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We perform a nonperturbative lattice study of the electroweak phase transition in the real singlet scalar
extension of the Standard Model. We consider both the heavy and light singletlike scalar regimes at
nonzero singlet-doublet mixing angle. After reviewing features of the lattice method relevant for phase
transition studies, we analyze the dependence of phase transition thermodynamics on phenomenologically
relevant parameters. In the heavy singletlike scalar regime, we find that the transition is a crossover for
small doublet-singlet mixing angles, despite the presence of an energy barrier in the tree-level potential.
The transition becomes first order for sufficiently large mixing angles. We find two-loop perturbation
theory to agree closely with the lattice results for all thermodynamical quantities considered here (critical
temperature, order parameter discontinuity, latent heat) when the transition is strongly first order. For the
light singletlike scalar regime relevant to exotic Higgs decays, we update previous one-loop perturbative
results using the two-loop loop dimensionally reduced effective field theory and assess the nature of the
transition with lattice simulations at set of benchmark parameter points. For fixed singletlike scalar mass
the transition becomes crossover when the magnitude of the Higgs-singlet portal coupling is small. We
perform our simulations in the high-temperature effective theory, which we briefly review, and present
analytic expressions for the relevant lattice-continuum relations.
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I. INTRODUCTION

A fundamental feature of the electroweak (EW) sector of
the Standard Model (SM), and virtually all weakly coupled
extensions to it, is the Higgs mechanism: mass generation
through condensation of a scalar field. This effect can
be lifted, at high temperature, by thermal fluctuations.
Determining the thermal history of this electroweak phase
transition (EWPT) is a forefront challenge for particle
physics and cosmology. While the Standard Model EW
transition is known to be a smooth crossover and not a true
phase transition for a 125 GeV Higgs boson [1,2], an

extended scalar sector can readily admit a first-order
electroweak phase transition (FOEWPT).
Such a transition could have provided the necessary

preconditions for generation of the cosmic baryon asym-
metry via electroweak baryogenesis if the transition were
sufficiently strong (see [3] for a review). A strong
FOEWPT could also have provided a source for a stochas-
tic gravitational wave background that may be accessible
with next generation probes such as LISA [4], Taiji, and
Tianqin. Collider searches for beyond Standard Model
(BSM) scalars, as well as precision measurements of
Higgs boson properties, provide powerful and, generically,
definitive probes of a strong FOEWPT [5].
Extended scalar sectors continue to receive considerable

attention, both theoretically and experimentally, and they
span a wide range of scenarios, ranging from simplified
model extensions to ultraviolet (UV) complete theories,
supersymmetric and otherwise. For a recent review of these
scenarios and their generic implications for a first-order
EWPT, see Ref. [5]. The simplest extension consistent with
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a 125 GeV Higgs boson and a strong FOEWPT entails the
addition of a real singlet scalar, the so-called xSM.
The xSM provides a useful simplified model stand in for

scalar sector extensions that do not carry SM gauge charges
(e.g., dark sectors). At the renormalizable level, the xSM
contains two Higgs portal interactions whose couplings
govern the thermal dynamics of EWPT. These interactions
also carry distinct phenomenological consequences, mak-
ing the xSM a rich arena for BSM collider physics.
In this work, we report on the first-ever nonperturbative

study of thermal EWPT in the xSM in which the singlet
scalar S is retained as a dynamical degree of freedom. As a
consequence of the well-known Linde problem [6], the
reliability of perturbation theory in the vicinity of relatively
weak transitions breaks down. Thus, one cannot ascertain
the parameter-space boundary between a smooth crossover
and first-order EWPT perturbatively. Within the SM, lattice
computations were decisive in revealing the onset of a
crossover transition at the “critical Higgs mass” in the range
of ∼70–80 GeV [1,2]. A key goal of the present study is to
determine this parameter space boundary for the xSM.
At the same time, we assess the degree to which state-of-
the-art perturbative computations—using thermal effective
theory as described below—provide a realistic guide to the
xSM EWPT thermodynamics.
Doing so for both the xSM and other extended scalar

sector scenarios is important for both theory and experi-
ment. In general, one would like to know: Can a given
model admit a strong FOEWPT? If so, for what choices of
parameters? And how can a combination of collider probes
and gravitational wave (GW) searches test this possibility?
These questions have recently been addressed for the real
triplet scalar extension (“ΣSM”) using a combination of
lattice and thermal effective field theory methods [7–9].
The result is a determination of the relevant phase diagram,
including a delineation of the first-order phase transition
crossover boundary, identification of regions of two-step
EWPT, and mapping between the phase diagram and
relevant experimental collider and GW sensitivities. The
present study provides the foundation for a similar explo-
ration of the xSM.
In order to provide a robust determination of the

FOEWPT-viable xSM parameter space, we combine lattice
simulations with perturbative computations performed
using the dimensionally reduced, three-dimensional (3D)
field theory at nonzero temperature (DR3dEFT). The
latter allows one to obtain a comprehensive survey of
the parameter space by scanning over the xSM parameters.
We employ the state-of-the-art DR3dEFTatOðg4Þ, where g
is the generic gauge coupling and where we draw upon the
necessary two-loop computations [10,11]. We carry out
lattice simulations and selected benchmark points in order
to determine the crossover-FOEWPT boundary and to
assess the reliability of the perturbative DR3dEFT compu-
tations. We select these benchmark points based on earlier

results from one-loop perturbation theory that have impor-
tant phenomenological implications [12–21].
We consider two regimes based on the masses M1;2 of

xSM neutral mass eigenstates, h1;2: (a) a heavy singlet-like
scalar h2 with M2 > 2M1, with h1 being the SM-like
Higgs boson having M1 ¼ 125 GeV; (b) a light h2 with
M1 > 2M2. Region (a) is relevant for resonant di-Higgs
production in proton-proton collisions, while region
(b) allows for exotic decays of the SM-like Higgs boson.
For both regions, singlet-doublet mixing—characterized by
a mixing angle θ—yields distinct signatures in precision
Higgs studies, relevant for future lepton collider Higgs
factories. Our key findings are as follows:
(1) Region (a): For fixed M2 and singlet Higgs portal

coupling a2, we find that there exists a minimum
value of j sin θj for which a first-order transition
occurs, whereas perturbative computations always
indicate the existence of a first-order transition, even
for vanishing mixing angle.

(2) Region (a): For values of j sin θj consistent with a
FOEWPT, two-loop DR3dEFT perturbative results
for the discontinuity in the Higgs scalar condensate
hϕ†ϕi closely track the lattice results.

(3) Region (b): Perturbative computations imply that,
for a given value of M2, the nucleation rate is
decisive for setting the minimum magnitude of
the doublet-singlet cross-quartic coupling a2 con-
sistent with a FOEWPT that completes. Our lattice
results indicate that, depending on the values of the
other parameters in the scalar potential, thermody-
namics can also play an important role in determin-
ing the minimum value of ja2j.

These results have important consequences for collider
phenomenology.
(1) Point (1) implies that the xSM FOEWPT-viable

parameter space is less extensive than one would
conclude from purely perturbative studies. Thus,
prospective precision Higgs and resonant di-Higgs
production have a relatively greater ability to test the
xSM EWPT than previously thought.

(2) Point (2) indicates that in the regions of FOEWPT,
the two-loop DR3dEFT computations provide a
reliable guide to the strength of the transition. This
strength is important for both the signal magnitude
of potential gravitational waves result from the
FOEWPT as well as for the preservation of a baryon
asymmetry during electroweak baryogenesis.

(3) From point (3) we conclude that the existence and
parameter space location of a minimum exotic Higgs
decay branching ratio is governed by both the
nucleation rate and the xSM thermodynamics. With
our results for the lattice thermodynamics now in
hand, future refinements of nucleation rate compu-
tations will yield the most robust target for exotic
Higgs decay studies.
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The remainder of the paper provides detailed discus-
sion of the computations and analysis leading to these
conclusions. Along the way, we endeavor to provide a
thorough presentation of the lattice simulations, coupled
with technical material in the Appendixes. Sections II
and III review the xSM and its DRT3dEFT formulation.
Sections IV–VI give the corresponding lattice formulation,
general features of the lattice simulations, and the pro-
cedure for obtaining the critical temperature, respectively.
We define the quantities that characterize the strength of the
transition in Sec. VII. Section VIII presents the assessment
of the lattice spacing and volume dependence. Results for
regions (a) and (b) are given in Secs. IX and X, respectively.
We discuss the phenomenological implications of this work
in Sec. XI and summarize in Sec. XII. Readers who are
primarily interested in model-phenomenological results
may want to skip Secs. III through X on the first read
through. There are two Appendixes detailing the matching
of 3D lattice and continuum theories and documenting our
reweighting scheme for analyzing simulation results.

II. MODEL SETUP

The singlet-extended SM is defined by the scalar
potential

Vðϕ; SÞ ¼ m2
ϕϕ

†ϕþ λðϕ†ϕÞ2 þ b1Sþ 1

2
m2

SS
2 þ 1

3
b3S3

þ 1

4
b4S4 þ

1

2
a1Sϕ†ϕþ 1

2
a2S2ϕ†ϕ; ð1Þ

where ϕ is the EW Higgs doublet and S is a real singlet
scalar field. Setting b1; b3; a1 ¼ 0 makes the theory Z2

symmetric under S → −S; in this paper we focus on the
more general potential where this symmetry is absent.
The parameters are fixed in standard fashion, at zero

temperature, by fixing a Rξ gauge and shifting

ϕ → ϕþ 1ffiffiffi
2

p
�

0

v0

�
; ð2Þ

requiring that the potential has a minimum at v0 > 0
(the EW vacuum) and matching to experimental input
via perturbation theory around this vacuum.We also use the
freedom to shift S at will to remove the vacuum expectation
value (VEV) of S in the EW minimum: this fixes b1.
Note that some studies eliminate b1 in favor of the singlet
VEV [12,14,21]. The model predicts two electrically
neutral scalars h1, h2 that, in the absence of aforementioned
Z2 symmetry, are linear combinations of the singlet and the
Standard Model Higgs field h:

�
h1
h2

�
¼

�
cos θ − sin θ

sin θ cos θ

��
h

S

�
; ð3Þ

where the mixing angle θ is chosen to diagonalize the
neutral scalar mass-squared matrix in the ðh1; h2Þ basis
with h1 being the SM-like Higgs boson.
Our EW sector inputs are the W and Z boson pole

masses, that of the top quark, the SM Higgs pole mass
M1 ¼ 125.10 GeV, and the Fermi constant Gμ. We neglect
Yukawa interactions of all fermions lighter than the top. For
BSM parameters we input the pole mass m2 of the new
scalar h2 and sin θ. This leaves the couplings b3, b4, a2,
which we treat as free parameters (in the MS scheme).
Expressing parameters in the potential in terms of the
inputs gives

m2
ϕ ¼ −

1

4

�
m2

1 þm2
2 − ðm2

2 −m2
1Þ cos 2θ

�
; ð4Þ

m2
S ¼

1

2

�
m2

1 þm2
2 þ ðm2

2 −m2
1Þ cos 2θ − a2v20

�
; ð5Þ

b1 ¼ −
1

4
v0ðm2

2 −m2
1Þ sin 2θ; ð6Þ

a1 ¼ v−10 ðm2
2 −m2

1Þ sin 2θ; ð7Þ

λ ¼ 1

4
v−20

�
m2

1 þm2
2 − ðm2

2 −m2
2Þ cos 2θ

�
: ð8Þ

Here m1, m2 are the eigenvalues of the mass matrix. At
tree level they match the pole masses, however there are
corrections at loop level and, importantly, at one-loop the
corrections are of same parametric order as two-loop
corrections to thermal masses [11]. In this parametrization,
the Z2 symmetric limit corresponds to b3 → 0, θ → 0.
The accuracy of our lattice simulations will ultimately be

constrained by the perturbative mapping between the lattice
action and T ¼ 0 input parameters; hence we include one-
loop corrections to Eqs. (4) through (8), and to other
parameters in the EW sector. We perform this in the MS
scheme following Ref. [11]; details of the procedure are
given in the Appendix of that paper. Specifically, we fix
the values of the T ¼ 0 parameters using Eqs. (A27)
through (A35) in [11].
At the perturbative level, the EW transition occurs when

the thermally corrected effective potential shifts its global
minimum from v0 ¼ 0 to v0 > 0.1 This activates the
electroweak Higgs mechanism and generates tree-level
masses for gauge fields. The term “spontaneous gauge
symmetry breaking” is often used to describe this pheno-
menon; however we deliberately avoid this terminology as

1Note that we follow the Ehrenfest classification of phase
transitions according to the lowest-order derivative of the free
energy that displays a discontinuity. In a crossover transition, no
discontinuity occurs. If first order, then some supercooling is
expected before the transition actually takes place.
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taking the concept too literally obfuscates the true, gauge
invariant physics of the EWPT [1]. Indeed, physical states,
including the vacuum state, are always gauge invariant, and
the apparent breakdown of a global SU(2) in the v0 ≠ 0
minimum is an artifact of gauge fixing which is always
necessary in perturbation theory [22,23]. These details
become important in the nonperturbative lattice approach
where gauge invariance is manifest. Gauge fixing is only
needed in this and the next section for perturbatively
relating the T ¼ 0 theory to a lattice theory.
The main challenge in describing the finite temperature

EWPT is that perturbation theory for bosons converges
slowly in the infrared (IR). Specifically, at high temper-
ature, the expansion parameter is of form g2T=m [6], where
g2 denotes a generic quartic coupling and m ≪ T is the
mass of a relevant bosonic excitation. In the high-T phase
where the Higgs mechanism is lifted, gauge bosons are
perturbatively massless and perturbative expansions are
ill-behaved. This is the Linde problem [6] and means that
any perturbative description of the EWPT is necessary
incomplete. At the same time, the EWPT typically occurs
at a temperature where the SM-like Higgs excitation is
light compared to the temperature, which reduces reliability
of perturbative predictions already in the scalar sector.
The combined effect of these two problems is that
perturbation theory fails to describe weak transitions
(and crossovers) in which nonperturbative effects in the
gauge sector are important [24], and in other cases it is
typically necessary to extend perturbative calculations
beyond one loop if accurate predictions of thermal quan-
tities are needed [25–27].
Our goal in this paper is to include the problematic IR

physics by means of nonperturbative lattice simulations,
and thus provide a reliable description of the EWPT in
the singlet-extended model. With the Higgs mass M1 fixed
to its SM value, one expects the EWPT strength to be
predominantly controlled by parameters a2 and sin θ that
directly couple the singlet and the ϕ doublet. In contrast, b3
and b4 contribute only through loops and are expected to
have a milder effect [12,17]. We will mostly focus on a2
and sin θ.
In addition to EWPT in the Higgs direction of the

potential, the vacuum structure may be nontrivial also in
the singlet direction. In the general, non-Z2 symmetric
model this is generally the case, as loop corrections
shift the singlet VEV away from the origin. A similar
situation can arise in the Z2 symmetric limit if the theory
undergoes spontaneous breakdown of the discrete Z2

symmetry at temperatures above the EWPT temperature.
This is the two-step phase transition scenario [5,12,13,15],
and analogous multistep transitions can occur also in
the more general model but without spontaneous Z2

breaking [28]. Transitions in the pure singlet direction will
not be discussed further in this work as our focus is on the
actual EWPT.

III. HIGH-T EFFECTIVE THEORY

Some approximations are required before the finite-
temperature theory can be studied nonperturbatively on
the lattice. The most fundamental issue to overcome is that
formulating a chiral gauge theory such as the SM on the
lattice is an unsolved problem (see [29] for a recent
development).2 The second issue is that controlling the
continuum limit while simultaneously preserving connec-
tion to known EW physics is tedious when the theory
contains many parameters, each requiring renormalization.
The final hurdle is that a finite-temperature system admits
a natural hierarchy of scales, e.g., scales gT and g2T
associated with screening of electric and magnetic fields,
respectively, and the scale πT of short-distance thermal
fluctuations. Fitting these on a lattice simultaneously
necessitates numerically demanding simulations.
Despite these complications, simulations and continuum

extrapolations have been successfully carried out for the
bosonic SUð2Þ þ Higgs theory at finite temperature [2,30].
Still, for the singlet extension this approach seems unprac-
tical due to the large number of parameters in the scalar
potential, and would require that we neglect all effects of
fermions on the EWPT; likely not a good approximation
given that the thermal Higgs mass obtains its largest SM
contributions from the top quark [31].
A way of bypassing the aforementioned issues is

provided by the effective field theory (EFT) approach to
high-T field theory [31–34]. In this method, one perturba-
tively maps the 4D finite-T theory to a simpler 3D theory
with similar field content (“dimensional reduction”),
apart from fermions whose contributions are included in
“matching relations” between the 3D and 4D parameters.
The resulting bosonic 3D EFT can then be simulated on the
lattice, avoiding all of the issues highlighted above [35].
This 3D approach is common for EWPT studies both in
lattice [8,24,25,36–38] and perturbative contexts [11,39–44],
and it is the approach we follow in this paper. The down-
side is that the quality of 4D → 3D mapping becomes a
limiting factor for the full analysis. This is usually not an
issue as long as the zero-temperature theory is sufficiently
weakly coupled. For instance the 4D and 3D simulations
of the SUð2Þ þ Higgs case agree within error bars [45].
Systematic errors are in much better control in the
3D analysis because the effective 3D theory is super-
renormalizable, making it possible to find analytical rela-
tions between continuum and lattice actions that become
exact in the continuum limit [46,47]. This generalizes
directly to the singlet extension and is the final step in
our pipeline relating the “physical” input parameters,
described in Sec. II, to a practical lattice formulation.

2Not to be confused with technical challenges associated with
implementing chiral symmetry and its breaking on the lattice in
nonchiral gauge theories such as QCD.
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For our model the high-T EFT is a super-renormalizable
SUð2Þ × Uð1Þ þ Higgsþ singlet theory in 3D with tem-
perature dependent parameters. The action reads

S3D ¼ 1

T

Z
d3x

�
1

4
Fa
ijF

a
ij þ

1

4
BijBij þ jDiϕj2

þ 1

2
ð∂iSÞ2 þ V3Dðϕ; SÞ

�
; ð9Þ

V3Dðϕ; SÞ ¼ m̄2
ϕϕ

†ϕþ λ̄ðϕ†ϕÞ2 þ b̄1Sþ 1

2
m̄2

SS
2

þ 1

3
b̄3S3 þ

1

4
b̄4S4 þ

1

2
ā1Sϕ†ϕþ 1

2
ā2S2ϕ†ϕ:

ð10Þ

In the above,Fij andBij are SU(2) and U(1) field strengths
in 3D for their respective gauge fields Ai and Bi. The Higgs
covariant derivative is Diϕ ¼ ð∂i þ iḡAi þ 1

2
iḡ0BiÞϕ. The

prefactor T−1, arising from trivial integration over the
imaginary time, is often removed by a rescaling of fields
and couplings in the EFT, as done for example in
Refs. [8,11,24,25] (but not in [38]). We have chosen to
not perform this rescaling in order to keep the connection to
4D quantities and units more transparent. The 4D → 3D
relation for the parameters has been derived in [11] and can
be read from Eqs. (30)–(41) and (51)–(55) therein.3 The
matching relations from [11] include thermal mass correc-
tions at Oðg4Þ, or two loop, and corrections to coupling
constants at the same parametric order.
The 3D approximation is formally valid for energy scales

≪ πT, i.e., when the high-T expansion of loop integrals is
valid. The dominant error arises from neglect of higher-
dimensional operators in the 3D action: for example, the
4D → 3D matching generates dimension five and six
operators such as S5 and ðϕ†ϕÞ3. These contribute only
at higher orders of high-T perturbation theory (i.e., we
expand in m=T) [11,31,41] and are neglected in our
numerical analysis (see Sec. IV for more discussion on
this point). In our model we treat the T ¼ 0 BSM scalar
mass M2 as an input, and EFT will likely fail if the ratio
M2=T grows large. This is a qualitative statement and
cannot directly be used to set a strict upper bound on
allowed M2 because the relevant finite-T mass is different
from M2, and the way M2 affects EWPT quantities is not
easily tractable.
A quantitative error estimate for the truncated EFT (9)

can be obtained by explicitly including operators at
dimensions five and six and perturbatively calculating

the shift induced in the effective Higgs potential.4 Doing
this in the SM case suggests percent-level accuracy for the
4D → 3Dmapping [31]. This was generalized to the singlet
extension in [11] and the error was found to remain small,
much less than 5% for most benchmarks in the reference.
Hence the 3D EFT should provide an excellent starting
point also for precision lattice studies at least for M2 ≲
450 GeV which was the largest M2 studied in [11].

IV. LATTICE FORMULATION

It is straightforward to write down a lattice action that
reduces to the EFT (9) in the naive continuum limit a → 0,
a being the lattice spacing. For completeness, we include
also the U(1) hypercharge interactions that are often
neglected in the EWPT simulations [for lattice studies of
the SM transition including the U(1) field, see [36,48,49] ].
Our lattice action reads

SL ¼ β
X
x;i<j

	
1−

1

2
ReTrPijðxÞ



þ β0

X
x;i<j

½1−Repr
ijðxÞ�

þ 2aT−1
X
x;i

½ϕ†ðxÞϕðxÞ−ϕ†ðxÞUiðxÞuiðxÞϕðxþ iÞ�

þ aT−1
X
x;i

½SðxÞ2 − SðxÞSðxþ iÞ�

þ a3T−1
X
x

	
m2

ϕ;Lϕ
†ϕþ λ̄ðϕ†ϕÞ2 þ b1;LSþ

1

2
m2

S;LS
2

þ 1

3
b̄3S3 þ

1

4
b̄4S4 þ

1

2
ā1Sϕ†ϕþ 1

2
ā2S2ϕ†ϕ



: ð11Þ

Here Ui and ui are SU(2) and U(1) link variables,
respectively. At small a their relation to the continuum
gauge fields is

UiðxÞ ¼ eiaḡAiðxÞ; uiðxÞ ¼ e
1
2
iaḡ0BiðxÞ: ð12Þ

Pij and pij are elementary plaquettes constructed from
the links,

PijðxÞ ¼ UiðxÞUjðxþ iÞU†
i ðxþ jÞU†

jðxÞ ð13Þ

and similarly for the U(1) plaquette pij. Couplings appear-
ing in the gauge part are

β ¼ 4

aTḡ2
; β0 ¼ 4

aTḡ02r2
ð14Þ

and r ≠ 0 is an integer that labels irreducible representa-
tions of the U(1) group. We use standard periodic boundary
conditions to preserve translational invariance.

3In addition to keeping the 1=T factor explicit, we have
simplified the notation from that of Ref. [11] by dropping
redundant subscripts from the 3D parameters. For instance,
our ā2 corresponds to ā2;3=T in [11].

4Specifically, location of its minimum after the EWPT. This is
not a direct physical quantity but is still a useful indicator of
EWPT strength in the perturbative context.
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Parameters appearing in the lattice action are the
unrenormalized (bare) ones, and it remains to match these
to the MS renormalized parameters of the EFT (9). Because
of super-renormalizability, only m2

ϕ;L; m
2
S;L, and b1;L con-

tain divergences, and the other parameters are renormali-
zation group invariant up to corrections that vanish in the
a → 0 limit. Following Ref. [46], we may analytically
relate the divergent parameters to those appearing in the
continuum theory by calculating the 3D energy density
around a generic ðϕ; SÞ background, (i.e., the effective
potential) and equating the lattice and continuum results. A
two-loop calculation suffices to remove all divergences.
Moreover, since the two schemes can differ only in the UV
region, nonperturbative IR effects do not spoil the lattice-
continuum matching.
Appendix A describes the lattice-continuum matching

calculation in more detail. Equations (A4)–(A6) give the
resulting lattice-continuum relations for m2

ϕ;L; m
2
S;L; b1;L,

which is exact up to OðaÞ corrections. Remaining cutoff
dependence can be eliminated by extrapolating simulation
results to the continuum, see Sec. VIII.
As indicated above, this analytical mapping between

continuum and lattice actions allows us to fix renormalized
parameters on the continuum side so that we reproduce
perturbative T ¼ 0 physics of the EW sector, perform the
finite-T reduction from 4D to 3D, and finally compute
the corresponding lattice parameters at given value of the
lattice spacing. This avoids the need for nonperturbative
renormalization.
We note in passing that it is, in principle, possible to

extend the lattice action with operators of higher dimen-
sionality, for instance the aforementioned ðϕ†ϕÞ3. This
could be useful if the 3D EFT (9), truncated at operator
dimension four, is deemed too inaccurate in some region of
the parameter space. However, operators of dimension six
are not super-renormalizable in 3D, and analytical control
over the a → 0 limit is then lost. In our view, these
complications makes simulations with higher-order oper-
ators highly impractical.
At finite cutoff the dynamics depends on the represen-

tation chosen for U(1), in particular the lattice theory
admits topological monopole configurations [50] that
however vanish in the a → 0 limit. For simplicity we per-
form all of our simulations at r ¼ 1. As discussed in [36],
this choice minimizes correction terms in the lattice-
continuum relations leading to smaller OðaÞ effects related
to ḡ0. A potential complication is that the ratio β0=β is
rather large for realistic values of U(1) and SU(2) cou-
plings, necessitating a large number of lattice sites to fully
capture the IR behavior of the hypercharge field. This
situation is not too worrying, however, considering
that the effect of U(1) on the EWPT is small in the first
place [36], and our results below indicate a clean infinite-
volume limit.

V. LATTICE SIMULATIONS: GENERALITIES

The EW theory (with or without the singlet) does not
admit a gauge-invariant order parameter, nor a symmetry,
that could distinguish phases of active and inactive Higgs
mechanism (“broken” and “symmetric” phases, or Higgsed
and non-Higgsed phases). This is a generic feature of gauge-
Higgs theories with fundamental representation matter
[23,51] and means that there really is just one thermody-
namical phase, one that is strongly coupled at high temper-
atures due to the Linde problem, and weakly coupled at low
temperatures where tree-level masses produced by the Higgs
mechanism yield an IR cutoff in the gauge sector. We say
that the phase diagram is continuously connected.
Keeping the above in mind, in the following we use

the common labels “symmetric” and “broken” phases to
describe high-T and low-T regimes of the theory, respec-
tively. The EWPT is the transition between these two
regimes as the temperature changes. This transition can
occur smoothly as in the SM (crossover, i.e., not a phase
transition at all), or be abrupt and discontinuous as in a first-
order phase transition. At the boundary where first-order
behavior turns into a crossover there is a second-order
phase transition [1,52]. The situation is analogous to the
liquid-gas transition in classical fluids such as water, also a
smooth crossover at high temperature and pressure.
Nonperturbative studies of the EWPT are based on

expectation values of local gauge-invariant operators,
or condensates, and their distributions in the canonical
ensemble. In our singlet extension the simplest operators of
interest are ϕ†ϕ, S, and S2. The Higgs condensate hϕ†ϕi is
discontinuous at a first-order EWPT [1,35] and acts as an
effective order parameter for the transition. In the Z2

symmetric limit of the theory, a nonzero value of hSi
signals spontaneous breakdown of the discrete symmetry,
but it does not cause Higgs mechanism. In the more general
model in which the Z2 symmetry is explicitly broken by
cubic interactions in the scalar potential, hSi is generally
nonzero at all temperatures and the phase diagram is
expected to again be continuously connected.
A Monte Carlo simulation aims to generate field con-

figurations in the canonical ensemble, i.e., the probability
distribution of a generic lattice field configuration fφg is
pðfφgÞ ∝ exp½−SLðfφgÞ�. Condensates such as hϕ†ϕi are
estimated by measuring ϕ†ðxÞϕðxÞ locally and averaging
over the lattice to reduce noise. For a sufficiently large
sample fφig of canonically distributed field configurations,
the mean of individual measurements yields a good
estimate for the expectation value hϕ†ϕi.
Standard sampling algorithms for generating field con-

figurations with the distribution pðfφgÞ ∝ exp½−SLðfφgÞ�
proceed through local deformations of the fields with a
probabilistic accept/reject step to preserve the ensemble. As
such, successive field configurations are not statistically
independent, and the field update algorithm should be
designed to efficiently reduce autocorrelations in observables

NIEMI, RAMSEY-MUSOLF, and XIA PHYS. REV. D 110, 115016 (2024)

115016-6



of interest. Our field update algorithm combines standard
SU(2) heatbath [53] for the gauge links and the Higgs
overrelaxation method of Kajantie et al. for the scalars [24],
modified to include the singlet field. Compared to simpler
Metropolis-like algorithms, the overrelaxation method more
effectively evolves the radial Higgs field mode [24]. We
observe similar improvement also for the singlet (see
Appendix D in [28] for a related comparison). Our full
update sweep consists of one heatbath update of gauge
links and four scalar overrelaxation steps, followed by a
Metropolis update on the scalars to guarantee ergodicity.
To find the phase transition point we perform simulations

at different temperatures, measuring condensates of ϕ†ϕ
and of other operators appearing in the action and tracking
their evolution with the temperature. Figure 1 illustrates
this temperature evolution for scalar condensates of lowest
dimensionality in one benchmark scenario. At high temper-
atures, the Higgs condensate hϕ†ϕi is approximately
constant in units of T but undergoes a sudden change to
a larger value at T ≈ 127 GeV. In this lower-T regime, the
conventional Higgs mechanism becomes effective. The
hϕ†ϕi discontinuity seen in Fig. 1 suggests a first-order
transition and means physically that the low- and high-T
phases can coexist, separated by a free energy barrier.5

The first quantity of interest for EWPT analyses is the
critical temperature Tc, at which both phases are thermo-
dynamically equally favored.
The discontinuous behavior contrasts with that of a

crossover transition in which the condensates interpolate
smoothly and no phase boundary exists. As an aside, we
point out that the condensates would remain continuous
also in a second-order phase transition. The main practical
difference between second-order transition and crossover is
that in the former the system develops an infinite corre-
lation length (i.e., massless Higgs excitation) and exhibits
critical behavior. The EWPT is known to be second order
at the boundary between first-order and crossover transi-
tions [1,52] and is therefore a very specialized case.
A few remarks regarding Fig. 1 are now in order:
(i) In conventional perturbative studies based on the

thermal effective potential for the scalar fields, one
finds the phase transition point by following the
global minimum of the potential as function of the
temperature. The lattice approach replaces minimi-
zation of the potential by a Monte Carlo determi-
nation of scalar condensates from thermalized field
configurations (however, see point iii. below).

(ii) Condensates of composite operators are generally
UV divergent and carry no direct physical meaning.
As for the lattice mass parameters in Sec. IV, we may
relate the bare (unrenormalized) lattice condensates
obtained from simulations to renormalized conden-
sates in a given renormalization scheme, cf. [35,46]
and Appendix A. For Fig. 1, we have converted the
nonperturbative lattice condensates to continuum
MS scheme (scale μ̄ ¼ T). For quadratic conden-
sates like hϕ†ϕi and hS2i the required renormaliza-
tion is additive and drops out when considering
condensate discontinuities across a phase transi-
tion [35]. The noncomposite singlet condensate
hSi does not require renormalization.

(iii) For each T, we start the simulation from a “cold”
field configuration. For example, the fields are set to
a constant value everywhere, and the field update
algorithm is guaranteed to bring the system into a
thermalized state after an initial thermalization
period.6 However, if the theory admits multiple
(meta)stable phases (i.e., distinct local minima of
the free energy) at a given T, there is no guarantee
that the simulation thermalizes to the global free
energy minimum instead of a metastable branch of a
long-lived but statistically disfavored phase. For
instance, a simulation at T < Tc may get stuck in

FIG. 1. Temperature dependence of scalar condensates in the
benchmark point defined in Eq. (20) below, converted to MS
scheme (scale μ̄ ¼ T). The data is taken on a β ¼ 40, Ns ¼ 80
lattice. Each point is from a separate short simulation consisting
of 4000–10000 measurements. Negative values of hϕ†ϕi and hS2i
are due to additive renormalization, see Eq. (A3).

5Strictly speaking the condensate can be discontinuous only in
the thermodynamic limit (V → ∞), while in simulations we
operate on a finite-size system. At finite volume hϕ†ϕi can take
values outside the thermodynamically allowed bulk values, but
this is exponentially unlikely when the volume is sufficiently
large. There is no ambiguity in deducing that we have a first-order
transition if the probabilistic suppression persists and increases
indefinitely as the volume grows.

6Naturally, measurements should be taken only after the
system has fully thermalized. Different observables can have
different thermalization times; here we start measurements once
the volume-averaged ϕ†ϕ reaches a stable value. Typically this
occurs well within 500 iterations of our lattice update, although
thermalization can take longer near the critical temperature.
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the symmetric phase and not be able to tunnel to the
more stable broken phase.

As illustrated by point iii., it is necessary to have reliable
means of comparing free energies of the two phases. We do
so by studying probability distributions of the order para-
meter, i.e., histograms of ϕ†ϕ.
Near a first-order transition the histogram has a charac-

teristic two-peak structure as depicted in Fig. 2. The peaks
describe bulk fluctuations of the condensate in two minima
of the free energy. At critical temperature the phases have
equal free energies. One may formalize this condition by
requiring that both peaks in the order parameter histogram
cover equal areas at T ¼ Tc [24].
As evident from Fig. 2, the probability of finding

configurations where ϕ†ϕ lies outside its thermodynami-
cally preferred value is exponentially suppressed. At finite
volume, most configurations in the disfavored region are
inhomogeneous mixed-phase configurations in which a
subregion of the lattice is in one metastable phase and rest
of the lattice is in the other phase (see, e.g., [54]). The free-
energy cost of such configuration is proportional to the area
of the phase interface. Thus, the suppression of disfavored
configurations increases with system size.

VI. FINDING THE CRITICAL TEMPERATURE

In conventional simulations that sample field configu-
rations in the canonical ensemble, the probability of any
configuration that does not correspond to a thermodynami-
cally stable phase is exponentially small. But because the
configurations are sampled through small deformations
of the fields, the simulation will necessarily need to pass
through disfavored configurations in order to transition
from one phase to another. For large enough volumes this

will never happen on practical timescales, and canonical
simulations are often limited to sampling only one phase.
A standard way of overcoming this difficulty is to use

multicanonical simulations [55]. This approach consists of
modifying the ensemble by shifting S → SþWðϕ†ϕÞ,
where W is a carefully chosen weight function. Distribu-
tion of the order parameter in this modified ensemble is

pmultiðϕ†ϕÞ ∝ pcanðϕ†ϕÞe−Wðϕ†ϕÞ: ð15Þ

Here pcan is the canonical probability distribution. In a
multicanonical simulation, we compute pmultiðϕ†ϕÞ by
sampling configurations in the modified ensemble.7 The
multicanonical distribution becomes flat if the weight is
chosen according to Wðϕ†ϕÞ ¼ lnpcanðϕ†ϕÞ, and the
simulation can freely probe all values of the order param-
eter in a random walk fashion. This bypasses the probabi-
listic suppression seen in Fig. 2. To extract physical
information about the phase transition we ultimately need
the canonical histogram, obtained by inverting Eq. (15).
An obvious drawback of the multicanonical method is

that the optimal weight function Wðϕ†ϕÞ ¼ lnpcanðϕ†ϕÞ
depends on pcanðϕ†ϕÞ, the quantity we are trying to obtain
in the first place. In practice we have to find a weight
function that suffices to allow efficient sampling in the
interesting order parameter range. We do so by an auto-
mated recursive process akin to Refs. [24,37], consisting of
short simulations to estimate pcanðϕ†ϕÞ. Once sufficient
convergence for W has been reached, we perform a
production run with fixed weight function.
We identify the critical temperature by the condition that

both phases have same free energy at T ¼ Tc, i.e., peaks in
the canonical histogram cover equal areas. In practice, we
first scan (as in Fig. 1) with small-volume simulations and
look for an approximate T ≈ Tc that produces a two-peak
histogram. We then run a long multicanonical simulation at
the target volume to obtain a clean two-peak histogram.
Finally, we vary the temperature in order to obtain the
critical histogram with equally probable peaks.8

We perform the last step without resorting to new simula-
tions by using a standard reweighting technique [56]. In
brief, reweighting exploits the relationship between dis-
tributions of a configuration fϕg at temperatures T and T 0:

FIG. 2. Normalized histograms of the quadratic Higgs con-
densate at different volumes (N3

s total sites), evaluated at the
critical temperature for benchmark point (20) with β ¼ 40 using
multicanonical simulations. The peaks at small and large aϕ†ϕ=T
correspond to the symmetric and broken phases, respectively.
Statistical errors are denoted by shaded bands.

7Following [37], this is achieved by performing a global
accept/reject step based on change in W after updating half of
lattice sites. The local field updates are performed as in standard
canonical simulations, and the additional multicanonical step
biases the simulation to prefer configurations with smallWðϕ†ϕÞ.

8The practical condition is as follows. We specify a “cut point”
near the value of ϕ†ϕ where the histogram has a local minimum,
and count how many measurements lie to left and right of the cut
point. For T ¼ Tc the counts should be equal. The precise choice
of the cut point does not matter as near the probability minimum
there is only an exponentially small number of measurements.
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pT 0 ðfϕgÞ ∝ e−ST0 ðfϕgÞþSTðfϕgÞpTðfϕgÞ; ð16Þ

thereby allowing us to use data from a fixed-T simulation to
obtain expectation values and histograms also at any other
T that is reasonably close to the simulated temperature.
Details of our reweighting scheme are presented in
Appendix B.
We also utilize an alternative for finding the Tc, based on

mixed-phase configurations where two phases exist simul-
taneously on the lattice and separated by a planar interface
(there will be two interfaces on a periodic lattice). At the
critical temperature both phases will, on average, occupy
equal fraction of the total volume, and the order parameter
histogram becomes flat when restricted to mixed-phase
configurations only. This method has previously been
discussed in [8,27,57] and works well with “cylindrical”
lattices where one dimension is longer than the others; this
guarantees that the interface(s) form perpendicular to the
long direction. Mixed-phase configurations can be sampled
by manually choosing a multicanonical weight function
that traps the order parameter in a small window between
its statistically favored values.
The mixed-phase method is convenient for very strong

transitions where the computation of multicanoncal
weights for the standard algorithm can become costly.
The downside is that one does not get full probability
distributions, and separate simulations in both phases are
needed to find values of condensates.

VII. STRENGTH OF THE TRANSITION

The quantities commonly used for quantifying EWPT
strength are the discontinuity of the Higgs condensate9

v2

2
≡ Δhϕ†ϕi; ð17Þ

where Δð� � �Þ means difference of low- and high-T phases,
and the latent heat L. The condensate discontinuity (17) is
both gauge and renormalization group invariant (in 3D) and
is correlated with the suppression of electroweak sphaleron
rate in the broken phase [58]. In contrast, the latent heat
describes the amount of energy released in the transition
and is more relevant for gravitational-wave studies [59]. In
the minimal SM [without the U(1) field] these quantities are
proportional [35], but in a BSM setting their relationship is
more complicated as the latent heat obtains contributions
from other condensates as well.

Jump in the Higgs condensate is directly obtainable from
histogram such as those in Fig. 2. For extracting the latent
heat we employ two methods:
(1) In terms of the free energy density f we have, at

T ¼ Tc,

L ¼ −Tc
dΔf
dT

¼ T2
c

V
d
dT

ln
P2

P1

; ð18Þ

where P1 and P2 are probabilities for finding the
system in phase 1 or 2, respectively [24]. The ratio
P2=P1 is found from histograms of the order
parameter ϕ†ϕ as described above (at the critical
temperature, P1 ¼ P2), and the T derivative is
calculated by reweighting, see Appendix B.

(2) The above can equally be written as

L ¼ T2
c

V
Z−1 d

dT

Z
Dϕ e−SL ¼ −

T2
c

V
Δ
�
dSL
dT

�
: ð19Þ

Here Z is the partition function and SL the lattice
action. We measure this expectation value from
separate simulations in the two phases; this is
possible once the volume is large enough that a
nonmulticanonical simulation never tunnels to the
other phase. In practice we evaluate dSL=dT by
expressing it in terms of condensates via the chain
rule, see related expression (B5) in the Appendix.

The latter method can be applied without knowledge of
the full-order-parameter probability distribution, provided
that Tc is found by other means, for example using the
mixed-phase approach discussed at the end of Sec. VI.

VIII. LATTICE SPACING AND VOLUME
DEPENDENCE

The lattice theory gives physically meaningful results
after removal of UVand IR cutoffs. Thus, we must take the
continuum and infinite volume limits. The traditional
approach involves performing simulations at different
lattice spacings and volumes and extrapolating a → 0;
V → ∞. Doing so requires considerable numerical effort
that is impractical to implement for every parameter point
studied in this work. For our purposes it suffices to perform
simulations at small enough a (large β) so that discretiza-
tion effects are sufficiently small, e.g., of same order
of magnitude or smaller as the expected errors from our
4D → 3D mapping. Similar considerations apply to finite-
volume dependence.
For the phase transition in 3D SUð2Þ þ Higgs theory

discretization errors are well under control for β ≳ 20
[24,27]. In BSM theories one can expect more significant
OðaÞ corrections if there are large couplings in the scalar
potential—as is often the case in first-order EWPT
scenarios—or if the BSM excitations are heavy comparable
to the magnetic scale g2T; see for example simulations in

9Note that our v is different from what is usually meant by the
Higgs VEV in perturbative context, i.e., minimum of the effective
potential in a fixed gauge. The minimum is gauge dependent by
construction and does not make a good observable; however in Rξ

Landau gauge its value is known to be close to the gauge-
invariant quantity defined in (17) [11].
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the two-Higgs doublet model [25]. To investigate cutoff
dependence in our singlet extension we have performed a
benchmark study in the following parameter point:

fM2; sin θ; a2; b3; b4g
¼ f350 GeV;−0.08; 3.0; 40 GeV; 0.3g: ð20Þ

With these parameters we find the transition to be first order,
in agreement with two-loop perturbation theory [11].10

Figure 3 shows our results for the critical temperature
and order parameter discontinuity as functions of the lattice
side length, Ns labeling the number of lattice sites in one
direction, and at various values of β. The errors shown are
statistical only and obtained with the blocked jackknife
method. For fixed β and for lattices larger than aNsT ≳ 15
the results display a high degree of volume independence.
The physical explanation is that SU(2) at high temperature
has a mass gap of order m ∼ g2T, and correlations over
distances larger than 1=m are exponentially small. The
hypercharge field remains nonperturbatively massless and
has long-range correlations [36], but our results do not
indicate sensitivity to these effects.
Turning next to lattice spacing dependence, we have data

from a broad range of β values ranging from 12 to 80.
Using ḡ2 ≈ 0.4 this range translates to aT ∈ ð0.13; 0.83Þ.
The continuum limit can be inferred by extrapolating the
large-volume results to 1=β → 0. For small enough a the
dominant lattice spacing dependence originates from miss-
ing corrections to the lattice-continuum relations (see
Appendix A). Departure from the continuum limit has a
power series expansion in a, with possible logarithmic
corrections at each order.

For the benchmark point (20) we have enough data for
quadratic fits, shown in Fig. 4 for Tc and the condensate
discontinuity. Figure 5 shows continuum extrapolations for
the latent heat L as computed with the two methods
introduced above.11 The latent heat has considerably larger
statistical errors than Tc or v=Tc. At least for method two,
this situation is to be expected since the measurement
involves more condensates than just hϕ†ϕi. Despite the
relatively large uncertainty in L=T4

c, the a → 0 extrapolated
values from both methods agree well within error bars.
We also show in Table I the results from our simulation at

fixed UVand IR cutoffs, at β ¼ 40, Ns ¼ 80. The numbers
are well within 5% of the a → 0 extrapolated values, with
the largest deviation being in the latent heat. This level of
precision is more than reasonable for phenomenological
purposes and should also be sufficient for benchmarking
analytical calculations, at least until perturbative correc-
tions beyond two-loop become available. For remainder of
this paper we shall work at fixed β ¼ 40, Ns ¼ 80.

IX. FIRST-ORDER TRANSITIONS
IN THE SINGLET MODEL

What are the conditions for having a first-order EWPT in
the singlet-extended SM? The minimal SM itself would
have a first-order transition if the Higgs self-coupling λ was
smaller by roughly a factor of 2 [1,2,31]. In the singlet-
extended model there are a few main mechanisms for
turning the SM crossover into a proper phase transition:
(i) Effective decoupling of the BSM degree of freedom but
with sufficiently large (negative) renormalization of the
Higgs quartic coupling, and (ii) having a more complicated

FIG. 3. Simulation results for the critical temperature (left) and the Higgs condensate discontinuity (17) (right) in the benchmark
point (20). Points with same β are connected with dashed lines to guide the eye.

10This is the benchmark point “BM3” from [11].

11Volume dependence of L=T4
c is similar to that of v=Tc; here

we only show points with aNsT > 15.
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vacuum structure so that a free-energy barrier can exist
already in the tree-level scalar potential (see discussion in
Sec. II). There is also option (iii) in which the other (non-
Higgs) direction in the effective potential play little to no

role, yet the new scalar is either too light or too strongly
coupled to the Higgs that describing the transition in terms
of decoupling is not reliable.
These scenarios have been analyzed perturbatively in

numerous previous studies, and we refer the reader to
Ref. [5] for a summary and references. For our present
purposes, we note that option (i) was studied in Ref. [60] by
perturbatively integrating out the singlet field and inferring
the phase diagram from existing lattice results for the
resulting SUð2Þ þ Higgs effective theory [the U(1) field
was not considered]. In this way regions of first-order
EWPT could be mapped out. However, the reduction to
SUð2Þ þ Higgs was found to be unreliable particularly for
stronger phase transitions. In the latter regime, associated
with larger values of the effective triscalar couplings,

FIG. 5. Continuum extrapolations for the latent heat, computed using the two methods described in Sec. VII. The fitting Ansätze are of
the form described in the caption of Fig. 4. (a) Method 1: Using Eq. (18). (b) Method 2: Using Eq. (19).

TABLE I. Results at the benchmark point (20). The parentheses
denote statistical error in the last digits. The two values of latent
heat correspond to Eqs. (18) and (19), respectively. Numbers on
the second row are extrapolations to the continuum and infinite
volume as described in the text.

Tc=GeV v=Tc L=T4
c (1) L=T4

c (2)

β ¼ 40, Ns ¼ 80 126.997(14) 1.1282(7) 0.4191(27) 0.4291(3)
β → ∞, Ns → ∞ 127.053(9) 1.1520(7) 0.4285(30) 0.4201(53)

FIG. 4. Continuum extrapolations for Tc and the Higgs condensate discontinuity. We have used fit functions of form 1þ aTð1þ
ðaNsTÞ−1Þ þ ðaTÞ2ð1þ ðaNsTÞ−1Þ and included only the large-volume runs with aNsT > 15.
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the Wilson coefficient of the generated ðϕ†ϕÞ3 operator
becomes significantly larger than in the pure SM case,
raising concerns about the reliability of the SUð2Þ þ Higgs
EFT. Including the singlet field explicitly in the simula-
tions, as we do here, overcomes this limitation.
In the generic singlet model without Z2 symmetry, effect

(ii) arises naturally through cubic interactions in the tree-
level potential. In the context of perturbation theory, one
may naïvely expect that a tree-level barrier would guarantee
a first-order EWPT. We now show that this expectation is
not realized in the nonperturbative context. Letting θ denote
the doublet-singlet mixing angle, which becomes nonzero
in the presence of the cubic Higgs portal interaction Sϕ†ϕ,
we find that for small but nonzero j sin θj the transition can
remain crossover. To study this situation we have per-
formed simulations at different sin θ with other parameters
fixed according to Eq. (20). We also repeated this analysis
at different a2 ¼ 2.5, 3.0, 3.5.
Our results for the Higgs condensate discontinuity are

collected in Fig. 6 together with perturbative estimates
at one- and two-loop order.12 For small j sin θj we do not
observe discontinuous behavior in the order parameter
(histograms do not develop two-peak structure as in Fig. 2),
indicating absence of a first-order transition. These points are
indicated by v=Tc ¼ 0 in Fig. 6. The EWPT strength is also
seen to be quite sensitive to the value of a2, with smaller
j sin θj being sufficient for first-order transition at larger a2.
As a concrete example, the naïve baryon number preserva-
tion criterion [3] v=T ≳ 1 for EW baryogenesis is satisfied
for j sin θj≳ 0.08 at a2 ¼ 3.0, while at a2 ¼ 3.5 already

j sin θj≳ 0.03 is sufficient. Results for Tc and the latent heat
are shown in Figs. 7 and 8.
The crossover behavior at small j sin θj is in stark

contrast to perturbative results that always predict a first-
order transition, although two-loop corrections do bring the
discontinuity closer to zero in the crossover region. In the
context of the dimensionally reduced effective field theory,
two-loop perturbation theory is qualitatively reliable once
the transition becomes first order. Indeed, Figs. 6–8 show
that the two-loop EFT predictions agree fairly closely with
our nonperturbative results. Discrepancies are, unsurpris-
ingly, largest in the a2 ¼ 3.5 case where the difference from
lattice results reaches 30% for L=T4

c. It is also clear that
one-loop estimates for all quantities differ significantly
from the nonperturbative values.
We have also performed simulations at larger

M2 ¼ 600 GeV. One expects that as the BSM excitation
becomes heavier, a compensating increase in j sin θj or a2 is
needed to prevent decoupling and remain in the first-order
EWPT-viable parameter space. Previous studies using
conventional one-loop perturbative thermal computations
support this expectation [15,17,61]. Our lattice results at
M2 ¼ 600 GeV and a2 ¼ 4 are shown in Fig. 9 where we
again vary the mixing angle. The behavior is similar to the
M2 ¼ 350 GeV scenarios above, and the two-loop pre-
dictions once again agree closely with the lattice results.
However, we observe a a larger discrepancy between one-
and two-loop calculations. A relatively large j sin θj≳ 0.1
is needed for a first-order transition, beyond which the
EWPT strength increases rapidly with the mixing angle.
We point out that the M2 ¼ 600 GeV case may be

pushing our high-T EFT approach to its limits. The formal
condition M2 ≤ πT is not satisfied. Thus, higher-order
corrections to the EFT, and consequently to the lattice
action, can become important (see discussions in Secs. III
and IV). A method for estimating accuracy of the EFT,
based on dimension five and six operators, was outlined in
Ref. [11]. Using this approach, we have verified that the

FIG. 6. Order parameter discontinuity, Eq. (17), as function of sin θ. For each a2 the transitions at small j sin θj are of crossover type as
indicated by v=Tc ¼ 0. The simulations at β ¼ 40, Ns ¼ 803; for a2 ¼ 3.0 we also show the β; Ns → ∞ extrapolations at two values of
sin θ. For very weak transitions we have utilized volumes up to 1283 to distinguish crossovers from weak first-order transitions.
(a) a2 ¼ 2.5. (b) a2 ¼ 3.0. (c) a2 ¼ 3.5.

12Our conventions for perturbative calculations are as in
Ref. [11] In short, one loop refers to Oðg3Þ calculation and
has thermal masses only at one loop, whereas two loop is a full
Oðg4Þ calculation. For both computations we use same one-loop
corrected matching between input parameters and the MS
renormalized parameters in the zero-temperature theory.
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error from neglecting these operators in the EFT in our
M2 ¼ 600 GeV points is less than 5% for j sin θj < 0.1. At
j sin θj ¼ 0.2 the error reaches 10%, meaning that in these
points, the 3D lattice approach is an order of magnitude less
accurate than in the minimal SM [31].
Note that we have performed our perturbative calcu-

lations with the high-T effective potential constructed
in [11] that includes all two-loop diagrams within the
3D EFT (Sec. III). The perturbative potential contains
residual dependence on the MS renormalization scale,

formally a three-loop effect. All our perturbative results
have been obtained at fixed scale μ̄ ¼ T. It has recently
been argued that a reorganization of the loop expansion
may be necessary for consistently describing first-order
phase transitions [43,44].13 Although our two-loop results

FIG. 8. As in Fig. 6 but for the latent heat. The majority of points here use the method of Eq. (18). Points obtained from “cylindrical”
lattices instead use Eq. (19). (a) a2 ¼ 2.5. (b) a2 ¼ 3.0. (c) a2 ¼ 3.5.

FIG. 9. Effect of sin θ on the EWPT when the new particle is considerably heavier than the EW scale, M2 ¼ 600 GeV. Perturbative
results (solid and dashed curves) are shown for comparison. (a) Critical temperature. (b) Order parameter discontinuity. (c) Latent heat.

FIG. 7. As in Fig. 6 but for the critical temperature. (a) a2 ¼ 2.5. (b) a2 ¼ 3.0. (c) a2 ¼ 3.5.

13This reorganization is in addition to standard thermal mass
resummations that are handled in the 4D → 3D step. Our
perturbative approach corresponds to the direct minimization
method discussed in Appendix B of [44].
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are in good agreement with the nonperturbative data, it
would certainly be interesting to repeat the perturbative
analysis using these new methods.
Finally, we emphasize that while in all cases studied here

the j sin θj → 0 limit shows an absence of first-order EWPT,
this behavior does not rule out first-order transitions in
the entire Z2 symmetric model. Indeed, our j sin θj ¼ 0
case does not even correspond directly with the Z2 limit
because we retain the cubic S3 interaction. We also have not
varied the S4 coupling b4 that affects two-step EWPT in
particular [17] (see [8] for analogous discussion in a triplet-
Higgs extension).

X. SIMULATIONS WITH LIGHT SINGLET

It is interesting to consider whether the singlet-extended
model can accommodate a first-order EWPT given a light
BSM excitation, M2 ≤ M1=2 (M1 ¼ 125 GeV is the SM
Higgs mass). The presence of such light scalar would
open a new window for collider phenomenology through
“exotic” decays of the Higgs into two new bosons,
schematically h1 → h2h2. Phase transitions in this small-
mass region were studied in [18] at one-loop level where it
was argued that the EWPT strength is predominantly
controlled by the S2ϕ†ϕ interaction (see also [20,62]).
In the small-θ limit,14 a2 directly fixes also the inter-

action strength relevant for h1 → h2h2 decays [18]. The
argument set forth in [18] is that the requirement of a
successful strongly first-order EWPT sets a lower bound
on a2, while experimental searches for exotic Higgs decays
can set an upper bound.
According to one-loop scans [18,62], the small-mass

region can accommodate a strong first-order EWPT even at
exponentially small a2 coupling, ranging from 10−3 to
100 depending on the mass. This situation differs starkly

from the heavy-singlet region M2 > 125 GeV where
strong transitions are predominantly associated with
a2 > 1 [15,17,60,61].
To assess the light M2 regime we have simulated the

EWPT at M2 ¼ 25 GeV and studied the effect of a2; the
results for one such benchmark scenario are shown in
Fig. 10. The transition is a crossover for a2 ≲ 0.015 and
first order for larger a2. Perturbation theory again becomes
reliable once the transition becomes first order, and the
agreement with lattice data is even better than in the
benchmark cases presented earlier. One-loop results become
increasingly unreliable as a2 increases, even though a2 here
is small compared to other relevant parameters such as gauge
and top Yukawa couplings.
The two-loop analysis is notably unreliable in the region

where lattice simulations reveal a crossover transition.
This situation—visible as “jagginess” in the two-loop
curves for EWPT strength—is likely caused by IR diver-
gent scalar loops (which are absent at one-loop order)
invalidating the minimization of the effective potential
near Tc; see [8,24,44,63] for related discussions.
However, we do not have a clear understanding of why
the issue is more predominant here than in our other
parameter-space points.
The simulations at smallM2 turned out to be technically

challenging. For instance, in the a2 ¼ 0.02 case on a
β ¼ 40; Ns ¼ 80 lattice, the probability boost from the
multicanonical algorithm had to be of order e190 for the
simulation to tunnel, and obtaining a good weight function
for this took over 10000 CPU hours. The mixed-phase
method (described at the end of Sec. VI) was numerically
more manageable, and we used it for collecting the final
data. We also attempted simulations at a2 ¼ 0.025 which
presumably yields a much stronger transition. Unfortu-
nately both methods failed to give a reliable estimate for the
transition temperature in this point. Choosing a more
optimized order parameter—e.g., a linear combination of
ϕ and S condensates—for the multicanonical algorithm

FIG. 10. Simulation results for Tc and phase transition strength at M2 ¼ 25 GeV and different a2. The other parameters were
sin θ ¼ 0.01; b4 ¼ 0.0015; b3 ¼ 1 GeV. We have not studied the region a2 ≳ 0.03 as there the T ¼ 0 EW vacuum is not stable with
respect to another, deeper minimum where the Higgs mechanism is absent. (a) Critical temperature. (b) Higgs condensate jump.
(c) Latent heat.

14The mixing angle in [18] is related to ours by cos θ → − sin θ,
and their h1 scalar is our h2.
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could make the simulations easier in this region, but we
have not attempted this. See [37] for related considerations.
We defer a more comprehensive treatment of the light M2

region to future work.

XI. MODEL-PHENOMENOLOGICAL
CONSIDERATIONS

Thus far, we have utilized lattice simulations to (a) iden-
tify the parameter space boundary between a crossover and
first-order EWPT and (b) assess the quantitative reliability
of perturbative computations in the first-order EWPT
region. We now consider the phenomenological implica-
tions when the singletlike scalar h2 is either heavier or
lighter than the SM-like scalar h1. For the heavy h2 regime,
Figs. 6 and 9 show that, in the parameter space studied here,
first-order transitions are associated with nonzero value of
the mixing angle θ and that the transition grows stronger
when j sin θj increases. At the same time, collider mea-
surements for Higgs boson signal strengths put upper
bounds on j sin θj (see for instance [14]).
It is interesting to assess the present and future collider

sensitivities to sin θ in light of our lattice results. To that
end, we illustrate these sensitivities in Fig. 11 for the
M2 ¼ 350 GeV, a2 ¼ 2.5 case from Fig. 6. The vertical
black and green lines indicate, respectively, the present
LHC bounds and prospective future circular eþe− collider
reach. We obtain the former from a combined fit to the
current experimental restrictions on the mixing angle from

Higgs boson signal strengths (μ) are derived from the
combined fit to the latest ATLAS [64] and CMS [65]
results, which are μ ¼ 1.05� 0.06 and μ ¼ 1.02þ0.07

−0.06 ,
respectively. Employing the χ2 method described in [14],
the 95% C.L. limit on mixing angle is j sin θj≲ 0.23. We
also collect the associated uncertainties in projected Higgs
signal rate of various future eþe− colliders from [66]. We
use the same χ2 fit method to determine the corresponding
projected limits on sin θ, which are listed in Table II. As the
sensitivities of CEPC and FCC-ee are similar, we use
“eþe− circular” as a reference for both collider options. The
arrows pointing to the left and right indicate the corre-
sponding prospective 95% C.L. eþe− circular collider
sensitivity region.
Note that these projections do not include constraints

from electroweak precision observables. As illustrated
in [67], EW precision observables yield constraints in
the sin θ-M2 plane, whereas the Higgs signal strength
sin θ sensitivities are M2 independent for a heavy singlet-
like scalar. Thus, the location of the vertical lines in Fig. 11
will be the same for any of the other heavy singletlike scalar
benchmark cases discussed above. Importantly, we observe
that prospective future circular colliders will achieve
sensitivity most of the first-order EWPT-viable sin θ
parameter space.15 Moreover, one- and two-loop perturba-
tive results indicate the existence of such parameter space
beyond the future eþe− circular collider reach, whereas our
lattice results indicate much, if not most, of this sin θ-
inaccessible region is associated with crossover transitions.
In short, our study indicates that the future circular colliders
will be sensitive to a relatively greater portion of the first-
order EWPT parameter space than implied by previous
perturbative studies.
We now consider the light h2 regime. In Sec. X we

discussed simulations in parameter space where decay
channel h1 → h2h2 is kinematically allowed. The condition
for this decay is roughly M2 ≲ 60 GeV. We currently have
nonperturbative results only atM2 ¼ 25 GeV, which is not
sufficient for making generic statements about the phase
transition in this region. However, our lattice data strongly

FIG. 11. Higgs condensate discontinuity as a function of sin θ,
with M2 ¼ 350 GeV; a2 ¼ 2.5; b3 ¼ 40 GeV; b4 ¼ 0.3. Red
dashed and blue curves give one-loop and two-loop perturbative
results, respectively. Lattice results are obtained at β ¼ 40 and a
volume of 803. Points at small j sin θj, where the order parameter
discontinuity vanishes, indicate a crossover transition. Sensitiv-
ities of current and future Higgs measurements are indicated by
vertical lines. The current limit from LHC-Run2 is shown by the
black solid lines. The projected constraint from

ffiffiffi
s

p ¼ 240 GeV,
5.6 ab−1 CEPC, or

ffiffiffi
s

p ¼ 240 GeV, 5 ab−1 FCC-ee is given by
the green solid lines.

TABLE II. Sensitivity to sin θ from selected eþe− colliders.
The respective center-of-mass energy

ffiffiffi
s

p
, integrated luminosity

Lint, and polarization P are provided.
ffiffiffi
s

p
Lint P½e−=eþ� Sensitivity

CEPC 240 GeV 5.6 ab−1 0%=0% j sin θj ≲ 0.0726
CLIC 380 GeV 1.0 ab−1 −80%=0% j sin θj ≲ 0.1155

3.0 TeV 5.0 ab−1 −80%=0% j sin θj ≲ 0.0541
FCC-ee 240 GeV 5.0 ab−1 0%=0% j sin θj ≲ 0.0728
ILC 250 GeV 2.0 ab−1 −80%=þ 30% j sin θj ≲ 0.1098

15The projected linear eþe− collider sensitivities are somewhat
weaker, as indicated in Table II.
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suggests that the two-loop effective potential is a valid tool
for qualitatively describing the EWPT when the transition
is strongly first order. For M2 ¼ 25 GeV the two-loop
predictions shown in Fig. 10 display excellent quantitative
as well as qualitative agreement with nonperturbative
results. Motivated by this situation, we now take a some-
what distinct approach from rest of this paper and perform a
broader perturbative study of the M2 ≤ 60 GeV region.
In this context, our main interest focuses on the

strength of the EWPT in ðM2; a2Þ as these parameters
have a decisive impact on exotic Higgs decay rate
Γðh1 → h2h2Þ. Following [18], we consider small mixing
angle j sin θ ¼ 0.01j and perform a logarithmic scan over
the following parameters ranges:

a2 ∈ ½10−4; 1�; 40 points;

b3=v0 ∈ ½10−4; 1�; 50 points;

b4 ∈ ½10−5; 1�; 50 points; ð21Þ

with v0 ¼ 246 GeV. We vary the mass M2 over the range
[5, 60] GeV with uniform spacing of 5 GeV for total of
2.4 × 106 points. For M2 ¼ 5 GeV, we extend the lower
bound for b4 was extended to 106.5. For each point, we
increase the temperature in steps of 0.5 GeVuntil the global
minimum of the two-loop effective potential shifts to 0 in
the Higgs direction. Details of our potential are as in
Ref. [11]. At the critical temperature we compute the
condensate discontinuity Δhϕ†ϕi and the “physical”
Higgs VEV as defined in Eq. (17). We then project the
results to ðM2; a2Þ plane, keeping only the largest v=Tc
value for each M2, a2 pair. The results appear in Fig. 12,
where we only show transitions with v=Tc > 1. We have
also excluded points where the EW minimum is not the
global minimum of the T ¼ 0 potential (at one loop).
The authors of Ref. [18] performed an analogous scan

using one-loop perturbation theory in the high-T expan-
sion. Our Fig. 12 extends this analysis to two-loop order,
with the limitation that our results do not include con-
straints from requiring successful nucleation. This distinc-
tion has important consequences for cosmology: if the
nucleation rate is slow compared to the Hubble rate, the
phase transition may never complete, leaving the Universe
stuck in the metastable high-temperature phase. The analy-
sis in Ref. [18] indicates that requiring that the transition
completes implies a lower bound on a2. The corresponding
boundary is shown as a solid line in our Fig. 12, sampled
withM2 spacing of 5 GeV. The curve is parametrically less
accurate than our parameter scan due to absence of two-
loop contributions but we nevertheless expect it to be
qualitatively correct, showing that points at too small a2 do
not correspond to a realistic cosmological phase transition.
The main message of Fig. 12 is that the nucleation

condition typically puts a more stringent lower bound on
the a2 parameter than simply the requirement of a strong

EWPT. This conclusion was also reached in [18]. One may
consider our results as a two-loop confirmation of this
result, with one caveat: Being a two-dimensional projection
of a five-dimensional parameter-space scan, Fig. 12 effec-
tively hides the effects of other parameters, especially b3,
b4, on the EWPT. Indeed, as shown by our lattice results in
Fig. 10, not all points for a2 below the nucleation curve
even lead to a first-order EWPT. In the perturbative
computation, the successful nucleation condition, for
M2 ¼ 25 GeV, sin θ ¼ 0.01, b4 ¼ 0.0015, b3 ¼ 1 GeV,
is a2 ≳ 0.0106. Our lattice study indicates the transition is
crossover for a2 ≲ 0.015.
As discussed in Ref. [18], for M2 ≲ 60 GeV the a2

parameter cannot be arbitrarily large without violating
experimental bounds on the Higgs decay width. A strong
EWPT, in contrast, requires a sufficiently large a2. This
combination of considerations makes exotic Higgs decays
a promising experimental probe of a singlet-catalyzed
EWPT, particularly at small values of the mixing angle,
a scenario that is otherwise hard to constrain experimen-
tally. Our extended analysis here supports this key finding
of Ref. [18].

XII. CONCLUSIONS

In this paper, we have performed a detailed study of
phase transition thermodynamics in the real-singlet exten-
sion of the Standard Model using nonperturbative lattice
simulations. This nonperturbative method allows for a

FIG. 12. Result of a parameter scan over M2, a2, b3, b4, and
fixed j sin θj ¼ 0.01, using two-loop perturbation theory. We
show a projection to ðM2; a2Þ plane with each bin denoting the
strongest transition found in the larger scan. The solid red curve is
taken from the one-loop analysis of [18] and denotes a boundary
of successful nucleation as described in the text. For points under
the curve the cosmological phase transition never completes. As
discussed in Sec. X, lattice simulations atM2 ¼ 25 GeV indicate
that for some parameter choices, the EW transition may be
crossover even for values of a2 that lie above the nucleation
lower bound.
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robust treatment of high-temperature IR physics relevant
for the electroweak phase transition that can otherwise
invalidate perturbative approaches. We hope that our over-
view of lattice concepts and techniques in Secs. IV–VIII
and the Appendixes is useful for interested readers who are
not already familiar with lattice field theory.
The numerical cost of lattice simulations generally limits

their utility for BSM models with many free parameters.
Here we have studied the phase transition as a function
of the three parameters for collider phenomenology:
the singletlike scalar mass, M2; doublet-singlet mixing
angle, θ; and doublet-singlet quartic coupling, a2. Our key
findings include the following:
(1) As illustrated in Figs. 6–9 and 11, for the heavy M2

regime there exists a minimum value of j sin θj for
which a first-order EWPToccurs. For smaller values
of j sin θj the transition is a smooth crossover.
Importantly, this situation contrasts from the con-
clusion that one would infer from perturbative
computations, which allow for a first-order EWPT
for arbitrarily small j sin θj. The phenomenological
implications are significant, particularly for preci-
sion studies of Higgs boson properties: future Higgs
factories will access a greater portion of the first-
order EWPT-viable parameter space than previously
inferred from one-loop perturbative results.

(2) Also in the heavy M2 regime, two-loop perturbative
computations agree remarkably well with the non-
perturbative results for sufficiently strong transitions
(

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Δϕ†ϕ

p
=T ≳ 1). In many points the two-loop

results are even good within 5%, not including
perturbative uncertainty due to residual higher-order
effects that we have not estimated.
This behavior supports the intuitive picture that

genuine nonperturbative effects related to the gauge
sector become less important once the EWPT is
strongly first order. Perhaps surprisingly, perturba-
tive convergence appears to be excellent despite our
benchmark points involving a rather large cou-
pling: a2 ∼ 2.5–4.0.

(3) Results from one-loop perturbative computations
compare rather poorly with the nonperturbative
results, and should, therefore, be considered a
qualitative estimator of phase transition thermody-
namics at best. Furthermore, use of perturbation
theory alone in general never allows one to identify
parameter space regions associated with crossover
transitions, and even two-loop perturbative compu-
tations fail to yield the correct qualitative behavior
for weakly first-order transitions in the vicinity of the
first-order/crossover boundary.
Given that the phase transition phenomenology in

many BSM models is only understood at one-loop
level, we believe our lattice results provide strong
motivation for (a) extending these phenomenological

analyses to at least the two-loop level and (b) compar-
ing with lattice results for weak first-order transitions.

(4) We also briefly discussed phase transitions with a
light BSM scalar, in parameter space that carries
phenomenological importance for precision studies
of Higgs boson decays. We verified with simulations
that a strongly first-order EWPT can occur in this
parameter space. For this regime, the first-order
EWPT can occur at considerably smaller portal
couplings than for the heavy M2 regime.
Nevertheless, the transition can become crossover

for sufficiently small a2. We, thus, performed a
perturbative two-loop scan of this region to map out
strong transitions in the ðM2; a2Þ plane, extending
the earlier one-loop work of Ref. [18]. As in the
latter study, we find that the criteria that a transition
occurs is decisive in setting a lower bound on a2 and,
thus, the exotic Higgs decay rate.
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APPENDIX A: LATTICE-CONTINUUM
RELATIONS

This appendix collects the expressions needed to
convert between 3D continuum and lattice actions, Eqs. (9)
and (11). The 4D → 3D matching relations give the
continuum parameters in MS scheme, and in 3D the only
parameters requiring renormalization are b̄1; m̄2

ϕ; m̄
2
S.

Furthermore, they are divergent only up to two-loop order.
We therefore write the bare lattice parameters as m2

ϕ;L ¼
m̄2

ϕðμ̄Þ þ δm2
ϕ;L etc., and fix the counterterm by computing

a physical quantity in both schemes (here μ̄ is the MS
scale). The result is exact at two-loop order, up to
corrections that vanish as a → 0.
Following Ref. [46], the physical quantity of our choice

is the value of the effective potential Veff in its minimum.
The difference
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ΔVeff ¼ V lattice
eff − VMS

eff ðA1Þ

is insensitive to IR physics and can thus be calculated safely
in perturbation theory, as the two schemes can differ only in
the UV region. If the fields are shifted as

ϕ → ϕþ φ ¼ ϕþ 1ffiffiffi
2

p
�
0

v

�
; S → Sþ s; ðA2Þ

the required counterterms can be extracted directly from
coefficients of s; s2, and v2 in ΔVeff . We also compute
a vacuum counterterm δV so that the mass-dependent
part of the vacuum energy agrees in both schemes. δV
relates quadratic scalar condensates on lattice and in MS
through

hϕ†ϕiMS ¼ hϕ†ϕiL þ ∂ðδVÞ
∂m̄2

ϕ

;

hS2iMS ¼ hS2iL þ 2
∂ðδVÞ
∂m̄2

S
; ðA3Þ

where the lattice condensates are computed in the theory
without δV [i.e., Eq. (11)]. The linear singlet condensate
hSi does not require renormalization.
The calculation of ΔVeff proceeds largely as outlined in

Refs. [46,47], from where one can find all required loop
integrals and lattice vertices associated with the SUð2Þ þ
Higgs sector (in Feynman-’t Hooft gauge with ξ ¼ 1).
Extension to the SUð2Þ þ Uð1Þ case is straightforward, and
the singlet field brings no qualitatively new features. We
note that in the two-loop part, we may neglect quadratic
mixing among the different fields and work with undia-
gonalized propagators, somewhat simplifying the calcula-
tion. This is possible because two-point vertices that mix
propagators are associated with reduced UV sensitivity and
contribute only OðaÞ corrections to the Veff difference.
Note also that expanding the U(1) lattice action produces
a four-photon vertex whose contribution to ΔVeff is
−ḡ04r2Σv2T2=ð192πÞ, where Σ is given in Eq. (A8), plus
an irrelevant vacuum divergence.
We omit further details of the calculation as it is a

straightforward application of the methods described in
Refs. [46,47]. The resulting expressions for lattice para-
meters read

m2
ϕ;L ¼ m̄2

ϕðμ̄Þ −
ΣT
8πa

�
3ḡ2 þ ḡ02 þ 12λ̄þ ā2

�

þ T2

ð4πÞ2
	�

−
51

16
ḡ4 þ 5

16
ḡ04 þ 9

8
ḡ2ḡ02 − 3ð3ḡ2 þ ḡ02Þλ̄þ 12λ̄2 þ 1

2
ā22

��
ln

6

aμ̄
þ ζ

�

þ 3λ̄ð3ḡ2 þ ḡ02Þ
�
δ −

1

4
Σ2

�
þ ḡ4

�
−
15

16
−
45

64
Σ2 −

π

4
Σþ 33

8
δþ 9

2
ρ − 3κ1 þ

3

2
κ4

�

þ ḡ04
�
1

16
−

1

64
Σ2 −

πr2

6
Σþ 1

8
δþ 1

2
ρ

�
þ ḡ2ḡ02

�
3

8
−

3

32
Σ2 þ 3

4
δ

�

; ðA4Þ

m2
S;L ¼ m̄2

Sðμ̄Þ −
ΣT
4πa

ð2ā2 þ 3b̄4Þ

þ T2

ð4πÞ2
	�
2ā22 þ 6b̄24 − ā2ð3ḡ2 þ ḡ02Þ�

�
ln

6

aμ̄
þ ζ

�
þ ā2ð3ḡ2 þ ḡ02Þ

�
δ −

1

4
Σ2

�

; ðA5Þ

b1;L ¼ b̄1ðμ̄Þ −
ΣT
4πa

ðā1 þ b̄3Þ

þ T2

ð4πÞ2
	�

ā1ā2 þ 2b̄3b̄4 −
ā1
2
ð3ḡ2 þ ḡ02Þ

��
ln

6

aμ̄
þ ζ

�
þ ā1

2
ð3ḡ2 þ ḡ02Þ

�
δ −

1

4
Σ2

�

: ðA6Þ

The vacuum counterterm is

δV ¼ −
ΣT
4πa

�
1

2
m̄2

S þ 2m̄2
ϕ

�
þ T2

ð4πÞ2 ð3ḡ
2 þ ḡ02Þm̄2

ϕ

	
−
�
ln

6

aμ̄
þ ζ

�
þ
�
δ −

1

4
Σ2

�


þ ðindependent of masses and b̄1Þ: ðA7Þ

We stress once more that because of super-renormalizability, these relations are exact in the a → 0 limit. As a cross-check,
we may decouple the singlet to find agreement with the SUð2Þ × Uð1Þ þ Higgs counterterms given in [47] (in their notation
γ ¼ r−1). The pure singlet limit agrees with [28].
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Various constants appearing in the counterterms above are [47]

Σ ¼ 3.175911535625; δ ¼ 1.942130ð1Þ; ρ ¼ −0.313964ð1Þ;
ζ ¼ 0.08849ð1Þ; κ1 ¼ 0.958382ð1Þ; κ4 ¼ 1.204295ð1Þ: ðA8Þ

These quantities originate from numerical evaluation of
loop integrals on the lattice. The parentheses represent
uncertainty in the last digit.

APPENDIX B: REWEIGHTING

Suppose we run a simulation at fixed temperature T and
obtain the probability distribution (normalized histogram)
of an observable A, pTðAÞ. Its functional form is

pTðA0Þ ∝
Z

½dφ�δðAðφÞ − A0Þe−SðTÞ; ðB1Þ

where φ collectively denotes all fields in the action and
SðTÞ is the 3D lattice action from Eq. (11) evaluated at
temperature T. The corresponding distribution at any other
temperature T 0 can be written as

pT 0 ðA0Þ ∝
Z

½dφ�δðAðφÞ − A0Þe−SðT 0Þ

¼
Z

½dφ�δðAðφÞ − A0ÞWT;T 0e−SðTÞ; ðB2Þ

where

WT;T 0 ¼ e−ðSðT 0Þ−SðTÞÞ ðB3Þ

is the reweighting factor. The histogram at temperature T 0
can therefore be obtained using data from a simulation
performed at a different temperature T by weighting the
measurements of A by the factor WT;T 0. This is the basic
idea of histogram reweighting [56]. We demonstrate below
how the temperature dependence of the action can be
expressed in terms of easily measurable quantities, provid-
ing a convenient way of computing the reweighting factor.
To make use of reweighting, we must know WT;T 0 for

each field configuration from which measurements are
taken. The temperature dependence of the lattice action is
complicated because the 4D → 3D mapping makes all 3D
parameters T dependent. Their temperature dependence
can nevertheless be found by following the steps described
in Secs. III and IV. The factorWT;T 0 can then be constructed
from volume averages of local operators appearing in the
action. In practice it is useful to scale out the lattice spacing
a and the temperature by defining

ϕ̂ ¼
ffiffiffiffiffiffiffiffiffiffi
aT−1

p
ϕ; Ŝ ¼

ffiffiffiffiffiffiffiffiffiffi
aT−1

p
S;

m̂2
ϕ;L ¼ a2m2

ϕ;L; m̂2
S;L ¼ a2m2

S;L; λ̂ ¼ aTλ̄; b̂4 ¼ aTb̄4; â2 ¼ aTā2;

b̂1;L ¼ T−1=2a5=2b1;L; b̂3 ¼
ffiffiffiffi
T

p
a3=2b̄3; â1 ¼

ffiffiffiffi
T

p
a3=2ā1 ðB4Þ

and perform a change of field variables to ϕ̂; Ŝ in the functional integral.
Denoting volume-averaged operators as ðOÞV ≡ a3

P
x OðxÞ=V, the lattice action is

a3SLðTÞ=V ¼ βðTÞ
�X

i<j

	
1 −

1

2
ReTrPijðxÞ


�
V
þ β0ðTÞ

�X
i<j



1 − Repr

ijðxÞ
��

V

þ m̂2
ϕ;LðTÞðϕ̂†ϕ̂ÞV þ λ̂ðTÞðϕ̂†ϕ̂Þ2V þ b̂1;LðTÞðŜÞV þ 1

2
m̂2

S;LðTÞðŜ2ÞV þ 1

3
b̂3ðTÞðŜ3ÞV

þ 1

4
b̂4ðTÞðŜ4ÞV þ 1

2
â1ðTÞðŜϕ̂†ϕ̂ÞV þ 1

2
â2ðTÞðŜ2ϕ̂†ϕ̂ÞV þ ðscalar kinetic termsÞ: ðB5Þ

Our simulation program separately measures and stores the volume averages appearing in this expression. It is then
straightforward to calculate the reweighting factors WT;T 0 in post process stage without having to store the field
configurations. In the parametrization used here, the lattice scalar kinetic terms have no explicit T dependence and do not
contribute to WT;T 0 .
For numerical analysis we find it useful to expand the difference SðT 0Þ − SðTÞ in small ðT 0 − TÞ=T and approximate

WT;T 0 ≈ exp½−S0ðTÞðT 0 − TÞ�: ðB6Þ
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We utilize this “linearized” form over the full expression (B3) throughout the paper as it was simpler to implement in our
existing tool set. This is an excellent approximation: In Fig. 13, we show reweighting of example order parameter
histograms from T2 to T1 using either (B3) or (B6). The difference between the two methods is almost indistinguishable.
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