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Collective coordinate fix in the path integral
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Collective coordinates are frequently employed in path integrals to manage divergences caused by
fluctuations around saddle points that align with classical symmetries. These coordinates parametrize a
manifold of zero modes and more broadly provide judicious coordinates on the space of fields. However,
changing from local coordinates around a saddle point to more global collective coordinates is remarkably
subtle. The main complication is that the mapping from local coordinates to collective coordinates is
generically multivalued. Consequently one is forced to either restrict the domain of path integral in a delicate
way, or otherwise correct for the multivaluedness by dividing the path integral by certain intersection
numbers. We provide a careful treatment of how to fix collective coordinates while accounting for these
intersection numbers, and then demonstrate the importance of the fix for free theories. We also provide a
detailed study of the fix for interacting theories and show that the contributions of higher intersections to the
path integral can be nonperturbatively suppressed. Using a variety of examples ranging from single-particle
quantum mechanics to quantum field theory, we explain and resolve various pitfalls in the implementation of

collective coordinates.
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I. INTRODUCTION

One of the great advantages of the path integral for a
quantum theory is that it allows for expansions around
saddle points other than the free theory, providing access to
nonperturbative physics. For example, the lifetime of the
Standard Model can be computed by expanding the path
integral around a nontrivial configuration of the Higgs
field [1-7]. In many field theories (including the Standard
Model) there are families of equivalent nontrivial saddles
related by symmetries, such as translations, dilatations, or
internal symmetries. Expanding around any one of these
saddles leads to a divergent 1-loop saddle point calculation
because the zero eigenvalues from the flat directions make
the functional determinant vanish. Such infinities are
usually handled by introducing collective coordinates along
the manifold of zero modes, effectively trading local
coordinates around a single saddle for more global coor-
dinates around the entire manifold of zero modes [8—10].
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Then the integral over the zero mode manifold can be
handled nonperturbatively, giving a factor of the volume of
the symmetry group. The remaining path integral can then
be evaluated using a saddle-point approximation, and can
be regularized to be finite. While this procedure gives
sensible answers in some situations where it can be checked
(for example, the energy splitting in a symmetric double-
well potential can be alternatively computed with the WKB
approximation [11-16]), the procedure also happens to give
very wrong answers in other situations, such as in free
theories.

To see the problem clearly, consider in more detail the
decay rate calculation in a quantum field theory with action
S = [d*x(50,¢0"¢p + 2p*) with 2 < 0. As we will review
in Sec. V, the decay rate involves an expansion around a
nontrivial instanton background ¢, (x) normalized by an
expansion around the trivial vacuum ¢(x) = 0. The decay
rate I' can be written as [5-7]

=S¢l

I = lim llmifcb Doe , (1.1)
T—oo T fCFV D¢e—so[¢]
where So[¢] = [ d*x(30,40"¢) is the free action. Here C,,
is a path of steepest descent in the interacting theory
passing through ¢, (x) and Cgy is the path of steepest
descent in the free theory passing though the free vacuum
¢(x) = 0. To evaluate the numerator in the saddle point
approximation, we expand
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$(x) = ¢y (x) (1.2)

+ Z am¢m(x)7
m=0

where {¢,,(x)} forms a basis of normal modes around the
bounce ¢, (x). Five of these modes, corresponding to four
translations and one dilatation mode, have zero eigenvalue
with respect to the operator L”[¢h,], where L is the
Lagrangian, and so a naive saddle point approach gives
infinite contributions to the numerator of Eq. (1.1). A more
careful treatment of steepest descent is required to resolve
these infinities. To do so, we can change to a collective
coordinate basis

D) = Pp(x +ER) + D> _upu(x +ER),

m>5

(1.3)

where the five zero-mode coordinates a,, form = 0, 1, 2, 3,
4 are traded for five collective coordinates & and R. The
integral over & then gives a factor of the spacetime volume
TV for the numerator of Eq. (1.1), as expected for a decay
rate in spacetime. However, a complication arises if we use
the same exact basis of Eq. (1.3), which happens to also
diagonalize normal modes in the free theory, for the
denominator of Eq. (1.1). In particular, the same 7'V factor
apparently arises, which is unexpected. In this paper, we
identify the cause of this unexpected factor, and show that
the appropriate treatment of collective coordinates yields
sensible results for both the numerator and denominator of
Eq. (1.1). We more broadly study general coordinates on
field space in which similar subtleties arise.

To understand the source of the subtleties, let us recall
how &-functions can be used to change variables in
integrals. In a finite-dimensional integral [, d?xA(x) over
x€Q CRY we can implement the change of variables
x = f(y) using the resolution of the identity

NE)

1= /fl<md" ) -0, (1)
so that
/ dxA(x / dix / a];(yy ) 8(f(y) —x)A(x)
(1.5)
_ o ()
- L@ddy D lAG)) (1.6)

The above can be regarded as a trick to find the right
Jacobian factor and domain of integration. Crucially, we
notice that the above assumes that f is an invertible function
on the domain of integration. But what if f multiply covers
the domain of integration? A simple example is the
l-dimensional integral [$°dxA(x) with the change of

variables x = y?. In this setting the salient resolution of
the identity is

1 )
1= 5/ dy|2y|5(y* = x).

(1.7)

Here, we need the factor of % out front because the map
f(y) = y* taking R — R, doubly covers the positive real
line. Going back to Eq. (1.4), if f(y) =x has N[x|
solutions for fixed x, then we need to correct Eq. (1.4) by

1 af(y)
~ N Lm)d !

dy
where we call N,[x| the intersection number. A similar
subtlety arises in gauge theories where there can be multiple
solutions to a local gauge-fixing condition, and so we must
introduce a multiplicative factor to correct for the so-called
Gribov copies [17].

To see how the intersection number appears in a path
integral, consider nonrelativistic quantum mechanics where
the path integral is over paths x(¢). For a time-independent
Lagrangian, there will always be a flat direction: S[x(¢)] =
S[x(t 4+ t,)] for any path x(7) and any f,. To change from
orthonormal coordinates on path space to collective coor-
dinates we can employ the resolution of the identity1

8'(f(y) = x),

(1.8)

1:@ / doBl(X (4 10) (O (X (1 + 1) (). (1.9)

Here (x|y) = [dix(t)y(r) denotes the L? inner product,

x(t) is a trajectory in the domain of the path integral, x(z) =
0,x(1) is the time derivative, X(¢ + 1) is the path whose
coordinate we want to exchange for 7y, and Ny[x] is the
intersection number. That is, solving (X(z + #y)|x(z)) =0
will replace the time-translation zero mode with the col-
lective coordinate #, for any path x(7). Then the intersection
number Ny [x] counts the number of values of #, for which
(X(t + t9)|x(z)) = 0 for a given path x(¢). The intersection
number is a complicated integer-valued functional of the
path which must be carefully taken into account.

The textbook narrative is that a collective coordinate can
be simply pulled out of the path integral giving a volume
factor [18-22]. Unfortunately, this standard treatment does
not properly account for the multivaluedness of the coor-
dinate change associated with going from local coordinates
to collective coordinates. In this paper, we explore through
examples how and when collective coordinates can be used.
Our key observations are that (1) the transition to collective
coordinates does not involve only an innocuous coordinate
change; (2) in interacting theories, non-Gaussian terms
in the action are important to suppress high-multiplicity

'"We have used |(X (1 + 1,)|x(2))| = |(X(t + 1,)|x(2))| obtained
via integration by parts in 7.
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intersections; and (3) the Jacobian factor incurred by
changing to collective coordinates plays an important role
in assuring the consistency of the implementation.

Our paper begins in Sec. II with an overview of how to
change from local coordinates to collective coordinates. We
then proceed through a set of examples of increasing
complexity. In Sec. III, we discuss a free particle with time
compactified on a circle. For this system time-translation
invariance is exact. We explicitly compute the intersection
number associated with the collective coordinates and
illustrate the proper treatment of the Jacobian. In Sec. IV,
we consider the symmetric double-well potential in quan-
tum mechanics, focusing on the computation of the energy
splitting between the two lowest levels. This theory has a
nontrivial instanton and a basis of excitations around the
instanton whose analytic form is explicitly known. We
further show that the intersection number apropos to the
collective coordinates counts the number of times a given
path x(¢) crosses x = 0. We then demonstrate that paths
with Ny[x] > 1 give exponentially small contributions to
the path integral in the interacting theory, but give O(1)
contributions in the free theory. In Sec. V we consider A¢*
quantum field theory and discuss collective coordinates for
dilatation and translations. In Sec. VI we conclude with a
discussion.

II. COLLECTIVE COORDINATES:
GENERAL RESULTS

We begin by discussing how collective coordinates are
used in quantum mechanics. In evaluating the path integral,
we often expand around some saddle point x;(¢). This
saddle can be the free solution x = 0, an instanton, or
simply some classical path satisfying the boundary con-
ditions of the path integral for the problem of interest. For
concreteness, suppose we work in Euclidean signature with
a time-independent Lagrangian of the form L[x] = %)’cz +
V(x) with action S[x] = [ drL[x]. Then we can expand a
generic path in an orthonormal basis of eigenstates of

62S . .
7 |,—y,- That is, we write

x(t) = x;(2) + agxo(t (2.1)

- San
where
[_atZ + V//(xl)]xn = ﬂnxn' (22)

In (2.1) we have separated out the zero mode x (1) o i;(1).

We can see that 4y = 0 using £ |x _y, = 0 so that
0=09-2 / ar—S o(f). (23)
=0—= = — X .
ox(1)] 8x(1)8x(1)] =y,

Then the path integral becomes, to 1-loop order in the
saddle-point approximation,

da 2
Z = ,/\//Dxe_s = '/\/'e—S[Xl] 0 / e~ nan
V2, \V2r
= NSkl i i (2.4)
j'0 n=1 j'n

Because of the zero eigenvalue, Eq. (2.4) is infinite. The
existence of a zero mode is because the action S[x(z + #,)]
is independent of #,. We therefore would like to trade a, for
to and integrate over £, giving a factor of the volume of
time 7.

To trade a, for f, we transform from coordinates
{ag, a,} to collective coordinates {7y, a,} of the form

X0 =3+ 1)+ Y n). (25)

n=1

Since {ay, a, } are global coordinates, for which each path
in the integration domain is represented exactly once, the
zero mode can be projected out with

(x(1) = x; (1 + 1) [xo (1 + 19)) = O (2.6)
where (x|y) is the inner product under which the x, are
orthonormal. Equation (2.6) can be solved to find a
coordinate 7, for a given path x(¢). Importantly, however,
there can be multiple solutions and we denote by N, [x] the

number of solutions for 7, given x. The Jacobian for the
coordinate change is determined by the partial derivatives

oa,, N
o <xm(t)|0,0x1(z +1y) + Z % Or Xl + t0)>’
n=1

o — (xn(Obsalr +10)

(2.7)

After some algebra (see Appendix B of [6]), this Jacobian
can be simplified to

T = (xo(t+10)|0,x1 (14 10) + > @,0,,x, (1 + 1))

(2.8)

(t)|%; (1) + Za X, (1

Alternatively, the functional determinant can be computed
as v/det G where G is the Riemannian metric on the space
of fields in collective coordinates (see Appendix A).
That the Jacobian is independent of 7, is nontrivial.
Thus we have

(2.9)

116023-3



BHATTACHARYA, COTLER, DERSY, and SCHWARTZ

PHYS. REV. D 110, 116023 (2024)

dt da )
7 = Ne_s[xl] 0 m e_/lmam
V2nJ 52 l\/271'
N (xo(0)|%(1) + Za X, ‘ (2.10)

This is the formulation we should use if we want to
implement the {7y, a,} coordinates as in Eq. (2.5).

From Eq. (2.10) we can integrate in @ by including
[ dagd(ay). If we then relabel ag — ay and a, — a,, the
resulting expression would be exactly the same as if we had

expanded
Z—./\//dto /Dxe‘s[x] !
Ny, [x]

x B[ {xo (1) [ ()] {x0(2) Iff(f)>} (2.11)

using Eq. (2.1). In the above equation we can no longer use
to as a coordinate: it is a constant from the point of view of
the path integral (the part of the expression in the curly
brackets). That is, we cannot evaluate the path integral
expression using the coordinates in Eq. (2.5). If we want to
use f; as a coordinate, we should instead use Eq. (2.10).

There was nothing essential about x;(z) or x(#) in our
derivation. Indeed, x; () does not even appear in Eq. (2.11).
We can replace x((z) by any path X(¢) leading to

1
= =S[x]
Z N/dto{/Dxe N[

x S[(X (D) [x (X (1)[x(2)) |}

(2.12)

where Ny[x] counts the number of times (X (7 + #,)|x(7))
vanishes over the integration range of ¢, for fixed x(r). Note
that the above equation can also be derived inserting the
identity of Eq. (1.9) inside the path integral and using
Sx(r+ 1) = S[x(2)].

To summarize, the key new element in our analysis is the
intersection number Ny [x]. If we write a generic path x(7)
in an orthonormal basis, then Ny[x] is the number of
solutions to

(X(1+10)|x(2)) = 0 (2.13)
over the range of #,. Equation (2.13) allows us to solve for ¢,
in terms of the coordinates labeling an orthonormal basis,
and there may be multiple solutions. When the collective
coordinate #; is one of the coordinates, Eq. (2.13) cannot be
used. Instead, in collective coordinates, Ny[x] counts the
number of ways of constructing the same path x(z) using
different values of #y. That is, the same function would be
overcounted in the path integral in the collective coordinates
if it can be described using multiple values of #, and so we

must divide by a Ny[x] factor to compensate. We will see
examples of the use of Ny[x] in the following.

III. FREE THEORY

As a first example, we consider a free nonrelativistic
quantum theory for a particle with mass m =1 and
Lagrangian L = Ji*. The propagator going from a to b
in time 7T is

dp P
D(a.b) = (ble—HT — eir(b=a) p=5T
(@.b) = (blela) = [P et
1 (b—a)?
=\|z—Fe 7 1
271'Te i (3.1)
and the partition function is
V/2 1
Zy = Tr(e HT) :/ dxoD(xy,x9) = \/=—=V, (3.2)
-V/2 2xT

where V is the volume of space used the regulate this
integral. To compute the partition function with the path
integral, we parametrize paths with periodic boundary
conditions in time as

1) =xo+ Z a,s,(t) + b,c,(1)], (3.3)

where
0= ;sin<@>’ ca(t)= ;Cos <%T+E)>
(3.4)

Then the partition function is given by

Zy :./\//Dxe_s[x]

V/2
[ L
-V/2 xon]é_vje;n

zina% /oo db” e‘%
—o V21

(3.5)
V[t 36

where
A, = <"7”>2 (3.7)

are the eigenvalues of the fluctuations under % |x:0 =
—5(t — t')0?. We then match on to Eq. (3.2) with
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1 T2
N = 22T |:Hn even E:| (38)

which fixes the normalization of the path integral. Note that
V is only needed to regulate the x, integral: we can take
the integrals over a,, and b,, to go to from —oo to oo because
the path integral is exponentially suppressed at large a,,, b,,.

Now we want to reproduce the partition function Z, with
collective coordinates, using Eq. (2.12). We first need to
choose which path X(#) to project onto, i.e. which coor-
dinate to swap for the collective coordinate f,. The
coordinate to swap should be one from a parametrization
of paths where time is shifted by ¢,, i.e. from

xX(t) = x0+ Y (@usalt+10) + Pucu(t + 1)) (3.9)

n even

In the simplest case, we would swap a single coordinate,
say f3,,, for to. That would mean choosing X(7) = c,,().
To change to coordinates involving 7, we have to start
from coordinates not involving f,, such as the original
coordinates in Eq. (3.3). The condition f,, = 0 is (c,,(t +
fo)|x(z)) =0 as in Eq. (2.13), which in the original
coordinates amounts to

11
tan<mﬂ 0) = —b—m.
T a,,

This equation allows us to solve for ¢, and to transform from

the {a,, b, } coordinates to the {7y, a,, #,} coordinates with

no f3,, component. Note that over the range 0 < 1, < T,

Eq. (3.10) has m possible solutions so that” Ny[x] = m.
The Jacobian arising from Eq. (2.12) is

= VAt

(3.10)

T = (x(1)|¢,n (1) (3.11)

and thus in collective coordinates the partition function is

1 T v © da 1; 2
Leon = N—/ dt, / dx, ( i LT
col m Jo 0 0 OH —o V21

db, o
/oo _lﬂnb%> m|am|e éam m

(3.12)
Using Eq. (3.8) the above agrees precisely with Z,
in Eq. (3.2).

’In this case, we can alternatively restrict the range 0 < #, <L

- m
and take Nx[x] = 1, but restricting the range is untenable in more

complicated examples.

The next simplest case is to choose X(#) to be a sum of
two modes instead of one mode. Suppose we choose
X(t) = Ac,,(t) + Bcy(t) which is a sum of cosine modes.
Then the coordinate ¢, would be determined from the
coordinates in Eq. (3.3) using the condition

= Abmcm(tO) + Aamsm(IO) =+ Bbkcm<t0)
+ Baksm(to) = 0 (313)

(X(1 +1)[x(1))

The number of solutions Ny[x] for this equation is a
complicated function of a,,, b,,, a;, and b. It turns out
to be somewhat easier to use polar coordinates. Let us write
an arbitrary linear combination of the m and k sines and
cosine modes as

X(1) (3.14)

= RySu(t + ) + Risi(t + i)

Changing to the polar coordinates a,, = p,,s,(0,) and b, =
pnCn(0,) for convenience, we find the overlap

<X([ + [O)|x(t)> - Rmpmsm(to +0, + ¢m)

+ Rypisi(to + O + i) (3.15)

which only involves two frequencies, as expected.

We now want to replace the a,,, b,,, a;, b; integrals from
the original partition function, which gave rise to a /1 /lk
term, with new integrals in our polar coordinates. As a cross
check, we see that before introducing collective coordinates
we have

A Ak mrkn 1 2
Zyolar = <%%Zo> TT / dp e 7l

©0 1 m x
x / dpipre 2P / do,, / Ydo, =27, (3.16)
0 0 0

as expected. Here ’" 1" £ Z represents the partition function
where we have performed all integrals except for those over
Ap> by, ap, by. The 5 k” factors arise from the Jacobian
induced by our polar coordlnates

Now we move to collective coordinates by inserting
into the partially integrated partition function our
Eq. (2.12) which includes an integral over t,, a 6-function,
and a Jacobian. Doing so and then shifting 8,, — 0,, — ¢,,,
0, = 0, — ¢y, rescaling p,, — %’p" - /’—i, taking p, —
PiPm»> and performing the p,, integral leads to

116023-5
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2ka%R%n

Z 7 /Imxlk mﬂ'kﬂ/00
ol =20\ 2222) T T PR3, + R )

X da,, / do
/0 “Ny(pr- 0> 0,0) pk’ek’ m)

x% dtoS(s,,(0,,) + pisi (k)]

en0n) + o (6))]

o (3.17)

T

One can check that without the second line, we still have
Z.on = Zy. The intersection number Ny counts the number
of times the J-function fires for a given path. We can
compute the intersection number by counting the roots of
sin(zm(ty +0,,)/T) + py sin(zk(to + 6;)/T) on the inter-
val 0 < 1ty < T. Due to periodicity, the intersection number
depends only on 8, —@,,. The function for m = 26 and
k = 4 with three choices of 6, — 0,, is shown in Fig. 1.

To proceed, one can first observe that the integral is
periodic in 8,, and 6;, so we can extend their limits of
integration to 0 < 6,,, 8, < T and pull out an overall factor
of - Then we change variables from (6,,.6;) to 6, =
3 (Hm +0;) and 0_ = 6,, — 0, and integrate over 6. In this
integral, the -function fires the number of times given by
the number of solutions of s, (6, +36_) + ps; (6, —
16_) for 6. But this number is identical to N(p;.6_),
so that again Z.,; = Z, as expected. One can of course
integrate over 8,, or 6, first (rather than 8, ) to get the same
result, but the integrals are much more difficult.

In the general case where X(#) has components of
arbitrary frequency, the intersection number Ny(p,,0,)
would be a function of the entire configuration space. Thus
the intersection number is generally a horrible mess, but
accounting for the intersection number in the path integral
is nonetheless required for collective coordinates to work.
Luckily, for some choices of X(7) the intersection number

25¢
20¢ — 0, =0, =0
w 15F ] —97,,—&.:0.22
m
10¢ — =05
m
5,
ok . . . . 4
0 2 4 6 8 10
Pk
FIG. 1. For the free quantum mechanical theory where the

coefficient of a linear combination of two normal modes is traded
for a collective coordinate, the intersection number Ny cannot be
neglected. Ny is integer-valued. After integrating over the
modulus p,,, we find that Ny depends on the modulus p; and
the relative angle 6,, — 8;. Shown are the value of Ny for m = 26
and k = 4 for a few choices of 4,, — 6,.

has a more physical interpretation and can be managed
either analytically or approximately. A representative
example is the double-well potential in quantum mechanics
to which we now turn.

IV. DOUBLE WELL POTENTIAL

For the next example, we consider the symmetric double
well potential in quantum mechanics whose Euclidean
action is

(4.1)

There are two dimensionless scales in the problem:
ma’w/h which indicates the size of the barrier and
oT/h which indicates time. We will set m = # =1 but
keep a, w and T to assist with the physical interpretation of
various limits.

The main quantity of interest in this theory to compute
with path integral methods is the splitting of the two lowest
energy eigenstates. This splitting, and the entire spectrum,
have been studied in great detail both analytically and
numerically [13,23-29]. It is nevertheless difficult to find a
rigorous analysis of the path integral computation of the
energy splitting. Typically treatments are not only cavalier
with regard to the introduction of collective coordinates,
but also with regard to the associated Jacobian and finite-
time regulation. We will attempt to clarify all of these issues
in this section.

Since the potential V(x) is symmetric, the parity operator
P which takes x - —x commutes with the Hamiltonian.
Thus energy eigenstates are parity even or parity odd. In the
limit a?w — oo, the barrier becomes enormous and the
spectrum is that of two harmonic oscillators with frequency
w. Thatis, Ef = E; =% % and the higher modes are spaced
by ®. Expanding the potent1a1 around a minimum and
working perturbatively in the limit of large but finite a’w,
the energies receive corrections but the even and odd modes
remain degenerate to all orders. The WKB approximation
can be used to compute the energy splitting with the leading
order result [13,14,29,30]

-E; = coi (Sa)az)”“/ze_%.

V2r

In particular, the ground state splitting can be written as

2
Jwa 2
AVKB — 4y [ —e5"
™

In fact, the energies can be determined for this system
by solving the Ricatti equation iteratively though the

AWKB _ [~ (4.2)

(4.3)
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Exact WKB method relatively easily to arbitrary order
[12,28,31-34]. However, our focus here is not on precision
but on the role of collective coordinates in the path integral
version of the calculation.

To compute the energy splitting with the path integral, it
is helpful to set up the problem so that the leading result as
T — oo is directly proportional to A,. Defining Er =

E, F % the partition function is

Z = Tr[e HT] Z(e ExT 4 =BT, (4.4)
and the twisted partition function is
Zp =Tr[Pe ] =) (BT —¢7BiT). (45)

n

Zp is useful for extracting the energy since E;7 = E;, to all
orders in perturbation theory; that is, the splittings are
nonperturbative. Since Z — Zp involves only odd modes
and Z + Zp involves only even modes we see that

1 (Z2-Z
lim — —In P)=E; —Ef =A). (4.6)
T—oco T Z-I—ZP

The above formula makes no assumption about A, being
small, but is useful only if Z and Zp are known non-
perturbatively in A,. If we only know Zp in the small A,
limit, then we can use

2 7z 23 e EiT(A
lim ZA, 11m——P:1i Ze—(")

T—»ooT A — An Z T—»ooT Ze n

This formula will allow us to compute the splitting of the
lowest energy states directly with the path integral: if we
compute Zp and Z in the saddle-point approximation and
find at small splitting and large 7T that Zp ~ ZAT, then the
energy splitting is Ay = 2A.

The twisted partition function can be computed with the
path integral using twisted boundary conditions

Zp = Tr(Pe~HT) N/ db{—b|e~1T|b)

_N/ db/ Dxe Shd,

All paths involved go from —b to b in time T and we
integrate over b to take the trace. For the normalization \/,
we can match to the partition function of the harmonic
oscillator.

(4.8)

1 ]
% 0 1—0b=-07a
= =—a
—b=-1.3a
_1>ﬁ
2 -10 0 10 20

FIG. 2. The twisted partition function sums over paths starting
and ending at any b. At finite T, the double well admits exact
instanton solutions for any b. For any b and large values of T,
these solutions spend most of the time in one of the two wells.

For any b > 0, the classical path from —b to b for a large
time 7 is exponentially close to the 7 = oo instanton

1
X (1) = atanh%. (4.9)

For b < 0, the classical path from —b to b for a large time T
is closer to the anti-instanton solution —x;(z). Both the
instanton and anti-instanton have an action given by

oT 2
S] S[XI} =a C()tanhT—aT h3 4

2 2
= a3a) + O(e7 ).

(4.10)

In particular for b # a these (anti-)instanton paths start at
—b, shoot up to the top of hill of the inverted potential, stay
there for almost the entire time, roll across, and then stay at
the other hill, ending at b after a total time 7. Examples
(found numerically with the shooting method) that have b
slightly lower or larger than a are shown in Fig. 2. In
particular, the part of the motion between —b and —a is
given by a solution to the Euclidean equations of motion

t
%,(1) = —a coth%, (4.11)

and provides the corresponding action

[, (1)] = / e /2V ) = 2 (a=bP2a+b). (412)

a

Thus in the large T limit, we find that the classical path
from —b to b (b > 0) has action
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STep(1)] = Sbrr] + 288, (1] = 8 + 5 (a = b)*(2a + b).
(4.13)
Note that when | 2| 3> 1 then S[x] ~ 222 + “"hl and so the

part of the action arising from the path approachlng the hills
is significant. The effect is that the contributions to the
twisted partition function with |b| > a will be small,
however we still need to include the b dependence to
get the numerical prefactor correct.

For the fluctuations, the tail regions before and after
|x| ~ a give exponentially small contributions, so we can
expand paths as x(¢) — x;(f) + x(¢). Then the twisted
partition function in the leading saddle point approximation
becomes

Zp = 2N/°o dbe=51 =251 (1) /x<7)0 Dx
0 X

(-}=0

X exp {-% /_ idtx(t)[—a?Jr V”(x,)]x(t)} (4.14)

NN\/ge / D=
X exp [ z/fdtx( 1)[-o

? + V”(x,)]x(t)} (4.15)
2
where we have performed the integral over b in the large S;
limit. The factor of 2 in front accounts for the anti-instanton
solutions, which go from —b to b where b < 0, and give the
same contribution as the instanton solutions. Note that
the instantons saturate the twisted boundary conditions and
the fluctuations are Dirichlet. Next, we want to compute the
path integral in the leading saddle-point approximation,
carefully treating the collective coordinate and Gaussian
integration over the fluctuations.

A. Normal modes at finite 7

Fluctuations around the instanton are described by
normal modes satisfying

(=0 + V" (xp)]x, = Ay, (4.16)

where V”(x;) = @?(1 —3sech?%!). Upon rescaling 7 —
t/2, we recognize that Eq. (4.16) is equivalent to the
time-independent Schrodinger equation with a Poschl-
Teller potential [35] having A = 2. The spectrum of the
differential operator in Eq. (4.16) has bound states and a
continuum. The continuum becomes discrete at finite 7 and
we can write a trajectory as

x(t) = x;(t) + agxo(t) + ayx (1)

+ 3 (@ x (1) + agx (1) (4.17)
k
with modes defined as follows.
The first bound state is’
3w 1 V6
1) =\ —5-=—%(1), Ao~0. (4.18
Xo( ) 3 coshz%’ 3 xl( ) 0 ( )

Note that x,(z) is proportional to the velocity of the
instanton.

The second bound state has odd parity and finite
eigenvalue

V3w sinh%’ 3,

)Cl(t) = T ﬂ] = —w". (419)
2 cosh?% 4

For T — oo the remaining modes form a continuum.
However, if we consistently maintain boundary conditions
at finite 7, these remaining modes are discrete. The
eigenvalue equation is solved by

(1) = ! 1+4k2+6 kt h 2 3 ganh2 2L ik
X —tann — — an
=7 ! 2 2 ’
A = 0* + k2. (4.20)

Paths x;(—?) are also eigenstates with the same eigenval-
ues. Since the Poschl-Teller potential is symmetric, it
is sensible to use parity eigenstates. Explicitly, these
modes are

X (1) = Nl (1) + x(=1)]

N 4K 6k . wt
=3 Kl + F) cos(kt) — - sin(k?) tanh <7>

— 3 cos(kt)tanh? <%t>]

. _ 2[4)4
with Ny = T@ 1502 1)

(4.21)

and

3This function as written has eigenvalue exactly 0, but does
not satisfy the Dirichlet boundary conditions. If we impose
the Dirichlet boundary conditions at ¢t = :I:%, the eigenvalue
gets lifted to Ay~ e ®T (see [[24], Appendix E] or [[30],
Eq. (23.55b)]). While an exponentially small eigenvalue renders
finite the functional determinant in the path integral, it does not
produce the correct answer for the twisted partition function
because higher order terms in fluctuations in the x direction are
important. Collective coordinates allow for inclusion of fluctua-
tions due to time translations to all orders.
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o —
0.6f —a ]

Eg| ]
0.4 ]
02f — 5 ]

0ok N/ XN
NN AV

-02F 1
_04f A

g0 w0 o0 s
FIG. 3. Normal modes of the double well at finite 7 (plotted

with 7' = 200), with Dirichlet boundary conditions at ¢t = i%.
Modes have even or odd parity. The two bound state modes x;,
and x; are shown, as are two of the continuum modes xf with
k = 5. These continuum modes are similar to sine functions
except near t = 0.

xp (1) = =iN[x (2) = ¢ (=1)]

Ny 4K\ . 6k ot
== [(1 + F) sin(kz) + Ecos(kt) tanh (7>

— 3 sin(kt)tanh? <a;t)] )

Note that the modes xi(¢) are manifestly real. As written,
the modes are normalized at large T to (x|x{) =
1 + O(7). The eigenvalues are quantized by the boundary
conditions x;f (%) = 0 which leads at large T to

(4.22)

2nrx _@n=-1)zm

k*(n) 7 n=1.23.... (423)

As T — oo, the modes approach
N ,  [nm\?
(1) = s,(1), Aro+ 7 n=1,273,... (4.24)

with s, as in Eq. (3.4). As T — oo the xj become the even-
n modes and x; become the odd-n modes. The modes xif
and s, differ only close to t = 0, as shown in Fig. 3. For
small 7, it is enough to know the values of the modes and
their derivatives at t =0

fo L o) =
Xk (O) - \/ﬁ’ k (0) 0’
i0)=0,  i(0) 4;{# (4.25)

When ¢ is not small, the s, are excellent approximations to
the x.

B. Collective coordinates

Now we would like to change to collective coordinates.
To do so we need to consider the intersection number
Nx[x]. This is the number of times a given path x(7) has
vanishing projection against x( (¢ + f,) over the integration
range of fq. Parametrizing x(¢) as in Eq. (4.17), we need to
find the number of zeros of

(xo(t+10)[x(2)) = (xo(t + 10)[x; (1)) + ao{xo(t + to) |0 (1))
+a; (xo(t+ 1) ]x, (1))

+ Y laf {xo(t+10) x5 (1))

- a (o (1 + 1) [k (1)] (4.26)
for fixed values of the coordinates {ay, a;, aif }. To evaluate
the above expression we note that there are three relevant
timescales: the overall time 7, the collective coordinate
time #,, and the inverse frequency @™ associated with the
curvature of the potential. The two bound states x, and x;
have support of order w~! while the continuum modes have
support over all t. For ty < o™' < T, we have

ot -+ 10) ¥(0)) = =1/ 2% + 3 ooty +

X x(1)) = —\/——tg+ay———=ajwty+ .

0 0 3 0 0 16\/5 1 0
(4.27)

If we are permitted to drop the a; term and the additional
terms thereafter, the above reduces to #, & aOS,_'/ %, This
fiducial trade-off between a, and f, is the change to
collective coordinates one normally anticipates: motion
along the direction of the zero mode x, is exchanged for
motion along #,. However, the relationship between a, and
t, only holds for f, < w~' < T. For larger t, the other
terms in Eq. (4.27) are important.

In the regime ™' <ty < T, the detailed structure of
xo(t +1y) of order w~! cannot be resolved. In fact, as

wty — oo, the mode x(f — ) ~ T approximates a
Cos. B

o-function

6
Xolt—1g) ~ \/;5@ “1). ol <1y <T, (428)

so that

(xo(2 = 1o)[x(1)) ~ \/g/ dis(t — 1o)x(1) = \/gx(fo)-

(4.29)

The equation above leads to a nice interpretation of N, [x]:
it is the number of times x(#,) = 0, i.e. the number of times
a given path x(¢) crosses x = 0 on its way from —b to b.
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Similarly, in the same limit the Jacobian in Eq. (2.12) J =
(xo(1)]x(2)) ~ —x(0) becomes the velocity of the path at 7,
i.e. as the path crosses the origin.

C. Energy splitting

Now let us use the collective coordinates to compute
the energy splitting. To do so, it is easiest to parametrize
paths by

x(t) = x;(t + 19) + ayxy (t + 1)

+ > o x (t+ 1) +apxg (t+10)] (4.30)
k
and to use Eq. (2.10). The Jacobian evaluates to
T = (%o(t)|x1(2) + arx, (1) + Z a xi (1) + aiexic (1)])
(4.31)
2wa? 4\/—mr
-5 16\[ Zak i (4.32)

where n refers to the approximate wave number from
Eq. (4.23).

The action of a path x(7) parametrized in collective
coordinates is

S[xl = gt + 3 Sl P+ (@) (439)

Since 1, =3@* and A~ @* + (25)?, the above action
1mphes that the path integral is dominated by the regime

| So'andaf <! (and even for n > Tw the scaling is
akjE <L <w™ as well). Thus, for purposes of computing
the energy splitting where we are interested in the limit of
large a’w and large T, the Jacobian factor in Eq. (4.32)
reduces to

2wa

_ /S,

This is the result usually found in the literature.
In collective coordinate, the twisted partition function
is then

[Ax T dt © da
7 :N —\/S e_Sl/ 20 ated 0
P a)\/_l V27 J - \/27r1;[

x/ d“k oGS (@) !
2” NX()['x]

J~— (4.34)

(4.35)

where, as discussed, N, [x] counts the number of times a
path x(z) crosses x = 0. Although N, [x] is an incredibly

complicated functional of paths, it can be simplified for the
calculation of the twisted partition function in the large
T limit.

We reiterate that according to Eq. (4.29), N, [x] counts
the number of times the path crosses the origin. Since all
paths integrated over in the twisted partition function go
from —b to b they must all cross the origin at least once—
this is essential, otherwise the change to collective coor-
dinate 7y would not be valid. Because the potential V(x) is
largest at x = 0, larger values of N, [x] will give exponen-
tially suppressed contributions to the path integral com-
pared with the contributions at N, [x] = 1. Consequently
N, [x] > 1 and paths with N, [x] > 1 are negligible. Thus
we can approximate N, [x] = 1. So we have

4 S] o da,
Zp m Ny =T\ 2Le=sr [ 2L
r N @ 27[6 /—oo vV 27

+
dog;

© =Ly (aF)?
X e MM 4.36
1;[ \/—oo V 271' ( )
A S, 1 1
= T/ —Le Sy |— — 4.37
Ny/ o T\ 5 \/;1;[ e (4.37)

_ N\/ET\/E et (=02 + V()| /2. (4.38)
10) 2w

As such we have reduced our calculation to the textbook
treatment.

We can also understand the N, [x] & 1 replacement from
a different perspective, which allows a more straightfor-
ward generalization to the QFT case in Sec. V. If we solve
the condition (xq(¢ + #,)|x(7)) = O for #, using Eq. (4.27)
and expand at large S;, we find

ao 3zw
tg=—F—=——F7=—apa; + -

V81 16V2S,

Here a, S~ ! just as a, <w~'. However, the mode
with zero eigenvalue with coordinate a, is unsuppressed.
Considering only the zero mode, the condition determining
o is

(4.39)

0 = (xo(# + 10)|x;(£)) + ao{xo(z + 1) [xo(2)) (4.40)

3(=2+ oy coth %)

3 \/— (wty — sinh(wty))

a
coshwty — 1 0

coshwty — 1
(4.41)

The first function on the second line is a monotonically
decreasing odd function of 7, and the second function is a
positive monotonically decreasing function of |#,| with a
maximum at f; = 0; these conditions imply that there
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is exactly one solution to (4.40) for a given a,. There
are more solutions for #; if we turn on some of the other
a,’s, analogous to the nonlinear terms in Eq. (4.39).
Such additional solutions for #, require large values of
a, > +/S;. However, when a, > o', the path integral
becomes exponentially suppressed. Thus any path with
N, [x] > 1 is exponentially suppressed by the contribu-
tions of large a, and so we can simply set N, [x] = 1.

The above argument can be stated more physically. We
expand around a particular instanton which crosses the
origin at ¢, = 0. We can shift the path using the zero mode,
changing the time the path crosses the origin. But to get an
additional crossing, the quantum corrections must be
enormous: as large as the classical contribution. Such large
corrections are exponentially suppressed.

There is a close analogy between this calculation, where
the energy splitting is given by paths that cross x =0
exactly once, and the calculation of the tunneling rate in an
asymmetric double well. In the latter, one way to derive the
formula for the decay rate is to restrict to paths that cross
the origin only once [5,6]. This restriction can be under-
stood physically: if the paths do not cross the origin at all,
they do not mediate transitions from the false vacuum to the
true one; to find a well-defined decay rate one must be in a
regime where the back-scattering off the far end of the
potential is irrelevant, which can be enforced by demanding
at most one crossing. Thus the decay rate is determined by
paths that cross the origin exactly once, akin to the energy
splitting in the symmetric double well.

For completeness, we finish the energy-splitting calcu-
lation. The product over continuum eigenvalues is nearly the
same as for a simple harmonic oscillator. For the harmonic
oscillator, one expands around the classical solution
xq(7) = bcosh(wt)/ cosh(wT/2) where the fluctuations
have eigenvalues A5H° = w? + (nz/T)?, and so the parti-
tion function is

) o da 1 o
Z :/\// dbe=2b / — L e
swo =N | e 11 |

= N\/gﬂ \ /ﬁ% = N\/gdet‘l/z(—d,z +w?)  (4.43)

which defines for us the normalization A in terms of Zgye.
For the double well, we can then plug A into Eq. (4.38),
obtaining

/s, det(=d? + w?) /2
Zp = Zsuo2T | =5 ! . (4.44
P AsHOST ¢ (det’(—a% + V" (x;)) (4.44)

The ratio of determinants can be computed using the
Gelfand-Yanglom method [36,37] and yields 12w?. Using
Eq. (4.7), we find

(4.42)

(4.45)

6S
Ay =2\/—LeSiw
n

Recalling S; = 2“;—“2, the above exactly matches the WKB
result in Eq. (4.3). We have used that Z ~ 2Zgo in the

small-energy-splitting limit.

D. Free twisted partition function

In the interacting theory, integration over the collective
coordinate f, gave a factor of 7 in the twisted partition
function, as expected for the computation of the energy
splitting. The free theory is also time-translation invariant,
and so using collective coordinates would seem to give a
factor of T. However, the free twisted partition function is
justZp = % (as we review shortly). So what is the fate of the
putative factor of 77 To find out, we need to properly
compute the twisted partition function with action Sy[x] =
[ dt1i? using collective coordinates.

1. Expected results

First we recall the expected result. The twisted partition
function in the free theory can be computed as the zero
frequency limit of the twisted partition function for the
harmonic oscillator, namely

[Se]

1
Z% = Tr(Pe HT) = lirr(l) e~ )T (1) = 5

n=0

(4.46)

Alternatively, we can recall that the position-space propa-
gator in quantum mechanics is

D(a,b)

(ble~"T|a)y = /_m?;<ble‘§”zT|p><pla>

oo (f ; P / 1 —a)?
= [m %elp(b_lwe_TT = 27[—Te_(h27v> : (447)
So the twisted partition function is
7 —/oodbD(b —b)—/wdb\/le‘yf—l (4.48)
P e T e V22T 20 T
In the path integral approach, we compute
0 © x(%):b s
ZS=N [ db Dxe™SH.  (4.49)
—o0 x(=5)=-b

Here the classical path going from —b to b in time T
is x.(t) =2 b with action Sy[x.] = 2—?2, as expected from
the exponent of D(b,—b). A general path is then para-

metrized by

x(t) = xc(t) + ¢p5,(1), n=1,23,..., (450
with s, () as in Eq. (3.4). These s,,(f) modes satisfy d2s, =

—4,5, With 4, = (%%)2. Then
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0 e © dC
ZO = N / dbe_# / __/lncn
P ).

_ L 451
N (4.51)
so that to have Z) =1 we need
1 T1-!
N = { _} 452
22T H" nr ( )

2. Collective coordinates

Now we attempt to compute Z% using collective coor-
dinates in the double-well basis. Noting that the formula in
|

1
Zm0 = / i / / o~
N dbe™ . dtol | \/2_77 N S[{x

As discussed in the double-well case, 5[{x()|x(¢))] forces
the path to cross x =0 at =0 and N, [x] counts the
number of times a given path crosses x = 0. To compute
the argument of the § function we need the projections

. \/*/ ot Smnn(H- )

= T sm Qn (4.54)
\/ w
w12
= (_1)71 T_C() n,oddQn (455)
which we calculate in the T — oo limit, where
na®
L =—le . 4.56
sinh% ( )

Thus the 6 function involves only the odd modes, and sets
ci—c3+cg—cs+---=0 up to corrections in 7. The

Jacobian is
(xo(1)]x(1)) = (xo(1)] (1)) + D enlxo()[54 (1))

2b /6 y 12
— ? \/; —+ ;(—1)2 ﬁ\/ﬂchnén,even

(4.57)

which involves only the even modes. Since the § function
only involves the odd modes and the Jacobian only
involves the even modes, the integration over the even
and odd modes factorizes.

Eq. (2.12) is basis-independent, the only feature from the
double well basis we carry over is that the function X(z) =
xo(?) is the one used to project out the collective coordinate.
Indeed, if we had tried to use the parametrization in Eq. (4.17)
for the paths in the free theory case we would have run into
problems because x;(¢) is not a saddle point of the free action
(in fact, it has much larger action than the classical path;
for paths from —a to a, Sy[x;] = “ZT’” > Solx.] = %). Since
x;(#) is not a saddle point, in attempting to use Eq. (4.17) in
the path integral, we would find linear fluctuation terms
which would require completing the square in the action,
effectively reducing the computation to expanding around
the classical path. The result would be the same as using the
parametrization in Eq. (4.50) to begin with.

Marching forward, we want to evaluate

o (D) x| (xo (1) [x(2))]- (4.53)

With the factor of N, [x], even though the path integral
factorizes, the integrals are challenging. To show that
N, [x] is necessary, it suffices to ignore it by setting it
to 1 and show that the wrong answer results. Let us do so
and behold the consequences of such ignorance.

The formulas

- Ivw-A"l . w
/ dVee AL g =~ (g 58)
. /det(A)
and
N g2 - - 1
dNce ™ §(w- ¢) = (4.59)
2
are helpful. For the odd modes we find
12 . nn
_162,1 .
I, "6\ ¢\ —=sin—- 0,
“ n odd/ v 27[ < oT 2 Q )
1 0]
= \/ \/ 5 (4.60)
<n1:!d A ) 3xT
and for the even modes we have
2 I 6
Teven = dbe™ b / —€ i -
%~/ V C}’lQﬂ n,even (4'61)
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(4.62)

(ML) ()

So all together we obtain

oo 1] 1
Zr = T [H in] (Ed %)

0] 1 T/2
@ ~ VT dty  (4.63
3”T<ngn,/ln>f/_m ) (4.63)

oT
This does not agree with the correct answer Z% = %, as in

Eq. (4.48). Indeed Eq. (4.64) is too large by a factor of
VoT. Thus we confirm that using collective coordinates
without the factor of N, [x] is incorrect.

To see that the right answer does emerge if N, [x] is
included is challenging because of the extreme complexity
of N, [x]. However, incorporating N, [x] is essentially the
same challenging problem discussed in Sec. III. It does not
seem that working in the double-well basis rather than a
Fourier basis provides any additional insight, so we simply
refer the reader back to Sec. III and move on to quantum
field theory.

V. QUANTUM FIELD THEORY

For our final example, we consider the A¢* quantum field
theory in 4 Euclidean dimensions. The Lagrangian density
is L[¢] = laﬂqﬁa“(,{) + V(¢) with V(¢) = %ﬂqﬁ“. For A <0
this theory has a 5S-parameter family of Fubini-Lipatov
instanton saddle points [38,39] called “bounces” given by

/8 R
R.E R 1
with action
872
Sy = Slgp) = 3 (5.2)

We will generally pick a fiducial member of this family
to expand around and denote it by ¢,(r) with R fixed

and £=0. Here r=,/>, x2 is the Buclidean radial

coordinate.

With 4 <0 the vacuum at ¢ =0 1is unstable.
The corresponding decay rate can be computed perturba-
tively as

D e ¢b +25”[¢b]¢ +-
r= Thm T fc” ¢ =
—00 fc D¢e——f x(9,

(5.3)

where C,, is a path of steepest descent passing though the
bounce ¢, and Cgy is the expansion around the false
vacuum ¢ = 0. A derivation of this formula can be found
in [7]. The numerator of this expression is expected to have
a factor of TV from the translation invariance of the action
(the & moduli). Such a factor makes I « V), i.e. the decay is
a rate per unit volume, as expected in a translationally
invariant theory. The denominator, which comprises an
expansion around the free theory, is not expected to have a
factor of TV. The goal of this section is to understand why
the numerator is proportional to 7V but the denominator is
not, despite the fact that both actions are translation and
scale invariant.

A. Basis and cross check

Remarkably, the eigenstates for expanding around the
bounce are known in closed form [7]. Even more remark-
ably, these same eigenstates also diagonalize fluctuations
around the false vacuum. The modes are

\/2n+ 1 p-s R -2
¢nsfm(r a, 6 ¢) Vl+11 R2 + r

27
X \/gY“m(a,G,qﬁ)

where P”'(x) are associated Legendre polynomials and
Y¥"(a,0,¢) are 3D spherical harmonics (which are
also Legendre polynomials). We will use the “box” inner
product

(5.4)

Wi == [ @008 659)
under which the modes are orthonormal, namely
<q§nsfm|¢;n’s’f’m/> = - / d4x$iz.vfmm$n’.v’f’m'
= 5nn'65s’5ff’5mm" (56)

The modes satisfy

N A n+1)(n+2
D¢nsfm = lnvl/[¢b]¢nsfmv /1n = M

6
1 10
25,1,2,?,..., (57)
and there are d, :w: 1,5,14, ... modes

with eigenvalue 4,,.
The n = 0 mode with multiplicity d, = 1 is proportional
to the bounce
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$oo00 = (5.8)

V3 [—
27 2 —|—R2 27t ¢b s

Normalizing with respect to our box inner product, the
mode is independent of A. Of the five n = 1 modes the one
with s = 0 is the dilatation mode associated with changes
in R, namely

V5R R?-7r? 5
21 (R*+ r?)? 128, wbp- (59)

The other four n = 1 modes, with s = 1, correspond to
translations. They are linear combinations of the d,¢,,.

Field configurations around the bounce can be para-
metrized as

ha = P1000

(5.10)

¢()€) = ¢b(x) + chqan(x)

where we are using n to abbreviate all the indices. The
quadratic action around the bounce is

1 N A
St %Sl + 35 [ diaendal=0+ Vdlend

(5.11)
1, (A -1
1, 1, 1, (1
:Sb+§co'(_2)+icl'(O)+§C2' B +- (5.13)

The unusual factor (1, — 1)/4,, is a result of the box inner
product. If we had used the “V” inner product of Ref. [7],
namely (¢;|¢;)y = — [ d*xV"|p,|pip;, we would have
found the action S = S, +3c¢2(4, — 1) + - --. For present
purposes, the box inner product is preferable because it is
well defined even for V = 0 so we can use it in the free
theory. Importantly, there is one mode (n = 0) with a
negative eigenvalue and five modes (n = 1) with zero
eigenvalue in either inner product.

Writing ¢p(x) = 3, b, (x), the free action in these
coordinates is

1
S[0]+5 / d*xS"[0 Z / d*x(budhy)[—
vl

The reason that the same basis diagonalizes the expansion
around the bounce and around the free theory is that the
bounce is itself one of the normal modes (the n = 0 one).

(5.14)

Thus we can move from the bounce to the false vacuum by
varying a single coordinate.

For a cross check, let us compute the propagator in the
free theory. We can write the propagator in terms of the path
integral as

[ Dpe=5171gp(x)p(0)
[ Depe=519!
_ fHndbne_%b%Zk,j[bk¢k(x)][bj¢j(o)]

D(x,0) =

i 5.15
anane_EC” ( )
= ¢a(x),(0) (5.16)
— 4ﬂ;RrZ(2n +3)P,, (11:2 :r; ) (5.17)

Using the integral representation

1 g n+l1
Pnil( )_WA dl‘COS(t)(\/xz—lcost—‘,—x)
(5.18)
we can perform the sum, leading to
D(x,0) ! (5.19)
x,0)=-—= .
4n’r?

which is the correct answer and as expected is independent
of R.

B. Collective coordinates for dilatations

To go to collective coordinates, we consider first the R
coordinate associated with dilatations. The A¢* theory is
classically scale invariant, including if we expand around
the bounce or the false vacuum. Ultimately, the divergence
associated with an integration over R will be regulated by
the scale anomaly, which shows up at higher orders in the
saddle point approximation. We are not interested in this
regulation here. Rather, we are interested in showing why a
divergent integral over the collective coordinate R should
show up in the expansion around the bounce but not around
the free theory.

Let us denote the dilatation mode as ¢; = ¢h;pp. This is
the mode we denoted by X(7) = xo(#) in the quantum
mechanical case, and is the mode we would like to remove.
While R is already incorporated into our basis expansion,
let us make the R-dependence explicit by fixing R = R and
writing

$(x) = Py (R.x) + caba(R.x) + Y _cupu(R. x).

n>1

(5.20)
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Then the collective coordinate parametrization where R is a
coordinate and ¢, is removed is

P(x) = Pp(R.X) + > _au(Rx).  (5.21)

n>1

In these collective coordinates, the Jacobian factor from
Eq. (2.10) is

8 1
(2/S = 5.22
= (¢alorg) = \/; R bt \/g N (5.22)
where a, is the coefficient of ¢,np9. Only the radial modes
with £ =0 (and only two of them, with n =0, 2)
contribute. Accordingly the expansion of the path integral
around the bounce is

R n_
/ d?/ Hda—5<a>
3
5(2\/ Sb + (10) —

1

m (5.23)

8
—Q
V35 °

where N4[¢] counts the number of solutions to
(pa(R,x)|p(R,x)) = 0. For the free theory, the path
integral in the collective coordinate basis is

dR ! 3 8
[ s

The integrands of both Egs. (5.23) and (5.24) have a
dependence on R which enters through N ,[¢].

In the interacting theory, S, ~ _%1 > 1 while 1, ~1 so
that the part of the path integral domain with «a, <1
dominates. Then we can approximate the Jacobian as

1

Nl (5.24)

\/ (2V/Sy + ag) — \/—az ~ 123” . If we can justify ignor-
ing the N 4[¢] factor, the path 1ntegral reduces to the usual
expression used to compute the decay rate in A¢* QFT.
In the free theory, we also have a,, < 1. There S;, does not
appear and we can simply perform the integrals over a, and
a, and compare to what we would have gotten without
collective coordinates, where the R integral is replaced by
a;. The ratio of “collective coordinate integral” and the
“noncollective coordinate integral” if we set N[¢p] = 1 is

i1y
R [ day [ daye™72% ], [3a —%—Saz‘
1 1.2

[ dagda, daye™2%2%—3%

dR
:/7’/ﬁ¢1'

(5.25)

Since this ratio is not 1, we cannot expect N ;[¢p] = 1 to be a
good approximation in the free theory. So if the standard
computation for the interacting theory is correct, why can
we drop N,[¢] when expanding around the bounce but not
around the false vacuum?

To proceed, we have to understand the intersec-
tion number N,[¢]. By analogy to the nonrelativistic
quantum mechanics case, Ny[¢] counts the number of
solutions to {¢,(x, R)|¢p) = 0 for a given ¢ over the range
of R. As in the quantum mechanics case, we need to work
in a basis other than the collective coordinate one to
evaluate Ng[¢]. In the basis with fixed R as in Eq. (5.20),
we find

(Pa(x.R)|$(x)) =21/S,fo(R.R) +Z wfu(R.R) (5.26)
where the functions
kB == [ Eepue RO, R) (527)

are represented in Fig. 4. For example, with z = R/R we
have

V15z2(=1 =922 +92% + 20 — 12(z* + 2%) Inz)
(-1

folz) =
(5.28)

L " " " L " " " 1

log(R/R)

FIG. 4. We depict the functions f,(R/R) = (¢,(x,R)|x
¢,(x,R)). The collective coordinate R is determined by the
condition 2+/S,fo(R/R) + ¢,f,(R/R) =0 which may have
multiple solutions.
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fi(z) =~

5z2(=1-46(2 = 2°) + 28 = 1222(3 + 22)(1 + 3z%) Inz)

@-1y

(5.29)

For the interacting theory, we can examine whether N ,[¢] = 1 is a good approximation using the same approach as for
the double-well potential in Sec. IV C. Close to R = R we have

($ulx. R L) —cl+(\/m a0 e )(R “

Since /S, > 1 we can solve (¢,]|¢) = 0 as a series in

—7V15¢y — 85¢; + 8v/35¢, + 40V/5¢5 — 144/15S,, (R — R\?
+ _ ) e (5.30)
70 R
\/15. The leading terms are
14v/15¢qc; + 35¢3 - 16\/_c1(:2 (531)
1685, ' ‘

_ |5
R:R 1_ C
( 125,

Since 4, = 1, the path integral becomes suppressed if any

¢, = 1 on account of the e~ terms. The only exception is
the zero mode: excursions in the ¢; direction by arbitrary
amounts only affect the integrand by an order 1 amount.
From Eq. (5.31) we see that there is always at least one
solution with nonzero c¢;. To have multiple solutions the
nonlinear terms need to become important. If we just
consider the ¢, contributions, we require ¢, = /S, > 1
and so the path integral is affected by an exponentially
small amount (of order e~¢1*¢ ~ ¢=5). The situation is akin
to our quantum mechanical examples: the quantum fluc-
tuations are too weak to significantly alter the classical
trajectory. It remains to check the possibility of additional
solutions due to large values of c;.

For large c¢;, meaning c; = +/S),, the expansion in
Eq. (5.31) is no longer useful. If we consider only paths
of the form ¢(x) = ¢, (x, R) + ¢;¢1(x, R), then a solution
to (¢p4(x, R)|¢p(x)) = 0 requires

0
a _ 9 fo(R, R) e S —/12/5
S -
N (R, R) _g“m‘\\\
-4 -2 2 4
(5.32)

For a given c; there is always at least one solution to the
above equation. More precisely, since f;(R,R) =0 at
R/R = x, and R/R = 1/x. where x.~ 0.303, there will
be one solution with x.,R <R < xll_{ However, if

le1/+/Sy| > \/12/5, there will be a second solution. So
here 1 < Ny[¢p] <2, but we would like to determine
whether the second solution is exponentially suppressed
or not.

Although the action is exactly independent of the
collective coordinate R, it is only independent of the
coordinate c¢; to quadratic order. Expanding to higher
orders there is a quartic term

5

S[py + 1] = S, _ﬁ

ct. (5.33)

The sign is negative since 1 < 0; when expanding around
the bounce to quadratic order, there is only one direction in
which the potential decreases, but to quartic order it
decreases in every direction (except the flat ones)! So
we do not want to include terms to quartic order in ¢;. We
do, however, want to include terms to quartic order in the
collective coordinate R. If we did not include these terms,
the action would not be independent of R. Large R leads to
a large factor of the volume of the dilatation group, but not
an exponentially large factor from fluctuations in a direc-
tion of instability.

We are primarily interested in whether a field configu-
ration has large quadratic action in our collective coor-
dinates and not in the coordinates at fixed R. The a,
coordinates are given by

= (dy(x. R) + c16h1 (x. R) = by (x. R) b, (x. R))

—2/5,8.0

where  g,(R,R) = (¢, (x,R)|¢,(x,R)) and we note
. When c¢; < +/S,, we have

(5.34)

gn(R.R) + ¢ 1fu(R.R) - (5.35)
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52(R — R)/R. In this regime R is very close to R

C|~

and all the a, are small, namely a, < +/S;,. When ¢; >
/S, then all a, = /S, as well. The corresponding field
configurations, which include all of the N,[¢] =2 field
configurations with only ¢; turned on, are all suppressed.
Other field configurations with N,[¢] > 1 would have
various ¢, = /S, leading to a, = /S, as well. Thus we
can approximate N,[¢] as equal to 1 up to exponentially
small corrections in the path integral.

The free field theory behaves very differently, akin to the
free quantum mechanics example. In the free field theory,

125,

the 3

(%) term in Eq. (5.30) is not present. Then the

leading solution in the regime % <1lis

Crf1o TS
R_R<1 Y Y ) (5.36)

There is no small parameter in the free theory and no zero
mode. So even with ¢, <1 there are multiple solutions to
{(4l¢p) = 0. That is, field configurations with N,[¢] = 1
are not suppressed and in fact N ;[¢] can be arbitrarily large.
Including these large values of N ,[¢)] must compensate for
the unregulated [ % integral, akin to the free quantum
mechanics case. Showing the cancellation explicitly seems
extraordinarily challenging: collective coordinates around
the bounce are very cumbersome to use for the free theory.

An alternative approach to understand the exponential
suppression when N4[¢] > 1 in the interacting theory, but
not in the free theory, is to change coordinates to map
directly to the double well. This approach is considered in
Appendix B.

C. Collective coordinates for translations

In addition to the dilatation zero mode proportional to
Or,, the Ag* theory also has zero modes associated with
translations which are linear combinations of the d,¢;.
When introducing collective coordinates for translations,
one must also justify why the approximation Ng =1 is
valid in the interacting theory but not for the free theory.
The argument is essentially the same as for the double-well
potential and for the dilatation mode: in the interacting
theory paths with N5 > 1 give an exponentially suppressed
contribution to the action. Because d,¢,, breaks Lorentz
invariance, or rather SO(4) invariance in Euclidean sig-
nature, the modes which contribute to the projections
(0,005(x)|p(x* + x7)) are not so easy to identify.

To prove that the analysis for the translation modes
proceeds as with the dilatation mode, the easiest approach
is to make a coordinate transformation to map any
particular direction in spacetime to r. This can be done
because the theory is scale invariant and the classical
theory has an exact SO(5) symmetry as part of a larger

conformal symmetry. To make the map explicit, we
employ the conformal mapping with coordinates

R2_r2
“RAR

2x*R

_ 5
R%Z 4+ 12’

n n (5.37)
These new coordinates satisfy Y%, 7z + 13 = 1, i.e. they
parametrize the 4-sphere. The inverse of this conformal
mapping is the stereographic projection to Cartesian
coordinates.

On the 4-sphere, the integration volume is

2R —4
dx = (W) Q. (5.38)
If we also rescale the fields as
r* + R? R
d(n) = = .
() =" #0) = ¢ (539

the action becomes

1 A
/ d*x [— ;98¢ + Zqﬁ“]

1. -
—/d£24 [§®(—L2+2)¢+§®4}, (5.40)

where L? is the angular momentum operator. The
equations of motion are now easily solved by a mode with

L*® =0, namely @, = \/_Z/1 Using Eq. (5.39) we find

®, = ’22+RR2 ¢y, as expected.

The normal modes from expanding around ®, are
spherical harmonics in 5 dimensions, which are identical
to the conformally mapped fluctuations in Eq. (5.4).
Indeed, it is through this conformal mapping that the exact
eigenfunctions were first derived [7,40,41]. In these coor-
dinates there is an exact SO(5) symmetry among the 5 zero
modes. We can therefore rotate any of the translation modes
to the dilatation mode. Mapping back to flat space, the
analysis of the path integral and N4 proceeds identically to
the discussion in Sec. V B.

VI. CONCLUSIONS

In this paper we have provided a resolution to a long-
standing puzzle involving collective coordinates. Collective
coordinates are a way to factor out an integral over the
volume of a symmetry group from the path integral and still
exploit a saddle point approximation in the nonsymmetry
directions. The puzzle is how collective coordinates can be
consistently introduced through a change of coordinates,
independent of the action. Doing so appears to produce
correct results in interacting theories where the symmetry
volume is expected, but not in free theories, where it is
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unexpected. The resolution to this puzzle is that the change
of coordinates is allowed and valid, but it is multivalued: a
given path x(¢) in quantum mechanics may be described by
multiple values of the collective coordinates ¢,. We quan-
tified this multivaluedness with the intersection number
Nx[x]: it counts the number of times two paths X(7) and
x(1) intersect as one is shifted by the collective coordinate
over the symmetry volume. The correct way to introduce a
collective coordinate is therefore with a resolution of the
identity of the form

1= dtoNXlM(SKX(Hfo)|X(l)>]|<X(t+fo)lif(t)>|-

(6.1)
Without the factor of Ny[x], the path integral can give the
Wwrong answer.

To call out and rectify the mistreatment of collective
coordinates we have explored examples in quantum
mechanics and quantum field theory. For the splitting
between the two lowest energy levels in the symmetric
double well potential in quantum mechanics, the Ny [x]
factor counts the number of times a path crosses the
potential barrier. Because each crossing gives additional
suppression by e~5' where S, is the instanton action, we
argued that one can approximate Ny[x] = 1 up to exponen-
tially small corrections. We made special effort to regulate
the theory in finite time and carefully take the limit of a
combination of the twisted and untwisted partition function
to extract the energy splitting. While the final result is well-
known through the WKB approximation, most path integral
treatments involve unjustified approximations. We have
attempted to provide a complete path integral treatment
of the splitting where each step is under explicit control.

In the interacting theories we have explored here, namely
the double well in quantum mechanics and interacting scalar
quantum field theory, we found that the intersection number
could be approximated as 1. In the free theories, the
intersection number cannot be approximated as 1 and in
fact it can be arbitrarily large, as needed to compensate for
the volume factor which arises in collective coordinates.

It would be interesting to explore cases intermediate
between these two extremes. An example is the instanton-
anti-instanton pair in QCD as a function of separation. This
configuration interpolates between the vacuum at zero
separation and a saddle point of the action at infinite
separation. The separation distance is a quasicollective
coordinate [42-44], becoming a flat direction at infinite
separation and a unexceptional normal mode fluctuation at
zero separation. In the dilute instanton gas approximation,
the dependence of the action on the separation distance is
neglected, so that the separation is treated as a collective
coordinate. Thus the techniques developed here could
provide insights into the validity of the dilute instanton
gas approximation. Although QCD is a significant step up
in complexity from the examples considered here, it is of

direct phenomenological relevance and is certainly worth
examining in more detail.
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APPENDIX A: METRIC APPROACH
TO JACOBIANS IN THE PATH INTEGRAL

In this appendix we explain an approach for computing
Jacobians arising from changes of coordinates in path
integrals. To this end, we review how to use Riemannian
geometry to manipulate the path integral measure. For
concreteness we consider a quantum mechanical path
integral for a particle in d spatial dimensions, although
our arguments here readily generalize to field theory.

The path integral measure and its normalization depend
on a metric on the space of paths. If K is a positive-definite
operator, we can begin by defining an inner product

<X(f)|y(f)>z<=/dIX(f)'K'y(t)- (A1)

It is most common to then choose a basis of functions x,,(¢)
that are orthonormal with respect to this inner product. If
we write x(f) = >, ¢,x,(7) where (x,,|x,) = &,,, then the
path integral measure is

Dx = Hdc,,.

Factors of 2z or an overall normalization N can be
optionally absorbed into the measure; these will drop out
of physical quantities calculated by ratios of path integrals.

Now we consider a set of coordinates which are not
orthonormal. If we have any set of coordinates {a, } which
can parametrize a general path x(z) then we can define a
distance element between paths as

ds* = ZGmn(a)damdan = Z<007x

m,n m,n

(A2)

0.
—x>damdan.

da,

(A3)

In this case the path integral measure becomes
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Dx = Vdet G| [da,. (A4)

which is the analog of the measure +/detgd?x in
Riemannian geometry.

When we compute correlation functions, we divide by a
partition function normalization computed using the same
measure in Eq. (A4). We observe that correlation functions
are independent of the choice of positive-definite K in
Eq. (A1), since changing K to K’ affects the square root

detK’
detK

the same factor in the partition function normalization.
Let us show how these more abstract ideas manifest in
two examples.
Example 1: First, suppose we consider paths x: [0, T] —
R with x(0) = x; and x(T) = x;. The space of such paths
can be parametrized by

X(1) = x4 7 (xp = ) + i c,,\@sin (% t) (AS)

with coordinates {c, }. Taking K = 1, corresponding to the
ordinary “flat” L? inner product, the metric is

which cancels out

determinant multiplicatively by

T
G = (25| 9% _3/ desin (22 ) sin (Z24) =6,
dc,,| 0c, T Jo T T
(A6)
and so
ds*> = chfl. (A7)

For this metric v/detG = 1 and the path integral measure
is simply

(A8)

Dx = Hdcn.

Example 2: Now consider coordinates for paths around
some instanton x;(7), namely x(7) = x;(7) + > a,x,(1).
If (x,,(7)[x,(?)) = S,.,, then, by the same arguments as in
the first example above, the path integral measure can be
expressed in coordinates {a,} as [[®,da,. If xo(1) is a
time translation zero mode of the action of our theory, then
it is instead convenient to work with an expansion x(7) =
xp(t+ 1) + 3.2 a,x,(t + to) in coordinates {7, &,~0}.
In these coordinates, the metric is

ds® = (x(1)]

+ Z da
n=1

and so

dt0+22

1)|x, (1 + to))dtyda,

(A9)

VaiG = (<x<r> () = S 0 e+ 1)
< (ot + ro>|x<r>>) (AL0)

Since 52 (a(1)]x, (1+10)) (xa (1 + 10)[b(1)) = (a(1)|b(2))
by completeness of {x,,(f+ 1)} for fixed 7y, the above
simplifies to

VdetG = |{x(t+1y)|x(2))| =

o () + @)
n=1

(A1)

Thus in the {7y,a,-¢} coordinates the path integral
measure is

Dx = di, H da,,

(xo(2)]%;(2) +Za xo(1)|%, (2 ‘
(A12)

which agrees with Eq. (2.9). Of course, we also have to be
careful about the change in the domain of path integration
coming from our change in coordinates. The modification
of the domain and subtleties with multivalued coordinate
changes are more readily understood using the methods in
the main text.

APPENDIX B: MAPPING QFT
TO THE DOUBLE WELL

In the quantum mechanics case, we saw that N5 counted
the number of times a particular path crossed x = 0. This
led to a simple physical argument for why paths with N5 >
1 were exponentially suppressed in the interacting theory
where the potential is high at x = 0, but unsuppressed in
the free theory where x = 0 is not special in any sense.
In the scalar quantum field theory we justified why Ngs = 1
is appropriate for the interacting theory, but did not provide
a physical interpretation of Ns. We can do so by mapping
the theory to quantum mechanics. This mapping provides
an alternative way of thinking about the bounces in QFT.

To map QFT to QM we follow [44,45] and use a
conformal mapping to turn the dilatation direction into
time. Let us take » = Re®® with @ an arbitrary frequency,
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and consider spherically symmetric field configurations of
the form

¢(r) = e “h(z). (B1)

Then the action of A¢* theory evaluated on such field
configurations is

272°R? 1 1
Slg] === /dr[i(afh)u—aﬂhz+R2w2§h4 :
[0

5 (B2)

The equations of motion are then /" (z) — V'(h) = 0 where
V(h) =1a’h* + R*@?*4h*. Recalling that 4 <0, the
above is an inverted double-well potential. The bounce
is written as

2 1

hy(z) =/ —

—AR cosh(wr) (B3)

The above satisfies the equation of motion of a particle in
an inverted double well, starting at the metastable local
maximum at 7 = 0. The particle rolls slowly off of this
hump starting at 7 = —oo, bounces off a wall, and ends up
back on top of the hump at 7 = o0. The flat direction is
associated with the time at the center of the bounce. The
normal modes which had satisfied C¢,, = 1,V"(¢,)Pn
now satisfy

6 2
02 — wlh, = —4y—— p,.

" cosh?(wr) (B4)

However, there is a better basis we can use. Expanding
around h,(7) the quadratic fluctuations satisfy

6w A

ag -’ =+ My = j'ni/ln’ <B5)

cosh?(wr)

which reproduces the Poschl-Teller potential with 1 = 2.
There are thus two bound states and a continuum. The
h, and #, bases are different, except for the dilatation
zero mode

ha(e) = na(e) = 2 Simh(@2)

= B6
47R cosh?(wr) (B6)

which has the same form in both bases [it has }:1 =0 and
A1 = 1 s0 that %= = 0 as in Eq. (5.13)].

The zero condition (¢,(x,R)|p(x)) =0 becomes
(n1(z — 70)|h(7)) = 0 after the mapping to the double well,
and can be studied using # modes quite similarly to the way
we studied the double well in Sec. IV. We write

h(z) = bono(7) + bim (2) + Y _ba(e)1a(z)  (B)

n>2

where 7, are the continuum modes and 7, #; are the bound
states. As with the double well, the bound states have
support for 7 ~ @~ while the continuum modes must be
regulated with —T <7 < T, or equivalently Re T <
r < Re®T. The projection that needs to be studied now
involves the collective coordinate z, and is

{m(z —=)[h(z)) = 0. (B8)

In the regime 7, < w~! we reduce to the case where we can
trade 7, for b,. In the regime ™' < 7, < T the two bound
states have support only near 7 = 0 and in particular

mt—1y) =8 (1 —19), o '<ty<T, (BY)

so that the zero overlap condition becomes h'(z;) = 0.
Thus 7, is the time when A(z) stops and Ns[h| counts the
number of times / stops.

Plugging (B1) into the action of the free theory, the
potential is Vy(h) = § w*h* which is just a stable quadratic
potential. Thus the 4 actions for the free and interacting
theories are similar, and the action of a given path in the
interacting theory is always strictly lower than the action in
the free theory. Nevertheless, since the saddle point we
expand around has large action in the interacting theory,
perturbations around this saddle must be large to slow the
particle down so that it stops multiple times. Such large
quantum fluctuations are exponentially suppressed. In the
free theory, the saddle point is just # = 0 and the particle
can stop multiple times without much penalty. Hence in the
full quantum field theory setting, N,[¢] =1 is a good
approximation for the interacting theory but not for the free
theory.
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