-defined functional
integral measure Dy, which could, for example, be
obtained through the limiting process from the lattice
formulation of the theory. With respect to this measure
the probability density for the field y is taken to be

vl =ex (<11 + | S0 10} - WL ).

(1)

We have introduced here a set of parameter fields J,(x) as
generalized sources, which are supposed to couple in some
way to the microscopic field y through operators ¢, [y](x).
Note that this is a very general setting, because the ¢, [x](x)
could be linear or nonlinear in y. In other words, the sources
J,(x) can couple to fundamental fields but also composite
operators of various types. Some sources J,(x) can also
couple to the theory like coupling constants A or changes in
coupling constants A — 4y. Of course, coupling constants
are usually constant in space, but that just means to restrict
J,(x) accordingly. The functional I[y] parametrizes the
functional probability density at the point J,,(x) = 0, up to
an overall constant specified through W/[0].

In general the Schwinger functional W|[J] is determined
such that the probability distribution is properly normal-
ized, as the logarithm of the partition function

Z[J] ="l
= [resw (-1 | ;{J,xx)qsnwx)}). )

From the partition function Z[J], or the Schwinger func-
tional W[J] (known as cumulant generating function in
statistics), one easily derives expectation values, correlation
functions or other interesting observables. One can easily
show, using Holder’s inequality, that W[J] is convex,

Wi(l=0)J +tJ" < (1 =)W+ tW[J"], (3)
with 0 <7< 1.

The positions x are supposed to be in a space of
dimension d and we use the abbreviation

| = [ axvato. @)

with g(x) = det(g,,(x)) the determinant of the Euclidean
spacetime metric. In the following, it will also be conven-
ient to use an abstract index which combines position and
field component, a = (x, n), and to use the convention that
a combination of an upper and lower abstract index
corresponds to an integral over x and a sum over n,

s = [ dter/5 DIAETAC (5)

with J* = J,(x) and ¢, = ¢,(x). In other words, whenever
upper and lower Greek indices appear together this implies
an integration over position and a summation over discrete
field indices. On the other side, a formal Kronecker  stands
for a functional unit matrix,

1

V(x)

When convenient one can also use another basis and
expand fields in Fourier modes, for example. The abstract
index notation needs a moment to get used to, but it is very
convenient for a calculus involving many functional dif-
ferentiations, higher-order correlation functions, etc. It is
usually clear from the context how expressions involving
abstract indices can be made concrete. Let us stress that we
are still dealing with fields and functionals, despite the
simplified notation.

A class of probability distributions as in Eq. (1) with a set
of sources J” seen as parameters is known as an exponential
family in information geometry [11,12]. We stress that
usually the set of coordinates J* is finite, while we are
working here in a functional setup with the notation
J* = J,(x). Our exponential family has infinitely many
parameters.

Let us note here that one may alternatively also consider
the operators ¢,,(x) as the field theoretic random variables
and perform a change of variables

5aﬁ = é(d) (x - y)énm' (6)

Dy exp (—I[y]) = D exp (=S[¢]). (7)
The functional S[¢] is known in this context as the
Euclidean action. The partition function (2) is then repre-
sented as

125027-3



STEFAN FLOERCHINGER

PHYS. REV. D 110, 125027 (2024)

- / D¢ exp <—s[¢]+ / zﬂ:{]n(x)q’)n(x)})' (8)

This notation seems to imply a restriction in the sense that
J,.(x) now couples linearly to the fields. Moreover, one
sometimes sees sources as auxiliary constructs used to
calculate field correlation functions. However, as the
discussion above shows, one can take another point of
view and parametrize through J,(x) a general class of
deformations of the theory, which is allowed to depend on
space position. The only real restriction is that J,,(x) enters
linearly any term in the exponential function in Eq. (2) that
depends on the field y.

III. AFFINE GEOMETRY FOR SOURCES

Let us note here immediately that there is an affine
structure on this exponential family in the sense that an
affine transformation of sources,

J* = J/(l — M(l/}]ﬁ + C(l, (9)

with invertible M“, leads again to a probability distribution
of the form (1), i.e. in the exponential family. Note that this
is not the case for nonlinear transformation of sources.

In a related way, affine transformations of the form (9)
preserve the convexity of the Schwinger functional W[J],
while more general nonlinear transformations do not.

Moreover, the affine structure allows connecting prob-
ability distributions associated with the sources J'* and J"*
through a distribution with source J(¢) given by the flat,
so-called e-geodesic,2

Jo(1) = (1 = 1)J' + 1J", (10)

where 0 <t < 1. Geometrically this means that the mani-
fold of probability distributions in the exponential family
has a flat connection in terms of the coordinates J*. As
trajectories, e-geodesics are characterized by the differ-
ential equation

d d
()1 =0, (11)

L) + T 1 L) 4

dr?

where the connection vanishes here, in terms of source
coordinates,

(FE)ﬁay[J] =0. (12)

A geodesic is here a line connecting two points, determined
by a connection, and not necessarily the shortest path in any
sense.

In another coordinate system, related to J* in a nonlinear
way, this would not be the case, however.

IV. THE FISHER INFORMATION METRIC

Spaces of probability distributions have a natural
Riemannian metric, the Fisher information metric. For
distributions parametrized by coordinates J¢ it is given by

o 13
GylJl= | D J—1 =1 J
ol = [ Dl o ply a1l

2

:—/D){pb{,]]b,‘]fwlnpb("]}' (13)

In the last equation we have used the product rule and
that [Dyply.J] = 1.

The information-theoretic significance of the Fisher
metric is that the infinitesimal Fisher-Rao distance of
two nearby probability distributions

ds? = G ,[J|dJed]? 14
ap

gives a measure for how well distributions at J and J' can

be distinguished [58]. As usual, in Riemannian geometry,

the length of a path is defined through line integrals of ds.
For the exponential family, one finds easily

52
Gyl = wiJ
(1/3[] 5Ja5jﬁ []

= (@altlbple]) = (Dal])Bple)).  (15)

The Fisher metric agrees with the connected correlation
function of fields. With the exception of Gaussian theories,
this correlation function depends still on the source J* and
the metric is therefore not constant. Let us note that the
metric (15) can be seen as an extension of Zamolodchikov’s
metric defined for conformal field theories [16], see [15,20]
for further discussion.

We are now in the interesting situation that the space of
probability distributions as parametrized by J* has a
nontrivial Riemannian metric G,;[J], but at the same time
has an affine structure with e-geodesics corresponding to
vanishing connection, (I'g);*,[J] = 0. It is clear that this
connection is, for non-Gaussian theories, not the Levi-
Civita connection corresponding to the metric G,4[J], and it
remains to characterize it further. By a Gaussian theory we
mean in this context a theory where the Schwinger func-
tional W[J] is quadratic in J such that G ,; is independent of
J. In that special case the Levi-Civita connection symbols
would vanish as well.

Let us note here that for statistical field theories in d > 2
dimensions two-point correlation functions G(x —y) =
(@(x)p(y)) — (p(x))(¢(y)) are usually divergent for
x =y (ultraviolet divergence) and should be considered
as Green’s functions which also depend on boundary
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conditions [59]. This is a point where the present setup
deviates from applications of information geometry to finite
systems.

V. EXPECTATION VALUES AS COORDINATES

Instead of the sources J* one can parametrize the
probability distributions for y or the fields ¢,[y] in terms
of the expectation values

)

¢, = <¢ab(]> = S5J%

Wi = / Dyl Iidaly). (16)

With the exception of Gaussian theories this is a nonlinear
change of coordinates from the sources J“.

One way to describe this change of variables is in terms
of Legendre transforms. The quantum effective action or
one-particle irreducible effective action is defined as

['[®] = sup(J*®, — W[J]), (17)
J
and as a Legendre transform it is a convex functional of
expectation values ®,,. The definition also implies that I"?)
and W are inverse,

FT@] 8°W[J]  5T[®)]
5D, 5Dy 8JP5T1 5D,6Dy

G ll] =57, (18)

In the context of the theory of large deviations this is known
as the Cramér function [60]. The quantum effective action
satisfies the field equation

0
oD,

o] = Je. (19)
With these relations one can write the probability density

for y as

ST[®)]
5D,

Pl @] =exp (—1m+ <¢am—<ba>+r[q>}). (20)

The normalization condition for the distribution (20),
| Dyply, ®] = 1, gives the well-known background iden-
tity for T'[D].

Let us mention here also a relation to a differential
entropy for the functional probability distribution in the
form (1) or (20). Defining a differential entropy as

H = —/D)(pD(J] In ply. . 21)
we find

H = (I[y]) = J°®, + W] = (I[]) - T[®]. (22)

Note that as a differential entropy H does not have a
definite sign.

Somewhat surprisingly one can actually argue under
certain conditions that p[y, ®] must be linear in @, see e.g.
Ref. [12]. To investigate this in more detail we first define
@' as the expectation value at vanishing source, i.e. the
solution of Eq. (19) at J* = 0. We can rewrite (16) in the
form

/ Dy (ply @] - pli. O (o] - 0 = b, — . (23)

We now assume that one can find a dual basis y”[y] to the
functionals (¢,[y] — ®5') such that

[ pr@dn- ot = @4
and that allows one to expand

ple- @] = ply. @] = 5@y’ [x]. (25)

Using this in Eq. (23) we find c4[®] = @y — @' or

Pl @] = ply, @] + (@, — D)y ). (26)

which shows indeed that p|y, @] is linear in ®,. Let us now
compare this to Eq. (20). One can infer immediately that

ply. @] = exp (=1[] — W[0]). (27)
Expanding to linear order in ®, — ®;' yields

2 eq
bl ] = ple. 0]+ 55 S0 @, - )l

— @) ply, @) (28)

@] +

We see that consistency requires

8T (@]

Vil = 5o.50,

(#ple) = @) ple. @] (29)

Under the mentioned assumptions, (28) is not only the linear
order of an expansion, but actually an exact expression.
Higher orders of a formal expansion of Eq. (20) in ®, — ®g!
need to vanish. We stress, however, that original assumption,
namely that a dual basis y*[y] with the required properties
exists, may well fail. In that case Eq. (20) remains correct, but
does not have to be linear in @,

The class of probability distributions in Eq. (28), written as
alinear combination of expectation values, is called a mixture
family in the context of information geometry [11,12].
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VI. AFFINE GEOMETRY FOR EXPECTATION
VALUES

The Fisher metric in terms of expectation value coor-
dinates is easily determined to be

8 ST[@]

G¥®l=—- | D , O 1 ,P| = .
)=~ [ Daple. @) g5l 9] = o
(30)

As a matrix, this is actually the inverse of G(,,;[J], see
Eq. (18). In a statistical field theory, the inverse propagator
(30) contains usually derivative operators when evaluated
in position space.

The Fisher-Rao distance between close by distributions
can thus be written in three equivalent ways,

ds® = G y[1)5J°6)F = GP[D)5D,60, = 5J%6Dy.  (31)

As discussed before, the expectation values @, are
related to the sources J* by a change of variables that is
in general nonlinear. In this sense it is surprising that there
is an affine structure here, as well. Indeed, transformations
of the form

q)a - (D:z = N{Iﬁq)ﬁ + dav (32)

with invertible N/, map elements of the mixture family to
elements of the mixture family. One may consider so-called
m-geodesics connecting two probability distributions with
expectation values @}, and @/, of the form

D, (1) = (1 — 1)}, + 1D, (33)

and the corresponding probability distributions for 0 <7 <1
are simply linear superpositions of the distributions at the
two end points of the geodesic.

Note that the m-geodesic in (33) is different from the
e-geodesic described in (10), even when the end points J'*
and @), as well as J”* and @), correspond to the same
probability distributions (see also below).

The m-geodesics can also be characterized in terms of
differential equations,

CS0,(0) + (D), (0] 20,1 S 0, () =0, (34)

In terms of expectation values as coordinates the m-
connection symbols vanish,

(Tn)?, 7[@] = 0. (35)

At this point it is instructive to work out the connection
symbols of the m-connection in terms of source coordinates,

5B, 60, 5J°

sJP 5@
Y/ o H

6D, 5J°5J7°
(36)

(M), “[@] +

This uses the general transformation law for a connection
under changes of coordinates. As we just argued, in expect-
ation value coordinates the m-connection symbol vanishes,
and we thus find in source coordinates

FWJ)
SJASJT ST+

sJP 8o,

= — Gl
5<I>ﬂ 6J*oJ"

(Cn)o” 4[]

(37)

Up to a Fisher metric, the m-connection symbol in source
coordinates is the connected three-point function.
Accordingly, m-geodesics are in source coordinates not
straight lines when this three-point function is nonvanishing.

Similarly, one can find the e-connection symbol in
expectation value coordinates,

8% 8J7 5Dy 5Dy SAIH
Ip)e,7[®] = — () ) + =2
(Te)" (@) 5D, 50, sy Te) W+ 5 5D,50,
ST[@]
=Gp—————. 38
M 50,560,560, (38)

This is essentially the one-particle irreducible three-point
function.

VII. DIVERGENCE FUNCTIONAL

A. Divergence functional in source coordinates

Another highly interesting quantity used in information
geometry is the Kullback-Leibler divergence or relative
information entropy between two probability distributions
with coordinates J* and J'%,

D] :/D)(pb(,f]ln(l?bnf]/pbf,f’])- (39)

Note the antisymmetric nature of the definition. The
Kullback-Leibler divergence is non-negative,

DJ||J'] =0, (40)

and it vanishes when the distributions p[y,J]| and p[y, J']
agree, i.e. for J* = J'® Moreover, for J'* = J* + 5J% one
has

1

DUV =3

Gaﬂ[.]]é.l“d]ﬂ + ..., (41)
where the ellipses are for terms of cubic and higher order in
oJ%. In other words, for nearby distributions the Kullback-
Leibler divergence equals the Fisher-Rao distance squared,
up to a factor.
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The relative entropy finds an interesting application in
terms of Sanov’s theorem [58,60]. Consider n random
realizations of field configurations y; (where k =1, ..., n)
taken from the distribution (1). This gives rise to an
“empirical” distribution

pald =2 ol 1l (@)
k=1

The probability w for this empirical distribution p,, [¢] to lie
in some region Q of the space of all possible distributions
plx] is asymptotically (for large n) constrained by Sanov’s
theorem. For simplicity let us assume that Q is closed (with
respect to weak topology). Then w is asymptotically
constrained by the element g[y| of Q that is closest to
ply] in the sense of relative entropy. In other words, one has

im (L1000 ) =it [ Dyalnall/ok). (43)
n—oo \ 1 qeQ

Assuming now in addition that Q consists of a set of
distributions ply, J] that is in the exponential class (1) with
J in a set A, or expectation value @ in the corresponding set
B, we can write w in terms of the divergence functional,

lim (lln(w)) =—inf D[J||J'] = —(grglgD[d)H(I)’]. (44)

n—oo \ 1 JeA

Here we assumed that the true distribution is
plo,J'] = p[p. @']. By these arguments it becomes clear
that the divergence functional plays a natural role in
quantifying the probability for large deviations [60].

For the exponential family one finds easily the relative
entropy

D] = (J* = J"*) Dy — W[J] + W[J']
oWl

— Ja _J/a
( ) SJ¢

— W]+ W], (45)

The expectation value ®, is here with respect to the
distribution ply, J], as made explicit in the second line.

The expression in Eq. (45) is up to an interchange of
arguments (a duality transform), the Bregman divergence
associated with the convex function W[J],

DYl = Dw[/'||J]. (46)

In this context it is also clear that the Schwinger functional
W[J] is uniquely fixed by D[J|J'], up to an additive
constant and a linear term in J. In other words, to fully
reconstruct W[J] from D[J||J'] from one needs additional
information such as W|[0] and

SWIJ]

EAAEEL Y 47
57 |, (47)

The largest part of the functional information of W[J] is
contained in D[J||J']. Concretely, one finds for J* =0

D[0||J'] + J"*®g' + W[0] = W[J']. (48)

First derivatives of the divergence functional with respect
to the source coordinates are

8 &

— D = (J=J* wiJ

S5J [ || ] ( )5Ja6J/1 [ ]
— (= TGl

o o o

DJ||J'] = - w\J wJ’

sy PV = =5 WU+ 5w

= =@, [J] + D[] (49)

and they vanish for J = J/, as expected. Second derivatives
are

5 5
———D[J||J] = (J} = J*) ———— WJ] + G4J],
S5JesJP [ || ] ( )5]‘15]#5]/1 []+ aﬁ[]
O DU = Gyl
871" e
52 ! !
Let us also give the third derivatives,
53 54
——— D[] = =T W[J
8J28JPSJ M7= )51051135ﬂ5ﬂ V]
53
2—————WJ],
MY ]
5 5
———— D] = —————W[J],
8J4SIPST'Y VI 8J4SIPSI V]
53
sragngyn PV =0.
5 5
———D[J|V] = e W[J']. 51
8" SJPSJ" 1] 8J'*8JP8J" 4 (1)

It is particularly interesting to observe that the derivatives
with respect to the second argument J' yield directly
the connected correlation functions generated by the
Schwinger functional W[J']. Similarly, one derivative with
respect to J' and several derivatives with respect to J also
lead to connected correlation functions. Schematically
one has for n > 2

DO = W) (52)

and
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DU=LD[I| ] = =W ). (53)

This shows again how most of the information of W[J] is
contained in D[J||J'].

B. Divergence functional in expectation
value coordinates

The divergence functional can also be expressed in terms
of expectation value coordinates, and it is convenient to
work then with the quantum effective action defined in
(17). One obtains from (45) immediately

ST[@]

D[®||®] = T[®] - I'[0'] - 50

(©; —®)).  (54)

This can be seen as the Bregman divergence associated
with T'[®],

D[®[|®'] = Dr[®||®']. (55)

On the other side one can reconstruct I'[®] up to an additive
constant from D[®||®'] if additionally also @I satisfying
(47) or (19) for J* = 0 is known. Specifically, the differ-
ence of the quantum effective action at ® to the one at @
is the divergence functional,

] — T[] = D[] ], (56)

On similar ground, let us note that from the functional
DI[J||J'] alone one cannot immediately infer the functional
D[®||®’] (and vice versa) because the information about the
relation between the source J* and the expectation value @,
is not contained in D[J||J'] (or in D[®||®')). It is sufficient,
however, to know in addition the expectation value o,
From (49) follows a relation for the expectation value as
functional of the source,

1)

(Da [J] = (qu - SJ

DY =0 (57)

which allows one to implement the change of variables.
Similarly, this can be done in the other direction.

Taking functional derivatives of (54) with respect to the
two arguments yields

5 ST[®]  ST[d]
D q) (I)/ — _ — Ja _ Jla
5D, [©]] 5D, oD ST
b ST[@)
D[®||d] = - D, — D
= -G [@'](®; - @), (58)

and they vanish for ® = @' as expected. Evaluating the first
line at ®' = @ leads to a relation for the source as a
functional of the expectation value,

Je®] = 52: D[® @], (59)

Second derivatives are

52
D[®]|®'] = G7[@],
0,6y
5% 5
D[®||D'| = —-G¥[®/],
52 / 53 / /
/ ,D[q)HQ)]:— 7 ol /F[q)K(Dﬂ_(D/l)
5d)a5d>ﬁ OP;0' D oD,
+ G (@], (60)
and third derivatives follow as
53 53
D[PV = T[],
0D, 6P 6D, 0D ,06D40D,
53
—————— D[®||®'] =0,
5<D{,6<Dﬂ5d>’y
5 5
5 D[®| V] = — T[],
6®a5®;j6¢’y 5d>2,5d>’ﬁ5d>’y
5 5
/ / D[q)”q)/] = 2 ! ! / F[(D/]
5(13;5<I>ﬂ6<l>y 5@,16¢>ﬂ6d)7
o rie)®, @)
5D, 5P),6D, 6P, L

(61)

Here it is particularly interesting that the derivatives with
respect to the first argument @, yield the one-particle
irreducible correlation functions generated by T'[®].
Something similar happens for one derivative with respect
to @ and several with respect to @'. Schematically, for
n>2,

D@ =T[@], (62)
and
DUV (@] = T[] (63)

To summarize, the divergence functional D[®|¢’], when
supplemented with one expectation value configuration ¢g’
corresponding to vanishing source J%, contains the same
information as the effective action I'[®].

C. Divergence functional in mixed representation

There is also a very elegant mixed representation, where
the expectation value coordinate is used for the first
argument, and the source coordinate for the second argu-
ment of the divergence functional,
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D[®|J'] = T[®] + W[J] - J D, (64)

Here it is manifest that functional derivatives with respect
to the first argument generate one-particle irreducible
correlation functions, and those with respect to the second
argument generate connected correlation functions. Also,
by setting one of the arguments to zero, one obtains the
quantum effective action or Schwinger functional up to an
additive constant, respectively.
First derivatives are

5 ST[@)]
D(I) N — _ Jla — Ja _ Jla
oD, (@] oD, / F=I%
8 W)
D[®||J'] = -0, =P, —D,, 65
5]/(1 { || } 5]/(1 [¢4 a a ( )

and they vanish for J* = J'* and ®, = ®,,. In particular,
when the first line is evaluated at J' = 0 one obtains

5 ST[@]

(66)

which is the field equation for the expectation value.
Similarly, the second line in (65) gives ®[J'] when
evaluated at some given configuration ®,. In this sense
the mixed functional D[®||J'] contains more information
than either D[J||J'] or D[®||®’], because also the relation
between sources and expectation values is directly con-
tained. Note that D[®||J’] is not in the form of a Bregman
divergence.
Second derivatives are

52
D[®|J] = G¥[®
52
— = D[®||)] = =57,
5D,5)7 S /
52
5J/a5JIﬂD[cD||J/] = Gaﬁ[‘]/]' (67)

Third derivatives are simply

5 5
35050 POl = so— e TI®,
5D,50,;60, 5D, 6D;5P,

53
———————D[®||J'] =0,
5@, 50;6J" (1]

53

-

5D, 51P5J" D[@||7] =0,

5 ) 5 ,
————D[||)] = W[J]. 68
8J'SJPSJ" (1] 8J' 4IPS 4 (68)

More general, one finds here for n > 2,

D[] = T@),
DOM[®|J] = W [J]. (69)

Let us summarize that the divergence functional D[®||J'] in
the mixed representation of expectation value for the first
argument and source for the second argument contains
information equivalent to the Schwinger functional W[J]
and effective action I'[®], respectively. In fact, it elegantly
combines the two functionals.

D. Divergence functional in opposite mixed
representation

Finally, let us discuss also a mixed representation with
the opposite choice of coordinates

SW[J] Sr @]
D[J||®'] = J* - W[J| + @
@) = 1T = W+ ) 7
SW[J| oI [@']
— T[] - . 70
[ sJ4 8D, (70)
First derivatives are here
O DY) = (7} = IH)GlJ]
S5J% allY |
1)
&FD[JII‘D’] = -G [@'](D, — D)) (71)

On first sight D[J||®'] in this opposite mixed represen-
tation seems to contain even less information than D[J||J']
or D[®||®'], because even with the additional knowledge of
the expectation value @®g' corresponding to vanishing
source J* =0, it is not possible to infer from (71) the
general relation between expectation values and sources.
Only if in addition also the two-point function or Fisher
metric G,;[0] at J = 0 or its inverse G**[®%9] is known, can
one evaluate the first line of (71) (at J = 0 to yield

JH@] = -G (o] %DU 1= (72)

Similarly, evaluating the second line at ®/, = ®g! gives

e o
O,/] = @3 = Guu[0] 57 DV ¥l (73)

However, the necessary information about the Fisher metric
is contained in the second functional derivatives of (70),
which follow in general as
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82 5
— D@ = (J} =) ————WJ] + G 4lJ],
57 PV 12T = Vozesirar VW1 + Canl/]
52
——D[J||®'] = -G, [J]G¥[@'],
85J5®),
52 5
D] =—-——T[D (D, — P
5P, 6D, ] 5D, 0D/, 50, [@7)(@; - @)
+ GP[@]. (74)

Evaluating the first and third line at J = 0 and @ = @
yields G,4[0] and G*[®%4], respectively.
Finally, third derivatives are in this representation given by

5 5
syagpsg U] =25 e WL,
S5J25JPSJ 5J25JPSJY

54
Yy (Y () p—— Y |
( )5Jf’5jﬁ6ﬂ§ﬂ ]

5 -5 5
——D[J||¥]= WI[J (o',
5J°6JP 5@, =g ™| ]5c1>;5c1>3 [

53 _52 53
——_D[J||®]= WI[J o4k
8J°6D),5D), /1] 5J45J* | ]5c1>’ﬁ5c1>;5c1>; il

5 5
- _D[J|®]=2——— T
5D, 505D, /] 50 ad®' f5D), (@1

—54 ro')(®, - )
5D, 6P/, 50, 50, AT

(75)

This representation is less elegant and obviously leads to
more involved expressions for derivatives.

The question arises to what extent one can recover the
Schwinger functional W[J] or quantum effective action I'[®]
from the opposite mixed representation functional (70). As
we have argued, one can, with the additional information of
®;' construct the map between expectation values and
sources, and the information in D[J||®’] is then equivalent
to the divergence functional in other representations.

VIII. FUNCTIONAL INTEGRAL
REPRESENTATION FOR DIVERGENCE
FUNCTIONAL

For some purposes it is useful to have a direct functional
integral representation of functionals. From Eq. (45) one
finds

WJ]-J®,
e Dl € "
W-Tw,

(76)
Here one can use the functional integral representation for
the Schwinger functional (2), leading to an intuitive
expression for the divergence functional

oDV — fD)(eXP (=Iy] +J(dalx] = Dy))
I Dy exp (—1[7] + J*(¢.[7] — ®,))

(77)

Note that the expectation value ®, appearing in the
numerator as well as in the denominator is with respect
to the distribution at source J°.

At this point it is interesting to undo the coordinate
change in (7) which yields

e-DUIV — fD‘lf exp (—S[fD} + Ja(éf’a -D,))
fD¢ exp(_S[¢] + Jla(¢a - q)a)) '

(78)

Assume now that the two functional integrals can be
(approximately) evaluated in steepest descent method
(one-loop approximation). This yields
D[J||7'] ~ S[g[J]] = SlelJ']]

—J@al] = @) + T (@l '] = Do)

+%Tr{ln S]] = In SP[e[J]]}, (79)

where ¢, = @,[J] is a solution to the classical field
equation

)
5¢(l

S[g] = Je. (80)

The functional integral representation (77) can be
adapted to other coordinate systems by deriving from
(61) the relations

P
J* = — D[®||®e],
50, [@|| D]
Ja—_0 D[®| D] s (81)
5@ D=t

a

where @ is the expectation value configuration corre-
sponding to vanishing source J = 0. Using this, one finds
in terms of expectation value coordinates

~Dlo|w]

_ I Drexp (=1l + 55, DI P (¢aly] - @)
I Drexp (—1[7] = 55 D[P p—qea (Ball] = D))
(82)

e

Note that this is an implicit relation, because the divergence
functional D[®||®’] appears on the right-hand side.

For the steepest descent approximation in (79) one finds
to leading order
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5 5 S,lJ]
DI = (=Sl = JF | =21
s D) = (7-siola) =) 28
8JP
_E(¢ﬂ[J] _q)ﬂ)_'_‘]a_‘]/a

5JF

~ 5o (ppld] = @) +J* =T (83)

Equation (81) are therefore solved when @g[J] = ®4. This
leads to the leading order steepest descent approximation in
expectation value coordinates

DI®|0] ~ 5[] - S[&] ~ -2 S[0](@, ~ @), (84

This is consistent with (54) and the standard steepest
descent or one-loop approximation for the quantum effec-
tive action,

['[®] ~ S[®] +%Tr{ln S [@]}. (85)

One can also develop the field theoretic perturbation theory
to higher order and use it for an approximation to the
divergence functional D[®||®']. In fact, many methods
used in the context of quantum field theory could be
transferred to information geometry in this manner.

Let us give for completeness also a functional integral
relation in the mixed representation (64),

T J Dyexp (-Ily] +£D[(D||O} (Paly] — @)
I Drexp(~I[7] + T (balt] - @)
(86)

where we used

J{I

0 0
= D[®||J]|;_g = — D[®]|0].
5. D101 0 = s5-Dl@l0L (87

As seen before the mixed representation is particularly
elegant in the sense that it does not need additional
information about @°9.

IX. CONNECTIONS

Let us now discuss the different connections in more
detail. In the information-theoretic context a continuous
family of connections, parametrized by a parameter o has
been discussed [11]. For the field theoretic context mainly the
two boundary cases @ = —1 and a = 1 are important. They
correspond to the affine spaces of source and expectation
value coordinates. We emphasize that we are concerned here
with a infinite-dimensional space, so the connections we
discuss are to be understood in a functional way.

We start by working in source coordinates. Associated
with the Fisher metric in Eq. (15) is a unique connection
that is both torsion-free and metric compatible (i.e. free of
nonmetricity). This is the Levi-Civita connection

(i) 1] = 5GP

« < ® G+ GM[J]—(SGW[J})

5J* 5 5J*
(88)
For the exponential family one finds easily
Mol ] = 26— wlrl. (89)
AR sJesJPsst

where G#[J] is the inverse Fisher metric.
Similarly, the Levi-Civita connection in expectation
value coordinates is obtained as

1

(i) 10 = 3G [0) (5570

5D,

) 6

_Ga/l D — —G¥[D
- oD, [} 6, | ]>
B (90)
T2 P d,6060,
where G%|®] is the Fisher metric in terms of expectation
value coordinates and G4[®] its inverse.

Starting from the Levi-Civita connection, one can write
any other connection as

raﬂy = (FLC)aﬂy + Naﬂy’ (91)

where N,/ is known as the distortion tensor. (The
difference of two connections transforms as a tensor under
coordinate changes or diffeomorphisms.) The torsion
tensor can be expressed through the distortion tensor as

T%, = Ng*, = N,%p, (92)

and the nonmetricity tensor is expressed through the
distortion tensor and the metric as

1 1

B”ﬂ?’ = 5 G/))i]\]a}L y + 5 Gﬂ']\]a,/1 B (93)

After these general considerations, let us now address the
e- and m-connection. In source coordinates, the e-connection
symbols vanish, see Eq. (12). Together with Eq. (89) this
implies the distortion tensor in source coordinates
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1 5

B — G ——
(NE)a 7[‘]] - Gﬂ [‘]] 5,]&5]55]/1

: W, (94)

Torsion vanishes, and the nonmetricity tensor is

1 5

S — 95
28J25JP8J" ] (93)

(BE)a/}y[J] =

Up to a factor, this is simply the connected three-point
function.

The m-connection symbols in source coordinates are
given by Eq. (37). Accordingly, the distortion tensor is here

1 5

(Nv)o” 1) = —GWV]WWM-

96
5 (9)
The nonmetricity has simply the opposite sign compared to
the one of the e-connection,

1 5

= W[J]. (97
28J28JP 8" U O7)

(BM)a/jym = _(BE)aﬁy[J]

In the context of information geometry, the fully symmetric
tensor Top, = 2(Bg)ys, = —2(Bm)ys, is known as the
Amari-Chentsov tensor [11,12].

By similar arguments, or by a change of coordinates, one
also obtains the distortion tensors in expectation value
coordinates,

apy

63

(Ns19] = =0V 19] = 56 0] s

r[@)].
(98)

The nonmetricity tensors are here, up to factors, given by
the one-particle irreducible three-point function,

(B8] = ~(Be)[0] = 3 g saTI0L (99

We see that the e- and m-connection are dual in the sense
that they have opposite nonmetricity and they are both free
of torsion. This duality implies that vector fields V#[J] and
W¥[J] obey

1)

(E)yu v
5% VIV VETWe]

(GulIVeIW ) = G

+ G VA (VY W ).
(100)

with the covariant functional derivatives associated with the
e-connection,

VPV = V) + (T, VL]
= Ve VI + (Np) VAL, (101)

the covariant derivative associated with the m-connection,

VW] = W + (D), W]

= VEOWH ) + (V) pIWPY),  (102)

and the covariant derivative of the Levi-Civita connection

19
vyOve) =

572 V1 + (Te)d VP,

(103)

Equation (100) follows from the well-known relation for
the Levi-Civita connection

0

57 CulIVATIWA]) = G (Ve VA W]

+ G, VIV W),
(104)

and the symmetry properties of the distortion tensors Ng
and Ny;.

Let us note here that the relation between connected and
one-particle irreducible correlation functions is well explored
in quantum and statistical field theory. However, a geometric
understanding of these relations, as it is offered by informa-
tion geometry, is new.

X. METRIC AND CONNECTION FROM
DIVERGENCE AND GENERAL COORDINATES

Interestingly it is also possible to obtain the connection
symbols directly from the divergence functional [11].
From Eq. (50) one can read off that the metric in source
coordinates is given by

2

—WDUHJ'HJ:J'-

GyplJ] = (105)

This is an interesting relation because one can do a change
of coordinates, e.g. J* - K* = K*[J], and both sides
transform automatically in the right way,

8J* 8J"P
Gm/ [K ] = <

— K
SK* SK" Ga/)’[‘,[ H

6 6
= D[KHK/”K:K“

- 1
5K* 5K™ (106)
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In other words, the divergence functional D[K|| K] is in this
sense as a generating functional for the metric in arbitrary
coordinates. One example for a coordinate change J —
K[J] is the transition from sources to expectation value
fields, but there are of course many more possibilities.

In a related way one can obtain the m-connection
symbols

(T agy ] = G5l (T)” 1]

5 o
- DU

58] 8J° (107)

This has indeed the right transformation law for a con-
nection and can immediately be evaluated in any other
coordinate system.

Finally, the symbols of the dual e-connection vanish in
source coordinates, but can be written as

5 &

=578 558 LUV 1=

(FE)a/)’y U] = (108)

This formula easily generalizes to other coordinates, for
example, one can obtain (38) from (61). We observe how
elegantly information geometry is encoded in a divergence
function.

Once the functional m- and e-connection are available in

a given coordinate system one can use them to perform
covariant functional derivatives, very much as covariant
derivatives are used in Riemannian geometry or in the
context of gauge theories. It is crucial to realize that after a
general (nonlinear) change of field coordinates J — K[J]:

(i) Functional derivatives with respect to the sources J*
generalize to covariant functional derivatives based on
the e-connection I';. One may call them e-covariant
derivatives. With such e-covariant derivatives with
respect to the second argument K’ of the divergence
functional D[K||K'| one can generate connected
correlation functions in the new field basis.

(i) Functional derivatives with respect to expectation
values @, generalize to covariant functional deriv-
atives based on the m-connection I';. One may call
them m-covariant derivatives. With such m-covari-
ant derivatives with respect to the first argument K of
the divergence functional D[K||K'] one can generate
one-particle irreducible correlation functions in the
new field basis.

When working with such a calculus of covariant functional
derivatives one must be careful in taking over intuition from
standard Riemannian geometry in the sense that both
covariant derivatives are not metric compatible.

Let us add another remark here. While it is straightfor-

ward to express the divergence functional in other coor-
dinates, e.g.

DIK||K"}) = DI[K]|[J'[K"]], (109)

it is in general not possible to write the resulting functional
DIK||K'] again in the form of a Bregman divergence with
reversed arguments as in (45). This works only when the
transformation from J* to K% is an affine map.

Associated with some connection I',” , [J] is a Riemann
curvature tensor

a 5 a 6 a
R%,507] A sl —S5p sl

T IS 1) =T 0 ). (110)
However, the curvature tensor associated with the e- and
m-connections both vanish [12]. This is immediately clear
because R%,;[J] is a tensor, and both the e- and the
m-connections have coordinate systems where their con-
nection symbols vanish. In contrast, the curvature tensor
associated with the Levi-Civita connection has no reason to
vanish, and it is given by a combination of three-point
functions and the Fisher metric.

XI. EXAMPLE: O(N) MODEL

To exemplify our construction we consider now a
Euclidean scalar field theory with O(N) symmetry. We
start from the quantum effective action in the second order
of a derivative expansion,

o= [ #{0) + 52005 0,,0.0,

1
+7 Y(p)é””aﬂpam}, (111)

where p(x) = (1/2) Y, ¢,(x)? is a combination of fields
that is invariant under the O(N) transformations,

N
bu(x) =D 0t (), (112)
m=1

where OTO = 1. The divergence functional in the repre-
sentation (54) is, up to boundary terms,

D[pl|¢] = T(g] - T[]

- [ S -}y

Note that in any case D[p||¢’] is invariant under O(N)
transformation with a single transformation matrix,

the sense that

Dig|l¢'] = D[0g]|0¢'], (114)

but not necessarily under a transformation acting on one
argument only. In general one has D|[p||¢'] # D[O||¢'].
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An exception is a configuration ¢, (x) that solves the field
equation

Srlg']

by, (x) @' =g

=0. (115)

If the second argument of the divergence functional is set to

such a field configuration, the second line in (113)
vanishes, and one has

Dg||¢"*] = T(gp] = T[¢"1], (116)

which is invariant under separate O(N) transformations of
the first or second argument,

D[p||¢"4] = D[Og||¢"] = D[g||Og™].  (117)

Note that this holds for any configuration ¢,(x) as first

argument. This property can be used to find solutions to the
|

field equation (115) if only DI¢||¢’], but not I'[¢], is
available.

Combining Egs. (111) and (113) we find for homo-
geneous fields ¢, and ¢,

D) = / dx{U(p) — U(p') + (20 — (&)U ()},
(118)

whete p = (1/2) 5,42, ¢/ = (1/2) 5,47 and where
(¢, ) =>, Ppp, is the O(N) invariant scalar product.
Because 2p' — (¢, ¢) > 0, positivity D[p||¢] for p = p/,
but arbitrary relative field orientation, requires U’(p) > 0.
Expanding to quadratic order in Ap = p — p' for (¢/', p) =
2+/p'p yields also the condition U’(p) + 2pU" (p) > 0.

At second order in derivatives, the expression in (118)
gets supplemented by

1 1 1
AD[¢”¢/] - /ddx{iz(p)éﬂyau¢nau¢n + Ez(pl)&waﬂqﬁ;av(qxz - 2¢n) + Z Y(p)&waﬂpaup

1 1 1
YO0, =280 + 20 = (.0 [SZ 0 Y000 | (119

One may check that D[p||¢'] vanishes indeed for
¢, (x) = ¢}, (x). To quadratic order in ¢, (x) — ¢, (x), pos-
itivity of D[¢||¢] requires that the inverse propagator has
non-negative eigenvalues [cf. Eq. (60)]. When one expands
around homogeneous field configurations this necessities,
besides the above conditions, also Z(p) >0 (for field
perturbations orthogonal to the homogeneous background)
and Z(p) + pY(p) > 0 (for field perturbations parallel to
the background configuration).

One can also take Egs. (118) and (119) as starting point
for coordinate changes, for example, to a parametrization
¢ = (o,7) with o = \/2py —#*, where 7;(x) are field
coordinates on the manifold O(N)/O(N —1) where
p(x) = po. These are typical coordinates used for the
formulation of nonlinear ¢ models. The formalism devel-
oped in Sec. X allows one to determine connected or
one-particle irreducible correlation functions in field
coordinates that differ from the original parametrization
in a nonlinear way.

XII. CONCLUSIONS

To conclude, we have discussed here the conceptual
setup of Euclidean quantum field theory in the functional
integral representation from the point of view of informa-
tion geometry. It is nice to see how naturally the concepts of
information geometry apply in an infinite-dimensional

|

setting where the coordinates are fields. When source
fields, that are usually introduced to calculate correlation
functions, are seen as coordinates, a natural and rich
geometric picture arises. Dual to this is a description with
expectation value fields as functional coordinates. In this
dual picture the coordinates parametrize macroscopic fields
or, in other words, the macrostates of the statistical field
theory.

It is clear to any physicist familiar with general relativity
how powerful the concepts of differential geometry can be. It
is therefore great to have a similar formalism now also
available for Euclidean quantum fields. For example, one can
easily go to general coordinates without losing the signifi-
cance of convexity of generating functionals. One can work
with connections and corresponding covariant derivatives
very similar as familiar from spacetime geometry.

A particularly interesting feature of the type of informa-
tion geometry explored here is that the metric as well as the
two dual connections arise from the functional derivatives
of a divergence functional. The latter corresponds to the
relative information entropy between two probability dis-
tributions and it has many highly interesting properties.
One of them is that it can serve as a generating functional
for correlation functions, very much as the Schwinger
functional or the quantum effective action. Another is that it
is non-negative and of course it has an information-
theoretic significance as exemplified by Sanov’s theorem.
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Another aspect we did not study here is the renormal-
ization group. In fact, the Schwinger functional and
quantum effective action are subject to renormalization.
This is discussed in detail in particular in the context of the
functional renormalization group [61-64]. In a companion
publication we have presented a renormalization group
flow equation for the divergence functional [65].

For field theories it is in principle conceivable that the
effect of quantum or statistical fluctuations modifies the
properties of the divergence functional when renormaliza-
tion is needed in the ultraviolet or infrared. More inves-
tigations are needed to clarify this further. So far it seems
that the divergence functional is, as a relative entropy,
actually better defined than the Schwinger functional or
quantum effective action. At least partly this seems to be
related to the property that D[®||®'] vanishes for ® = @'

Finally, information geometry can also be developed for
quantum states described by density matrices or reduced

density matrices. Central concepts like the relative entropy
and Fisher information metric are defined in that context, as
well. In the context of relativistic quantum field theory it is
particularly interesting that the relative entropy is well
defined also for spatial subregions [66]. Relative entropy
can be used to formulate thermodynamics [5] and relativ-
istic fluid dynamics [6] on the basis of quantum field
theory. We can well imagine that a quantum extension of
information geometry allows one eventually to understand
quantum field theory dynamics in much more detail.
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