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Recent years have seen an increasing body of work examining how quantum entanglement can be
measured at high energy particle physics experiments, thereby complementing traditional table-top
experiments. This raises the question of whether more concepts from quantum computation can be
examined at colliders, and we here consider the property of magic, which distinguishes those quantum
states which lead to a genuine computational advantage over classical states when used in algorithms. We
examine top-antitop pair production at the LHC, showing that nature chooses to produce magic tops, where
the amount of magic varies with the kinematics of the final state. We compare results for individual partonic
channels and at proton level, showing that averaging over final states typically increases magic. This is in
contrast to entanglement measures, such as the concurrence, which typically decrease. Also, while some
entanglement measures (e.g., the concurrence) have a nonzero threshold for entanglement, there is no such
nonzero threshold for magic. Our results create new links between the quantum information and particle
physics literatures, providing practical insights for further study.
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I. INTRODUCTION

It has long been known that there are fundamental limits
to the power of classical computers, so that they are unable
to efficiently simulate the quantum world we live in [1].
This in turn led to the development of universal quantum
computers, replacing the universal Turing machines of
classical computation (see e.g., Ref. [2] for a pedagogical
review). It is an active field of research to experimentally
realize large-scale quantum computers, and the parallel
field of quantum information theory aims to quantify how
information can be encoded, transmitted, and corrected for
errors. If quantum computers are to become a reality, it is
imperative that algorithms for quantum computation be
fault tolerant, and thus able to cope with potentially noisy
communication channels.

As well as practical applications, quantum computing
and/or information is also studied in the context of
fundamental tests of quantum mechanics itself, and there
is therefore widespread interest in finding novel physical

“Contact author: christopher.white @qmul.ac.uk
"Contact author: martin.white @adelaide.edu.au

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2024/110(11)/116016(15)

116016-1

systems which manifest quantum concepts and behavior.
To this end, an increasing body of work in recent years has
examined quantum entanglement signatures at particle
collider experiments such as the Large Hadron Collider
(LHC). Gains for particle physics include new signatures
for disentangling new physics from the Standard Model, as
well as potentially useful new languages for classifying
event types. For quantum theorists, collider physics offers
an unprecedentedly high energy regime in which to test their
ideas. In this paper, we will focus on a particular scattering
process at the LHC, namely the production of top-antitop
quark pairs. The top quark is the heaviest known fundamental
particle, and thus a potentially clear window through which
to view new physics. It is also unique among the quarks in
that it decays before it has a chance to hadronize, so that its
kinematic properties (such as its spin) can be efficiently
measured. Given that the top quark has spin 1/2, a produced
system of a top quark and an antitop quark constitutes a two-
qubit system in the parlance of quantum information theory.
Its use as a probe of quantum entanglement at the LHC was
first proposed in Refs. [3,4], resulting in much follow-up
work: see e.g., Refs. [4—18] for theoretical studies relating to
the top sector alone, and Refs. [19-21] for experimental work
from both the ATLAS and CMS collaborations. A thorough
and pedagogical recent review of both theory and experiment
is that of Ref. [22].

Work to date has typically focused on the entanglement
of (anti)top spins, and whether this can be convincingly
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measured. One may also consider new physics corrections
(e.g., expressed in the model-independent language of
effective field theory [6]), to see whether measured entan-
glement can provide clear signatures of theories beyond the
Standard Model. However, and as we will review in detail
below, entanglement is not the only property characterizing
quantum systems, a point which has also been made in a
top-related context in Ref. [11]. A fruitful interplay
between the fields of quantum computing and high energy
physics should involve finding other interesting quantum
information theoretic quantities, and seeing why and how
these manifest themselves in a collider setting.

In this paper, we will examine a property called magic
which, roughly speaking, measures whether quantum states
possess a computational advantage over classical states
when used in suitable algorithms. The study of magic is
pivotal to such questions as how to make fault-tolerant
quantum computers (see e.g., [2]), and various studies have
addressed how to properly quantify this concept [23-34]
(see also Refs. [35-38] for further studies of magic in
different physical theories). Given the recent nature of
much of this work, it seems particularly timely to explore
whether the property of magic is a natural inevitability at
current collider experiments. Put more simply: does nature
produce magic top quarks and, if not, why not? Such
questions are conceptually interesting in their own right
perhaps, but may also clarify how to exploit magic in other
naturally occurring quantum systems. Going the other way,
collider analyses provide an experimental playground for
developing insights into quantum information theory.
Crucial for this is that we can map concepts from quantum
computation to collider physics, and appreciate what they
look like in very practical terms. Our aim, therefore, is to
perform a case study of magic production at colliders, using
top pairs in the Standard Model as an illustrative example.
We fully expect our results to generalize beyond this, and
hope that our results prove useful in the ongoing discus-
sions taking place between two different subfields of
physics.

The structure of our paper is as follows. In Sec. II, we
review concepts from quantum computing/information
theory, including the notion of magic. In Sec. III, we
classify in detail how magic is manifested in top pair
production at the LHC. We discuss our results and conclude
in Sec. IV.

II. REVIEW OF RELEVANT CONCEPTS

In this section, we will review salient details of quantum
computing and magic. Given the wider than usual potential
audience of this paper, we aim to be introductory and self-
contained, as well as to set up conventions that will be needed
throughout. The basic ingredient of the classical computer
is the bit, that may assume the binary values O and 1. The
simplest quantum computers replace this notion with a qubit,
namely an individual quantum two-state system whose

general state |y) is a superposition of two orthogonal basis
states |0) and |1):

lw) = al0) + pl1). (1)

Here a and f are complex numbers satisfying the normali-
zation condition

o> + 1B = 1. (2)

and such that the probability of measuring the qubit in the
state |0) or |1) is given by |a|? or |3|? respectively. A general
quantum circuit then takes a number of qubits, and subjects
them to a series of transformations, each of which may act on
single or multiple qubits. In order to conserve probability,
these transformations should be unitary, and each such
transformation is referred to as a quantum gate, given that
this mimics the action of logic gates on bits in classical
computing. A universal quantum computer is one which has
a sufficient number and variety of quantum gates, such that it
can reproduce the effect of an arbitrary multiqubit unitary
transformation.

There are various ways to represent the effect of quantum
gates. First, let us consider gates that act on a single qubit
individually. The general state of the qubit can be written in

column form as
a
= y 3
w=(5) ()

using the basis states appearing in Eq. (1). The action of a
single-qubit gate will then be a 2 x 2 matrix, and examples
include the phase gate

ro-(, ) @

(so-called because it introduces a z/2 phase shift ¢
between the basis states |0) and |1)), and the Hadamard

gate
H‘%C —11> G)

which is widely used in quantum circuits. For multiqubit
gates, let us first note that a general n-qubit state will be a
superposition of basis states

a12...a,) = |ay) @ lar) @ ... @ |ay).  (6)

where @; € {0, 1}. The number of individual basis states
will be 2", given that each individual qubit has two
independent states. One way to specify the action of a
multiqubit gate is then to choose some ordering of these
basis states, and to represent the action of a gate as a matrix.
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As an example, consider the 2-qubit system with basis
states (]00), [01),]10), [11)). A general 2-qubit gate will be
representable as a 4 x 4 unitary matrix, and a particular
example that is heavily used in quantum computing is the
controlled NOT (CNOT) gate, whose associated matrix is

CNOT = (7)

(= N
S O = O
- o O O
S = O O

A special class of quantum gates consists of those that act
independently on individual qubits. One may write such
gates in tensor product notation as

U:U1®U2®...®Un, (8)

where the action of the gate on a multiqubit state is

Ullay) ® laz) @ ... @ |ay)] = (U]ar)) ® (Us]az))
® ... @ (Unlan)).  (9)

Quantum computers differ from their classical counter-
parts due to the two key phenomena of superposition and
entanglement. The former is already seen in Eq. (1), and
implies that we can view a multiqubit quantum computa-
tion (before measurement) as a superposition of a large
number of possible classical computations. Likewise, the
creation of entangled states of qubits has no classical
counterpart, and the presence of entanglement in certain
well-known quantum algorithms allows for an exponential
speed-up relative to classical computing [39,40]. Despite
this, the naive expectation that entanglement is sufficient to
yield powerful speed-ups over classical computing is not in
fact true. For any number of qubits, there is a certain
number of so-called stabilizer states, which include some
maximally entangled configurations, and whose precise
definition will be given below. The Gottesman-Knill
theorem [41] states that quantum circuits involving stabi-
lizer states only can be efficiently simulated using a
classical computer. Put more simply, entanglement by itself
is not enough to provide an advantage over classical
algorithms, and something else is therefore needed in order
to fully realize quantum perks. One can then introduce a
property that measures “nonstabilizerness” of a multiqubit
state, and this property is known as magic in the quantum
computing literature. Various definitions have been given to
quantify this effect, and the concept of magic plays a key
role in designing fault-tolerant computational algorithms.
Here, we have been inspired by Ref. [42], which looks at
how to increase magic in larger multiqubit systems.

Let us now explore the notions of stabilizer circuits and
magic in more detail. Given a (multiqubit) quantum state

lw), we say that it is stabilized by a unitary operator U
provided

Uly) = w). (10)

A particular class of quantum states has been well studied
for various reasons, namely those that are stabilized by
elements of the Pauli group. For a single qubit, this group
is defined via the set of matrices

Gl = {Zl:l, Zl:l[, Zl:Ul, :l:iO'l, Zl:Gz, Zl:iUQ, :l:63, :l:l.G:),}. (11)

Here I is the 2 x 2 identity matrix, and (o}, 0,,03) are the
Pauli matrices:

(1) =(03) (%)

One may verify that multiplication of any two elements
from Eq. (11) gives another element of the group, so that
this is indeed closed as required. More generally, one may
define the n-qubit Pauli group G,

Gn:{Al®A2®...®An;AiEG1}. (13)

In words, the elements of G, consist of tensor products of
operators A; from the one-qubit Pauli group, each acting on
a single qubit i. Let us define a general Pauli string as an
operator

P, e {O'(lu),dgu),dgu),l(a)}7
(14)

Pn:P1®P2®...®PN,

where e.g., /@ and I® are Pauli and identity matrices
acting on qubit a. The elements of the n-qubit Pauli group
are then given by Pauli strings weighted by factors 41, =+i.

The importance of these definitions for quantum comput-
ing stems from the following results (see e.g., Theorem 1 in
Ref. [43]). Imagine preparing an n-qubit quantum circuit
with initial state

02" =1[0) ® [0) ® ... ® |0). (15)

Now consider that our quantum circuit only contains CNOT,
Hadamard, and phase gates. One may then show that |y) is
stabilized by exactly 2" Pauli strings (up to factors +-1). Such
circuits are called stabilizer circuits, and the resulting states
are called stabilizer states. One may further prove (again see
Ref. [43]) that the number of independent stabilizer states for
n qubits is

N=2T[@*+1). (16)
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As an example, this predicts six stabilizer states for a single
qubit system. These can be found by acting on |0) and |1)
repeatedly with Hadamard and phase gates, yielding the six
states

R R
V2 V2

From above, we expect each of these states to be an
eigenstate of two operators chosen from (I,0;,0,,03),
where these two operators could be different for each state.
As an example, |0) is an eigenstate of / and o3 with
eigenvalue 1 in both cases (and is not an eigenstate of o

oro,). The state (|0) + i|1))/+/2 is an eigenstate of  and 5,,
with eigenvalue 1. Similar conclusions can be reached for
the other states.

Armed with the concepts of stabilizer circuits and states,
we can now describe the Gottesman-Knill theorem more
precisely (see also Sec. 10.5.4 of Ref. [2]). This states that
there is an efficient classical algorithm to simulate any
quantum circuit that (i) starts with a state prepared in the
computational basis, (ii) contains only Hadamard, phase,
CNOT, and Pauli gates (i.e., where the latter implement
action of the Pauli matrices on a single qubit), (iii) involves
measurements of observables in the Pauli group, and
(iv) may contain additional classical manipulation of the
output. In pedestrian terms, this means that stabilizer
circuits provide no genuine computational advantage over
classical circuits, despite the fact that they may contain
maximally entangled states. The presence of the latter can
be clearly seen in Eq. (17), in which four of the states are
maximally entangled, i.e., consisting of a superposition of
the form of Eq. (1) with |a| = |A|.

If superposition and entanglement by themselves are not
enough to guarantee powerful quantum computers, there
must be some other property of quantum states that is
relevant. This property is referred to as magic in the
quantum computing literature, and various proposals have
been given regarding how to quantify it [23-34]. By
definition, stabilizer states have zero magic, and thus
one needs to write down quantities which indeed give zero
for stabilizer states, but give some nonzero measure of
“nonstabilizerness” for general states. Here, we will follow
the presentation of Ref. [33], which starts with the above
observation that n-qubit stabilizer states are such that the
eigenvalues of 2" Pauli strings are straightforward (i.e.,
+1), whereas the others are zero. This suggests that, for a
general state |y), we can consider its Pauli spectrum

0), (10) £ 1)), (10) £i[1)), ). (17)

spec(|w)) = {(w|Ply), P EP,}. (18)

That is, the Pauli spectrum of |y) is a list of expectation
values of each individual Pauli string in Eq. (14), evaluated
in the state |y). For a stabilizer state, this is a list containing
mostly zero values, with 2" nonzero values £1. For magic

states, a more nontrivial pattern is obtained. From the Pauli
spectrum, one may define something called the stabilizer
Rényi entropies (SREs), first defined in Ref. [27], and
consisting of the following family of functions {M}
defined by integer values g > 2:

> <l/f|P|w>2‘f_ (19)

n

M

q = 1 _qugZ(é’q)’ é’qE

PEP,
We can see that each M, function involves a sum over
expectation values of the Pauli strings, raised to powers. As
argued in Ref. [27] (see also Ref. [33]), the set of values
{M} measures the spread of the Pauli spectrum for general
states, viewed as a distribution. Note that for a stabilizer state,
M, = O forall g. To see this, recall that the expectation value
of 2" of the possible Pauli strings is =1 for a stabilizer state
lyr), and zero for all of the other Pauli strings. Thus, {, = 1
for stabilizer states, and M, = log,(1)/(1 — q) = 0. Below,
we will take the case ¢ = 2 as a representative measure of
magic, for which M, is known as the second stabilizer Rényi
entropy (SSRE).

Note that, while magic is defined at the level of quantum
states, whether or not computational advantage over classical
physics is obtained is a statement about algorithms or
(equivalently) circuits. Thus, magic—which simply mea-
sures whether a given state is a stabilizer state or not—can be
nonzero in regions for which entanglement vanishes. This
does not contradict the statement that computational advan-
tage will be obtained for suitably defined algorithms pro-
vided the corresponding circuits contain magic states
somewhere, in addition to entangled states. Put another
way, entanglement is necessary, but not sufficient, to imply
computational advantage of an algorithm, and magic pro-
vides the missing ingredient for sufficiency. Unlike some
entanglement measures (e.g., the concurrence) that have a
nonzero threshold for entanglement, the definition of magic
in terms of a nonzero distance in Hilbert space between given
states and a discrete set of stabilizer states, implies that there
is no such nonzero threshold for magic. The precise relation-
ship between entanglement and magic in different quantum
systems is an open question in the literature (see e.g.,
Refs. [36,44]), and this paper provides a new playground
for further investigation.

III. ARE TOP QUARKS MAGIC?

A. Results for partonic initial states

Let us now turn to the question of whether magic can be
probed in collider physics. To this end, we will consider a
well-studied system from the point of view of entangle-
ment, namely the production of a top-antitop pair at the
LHC. Given that top quarks are spin-1/2 particles, this
constitutes a naturally produced two-qubit system. At
leading order in the Standard Model, top quark pair
production proceeds via the strong interaction, and there
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zgm

Leading-order Feynman diagrams for top-antitop pair production in the SM, where a double line represents a top particle:

(a)

FIG. 1.

0000000000 fF———

Q000000000 e
(b)

(a) qgq channel; (b) gg channel. The two channels contribute roughly 10% and 90% of the total cross section respectively.

are two partonic channels as shown in Fig. 1. In each case,
QFT predicts the possible states of the top quarks (e.g.,
their momenta, spins, and energies). The top quarks will
not be in a uniquely predicted state, but instead must be
regarded as in a statistical mixture of possible states, with
associated probabilities. There is a well-developed formal-
ism for dealing with such situations in quantum theories,
known as the density matrix formalism. To introduce this in
general, consider a quantum system that can be in any one
of a number of states |y;), each with probability p;. One
may then define the density matrix

p= Zpi|Wi><Wi : (20)

where the probabilities must necessarily satisfy

pi 20, Zpi =1 (21)

If a given system is found to be in a single overall state [y)
(with unit probability), its density matrix has the special
form

p=lw)wl, (22)

and the system is said to be in a pure state. If instead two or
more probabilities in Eq. (20) are nonzero, then the system
is said to be in a mixed state. As stated above, it is this latter
case that will apply to top quarks produced by a collider
experiment, as the rules of QFT give us at most the identity
of each possible final state, and its associated probability.
Faced with such an ensemble of possible final states, the
expectation value of an observable O will be given by

(0) = Zpi<‘//i|0|1//i> = Tr[p0], (23)

where the second line recognizes that this is the trace of the
density matrix multiplied by the operator in matrix form.

The language of density matrices is used heavily in the
context of entanglement, due to the ease of defining clear
criteria for states to be entangled. Considering two

subsystems A and B of a larger whole, the density matrix
p is separable if it can be written in the form

p=> Pt ®pL. (24)

Separable states contain no quantum entanglement between
the subsystems A and B. Similarly, entangled states cannot
be written in a separable form. This in turn allows various
algebraic criteria for entanglement to be obtained (see e.g.,
Refs. [3,4,22] for a review), which in turn have guided
experimental searches for top quark entanglement. In such
analyses, it is entanglement of the (anti)top quark spins that
is being talked about, and there will be a density matrix
describing the (in general mixed) state of a top-antitop pair.
The definition of this can be found in e.g., Ref. [4], and
there are different levels at which one can define it. First, let
us note that the kinematics of a pair of top particles in the
center-of-mass frame will be specified by their invariant
mass M, the unit direction vector k of one of the particles,
and the spins a and S of each particle. These quantities can
be used to specify a complete set of possible final states
|Mkap). If we then let |I2) denote a given initial state
(with associated quantum numbers 1), then the quantum
(scattering) amplitude for proceeding from this initial state
to one of the possible final states is, by definition,

Aty = (Mhkap|T|12) (25)

where 7T is the transition operator. We can then define the
so-called R-matrix

Rej (M. R) = QM B)LAL, B (26)

This is like a squared amplitude that enters a cross
section, except for the fact that the final states are different,
and thus the spin indices will not be contracted. In a collider
experiment, we do not usually have control over the precise
initial states, which must therefore be averaged over initial
quantum numbers (e.g., colors, spins, etc.). Thus, we can
define the averaged R-matrix:
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1

Riay M. k) = N, 2 ZR(,/;W(M k). (27)

This is sometimes loosely referred to as the production
(spin) density matrix, but strictly speaking this should be
normalized to have unit trace:

RI

TRy

p (28)

This is not the only density matrix we can talk about to
describe the top quark final state. We might also wish to
describe the top quark mixed state that results after we sum
over all possible final states with a given invariant mass
(i.e., summing over all possible top quark directions). The
resulting density matrix is given by [4]

|Mkap) (Mka'|

’ dQR’ k —
a / ety (MK VR

a/} adp
(29)

Here, the denominator of the integrand normalizes the final
states, which are then weighted with the production density
matrix. There is then an integral over all possible solid
angles (i.e., over the top quark directions), and the overall
prefactor contains a normalization factor Z.

Let us focus on the production density matrix R!, which
is fully differential in the final state kinematics. This
quantity specifies a general mixed state of the top-antitop
pair, and will depend upon the invariant mass of the latter,
and the directions of the top particles in general. This is
what we expect of course: QFT tells us that the probability
of producing a given final state depends upon its kinemat-
ics. The “mixed” top quark final state constitutes a super-
position of the possible final states for each point in the
kinematic phase space, weighted by the appropriate prob-
abilities as predicted by QFT. Results for the top quark
production density matrix, for the initial states I = ¢g, g9,
can be found e.g., in Ref. [4]. The first step in presenting
this is to note that a two-qubit R-matrix has the general
decomposition

A[I4+Z<B[+G RL+B"1,®0;+ ZCIJ Ro; >

i.J

(30)

Here I, denotes an n-dimensional identity matrix, and o; a
Pauli matrix. The kinematic dependence of the R-matrix is
then sitting in the various coefficients {A’, B/*, C{ ;}. Upon
taking the trace of Eq. (30), only the first term survives, such
that the normalized production density matrix is given by

A
n

FIG. 2. Tllustration of the helicity basis, used to define the
coefficients of the top quark production density matrix. The
single and double arrows represent the incoming beams and
outgoing top quark directions respectively, with 6 the scattering
angle. The top quark direction is given by the unit vector k, where
fi and 7 are defined in the plane transverse to this.

(31)

We can then use a similar decomposition to Eq. (30) for the
normalized density matrix, with coefficients

B! g
B = A’ : cl.==1. (32)

To give explicit forms for the coefficients, we need to choose
a convenient coordinate system, and a common choice is the
so-called helicity basis [45], illustrated in Fig. 2. This
introduces two vectors 72 and 7 transverse to the top quark
direction, which can be formally defined as follows:

. P —cos Ok . A
= = k, 33
7 Sin(0) i =Frx (33)

where p is the direction of the first incoming beam, and

cosd =k -p defines the scattering angle. As noted in
Ref. [4], a particular advantage of the helicity basis is that
a boost along the top quark direction does not change its
orientation. Thus, spin information defined in the rest frame
of each top particle is easily relatable to the center-of-mass
frame in which the top quarks are measured. One may
furthermore show that the following relations hold at leading
order (LO) in the SM:

Bt =B =0, =01, (34)
also that certain coefficients in the helicity basis vanish:
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The remaining nonzero coefficients will be functions of the
top quark invariant mass and scattering angle. Rather than the
former, it is conventional to introduce the variable

4m,2

= 1—
p v

(36)

which can be shown to be the velocity of the top quark (in
natural units), with m;, the top quark mass. We can see that
this makes sense from Eq. (36): f =0 or 1 at threshold
(M = 2m,) or high energy respectively, where the top quark
velocity in the latter case approaches the speed of light.
Defining also

7 =cos0, (37)

we may quote for the nonzero R-matrix coefficients at
LO in the SM from Ref. [6]. For the ¢g and gg channels
respectively one has

AM = F 2+ (2 - 1));

Cii = Fggf* (2 = 1);

Cll = Fu(PP + 222 P)):
CH =F,2-p-222-p)):

Cl = 22F g0/ (1 = 22)(1 = p?); (38)

and

A% = Foy(1+28(1 = 2%) = p(2* = 22 +2));

Clh = —Fgg(1 =2 + p*(z* — 222 + 2));
Cli = —Fg,(1 = 222(1 = 2)* = (2 - 222 + 2*)p*);
Cl = =F (1= (2=22 + (2= 1)):

C¥H = 2zF (1 = 22)322\ /1 — B2 (39)

where

(AN + (Ch)*

7494272

F . —_ .
192(1 — p222)?

qq:1_8’ 99 —

(40)

Using these results, one may evaluate the magic of a top-
antitop pair, for different partonic channels and/or kin-
ematics. To do so, we must first note that the definition of
the SSRE M, given in Eq. (19) is for pure states, whereas
we are instead dealing with a mixed state. One may,
however, generalize the above notions to this context.
First, as discussed in Ref. [27] (see in particular the
Supplemental Material there), an n-qubit mixed stabilizer
state is defined by having a density matrix of the form

p=a (1 Soep) (41)

PeG

Here P is a Pauli string; G a subset of the n-qubit Pauli
group with 0 < |G| < d—1 elements; and ¢p = £1 for
each P. Such a state has a Pauli spectrum containing trivial
values +1, and thus is a natural generalization of the
concept of a pure stabilizer state. It turns out also that there
is a simple tweak of the definition of M, such that this is
zero for mixed stabilizer states. First, let us note that the
pure state definition of M, of Eq. (19) contains the quantity

(w|Ply) = Tr(Pp), (42)
where P is a Pauli string, and p the density matrix
corresponding to the (pure) state |y). The formula for
M, can then be written as

“log, <ZPePnTr4 (PP)) ‘

M(p) = - (43)

The appropriate modification of this for mixed states is [27]

ZPePnTlA(PP))
Y per,Tr(pP))’

and plugging in the decomposition of Egs. (30) and (31)
eventually gives

() = —10g2< (44)

Mz(ﬂl) = —log, <(A’)2[(A’)2

+(CL)*+

¢ () + (L) + 2k
F(CL + (L7 +2(C >]>' #3)

It is more conventional in the literature to use the normalized density matrix defined by Eqs. (31) and (32). In terms of the

normalized coefficients, Eq. (45) can be written as

+ (Ch)* + (CL)t +

N 1
Mz(PI) = —log, <1

+ (Cfm)z + (Cik)z +

(CL)* +2(Ch)?
crrace) o
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Finally, we note for completeness the full formula for the
magic in terms of normalized coefficients, including the
possibility (as occurs beyond LO in the SM) that other
coefficients may be nonzero:

1+ (B + (B + Zi,j(cz(j)4>

1+ 37 1(BIF)? + (B + Zi,j(czlj)z
(47)

My(p") = —logz(

It is this latter formula that is relevant for experimental
analyses, where in the double sum over i, j € {n, k, r}, we
include the possibility that the spin correlation matrix C! ;
may be nonsymmetric.

Using Egs. (38) and (39), we can now plot the amount of
magic in a top-antitop pair, as measured by M,, and as
predicted by the SM at LO. Results are shown in the (z, )
plane in Fig. 3, where we have used a top quark mass of
m; = 172.76 GeV. There are a number of notable features.
First, it is relatively generic that magic top quark states are
produced throughout most of phase space. There are then
several regions or limits in which the magic vanishes
completely. This can be related to known results in the
literature [4], as we discuss in the following section.

B. When has the magic gone?

In order to analyze where the SSRE is zero, it will be
useful to find the form of the R-matrix in different
kinematic limits. Following Ref. [4], one may then relate
it to specific quantum states, which gives further physical
insight into why magic vanishes. We can write each of the
operators in Eq. (30) in terms of an explicit 4 x 4 matrix
acting on the computational basis (|00), |01),|10),|11)),
where for each particle |0) and |1) represent a spin up or
down state in the k direction respectively. In terms of the

o

0.6

z

(b)

The magic of a mixed top-antitop final state in (a) the gg channel and (b) the gg channel.

coordinate basis of Fig. 2, this means that we define Pauli
matrices

6, = 0y, 6, = 05, o) = 03. (48)

In other words, the (1, 2, 3) directions in spin space
[represented by the Pauli matrices of Eq. (12)] are mapped
to the (n, r, k) directions respectively, which then constitute

a right-handed coordinate system. Consider then the
example operator ¢, ® o,. An explicit computation gives

o, ® 6,|00) = [6,|0)] ® [0,[0)]
-1( o))l [ o) (o)
-[(]el(0)]
=|11). (49)
Likewise, we find

6, ® ¢,/01) = |10), 6, ® ¢,/10) = |01),
6, ® 0,|11) =00), (50)

such that the matrix form of the operator in the computa-
tional basis is

(51)

o, ® o, =

- o O O
oS = O O
o O = O
o O O =

Using similar methods, one finds the following:
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1 0 0 0
0 -1 0 0
oy ® o) = 0 o0 -1 ol
00 0 1
00 i 0
0 0 0 —i
®a=1_ 090 o]
0 i 0 0

0 0 0 —I
0 01 0
7®=1 0 10 o |
100 0
0 i 0 0
i 00 0
w®=1 0 0 0 - (52)
0 0 i 0

Due to the fact that only certain coefficients in Eq. (30) are nonvanishing at LO in the SM, one has the simplified

decomposition

Rl(z,p)=A1,+Cl,0,80,+ClLo,®0,+ClLo,®0,+Cl (0, @0, +0,®0,),

(53)

where we have used the symmetry property of the C{ ; coefficients noted in Eq. (35). By plugging in the results of Egs. (38)
and (39), one then has a complete form for the R-matrix in the computational basis, with full kinematic dependence.
Now let us look at the regions in Fig. 3 where the magic vanishes, and see what happens to the R-matrix in each case. For

the ¢g channel, these limits give

RY(1,4) . R9(0,1) x

oS O o =
o o o O
o O o O
- o O O

One may show that each of these matrices indeed meets the
definition of stabilizerness given in Eq. (41), in that each
matrix can be written as a suitable linear combination of
Pauli strings, with coefficients normalized appropriately. To
gain further insight into what is happening to the top quarks
in each limit, we may start with the first matrix in Eq. (54),
and note that this is equal to

1 0
0 0
(1 0 0 0)+ (00 0 1), (55
0 0
0 1
which when translated into state notation yields
R7(1, )  |00)(00] + |11)(11]. (56)

The density matrix is given by normalizing this to have unit
trace:

~100){00] + [11)(11]
= 3 .

p?(1. ) (57)

This agrees with Eq. (26) of Ref. [3], where that reference
quotes the result as

oS O O O

0 -1 1 0 0 -1
0 0 _ 0O 1 1 0
. R7(0,0) (54)
0 0 0O 1 1 0
0 1 -1 0 0 1
|
1150 (Pp sl + pdp) (pdsl
5 , (58)
where 1) and || ;) denote spin up and down states along

the beam direction. That this is equivalent to Eq. (57)
follows from the fact that, if the scattering angle is 0° so that
z = cos(6) = 1, then the top quark direction k is the same
as the beam direction p.

It is also possible to describe the other R-matrices in
Eq. (54) in terms of specific states. For the second,
and inspired by Refs. [3,6], let us define the single qubit
states
_[0) 1) 0) = [1)

v Vi

which constitute spin up and down states in the 72 direction
respectively.1 Then, we can define the two-qubit states

|14)

Ya) =

(59)

_ [Tada) £ [ata)

7 :

|P) (60)

'To see this, note that (1, 1)and (1, — 1) are eigenstates of the
Pauli matrix o,, with eigenvalues +1.
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which substitution of Eq. (59) reveals to be given in the
computational basis by

00y —J1y 1 f o
Y= T o |

-1

0
I‘P‘>—WE% ! (61)

0

The column vector form can be used to show that
the normalized density matrix corresponding to the second
R-matrix in Eq. (54) is given by

p1(0.1) = W) (W], (62)

which agrees with Eq. (24) of Ref. [3]. Using similar
techniques, the final matrix in Eq. (54) can be shown to give
rise to the density matrix

a0 o) = X+ [¥) (¥ _[01)+]10)
p*(0,0) = V2 ’ W) = 7

(63)

From Eq. (62), we see that p79(0, 1) describes a pure state.
Furthermore, this is maximally entangled, as can be seen
from the definition of |¥*) in Eq. (60). It is in fact a known
two-qubit stabilizer state, and corroborates the fact that
maximal entanglement can be associated with vanishing
magic. By contrast, Eqs. (57) and (63) constitute so-called
separable mixed states, for which no quantum entangle-
ment is present. Again the magic vanishes, so that the
kinematic region of nonzero magic lies in between the two
extremes of minimal and maximal entanglement.

Similar conclusions can be reached for the gg channel. In
that case, the kinematic limits with vanishing magic, and
their associated quantum states, are given by

pos(1,1) = 100100 er (.
\/z ,

p¥(z.0) = p?(0,1) = [¥)(¥.

(64)

Again these are minimally and maximally entangled, with
the region of nonzero magic lying in between.

C. Results for proton initial states

Above, we have presented results for individual partonic
channels. However, the total top quark state produced at the

LHC will be a weighted sum of partonic channels, taking
into account the nonperturbative distributions of the quarks
and gluons inside the colliding protons. As stated in
Ref. [3], it is straightforward to convert the individual
partonic R-matrices of Eq. (26) to their hadronic counter-
parts by forming the combination

R(M.k)= > L(M)R(M.k), (65)

1€{qq.99}

where we have introduced the parton luminosities

11
5146, ).

L/(m) ARG (f) @< b).

(66)

Here a and b are the two partons in partonic channel /;
fa(x, Q) the parton distribution function with momentum
fraction x and factorization scale Q; and \/§ is the partonic

centre of mass energy (equal to the top quark invariant mass
M at LO). Finally, 7 is defined as

, (67)

where /s is the hadronic centre of mass energy of 13 TeV.
Note that the definition of the luminosity in Eq. (66)
already symmetrizes over the gg and gq channels, where
the prefactor removes overcounting for the gg channel.
From Eq. (65), one may derive the normalized hadronic
density matrix

p(Mde) = wiM.k)p' (M),  (68)
1€{qq.99}

where p/(M. k) is the partonic density matrix of Eq. (28),
and we have followed Ref. [3] in defining the parton weight
functions

1 Al P
wr (M) = MDA M k) (69)
> L (M)A (M. k)
In order to evaluate these expressions, we have used the
publicly available ManeParse package for Mathematica [46].
Following Ref. [6], we use the NNPDF4.0 next-to-next-to-
leading-order parton distribution function set [47] with
strong coupling constant a,(m;) = 0.118, and using the
LHAPDF interface [48]. Results for the hadronic magic,
analogous to the partonic results of Fig. 3, are shown in
Fig. 4. Interestingly, we see that the magic still vanishes in
the upper-right region of the plot, corresponding to high top
invariant mass, and forward production. Such configura-
tions correspond to the so-called Regge limit, in which the
parton luminosity will be dominated by gluons. Indeed, the
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FIG. 4. The magic of a mixed top-antitop final state, for a
proton-proton initial state.

hadron-level plot in the upper-right region is extremely
similar in structure to the purely gluonic result of Fig. 3(b).

Different behavior is seen at low values of f and/or z,
where none of the regions of low magic from Fig. 3(b)
survive. Indeed, the magic no longer vanishes at (z, ) = 0,
for which analytic insight may be gained as follows. Let us
first define the coefficients

woa (2, f)CH w, (z.5)CY
had . 4q9 ij 99 ij
Oz, p) =~ S (70)

An explicit computation then shows that the hadron-level
magic is given by
M3<(p)
— log (1 + [CT* + [CiFT + (G + 2[0‘;2d]4>
L+ [CRP + [CHP + [CP + 2P )
(71)

Using Egs. (38)—(40), one then finds

M5 5-00)

~ _log 2wg(0,0) + w5 (0,0) + 6w7,(0,0)wz,(0,0)
2 2w, (0,0)wz,(0,0) .

(72)

Given that both w,,(0,0) and w,;(0,0) are nonzero,
Eq. (72) will also return a nonzero result. The individual
partonic cases correspond to w,, — 0, w,z — 1 (or vice
versa), in which case one recovers M, — 0 as expected. It
may naively seem surprising that combining the partonic
channels from Figs. 3(a) and 3(b) does not reproduce a
feature that appears in both plots [i.e., the vanishing of the

magic at (z,f) = (0,0)]. However, it is important to
recognize that, while the total hadronic density matrix is
a simple weighted sum of the individual partonic channels,
the same is not true for the magic. Indeed, there is a simple
physical explanation for this behavior: Egs. (63) and (64)
show that different stabilizer states occur in the (z,f) =
(0,0) limit for the gg and ¢g channels. The fact that these
are superposed with nonzero weights in the hadronic
density matrix mean that the resulting state is nonstabilizer,
and thus has nonzero magic. To see this in more detail,
recall that the Pauli spectrum of a stabilizer state has entries
+1 only. Adding together different stabilizer states with
nonunit weights will therefore result in a Pauli spectrum
containing nonunit values, which is necessarily nonstabil-
izer. We examine a further case of magic enhancement
upon combining states in the following section.

D. Angular-averaged final states

So far, we have considered the magic of the top-antitop
final state fully differentially in the kinematics (invariant
mass and scattering angle). As stated in Eq. (29), however,
one may also wish to consider the top quark state after
averaging over the top quark directions. To do this, one may
consider a fixed spin basis, rather than the direction-
dependent helicity basis. A common choice is the beam
basis, in which the 3-direction in spin space is aligned with
the first incoming beam direction (corresponding with
the z direction in Cartesian coordinates), and the 1- and
2-directions (corresponding with x and y directions in
space) are chosen in the transverse plane so as to make a
right-handed coordinate system. The partonic angular-
averaged R-matrices will be given by expressions similar
to Eq. (30), and results for the various coefficients have
been presented in Ref. [3]. One finds that the B,’.i
coefficients vanish, and that the correlation matrix C{-j
becomes diagonal:

c, 0o o
ch=10 ¢, o, (73)
o o !

where we have adopted a common notation for the diagonal
elements (note that the elements C. = C! =C’ are
equal). The nonzero coefficients are given by

r 2
Aq‘?(M):é 1—%};
C(M) = 2= 1P
gy _ L[ _F_4 :
cron =g |1-5 - 0w

and
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tanh™' (8)]
AY(M) = 5 { —59 4+ 318% + (66 — 364> + 2*) T} :
e =L o - OO o
C¥ (M) = 5 { 109 + 494% + (102 — 728> + 28%) W] -29(B) (75)

in the gg and gg channels respectively, where we have followed Ref. [3] in introducing the functions

(1-V1-p)

3 ;
f(B) 149 24 tanh~! ()
96" [49 - Tﬂz + ?ﬁ“ — (17p* — 66% + 49) T} .

fB) =
9(p) =

(76)

Armed with these results, we can calculate the partonic angular-averaged magic using Eq. (44), which for each partonic
channel [ yields

(77)

Gy @ 2@
%@)M4WH()HU)2@)J

Results are shown in Fig. 5. We see that the magic vanishes close to threshold (f — 0) in both channels. Indeed, the analytic
forms of the R-matrices are found to be

1 0 0O 0o 0 0 O
_ 0 00 O o 1 -1 0
R79(0) o , R%(0) , (78)
0 00 O 0O -1 1 O
0 0 0 1 o 0 0 O
such that the quantum states can be written (using similar methods to Sec. III B) as

V2 ﬁ ’

where we have used |1) and || ) to denote single qubit spin up and down states along the beam direction. We note that it may
seem surprising from Fig. 3(a) that an angular average of the magic in the gg channel leads to a zero result at # = 0, given
that there are clearly nonzero values of the magic along the line f = 0. However, we remind the reader that we are now
calculating the magic in a different basis.
|\7|2 MZ
0.08
0.06

0.04

0.02

0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0 B

(a) (b)

FIG. 5. The magic of an angular-averaged mixed top-antitop final state in (a) the ¢g channel and (b) the gg channel.
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As for the fully differential magic, we may convert the
partonic magic with angular-averaging into a hadron-level
result using the appropriate analog of Eq. (71). First, one
defines weighted combinations of normalized coefficients
following Eq. (70), starting from the coefficients of the
angular-averaged density matrix:

Weq(B) C?j[] wyy(B) C‘?}f/
A4d AY99

had _
Chad — , (80)
where the relevant partonic weights are now functions only

of 3, due to being defined [similarly to Eq. (69)] in terms of
angular-averaged quantities:

LA )
M) =S A (M) (81

The hadronic angular-averaged magic is then given by

B 1+ Chad4+2chad4
M3(p) = —log, (1 i {C‘EadL n 2{&&%2) (82)
Results are shown in Fig. 6, and we note the interesting
feature that the magic is nonzero for all values of . This is
similar to the behavior already observed for the fully differ-
ential magic, namely that some regions of vanishing magic
do not survive upon forming the hadronic result. The
underlying mechanism is indeed similar: superposing states
from different partonic channels leads to removal of pure
stabilizer combinations, and hence increasing magic. The
results of this section are still differential in the top quark
invariant mass, and one may go further in defining a total top
quark final state by integrating over a range of invariant
masses e.g., all possible values of /3, or some suitable fiducial
range. Given that angular averaging already removes all
regions of nonzero magic, however, we do not foresee any
qualitative difference upon the further mixing of states that
occurs upon performing additional integrations.

Another interesting feature of Fig. 6 is that the region of
maximum magic is typically close to threshold (low values
of f3), despite the fact that the magic vanishes in this region
for each partonic channel separately. As mentioned

M,
06

05-
04
03

02-

017

00t B

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 6. The magic of a mixed angular-averaged top-antitop
final state, for a proton-proton initial state.

previously, the generation of nonzero magic results from
combining nonequal stabilizer states with noninteger
weights. Our results are also consistent with Ref. [6],
which shows that top quark entanglement (as measured by
the so-called concurrence) is no longer maximal in any
region once angular averaging has taken place. Given that
maximal entanglement is associated with a stabilizer state,
this again suggests that the magic will be everywhere
nonzero.

IV. CONCLUSIONS

In this paper, we have performed a case study of the
magic, a property that characterizes how different quantum
states are from a restricted set of so-called stabilizer states.
Nonstabilizer states are crucial for designing quantum
computers that have a genuine computational advantage
over their classical counterparts, and also for fault-tolerant
algorithms. Learning how to quantify and control magic in
real-world quantum systems are both open problems, such
that it makes sense to ascertain whether magic is manifest
in the quantum playground offered by collider physics
experiments.

We have focused on (anti)top quark pair production at
the LHC, which has recently been the subject of many
studies examining top quark entanglement. Magic offers a
complementary view to entanglement, in that maximally
entangled states typically have zero magic. We find that
magic top pairs are generically produced, where the amount
of magic depends on the kinematics (i.e., the scattering angle
and invariant mass). In each separate partonic channel,
regions of zero magic appear, that can be directly traced
to the fact that the top quark final state becomes a stabilizer
state, which may or may not be entangled. These regions tend
to disappear upon combining channels to form the proton-
level process, or when averaging over top quark directions.
This makes sense, given that combining different states
(including individual stabilizer states) will generically result
in states which are nonstabilizer, and thus have nonzero
magic. Interestingly, the highest magic at angular-averaged
level is found close to threshold, where the magic vanishes in
each separate channel. As we have discussed in detail, this is
a direct consequence of the noninteger partonic weights
multiplying each (stabilizer) state.

There are many possible directions for future work. First,
one might look at the effect of theories beyond the Standard
Model (as has been done for entanglement in Ref. [6]), in
order to see whether magic is useful as an observable that
distinguishes new physics from old. If the SSRE is
insufficient, one could consider higher order stabilizer
Rényi entropies as additional observables. We hope in
addition that our results will prove useful in informing a
more general body of work mapping ideas from quantum
computation/information theory to collider physics, where
there are presumably many exciting interdisciplinary
insights to be uncovered.
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