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Relativistic heavy-ion collisions produce quark-gluon plasma (QGP), which is locally thermalized.
Due to electrically charged particles (quarks), QGP exhibits interesting thermoelectric phenomena
during its evolution, resulting in an electromagnetic (EM) field in the medium. In this study, for the first
time, we estimate the induced electric field in QGP due to the thermoelectric effect. This phenomenon
can induce an EM field even in QGP produced by the head-on heavy-ion collision. In peripheral heavy-
ion collisions, the presence of a spectator current generates a transient magnetic field at the early stage,
which disrupts the isotropy of the induced electric field. For the numerical estimation, we use a
quasiparticle-based model that incorporates the lattice quantum chromodynamics equation of state for
QGP. The induced electric field is estimated with cooling rates derived from Gubser hydrodynamic
flow. Thermoelectric coefficients such as Seebeck, magneto-Seebeck, and Nernst coefficients play a
crucial role in determining the induced field. Additionally, we account for the temperature evolution of
QGP using different hydrodynamic cooling rates to calculate the transport coefficients. We also estimate
the transport coefficients and the induced electric field in the presence of an external time-varying
magnetic field, including the quantum effect of Landau quantization, and explore the effects of the
intensity and decay parameter of the magnetic field on the induced electric field. Our findings reveal that
the space-time profile of the induced electric field is zero at the center and increases as we go away from
the center. During the early stages of evolution, the electric field can reach a maximum value of
eE ≈ 1m2

π , decreasing in strength over time.

DOI: 10.1103/PhysRevD.110.114051

I. INTRODUCTION

The success of heavy-ion collision experiments is not
limited to the discovery of phenomena of strong interaction
at very high energy but also contributes to understanding
fundamental physics applicable to many different areas,
such as condensed matter physics. The quark-gluon plasma
(QGP), which is a deconfined and locally thermalized state
of quarks and gluons, produced in relativistic heavy-ion
collisions (RHICs), undergoes many phases during its
evolution [1,2]. Some phenomena occurred during the
evolution [3,4] significantly impact final state observables
to be distinguished, and some might not yet be discovered
[5]. It is found that relativistic dissipative hydrodynamics is
the most effective theory that can successfully explain final
state observables such as spectra and flow [6–8]. Recently,
Ref. [9] estimated the effect of the electric field in the flow
harmonics considering different electric field configurations.

The thermodynamic [10–12] and transport [13–17] properties
of nearly baryon-free QGP matter created in the Large
Hadron Collider (LHC) and that of QGP with finite
baryon-chemical potential created in the Relativistic
Heavy-Ion Collider (RHIC) are explored very well.
Moreover, going from head-on to peripheral collisions, an
intense transient electromagnetic field is created that can be
understood from laws of classical electrodynamics [18–22].
The change in energy and centrality not only modifies the
thermodynamic equation of state (EoS) [23–26] of the
created medium but many different phenomena, such
as chiral magnetic effect [21,27], magnetic and inverse
magnetic catalysis [28,29], and plausible transition
through the quantum chromodynamics (QCD) critical
point [30,31]. The electromagnetic (EM) field produced
in peripheral RHICs due to the moving charged specta-
tors magnetizes the QGP medium [32,33]. The magni-
tude of the field generated at the early stages of collisions
could be as high as 10–15 m2

π (≈1018 Gauss), which
submerged the QCD energy scale ΛQCD ∼ 1.5 mπ [34].
Here, mπ is the mass of a pion, which is around 140 MeV.
For a physical comparison, the Earth’s magnetic field at
its surface is 0.25–0.65 Gauss. The created EM field
decays in time, which can be explained by the medium’s
electrical conductivity [35] and the flux conservation as it
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expands. QGP being made of electrically charged par-
ticles (quarks), a nonzero EM field can be produced in the
medium irrespective of the spectator current depending
on the hydrodynamic flow and charge density profile.
This is explored only recently by Dash and Panda in
Ref. [36]. They have found that the produced electric and
magnetic fields could be as high as 0.15 m2

π for the SPS
energy range and 1 m2

π for RHIC energies, respectively.
In the present work, we estimate the induced

electric field in QGP using the thermoelectric effect.
The creation of electric potential due to temperature
gradient or vice versa is known as thermoelectric effect
[37]. In baryonic QGP, the heat flow is governed by the
baryon current carried by the constituent quarks. As the
quarks are electrically charged, a net nonzero electric
potential develops, resulting in an electric field. This field
is estimated using thermoelectric transport coefficients,
such as Seebeck, magneto-Seebeck, and Nernst coeffi-
cients. In RHICs, these coefficients are studies for
QGP [38,39] and hadronic matter [40,41] in zero and
finite external magnetic field cases. However, none of
these investigations estimated the electromagnetic field
created in QGP due to thermoelectric processes. In this
work, we assessed the induced electric field and looked at
the dynamic image of QGP, considering the influence of
temperature evolution (or cooling). In a recent study [42],
we demonstrated the significance of temperature evolution
in QGP observables like elliptic flow. It is essential to
mention that unlike the EM field produced in peripheral
heavy-ion collisions due to spectators, this field can be
induced in QGP created in head-on collisions where a
nonzero baryon chemical potential is expected. We also
estimate the thermoelectric effect-induced electric field in
a peripheral collision where a strong transient-external
magnetic field in the early stage is expected to affect the
QGP significantly. Where the quantum modification of
energy states due to Landau quantization is incorporated.
This is the first time an electric field generated solely by
the thermoelectric effect has been estimated for QGP. The
created spatiotemporal electric field can generate a spa-
tiotemporal magnetic field, which is also discussed, along
with possible limitations.
The paper is organized in the following manner. First, we

briefly derive the cooling rates for Bjorken and Gubser flow
in Sec. II. In Sec. III, we derive the Seebeck coefficient for
the head-on collision or eB ¼ 0 case. Then, we estimate the
Seebeck coefficient and induced electric field with QGP
EoS. Then, we extend our study to peripheral collision in
Sec. III where the initial magnetic field is nonzero. We
calculate the magneto-Seebeck and Nernst coefficients for
the anisotropic system and calculate the induced electric
field for the same in Sec. IV. Finally, in Sec. V, we have
summarized our study with a possible outlook. Detailed
calculations for thermoelectric coefficients are given in the
Appendix.

II. RELATIVISTIC HYDRODYNAMICS
AND COOLING RATES

The relativistic hydrodynamics is a successful macro-
scopic theory to understand the dynamics of relativistic fluid
created in RHICs, namely QGP [43,44]. Hydrodynamics
and the correct EoS of a medium will provide us with a
detailed dynamical evolution of the medium and its cooling
rate or space-time-dependent temperature profile. Here, to
estimate thermoelectric coefficients and induced electric
field, an analytical expression of cooling rate is required, for
which we use Bjorken and Gubser flow [45,46].
The symmetric energy-momentum tensor (Tμν) of a fluid

can be expressed in terms of hydrodynamic degrees of
freedom as [47],

Tμν ¼ ðϵþ pÞuμuν − pgμν þ πμν þWμuν þWνuμ: ð1Þ

Where ϵ, p, and uμ are the energy density, thermal pressure,
and four-velocity of fluid, respectively. Dissipative quan-
tities are viscous stress tensor πμν and energy flow Wμ. The
metric tensor of flat spacetime is gμν ¼ diagð1;−1;−1;−1Þ.
A hydrodynamic system is governed by the conservation
equations—energy-momentum conservation and number or
charge conservation. Now, the projection of the energy-
momentum conservation equation along the fluid velocity

uμ∂νTμν ¼ 0; ð2Þ

leads to the continuity equation [48]. One can obtain the
required cooling rate by solving Eq. (2) with the relevant
flow profile and EoS.

A. Bjorken flow

The Bjorken flow represents a boost invariant longi-
tudinal expansion of the medium created in heavy-ion
collisions [45]. Along with longitudinal boost invariant,
Bjorken considered translation and rotational invariance
symmetry in the transverse plane, which leads to the
velocity profile

uμ ¼ γ

�
1; 0; 0;

z
t

�
: ð3Þ

One can solve the hydrodynamic equations with the flow
profile to obtain the system’s dynamics. Here, we will
briefly describe the cooling rate for an ideal hydrodynamic
system with and without a magnetic field.

1. Ideal hydrodynamics at B = 0

At the initial time of QGP formation, it behaves as a
conformal fluid where all the dissipative quantities vanish,
such that conservation of the entropy current is a good
assumption. The energy-momentum tensor of such a perfect
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fluid in the absence of external magnetic fields can be
expressed as

Tμν ¼ ðϵþ pÞuμuν − pgμν: ð4Þ

Solving the hydrodynamic Eq. (2) by using Bjorken
flow Eq. (3) and ideal energy-momentum tensor Eq. (4)
we get [45]

∂τϵþ
ϵþ p
τ

¼ 0; ð5Þ

where τ is the proper time. Now, using ideal equation of
state p ¼ ϵ

3
∝ T4, we can obtain cooling rate for ideal

hydrodynamics as,

T ¼ T0

�
τ0
τ

�1
3

: ð6Þ

Where, initial condition is Tðτ0Þ ¼ T0, with initial temper-
ature T0 at the medium formation time τ0.

2. Ideal magnetohydrodynamics

In peripheral RHICs, a huge magnetic field is created,
which can magnetize the QGP. The energy-momentum
tensor for an ideal magnetized fluid can be expressed
as [42,49,50]

Tμν ¼ ðϵþ pþ B2Þuμuν −
�
pþ B2

2

�
gμν − BμBν: ð7Þ

Depending on the medium’s electrical conductivity, the
magnetic field created during the collision will decay with
time. Here, we consider an exponential decay profile [51]

BðτÞ ¼ B0 exp ½−τ=τB�; ð8Þ

where B0 is the magnitude of initial magnetic field and τB
is its decay parameter. The field is directed along the y axis
in the transverse plane, considering the longitudinal z-axis
to align with the beam axis. Now, solving the hydro-
dynamic equation with ideal EoS, and after some rear-
rangement, we get

∂T
∂τ

þ pðτÞT ¼ qðτÞT−3; ð9Þ

where pðτÞ ¼ 1
3τ, qðτÞ ¼ ðαβ − α

τÞ expð−2βτÞ with α ¼ B2
0

12a,

β ¼ 1
τB
, and a ¼ ð16þ 21

2
NfÞ π2

90
. The above equation can

be recognized as the Bernoulli differential equation and

can be analytically solved to obtain

T ¼
�
T4
0

�
τ0
τ

�4
3 þ 4α

ð2βτÞ43 fΓð4=3; 2βτÞ − Γð4=3; 2βτ0Þg

−
2α

ð2βτÞ73 fΓð7=3; 2βτÞ − Γð7=3; 2βτ0Þg
�1

4

: ð10Þ

B. Gubser flow

Gubser generalizes the Bjorken flow to include radial
expansion of the medium and longitudinal boost-invariant
expansion [46]. Working with rapidity or the Milne
coordinate system is convenient in heavy-ion collisions.
Milne coordinates (τ; η; r;ϕ), can be related to the
Cartesian coordinates ðt; x; y; zÞ as,

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
; η ¼ arctanh

z
t
;

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

q
; ϕ ¼ arctan

y
x
: ð11Þ

In this coordinate system, the four-velocity uμ constructed
from symmetry consideration with boost, rotation, and
reflection invariance (η → −η) is given as

uτ ¼ coshκ¼ γr;
ur

uτ
¼ tanhκ¼ vr; uη¼ uϕ¼ 0: ð12Þ

Where Lorentz factor γr ¼ 1ffiffiffiffiffiffiffiffi
1−v2r

p and vr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v⃗2x þ v⃗2y

q
, vr is

known as transverse velocity. κ is parametrized as

κðτ; rÞ ¼ arctanhð 2q2τr
1þq2τ2þq2r2Þ. Here, we take the case of

the viscous medium while preserving the conformal invari-
ance of the theory, that is, p ¼ ϵ=3 and shear viscosity
η ¼ H0ϵ

3=4. H0 is a dimensionless quantity. Using the
Gubser flow, we can solve the hydrodynamic equation for
viscous medium to obtain the temperature profile as [46],

T ¼ 1

τf1=4�

�
T0

ð1þ g2Þ1=3 þ
H0gffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ g2

p �
1 − ð1þ g2Þ1=6

× 2F1

�
1

2
;
1

6
;
3

2
;−g2

���
: ð13Þ

Where T0 is an integration constant and 2F1 denotes a

hypergeometric function with g ¼ 1−q2τ2þq2r2

2qτ . For numeri-
cal estimations, we used semirealistic numbers for a central
gold-gold collision at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV are T̂0 ¼ 5.55 and
H0 ¼ 0.33 if we choose 1=q ¼ 4.3 fm.
In Fig. 1, we have plotted the cooling rate (temperature as

a function of proper time) for all the three hydrodynamic
cases discussed above. Note that the initial conditions are
free to adjust within the Heisenberg uncertainty principle.
The cooling rates are represented as follows. The ideal
hydrodynamics at B ¼ 0 with a black solid line, ideal
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magnetohydrodynamics (MHD) at τB ¼ 3, 7 fm with the
red dashed-triple dot line and green dash-dot line, respec-
tively, and for Gubser flow at r ¼ 0, 3 fm by magenta
dashed and blue dashed line, respectively. Interestingly, the
temperature in Gubser flow falls faster due to the presence
of transverse flow even at the finite viscosity of the medium.
The cooling rates plotted here will be helpful in the analysis
of results obtained in the subsequent sections. Note that the
magnetic decay parameter values considered here are
relatively higher than found in literature [52]. In principle,
it depends on many parameters, such as QGP electrical
conductivity and impact parameters, and can be determined
through MHD simulation. However, considering such a
high parameter value allows us to distinguish the decay
effect in the plots, which gives us a qualitative dependency
on the decay parameter. For more insight into the lifetime of
the electromagnetic field in QGP due to spectator current,
see Refs. [51–55].

III. ELECTRIC FIELD INDUCTION
IN HEAD-ON COLLISIONS

This section calculates the thermoelectric coefficient and
induced electric field for the QGP medium created in a
head-on collision. Due to the absence of spectator current,
no magnetic field is expected to be created in the head-on
collisions. Here, we will show that an electric field can be
induced in the medium due to the thermoelectric effect,
even though there is no initial EM field during the collision.

A. Seebeck coefficient in evolving QGP

QGP created in RHICs cools down rapidly as it goes
through space-time evolution. This rapid cooling affects the
medium’s transport coefficients, such as thermal conduc-
tivity and thermoelectric coefficients. In all the earlier

studies of thermoelectric coefficients [38,39,56,57], a static
picture of QGP is considered where the effect of temper-
ature evolution was not taken into account. In thermoelec-

tric response, the spatial gradient in temperature (∇!T) is
responsible for charge current. However, because of rapid
cooling, the current gets modified, which can be taken care

of by an extra term ð∇! ṪÞ in the heat current. In Ref. [42],
for the first time, we have estimated the effect of temper-
ature evolution on the thermal conductivity of QGP. In the
present work, we calculate the thermoelectric coefficient
for evolving QGP using a similar approach of Ref. [42].

Results obtained with and without the ð∇! ṪÞ term in the
heat current are stated as evolving and static picture,
respectively. We will also show the difference between
the expressions obtained considering a static and evolv-
ing QGP.
To study the fluid properties of QGP medium, we

consider a system of relativistic fluid consisting of particles

with mass mi, momentum ki
!
, energy ωi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗2i þm2

i

q
, and

chemical potential μi ¼ biμB for ith species, with bi as
baryon quantum number and μB as baryon chemical
potential. The single particle distribution function at equi-
librium for ith species is

f0i ¼
1

e
ωi−biμB

T � 1
; ð14Þ

where � stands for fermion and boson, respectively. The
total single-particle distribution function (fi) for a system
slightly out of equilibrium (δfi) can be written as
fi ¼ f0i þ δfi. When a system is out of equilibrium, net
nonzero currents arise in the system. In kinetic theory,
electric current density for such a system can be expressed
as [17]

j⃗ ¼
X
i

qigi

Z
d3jk⃗ij
ð2πÞ3

k⃗i
ωi

δfi: ð15Þ

Here, qi is the electric charge, and gi is the degeneracy of
the ith species particles. Similarly, the microscopic defi-
nition of heat flow [17,42],

I⃗i ¼
X
i

gi

Z
d3jk⃗ij
ð2πÞ3

k⃗i
ωi

ðωi − bihÞδfi: ð16Þ

Where h is the total enthalpy per particle. To find the
expression of δfi, we solve the Boltzmann transport
equation (BTE) with the help of relaxation time approxi-
mation (RTA) [15]

∂fi
∂t

þ k⃗i
ωi

·
∂fi
∂xi
!þ qiE⃗ ·

∂fi

∂ki
!¼ −

δfi
τiR

; ð17Þ

Ideal hydrodynamics

 = 3 fm, Ideal MHD
B
τ

 = 7 fm, Ideal MHD
B
τ

r = 0 fm, Gubser flow

r = 3 fm, Gubser flow

0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
) (fm)�Proper time(

0.15

0.2

0.25

0.3

0.35

0.4
 T

 (
G

e
V

)

FIG. 1. Temperature (T) as a function of proper time (τ) for
ideal hydrodynamics, ideal magnetohydrodynamics (MHD) for
eB0 ¼ 5m2

π with two decay parameters at τB ¼ 3, 7 fm, and
Gubser flow at r ¼ 0, 3 fm.
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where τiR is the relaxation time of the particle. E⃗ represents
the external electric field. Here, the deviation of the
distribution function from equilibrium is driven by the
electric field and temperature gradients. With leading order
contribution, we can consider an ansatz of δfi as [58]

δfi ¼ ðki! · Ω⃗Þ ∂f
0
i

∂ωi
: ð18Þ

As QGP is a rapidly cooling system, to account for all
leading order contributions from gradient forces, a general
form of unknown vector Ω⃗ can be assumed as

Ω⃗ ¼ α1E⃗þ α2∇!T þ α3∇! Ṫ : ð19Þ

The unknown coefficients αj (j ¼ 1, 2, 3) determine the
strength of the respective gradient force fields driving the
system away from equilibrium. The coefficient α3 corre-
sponds to the evolving picture of the medium. The gradient

force ∇! Ṫ, the time derivative of the spatial temperature
gradient, is responsible for taking care of the rapid cooling
effect of QGP in its heat current. For the case of a static
picture, where the effects of cooling are not considered,

only α1 and α2 contribute, whereas α3 vanishes in Eq. (19)
as in Refs. [38,57]. We can solve Eq. (17) using Eqs. (18)
and (19), and get the expression of αj ’s. After getting the
expressions for αj’s, the simplified form of δfi is (see
Appendix A 1),

δfi ¼ −qiτiRðvi!:E⃗Þ þ ðωi − bihÞτiR
T

½ðvi! · ∇!TÞ

− τiRðvi! · ∇! ṪÞ� ∂f
0
i

∂ωi
: ð20Þ

Using the expressions of δfi in Eq. (15), we can express
electric current as

jl ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i τ

i
R

�
−qiEl þ ðωi − bihÞ

T

×

�
∂T
∂xl

− τiR
∂Ṫ
∂xl

��
∂f0i
∂ωi

: ð21Þ

The components of the electric current in the x,y, and z
directions are given as,

jx ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i τ

i
R

�
−qiEx þ ðωi − bihÞ

T

�
∂T
∂x

− τiR
∂Ṫ
∂x

��
∂f0i
∂ωi

:

jy ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i τ

i
R

�
−qiEy þ ðωi − bihÞ

T

�
∂T
∂y

− τiR
∂Ṫ
∂y

��
∂f0i
∂ωi

:

jz ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i τ

i
R

�
−qiEz þ ðωi − bihÞ

T

�
∂T
∂z

− τiR
∂Ṫ
∂z

��
∂f0i
∂ωi

: ð22Þ

We introduce the following integrals to write Eq. (22) in
compact form as

L1i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
τiRf

0
i ð1 − f0i Þ;

L2i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞτiRf0i ð1 − f0i Þ;

L3i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞτi2R f0i ð1 − f0i Þ: ð23Þ

Hence, Eq. (21) can be written as,

jl ¼
X
i

q2i L1iEl −
1

T

X
i

qi

�
L2i − L3i

d
dt

�
dT
dxl

: ð24Þ

In above equation, by setting jx ¼ jy ¼ jz ¼ 0, we can get
Ex, Ey and Ez in terms of temperature gradients dT

dx,
dT
dy,

and dT
dz. Here, we rearrange the Eq. (24) in the matrix

form as

σE ¼ LX; ð25Þ

where,

σ ¼
0
@ σe 0 0

0 σe 0

0 0 σe

1
A; E ¼

0
B@Ex

Ey

Ez

1
CA;

L ¼ 1

T

0
B@L23 0 0

0 L23 0

0 0 L23

1
CA; X ¼

0
BB@

dT
dx
dT
dy

dT
dz

1
CCA:

Hence, after finding the inverse of σ matrix, we can obtain
the components of the electric field as,
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E ¼ ðσ−1LÞX ⇒

0
B@Ex

Ey

Ez

1
CA ¼

0
B@ S 0 0

0 S 0

0 0 S

1
CA
0
BB@

dT
dx
dT
dy

dT
dz

1
CCA: ð26Þ

Where σel ¼
P

i q
2
i L1i is electrical conductivity. Further,

we defined the integrals L23 ¼
P

i qiðL2i − L3i
d
dtÞ. Note

that it is a generalized study of thermoelectric coefficients,
i.e., we did not consider any preferred direction of the
temperature gradient or a particular cooling rate. Therefore,
we get the Seebeck coefficient(S) in three directions. The
term L3i [Eq. (23)] is the pure contribution of the evolving
picture. It vanishes as soon as we set α3 ¼ 0 in Eq. (19), and
the Seebeck coefficient becomes the same as in existing
literature [38,57], which we stated as static. In the results,
we compared static and evolving pictures by turning the
term L3i on and off, respectively. Here, we identify the
Seebeck coefficient S as,

S ¼
	
L23

T2



	
σel
T


 : ð27Þ

Due to the boost invariance, T is invariant along the
longitudinal z axis, therefore ∂T

∂z ¼ 0. Hence, only x and

y components of the electric field E⃗ survive in the transverse
plane.

1. Analytical solution for massless noninteracting system

Here, we address the analytic solution of Seebeck
coefficient Eq. (27) for massless (ωi ¼ ki) and noninter-
acting system. In this case, the Seebeck coefficient can be
solved analytically using the Riemann zeta function ζðsÞ
and Dirichlet eta ηðsÞ function

ζðsÞ ¼ 1

ΓðsÞ
Z

∞

0

xs−1

ex − 1
dx; ηðsÞ ¼ 1

ΓðsÞ
Z

∞

0

xs−1

ex þ 1
dx;

ð28Þ

where, ΓðsÞ is the gamma function. Now, using the relation
ηðsÞ ¼ 1 − 2ð1−sÞζðsÞ, Eq. (23) can be write in terms of the
ζðsÞ as,

L1i¼
X
i

giτiRT
6π2

�
2ζð2Þþ

�
biμB
T

�
2
�
;

L2i¼
X
i

giτiRT
2

6π2

�
b3i μ

3
B

T2
þ6biμBζð2Þ−2bihζð2Þ−

b3i μ
2
Bh

T2

�
;

L3i¼
X
i

giτi2R T
2

6π2

�
b3i μ

3
B

T2
þ6biμBζð2Þ−2bihζð2Þ−

b3i μ
2
Bh

T2

�
:

ð29Þ

Hence, using the values of L1i;2i;3i we get

σel ¼
X
i

giq2i τ
i
RT

6π2

�
2ζð2Þ þ

�
biμB
T

�
2
�
;

L23 ¼
X
i

qi
giτiRT

2

6π2

�
b3i μ

3
B

T2
þ 6biμBζð2Þ − 2bihζð2Þ

−
b3i μ

2
Bh

T2

��
1 − τiR

d
dt

�
: ð30Þ

Note that, L23 is proportional to electric charge qi.
Degeneracy is the same for all three flavors, gi ¼ 6 (for
a spin and color degeneracy). τiR ¼ τR (say) is the same for
all the flavors for massless and noninteracting systems of
particles. Therefore, the charge of the three flavors (up,
down, and strange) adds up to zero, i.e., L23 ¼ 0. As a
result, the Seebeck coefficient for the massless noninter-
acting system is

S ¼
	
L23

T2



	
σel
T


 ¼ 0: ð31Þ

2. Numerical solution for QGP EoS

We use a quasiparticle model formulated by Gorenstein
and Yang [59] for the numerical estimation. It is a
phenomenological model where the lattice QCD equation
of state for QGP is achieved by considering the thermal
masses of the partons. The thermal mass mðTÞ arises from
the interactions among the partons. The thermodynamic
consistency is achieved by introducing a bag constant
arising from vacuum energy. The dispersion relation of
the particle having energy ωi and momentum ki is
ω2
i ðki; TÞ ¼ k2i þm2

i ðTÞ. Where, mi is the total effective
mass of ith quark flavor and can be parametrized as

mi ¼ mi0 þmiT: ð32Þ
mi0 and miT are bare mass and thermal mass of the ith
flavor with,

m2
iTðT; μBÞ ¼

N2
c − 1

8Nc

�
T2 þ μ2B

9π2

�
g2ðTÞ: ð33Þ

The effective mass of gluon ðmgÞ in this model can be
represented as

m2
gðT; μBÞ ¼

Nc

6
g2ðTÞT2

�
1þ Nf þ μ2B

π2T2

6

�
: ð34Þ

Nc represents the number of color degrees of freedom,
and g2ðTÞ ¼ 4παsðTÞ, αsðTÞ is running coupling
constant. We use the same parametrization as used in
Refs. [60,61], which reproduce the LQCD result from
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Wuppertal-Budapest Collaboration (WB) [62]. For more
details and recent improvements of the model, one can
follow Refs. [59–61,63–67]. Note that, for the estimation
of thermoelectric coefficients and the induced electric
field, gluons contribute only to the enthalpy of the system.
Now, for the relaxation time of quarks, we use a momen-
tum-independent expression obtained for QCD matter [68]

τR ¼ 1

5.1Tα2s logð1=αsÞ½1þ 0.12ð2Nf þ 1Þ� : ð35Þ

For numerical estimation, the value of the strong coupling
constant is taken to be fixed at αs ¼ 0.5.
In Fig. 2, we plot the Seebeck coefficient (S) as a

function of proper time (τ) at μB ¼ 0.3 GeV in head-on
collisions (or eB0 ¼ 0) for the static and evolving picture
of QGP. Plots in the left panels are obtained in Bjorken
flow with the ideal hydrodynamic cooling rate, which in
the right panels are for Gubser flow. In both the flow cases,
we observed that the magnitude of coefficient S decreases
with an increase in the values of τ. In both plots, we
observe that coefficient S approaches zero at later stages of
evolution, whereas, for the limiting case of massless
partons (black dotted line), the value of S is zero through-
out the evolution. Note that the negative sign in the value
of S implies that the direction of the induced electric field
is opposite to the temperature gradient. With time, the
temperature of the medium falls off, and S reduces in both
the hydrodynamic pictures. S for Gubser flow reduces
comparatively faster because of its cooling rate. From
Eq. (27), S is the ratio of two different quantities; for the
static picture where integral L23 reduces to L2i, the
coefficient S becomes independent of relaxation time
τR. This happens because we consider the same relaxation

time for all the quarks regardless of their flavor. Whereas,
for the evolving picture, S shows its dependence on τR
through integral L23. In Eq. (27), the electrical conduc-
tivity (σel) of the medium remains positive throughout the
evolution. The negative values of S are due to the negative
values of the integral (L23). Both the σel and L23 (magni-
tude) decrease with an increase in values of proper time,
but the decreasing rate of L23 is higher than σel. Hence, the
S also decreases with proper time in magnitude. The term
qiðωi − bihÞ in Eq. (24) reflects its behavior (negative to
positive) in the Seebeck coefficient as a function of proper
time (τ). In the bottom panels of Fig. 2, the percentage
deviation of static from the evolving picture is plotted
against τ to quantify the cooling effect. In both the
hydrodynamic cases, S is enhanced due to temperature
evolution. The effect is high in the early times and
decreases with time. Moreover, this is higher in the
Gubser flow case, which shows the impact is sensitive
to the cooling rates.

B. Induced electric field in isotropic system

To estimate the induced electric field (E⃗) in the head-on
collisions, we considered baryon chemical potential
μB ¼ 0.3 GeV, attained at RHIC energies. Here, we used
the Gubser cooling rate for the temperature gradient. From
Gubser flow, T ¼ Tðτ; rÞ, with r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
. Due to

Gubser symmetry considerations as mentioned in
Sec. II B, T is symmetric in the transverse (x − y) plane
and remains invariant along the longitudinal direction or
z axis. Here, we used the Seebeck coefficient calculated
from the Bjorken flow for the case of evolving QGP. In
head-on collisions, there is no spectator current; the
magnetic field is not produced during the collision.
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FIG. 2. Seebeck coefficient (S) as a function of proper time (τ) at μB ¼ 0.3 GeV. Left: upper panel represents S for Bjorken flow,

bottom panel represents its percentage deviation of static from evolving picture (¼ ðSe−SsÞ
Se × 100Þ%. Right: similar to the left plot but for

Gubser flow at two different values of r ¼ 0, 3 fm.
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In this paper, by the terms “isotropy” and “anisotropy,” we
indicate momentum isotropy or anisotropy due to magnetic
field only. Wewill discuss the induced electric field created
in an isotropic QGP (without an external magnetic field)
due to the thermoelectric effect.
In Fig. 3, we have shown the vector plot of the induced

electric field in the transverse plane for head-on collision. In
an isotropic medium, the thermoelectric transport coeffi-
cient matrix is isotropic as obtained in Eq. (26), only
diagonal elements, Seebeck coefficient (S) are nonzero.
Due to symmetry consideration, T and its gradient are
symmetric in the transverse (x − y) plane. Moreover,
because of boost invariant symmetry along z axis,
∂T
∂z ¼ 0. Therefore, only x and y components of the electric

field survive, and E⃗ is symmetric in the transverse plane.
Time evolution of E⃗ is shown by three panels in the Fig. 3,
from left to right τ ¼ 0.5, 1, 3 fm. The direction and
magnitude of E⃗ are represented in the figures by the arrow
tip and its length, respectively. Magnitude is also colored for
clarity; the color bar on the top of the figures is given for

magnitude in the unit of m2
π . E⃗ is zero at the center (as ∇!T

vanishes) and directed radially outward with increasing
magnitude. At τ ¼ 0.5 fm, the induced field is as high as
eE ≈ 0.8m2

π , and its strength decreases as the medium
evolves in time. The direction of E⃗ can be understood as
follows. From Eq. (26), Ex ¼ S dT

dx, Ey ¼ S dT
dy. From the

right panel of Fig. 2, S is negative at the early time. ∇!T is
also negative, as T decreases as we go away from the center
(x ¼ y ¼ 0; or, r ¼ 0). This explains the direction of E⃗.

Value of S, ∇!T, and hence E⃗ is sensitive to the cooling
rate. As an analytical expression of the cooling rate is
required for the calculation of thermoelectric coefficients

and induced field, we used Gubser flow. However, in
ð3þ 1ÞD hydrodynamic simulations, one can incorporate
the current study to estimate induced fields in QGP
produced in heavy-ion collisions.

IV. ELECTRIC FIELD INDUCTION
IN PERIPHERAL COLLISIONS

In peripheral heavy-ion collisions, a strong transient
magnetic field is produced. In this section, we calculate an
evolving relativistic fluid’s thermoelectric coefficients and
induced electric field in an external time-varying magnetic
field. For detailed calculations, see Appendix A 1.

A. Magneto-Seebeck and Nernst coefficients
in evolving QGP

The magnetic field breaks the rotational symmetry of the
system, due to which the thermoelectric coefficient matrix
becomes anisotropic with two independent elements—
magneto-Seebeck and Nernst coefficients. Moreover,
according to the Landau quantization, the energy level of
charged particles gets quantized in the presence of the
magnetic field. However, in the RTA formalism, Landau
quantization is not included. Therefore, deriving the trans-
port coefficients in the presence of a magnetic field in the
upcoming subsection, we introduce phase-space quantiza-
tion with the modified dispersion relation for the Landau
quantization in the subsequent subsection.

1. Without Landau quantization

In the presence of a magnetic field, to find the expression
of the deviated part of distribution function δfi, which is
driven by the temperature gradient, we use the RTA method
with a Lorentz force term in BTE. In the presence of an

FIG. 3. Spatial profile of the induced electric field at different times (τ) in the QGP created in head-on collisions where an external
magnetic field is absent (eB0 ¼ 0). Left: at τ ¼ 0.5 fm, middle: at τ ¼ 1 fm, and right: at τ ¼ 3 fm. Here, the arrow and color represent
the direction and magnitude of the field, respectively.
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external electromagnetic field, BTE under RTA can be
expressed as [15]

∂fi
∂t

þ k⃗i
ωi

·
∂fi
∂xi
!þ qi

�
E⃗þ k⃗i

ωi
× B⃗
�
·
∂fi

∂ki
!¼ −

δfi
τiR

; ð36Þ

where τiR is the relaxation time of the particle. We consider
a time-varying electromagnetic field of the form [51,52]

B ¼ B0 exp

�
−

τ

τB

�
; E ¼ E0 exp

�
−

τ

τE

�
; ð37Þ

where B0, E0 are the magnitudes of the initial fields having
decay parameters of τB and τE, respectively, and τ is the
proper time. The deviation of the distribution function from
equilibrium is driven by the electromagnetic field, so
leading order contribution in δfi can be [58]

δfi ¼ ðki! · Ω⃗Þ ∂f
0
i

∂ω
: ð38Þ

The general form of unknown vector Ω⃗ can be assumed as
(up to first-order in time derivative)

Ω⃗ ¼ α1E⃗þ α2
˙E⃗þ α3∇!T þ α4∇! Ṫ þα5ð∇!T × B⃗Þ

þ α6ð∇!T × ˙B⃗Þ þ α7ð∇! Ṫ ×B⃗Þ þ α8ðE⃗ × B⃗Þ
þ α9ðE⃗ × ˙B⃗Þ þ α10ð ˙E⃗ × B⃗Þ; ð39Þ

where the unknown coefficients αj (j ¼ 1; 2;…10) are
helpful to determine the strength of the respective field in
driving the system away from the equilibrium. Here,
we have considered all the forces responsible for driving
the system out of equilibrium. The external time-varying
electric and magnetic field, temperature gradient and its
time derivative, and their cross terms up to leading
order are considered here. The contribution of coefficients
α4 and α7 is due to the considerations of the cooling
effects, i.e., for the case of the evolving picture of the
medium. Whereas for the static picture, both these
coefficients will vanish. Similarly, for the constant electro-
magnetic field the coefficients α2, α6, α9, and α10 vanishes.

The terms B⃗, ˙B⃗ do not contribute to the current for the case
where the chiral chemical potential is zero [51].
In the current work, we introduce the cooling rate

using hydro-dynamical theories and study the thermo-
electric response of evolving QGP in the presence of a
slowly varying magnetic field, where we can consider that
the inverse of cyclotron frequency is approximately equal
to the magnetic field decay parameter, i.e., τB ≈ ωi

qiB
.

Therefore, we can solve Eq. (36) using Eqs. (38) and
(39), and get the expression of αj ’s. After getting the
expressions for αj’s, the simplified form of δfi is (see
Appendix A 1),

δfi ¼
−qiτiR

ð1þ χiÞð1þ χi þ χ2i Þ
��

ð1þ χiÞ þ
χið1þ χi − χ2i Þ

ð1þ χ2i Þ
�
ðv⃗i · E⃗Þ �

�
χið1þ χiÞ þ

χ2i ð2þ χiÞ
ð1þ χ2i Þ

�
ðv⃗i · ðE⃗ × b̂ÞÞ

�

þ ðωi − bihÞτiR
Tð1þ χiÞð1þ χi þ χ2i Þ

�
ð1þ χiÞðv⃗i · ∇⃗TÞ − τiR

ð1þ χi − χ2i Þ
ð1þ χ2i Þ

ðv⃗i · ∇⃗ ṪÞ � χið1þ χiÞðv⃗i · ð∇⃗T × b̂ÞÞ

∓ τiR
χið2þ χiÞ
ð1þ χ2i Þ

ðv⃗i · ð∇⃗ Ṫ × b̂ÞÞ
�
∂f0i
∂ωi

: ð40Þ

For simplicity we have considered τE ¼ τB and χi ¼ τiR
τB
¼ τiR

τE
. Here � indicates a positive sign for positively charged

particles (antiparticles) and a negative sign for negatively charged particles (antiparticles). Using the above expressions of
δfi in Eqs. (15) and (16), we can express electric current as (see Appendix A 1)

jl ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i

τiR
ð1þ χi þ χ2i Þð1þ χiÞ

�
−qi

��
ð1þ χiÞ þ

χið1þ χi − χ2i Þ
ð1þ χ2i Þ

�
δlkEk

�
�
χið1þ χiÞ þ

χ2i ð2þ χiÞ
ð1þ χ2i Þ

�
ϵljkhjEk

�
þ ðωi − bihÞ

T

�
ð1þ χiÞδlk

∂T
∂xk

− τiR
ð1þ χi − χ2i Þ
ð1þ χ2i Þ

δlk
∂Ṫ
∂xk

� χið1þ χiÞϵljkhj
∂T
∂xk

∓ τiR
χið2þ χiÞ
ð1þ χ2i Þ

ϵljkhj
∂Ṫ
∂xk

��
∂f0i
∂ωi

: ð41Þ

Hence, components of the electric current in the three spatial directions are given as,
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jx ¼
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i

τiRqi
ð1þ χiþ χ2i Þð1þ χiÞ

��ð1þ χ2i Þþ χið2þ χiÞ
ð1þ χ2i Þ

�
Ex� χ

�ð1þ χ2i Þð1þ χiÞþ χið2þ χiÞ
ð1þ χ2i Þ

�
ðEz−EyÞ

�

×

�
−
∂f0i
∂ωi

�
þ
X
i

qigi
3

Z
d3jk⃗ij
ð2πÞ3 v

2
i

τiRðωi− bihÞ
Tð1þ χiþ χ2i Þð1þ χiÞ

�
ð1þ χiÞ

∂T
∂x

− τiR
ð1þ χi − χ2i Þ
ð1þ χ2i Þ

∂Ṫ
∂x

� χið1þ χiÞ
�
∂T
∂z

−
∂T
∂y

�

∓ τiR
χið2þ χiÞ
ð1þ χ2i Þ

�
∂Ṫ
∂z

−
∂Ṫ
∂y

��
∂f0i
∂ωi

: ð42Þ

The components jy and jz can be obtained from the above equation by changing x, y, and z in cyclic order. By defining the
following integrals

L1i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
f0i ð1 − f0i ÞτiR

ð1þ χ2i Þ þ χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L2i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
f0i ð1 − f0i ÞτiRχi

ð1þ χiÞð1þ χ2i Þ þ χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L3i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞf0i ð1 − f0i ÞτiR

1

ð1þ χi þ χ2i Þ
;

L4i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞf0i ð1 − f0i Þτi2R

ð1þ χi − χ2i Þ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L5i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞf0i ð1 − f0i ÞτiR

χi
ð1þ χi þ χ2i Þ

;

L6i ¼
gi
3T

Z
d3jk⃗ij
ð2πÞ3

k⃗2i
ω2
i
ðωi − bihÞf0i ð1 − f0i Þτi2R

χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

; ð43Þ

we can write Eq. (42) as

jx ¼
X
i

q2i L1iEx −
X
i

q2i L2iEy þ
X
i

q2i L2iEz −
1

T

X
i

qi

�
L3i − L4i

d
dt

�
dT
dx

þ 1

T

X
i

qi

�
L5i − L6i

d
dt

�
dT
dy

−
1

T

X
i

qi

�
L5i − L6i

d
dt

�
dT
dz

: ð44Þ

Now, by setting jx ¼ jy ¼ jz ¼ 0, i.e., when net current due to the external field is zero, we get

jx ¼ 0 ¼ σeEx − σHEy þ σHEz −
L34

T
dT
dx

þ L56

T
dT
dy

−
L56

T
dT
dz

;

jy ¼ 0 ¼ σHEx þ σeEy − σHEz −
L56

T
dT
dx

−
L34

T
dT
dy

þ L56

T
dT
dz

;

jz ¼ 0 ¼ −σHEx þ σHEy þ σeEz þ
L56

T
dT
dx

−
L56

T
dT
dy

−
L34

T
dT
dz

: ð45Þ

Where, σel ¼
P

i q
2
i L1i and σH ¼Pi q

2
i L2i are the Ohmic and the Hall components of electrical conductivity, respectively.

Further, we defined the integrals L34 ¼
P

i qiðL3i − L4i
d
dtÞ and L56 ¼

P
i qiðL5i − L6i

d
dtÞ. To solve the Eq. (45), we

rearrange them in the matrix form of

σE ¼ LX; ð46Þ

where,
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σ ¼

0
B@ σe −σH σH

σH σe −σH
−σH σH σe

1
CA; E ¼

0
B@Ex

Ey

Ez

1
CA;

L ¼ 1

T

0
B@−L34 L56 −L56

−L56 −L34 L56

L56 −L56 −L34

1
CA; X ¼

0
BB@

dT
dx
dT
dy

dT
dz

1
CCA:

Hence, finding the inverse of σ matrix, we can obtain the
components of the electric field as,

E ¼ ðσ−1LÞX ⇒

0
B@Ex

Ey

Ez

1
CA ¼

0
B@ SB NB NB

NB SB NB

NB NB SB

1
CA
0
BB@

dT
dx
dT
dy

dT
dz

1
CCA;

ð47Þ

where the transport coefficients are

SB ¼ ðσ2e þ σ2HÞL34 þ ð2σeσHÞL56

Tðσ3e þ 3σeσ
2
HÞ

;

NB ¼ σHðσe þ σHÞL34 − σeðσe þ σHÞL56

Tðσ3e þ 3σeσ
2
HÞ

;

NB ¼ −σHðσe − σHÞL34 þ σeðσe − σHÞL56

Tðσ3e þ 3σeσ
2
HÞ

: ð48Þ

Note that this is the generalized case of the magneto-
thermoelectric effect, i.e., we did not consider any preferred
direction of the magnetic field. Therefore, we obtained
three independent normalized transport coefficients—one
magneto-Seebeck coefficient SB and two Nernst coeffi-
cients NB and NB.
Now, in heavy-ion collisions, the net magnetic field

could possibly have a preferred direction [52]. Therefore,
for a special case when the magnetic field is directed along
the y-axis (say), i.e., the magnetic field unit vector
hj ≡ ð0; 1; 0Þ, Eq. (41) gives,

jx ¼ σeEx þ σHEz −
L34

T
dT
dx

−
L56

T
dT
dz

;

jy ¼ σeEy −
L34

T
dT
dy

;

jz ¼ −σHEx þ σeEz þ
L56

T
dT
dx

−
L34

T
dT
dz

: ð49Þ

Hence, by setting jx ¼ jy ¼ jz ¼ 0, we can get the
components of the induced electric field as,

Ex ¼
fσeL34 þ σHL56g dT

dx

TfðσeÞ2 þ ðσHÞ2g
þ fσeL56 − σHL34g dT

dz

TfðσeÞ2 þ ðσHÞ2g
;

Ey ¼
L34

Tσe

dT
dy

;

Ez ¼
fσHL34 − σeL56g dT

dx

TfðσeÞ2 þ ðσHÞ2g
þ fσeL34 þ σHL56g dT

dz

TfðσeÞ2 þ ðσHÞ2g
: ð50Þ

The above equations can be written in matrix form as,

0
B@Ex

Ey

Ez

1
CA ¼

0
B@ SB 0 NB

0 SB 0

−NB 0 SB

1
CA
0
BB@

dT
dx
dT
dy

dT
dz

1
CCA: ð51Þ

Here, we identify the dimensionless transport coefficients—
two magneto-Seebeck coefficients (SB, S̄B) and one Nernst
coefficient (NB) as,

SB ¼
	
σel
T


	
L34

T2



þ
	
σH
T


	
L56

T2



	
σel
T



2 þ

	
σH
T



2

; S̄B ¼
	
L34

T2



	
σel
T


 ;

NB ¼
	
σel
T


	
L56

T2



−
	
σH
T


	
L34

T2



	
σel
T



2 þ

	
σH
T



2

: ð52Þ

Note that, at vanishing Hall conductivity (σH ¼ 0) the
magneto-Seebeck coefficient SB becomes the same as S̄B.
This can be realized as follows. The coefficient S̄B is
responsible for the electric field in the y-axis or along
the magnetic field, where the Lorentz force has a null
contribution. Therefore, the expression of S̄B is similar to
that of eB0 ¼ 0 case as in Eq. (27), except the fact that the
integral in L34 depends on magnetic decay parameter τB at
finite magnetic field. Furthermore, for a static picture, where
cooling effects are absent ðdTdt ¼ 0Þ, the integrals L34 and
L56 reduce to L34 ¼

P
i qiL3i and L56 ¼

P
i qiL5i, then the

expression of Seebeck and Nernst coefficients becomes
similar to that obtained in earlier studies [38,39].

2. With Landau quantization

Now, we study the effect of Landau quantization on the
thermoelectric coefficients of the QGP medium and see
how it deviates from classical results. Basic modifications
will occur in the dispersion relation for medium constitu-
ents and the phase space integration. As we considered the
magnetic field along the y direction therefore, momentum
quantization will occur in its perpendicular plane, i.e., the
x-z plane. Hence,
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ω ¼ ðk⃗2 þm2Þ1=2 → ωl ¼ ðk2y þm2 þ 2ljqijBÞ1=2;

2

Z
d3k⃗
ð2πÞ3 →

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

; ð53Þ

The factor 2 of spin degeneracy in left hand side of last line
will be converted to αl, which will be 2 for all Landau levels
l, except lowest Landau level (LLL) l ¼ 0, where αl ¼ 1. In
general, one can write αl ¼ 2 − δl;0. Under the conditions
of an extremely high magnetic field for which all medium

constituents occupy the lowest Landau energy level l ¼ 0.
It means that the perpendicular motion of medium con-
stituents completely vanishes as kx ≈ kz ≈ 0 at l ¼ 0.
However, below that strong magnetic field limit, l > 0
energy levels might have some non-negligible contribu-
tions, and the lowest Landau level (LLL) approximation is
not sufficient enough [35,69]. This is the case in our study,
where the magnetic field is not constant but decays with

time. Here, we also consider, k2x ≈ k2z ≈ ðk2xþk2z
2

Þ ¼ 2ljqijB
2

, the
integrals in Eq. (43) can be expressed as,

L1i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

f0i ð1 − f0i ÞτiR
ð1þ χ2i Þ þ χið2þ χiÞ

ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ
;

L2i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

f0i ð1 − f0i ÞτiRχi
ð1þ χiÞð1þ χ2i Þ þ χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L3i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

ðωi − bihÞτiRf0i ð1 − f0i Þ
1

ð1þ χi þ χ2i Þ
;

L4i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

ðωi − bihÞτi2R f0i ð1 − f0i Þ
ð1þ χi − χ2i Þ

ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ
;

L5i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

ðωi − bihÞτiRf0i ð1 − f0i Þ
χi

ð1þ χi þ χ2i Þ
;

L6i ¼
gi
T

X∞
l¼0

αl
jqijB
2π

Zþ∞

−∞

dky
2π

ljqijB
ω2
l

ðωi − bihÞτi2R f0i ð1 − f0i Þ
χið2þ χiÞ

ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ
: ð54Þ

Hence, the thermoelectric coefficients obtained in Eq. (52) will also be modified under the conditions of Landau
quantization.

3. Analytical solution for massless noninteracting system

To find the analytical expressions for the massless noninteracting system, we follow the same procedure mentioned in
Sec. III A 1. Hence, for the case of a massless noninteracting system, the integral in Eq. (43) turns into the following forms

L1i ¼
X
i

giτiR
6π2

ð2ζð2ÞT2 þ b2i μ
2
BÞ

ð1þ χ2i Þ þ χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L2i ¼
X
i

2giτiR
3π2

ηð1ÞbiμBT
ð1þ χiÞð1þ χ2i Þ þ χið2þ χiÞ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;

L3i ¼
X
i

giτiR
6π2

ðb3i μ3B þ 6biμBζð2ÞT2 − 2bihζð2ÞT2 − b3i μ
2
BhÞ

1

ð1þ χi þ χ2i Þ
;

L4i ¼
X
i

giτiR
6π2

ðb3i μ3B þ 6biμBζð2ÞT2 − 2bihζð2ÞT2 − b3i μ
2
BhÞ

ð1þ χi − χ2i Þ
ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ

;
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L5i ¼
X
i

giτiR
2π2

�
3T3ζð3Þ þ 2b2i μ

2
BTηð1Þ −

4

3
hb2i μBTηð1Þ

�
χi

ð1þ χi þ χ2i Þ
;

L6i ¼
X
i

giτi2R
2π2

�
3T3ζð3Þ þ 2b2i μ

2
BTηð1Þ −

4

3
hb2i μBTηð1Þ

�
χið2þ χiÞ

ð1þ χiÞð1þ χ2i Þð1þ χi þ χ2i Þ
: ð55Þ

Here, the integrals L34 and L56 in Eq. (52) are proportional
to qi, hence for the massless noninteracting system L34

and L56 both individually summed upto zero. There-
fore, dimensionless transport coefficients—two magneto-
Seebeck coefficients (SB, S̄B) and one Nernst coefficient
(NB) in Eq. (52) vanishes for the massless noninteracting
system, hence

SB ¼ S̄B ¼ NB ¼ 0: ð56Þ

4. Numerical solution for QGP EoS

Figure 4 represents the magneto-Seebeck coefficient
(SB) as a function of proper time (τ) at μB ¼ 0.3 GeV in
the presence of time-varying magnetic field with initial
value eB0 ¼ 1m2

π (a) and (b) and eB0 ¼ 5m2
π (c) and

(d) with its decay parameter τB ¼ 3 fm, 7 fm. In all the
plots, we observe similar behavior of SB. For the case of
Bjorken flow, at the early times, the coefficient SB is
negative, which means that the direction of the produced
electric field is opposite to the temperature gradient of the
medium. Later, for a particular value of τ, the SB becomes
zero and then increases with positive value as τ increases.
Here, we take the static and evolving pictures for both cases
along with Landau quantization (LQ) and without Landau
quantization (w/o LQ). For the Bjorken flow case, the ideal
MHD cooling rate is used as mentioned in Eq. (10). The
black solid line represents the static picture without Landau
quantization, and the green dash-dot-dash line represents
the static picture with Landau quantization. On the other
hand, the blue dash-dot line represents the evolving picture
w/o LQ, and the red dashed line represents the evolving
picture with LQ. SB is highly sensitive to magnetic decay
parameter τB. In the lower panels of (a) and (c), the
percentage deviation without LQ from LQ is plotted with
a magenta dash-dotted line. As expected, the effect of LQ
improves with the strength of the magnetic field (eB0). The
cyan dashed line represents the percentage deviation from
static to evolving picture. In both plots, this deviation is
nearly 30%–35% in the early evolution and decreases as the
medium evolves. As the value of SB becomes positive, this
deviation shows a peak by shifting from a negative value to
a positive value. Once this percentage deviation achieves its
maximum value, later on, it starts to decrease with proper
time. In Figs. 4(b) and 4(d), the upper and bottom panels
correspond to decay parameter τB ¼ 3 fm and τB ¼ 7 fm,

respectively. Here, we use the cooling rate obtained from
Gubser flow as mentioned in Eq. (13). Here, we also study
the effect of radial expansion of medium on coefficient SB.
The red solid line corresponds to r ¼ 0 fm, and the green
dashed line corresponds to r ¼ 3 fm in the static picture.
On the other hand, The blue dash-triple dot line corre-
sponds to r ¼ 0 fm, and the black dashed line corresponds
to r ¼ 3 fm in the evolving picture. SB follows the similar
trend in both the plots. The numerical value of SB increases
as a function of τ. The effect of τB is identical as observed in
the Bjorken flow case.
Figure 5 is the same as Fig. 4, but for S̄B. From Eq. (52),

at vanishing Hall like components σH → 0 and I56 → 0,
S̄B ¼ SB. Expression of S̄B is similar to that of Seebeck S as
in eB0 ¼ 0 case, except the fact that in magnetic field
effective relaxation time modifies which is a function of τR
and τB. The Hall-like components (σH; I56) are approx-
imately one order smaller than their leading order counter-
parts (σe; I34). Therefore, at the early evolution, S̄B is close
to SB. In the later time, as the magnetic field significantly
reduces, S̄B approaches the Seebeck coefficient (S) as for
the eB0 ¼ 0 case.
In Fig. 6, dimensionless Nernst coefficient (NB) as a

function of proper time (τ) is plotted. Representation is
same as in Figs. 4 and 5. Unlike magneto-Seebeck
coefficients, NB is positive and increases with evolution.
The effect of the magnetic field is similar as in SB and S̄B.
In the Gubser flow case, NB increases as we go away from
the center, as we see for r ¼ 0, 3 fm. NB enhances in the
evolution picture. Therefore, all thermoelectric coefficients
improved or enhanced due to the temperature evolution,
and the effect is prominent in the early evolution.

B. Induced electric field in anisotropic system

Here, we estimate the induced electric field in the
peripheral collisions for the different magnetic fields at
μB ¼ 0.3 GeV. To have a more realistic picture of the
induced field, we used evolving and Landau quantized
values of thermoelectric coefficients. In peripheral colli-
sions, the initial magnetic field created by moving specta-
tors can break the momentum isotropy of the medium. As a
result, in Eq. (51), we obtained an anisotropic coefficient
matrix, which further produces an anisotropic electric field
due to the thermoelectric effect.
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In Fig. 7, we plotted the space-time profile of electric
field E⃗, induced in QGP created in peripheral collision
with the initial magnetic field of eB0 ¼ 5m2

π . Upper panels
are for magnetic field decay parameter τB ¼ 3 fm at two
different times τ ¼ 0.5, 3 fm, and lower panels are for
τB ¼ 7 fm. In the bottom left panel at τ ¼ 0.5 fm and
τB ¼ 7 fm, the produced electric field direction differs
from other results. Which can be understood as follows.
From the Eq. (51), components of electric field Ex, Ey, Ez

are directly proportional to SB; S̄B; NB, respectively.

Therefore, the relative strength of the thermoelectric
coefficients is sensitive to the direction of the induced
electric field. For τB ¼ 7 fm at τ ¼ 0.5 fm, SB and S̄B
dominates over −NB. As a result, x and y components of
the electric field dominate. However, in other electric field
results, NB dominates, leading to electric field directing
along the z axis. Unlike the head-on collision case, Ez ≠ 0
in the peripheral collision. Due to boost invariant
symmetry, E⃗ is symmetric along the z axis. However,
symmetry in the transverse plane is now broken due to the
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FIG. 4. Magneto-Seebeck coefficient (SB) as a function of proper time (τ) at μB ¼ 0.3 GeV. (a) SB for static, evolving, with and
without (w/o) Landau quantization (LQ), four cases are plotted here in the upper panel for τB ¼ 3, 7 fm for Bjorken flow at 1m2

π . The
lower panel represents their percentage deviation at τB ¼ 7 fm. (b) SB in Gubser flow for static and evolving picture at r ¼ 0 and 3 fm
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respectively, but at eB0 ¼ 5m2
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magnetic field along the y axis. This can be easily
seen from the magnitude plot in Fig. 8. In the early time
during the QGP evolution, the electric field could go as
high as eE ≈ 1m2

π , close to the QCD scale. We see that
increasing τB from 3 to 7 fm, the strength of E⃗ reduces at
an early time; however, at a later time, it is quite the same
for τB ¼ 3 and 7 fm. This signifies that in the current
formalism, the electric field induced by the thermoelectric
effect increases for faster decay of the initially produced
magnetic field. This can be understood as follows. For

QGP with lower electrical conductivity, the decay of the
magnetic field is comparatively fast. Now, from Eq. (52)
thermoelectric coefficients varies inversely with electrical
conductivity (SB=S̄B=NB ∼ 1

σe
). Therefore, smaller σe

means fast decay of magnetic field or smaller value of
τB, which enhances Seebeck and Nernst coefficients. As a
result, E⃗ increases. In Fig. 9, we plotted E⃗ for eB0 ¼ 1m2

π

to see the effect of different magnetic field strengths. There
is a minor change in the induced field upon changing the
initial magnetic field strength from eB ¼ 5 to 1m2

π .
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A similar thing was already observed in the thermoelectric
coefficients in Figs. 4–6.

1. Significance of the findings

Studies [70–72] show that charge-dependent directed
flow (v1) can be used as a probe to the electromagnetic
field in the QGP. Recent experimental study at RHIC [22]
has explored this with v1 of p� (proton), k� (kaon), and π�
(pion). In peripheral collisions, v1 for positive (negative)
charged particles get enhanced (reduced) in rapidity y > 0,

due to Hall effect from Lorentz force. This is reversed in
rapidity y < 0. Experimental data [22] show that v1 for
positively charged particles (pþ; kþ; πþ) dominates over
their negative counterparts (or antiparticles). These findings
support our results of the induced electric field. From Fig. 7,
electric field in x > 0 is directed along þz. Whereas, for
x < 0 it is directed along −z. This induced electric field
enhances (reduces) the Hall effect in positively (negatively)
charged particles by increasing (decreasing) their velocity
from Coulombic force (not from spectators). As a result, v1
for positively charged particles is higher than their
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antiparticles (see Fig. 5 of Ref. [22]). In future studies, we
will extend this work to include a detailed quantitative
analysis of the thermoelectric effect’s impact on v1.
It is important to note that we did not account for the

effect of the magnetic field on the Gubser cooling rate. A
more realistic picture of the cooling rate should be
calculated with a finite and time-varying magnetic field.
Moreover, according to Maxwell’s electromagnetic

relation, the induced space-time-dependent electric field
will give rise to a magnetic field. However, this would
require the calculation of permittivity and permeability of
the evolving QGP, which is subjected to further research
and beyond the scope of the current work. In the present
study, for the first time, we have estimated the induced
electric field in QGP due to the thermoelectric effect. We
used the hydrodynamic theory, where analytical solutions

FIG. 7. Spatial profile of the induced electric field at different times (τ) in the QGP created in the peripheral collisions where an
external magnetic field is present (eB0 ¼ 5m2

π). Upper left: at = τ ¼ 0.5 fm, τB ¼ 3 fm, upper right: at τ ¼ 3 fm, τB ¼ 3 fm, Bottom
left: at τ ¼ 0.5 fm, τB ¼ 7 fm, and bottom right: τ ¼ 3 fm, τB ¼ 7 fm.
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are achievable. This study can be quickly extended to
incorporate in ð3þ 1ÞD hydrodynamics or magnetohydro-
dynamics such as ECHOQGP by dividing temperature into
space-time grids.

V. SUMMARY AND CONCLUSION

In summary, for the first time, we estimated the induced
electric field in QGP solely using the thermoelectric effect.
We employed the kinetic theory-based RTA approach to

calculate thermoelectric coefficients and induced field. For
numerical estimation, we used a quasiparticle model that
reproduces the lattice QCD EoS of QGP. An analytical
expression of the cooling rate is necessary to calculate the
induced electric field, for which we use Gubser hydro-
dynamics. Moreover, considering the realistic scenario of
the temperature evolution of QGP, we introduced a term
containing the time derivative of temperature gradient in the
calculation of the total single-particle distribution function

FIG. 8. Magnitude of the induced electric field in the transverse
plane with eB0 ¼ 5m2

π .
FIG. 9. Induced electric field vector (upper figure) and magni-
tude (bottom figure) for eB0 ¼ 1 m2

π.
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in the Boltzmann equation. We named it the evolving
picture, and the scenario where it is not considered is
termed a static picture. We have also studied their relative
significance. Heat conduction demands a conserved charge
(or particle number). Here, we have baryon number con-
servation. In this instance, a finite baryon chemical potential
is necessary. Otherwise, thermoelectric coefficients diverge
up at vanishing baryon density. All results here are
presented for the baryon chemical potential μB ¼ 0.3 GeV.
In a fluid of charged particles with finite thermal

conductivity, thermoelectric phenomena can create or
induce an electromagnetic field. QGP consists of quarks,
which are electrically charged and have finite baryon
quantum numbers. Therefore, they are capable of electrical
(charge) and thermal (baryon) conduction. As a result,
thermoelectric transport in QGP at finite baryon chemical
potential leads to the induction of an electric field. QGP
medium is governed by the QCD interaction. Studies show
that the EM field of the order of ΛQCD scale can interfere
with the interactions, contributing to many interesting
phenomena [28,73,74]. It is widely accepted that such a
huge EM field was created in peripheral collisions [54]. The
present work shows that an EM field can also be created
during the QGP evolution due to the thermoelectric effect,
even in head-on collisions. The maximum electric field
produced in head-on and peripheral collisions is ∼0.7m2

π

and 1.0m2
π , respectively, which are close to the QCD scale

(∼1m2
π). However, this can contribute to many interesting

phenomena, as mentioned before. Nevertheless, the impact
might be small. Moreover, we have considered the temper-
ature evolution in calculating thermoelectric coefficients
and estimating induced fields. Evolution contributes sig-
nificantly at the early stage, enhancing the induced electric
field compared to the static picture. In peripheral collisions,
we consider an external time-varying magnetic field. The
induced electric field is further enhanced by the external
magnetic field. In other words, the magneto-thermoelectric
effect induces a stronger electric field than the thermoelec-
tric effect. The impact of the magnitude of the initial
magnetic field and its decay parameter are also studied.
At the early time of evolution, the magnetic decay parameter
has a substantial impact; however, the strength of the initial
magnetic field has a modest effect. Furthermore, we have
accounted quantum modification of particles’ energy state
due to Landau quantization in the presence of the magnetic
field. Considering RHICs, the external magnetic field is
taken along the y direction for the numerical estimation, for
which the induced field becomes anisotropic in the trans-
verse plane. However, we have also generalized the calcu-
lations, where the direction of the magnetic field was not
preferred, and we obtained the thermoelectric coefficient
matrix for the same.
Despite the interesting findings, our approach has a few

limitations. We need to have an analytical solution for the
cooling rate to calculate the thermoelectric coefficients for

an evolving system. However, the hydrodynamic equations
in (3þ 1) D result in coupled differential equations, which
can only be solved numerically. Therefore, we considered
simplistic hydrodynamic pictures (Bjorken and Gubser
flow), where an analytical solution for the cooling rate is
achievable. Nevertheless, the results of thermoelectric
coefficients obtained here can be used in (3þ 1) D
hydrodynamic simulation for a better understanding of
the space-time profile of the induced EM field.
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APPENDIX: THERMOELECTRIC COEFFICIENTS

1. Case I (B= 0)

To find δfi in Eq. (15), we solve the Boltzmann transport
equation (BTE) with the help of relaxation time approxi-
mation (RTA). In the presence of temperature gradients, the
BTE under RTA can be expressed as [15]

∂fi
∂t

þ k⃗i
ωi

·
∂fi
∂xi
!þ qiE⃗ ·

∂fi

∂ki
!¼ −

δfi
τiR

; ðA1Þ

where τiR is the relaxation time of the particle. E⃗ is an
external electric field. We can solve Eq. (A1) using
Eqs. (18) and (19), and get the expression of αj ’s. Here,
the first term on left-hand side (lhs) of the Eq. (A1)
becomes,

− ðωi − biμÞ
Ṫ
T
∂f0i
∂ωi

þ ωiv⃗i:fα̇1 E⃗þα1
˙E⃗þ α̇2∇!T

þ α2∇! Ṫg ∂f
0
i

∂ωi
: ðA2Þ

The second term in the lhs of the Boltzmann equation
leads to,

∂fi
∂xi

¼ ∂

∂xi
ðf0i þ δfiÞ ¼

∂

∂xi
ðf0i Þ þ

∂fi
∂xi

ðδfiÞ

¼ ∂

∂xi

�
1

1� exp ðβðωi − biμiÞÞ
�
þ 0

¼ −ðωi − bihÞ
∇!T
T

∂f0i
∂ωi

: ðA3Þ

The third term in the lhs leads to,
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∂fi
∂ki

¼ ∂f0i
∂ki

þ ∂δfi
∂ki

¼ vi
!∂f0i

∂ωi
þ Ω⃗

∂f0i
∂ωi

: ðA4Þ

Hence,

qiE⃗ ·
∂fi

∂ki
!¼ qivi

! · E⃗
∂f0i
∂ωi

þqiEðα1E⃗þα2∇!Tþα3∇!ṪÞ∂f
0
i

∂ωi
:

ðA5Þ

Finally, after the substitution of the above results in both
sides of Eq. (A1), we get

− ðωi − biμÞ
Ṫ
T
∂f0i
∂ωi

þωiv⃗i:ðα̇1 E⃗þα1
˙E⃗þ α̇2∇!T þ α2∇! ṪÞ

×
∂f0i
∂ωi

− ðωi − bihÞ
∇!T
T

∂f0i
∂ωi

þ qivi
! · E⃗

∂f0i
∂ωi

¼ −
ωi

τiR
ðα1E⃗þ α2∇!T þ α3∇! ṪÞ ∂f

0
i

∂ωi
: ðA6Þ

In the current analysis, we consider only the terms with
first-order derivatives of the fields and neglect higher-order
derivative terms. The comparison of the coefficients of

v⃗ · E⃗, v⃗ · ∇!T, and v⃗ · ∇! Ṫ on both sides of the above
equation leads to,

α̇1 ¼ −
�
1

τiR
α1 þ

qi
ωi

�
; α̇2 ¼ −

�
1

τiR
α2 −

ωi − bih
ωiT

�
;

α3 ¼ −τiRα2; ðA7Þ

Here, α̇1 and α̇3 from Eq. (A7) can be expressed in terms of
matrix equation as

dX
dt

¼ AX þ G; ðA8Þ

where the matrices take the following forms

X ¼
�
α1

α2

�
; A ¼

 − 1
τiR

0

0 − 1
τiR

!
; G ¼

 
− qi

ωi

ωi−bih
ωiT

!
:

ðA9Þ

Equation (A8) can be solved by using the method of the
variation of constants. The eigenvalues corresponding to
matrix A are, λ ¼ λ1 ¼ λ2 ¼ − 1

τiR
. Hence, one can write the

linearly independent solutions corresponding to the homo-
geneous part of differential Eq. (A8) in terms of its
eigenvectors as

y1 ¼
�
eη

0

�
; y2 ¼

�
0

eη

�
; where η¼−

τ

τiR
: ðA10Þ

Therefore, the fundamental matrix for Eq. (A8) is

Y ¼
�
eη 0

0 eη

�
; ðA11Þ

We seek a particular solution of the equation with a given
form of Eq. (A8) is

Yp ¼ YU; ðA12Þ

where U is a column matrix of unknowns.

U ¼

0
BBBBBBBBB@

u1

u2

:

:

:

un

1
CCCCCCCCCA
: ðA13Þ

From Eqs. (A8) and (A12), we can see that Yp is a column
matrix with the same coefficients as that of matrix X.
Further, the differentiation of Eq. (A12) with respect to
time gives us Y 0

p ¼ Y 0U þ YU0, where Y 0 ¼ AY. Hence,
Y 0
p ¼ AYp þ YU0. Comparison of above equation with

Eq. (A8) tells us

G ¼ YU0: ðA14Þ

The determinant of matrix Y is e2η. Then,

u01 ¼
1

e2η
det

 
− qi

ωi
0

ωi−bih
ωiT

eη

!
; u02 ¼

1

e2η
det

 
eη − qi

ωi

0 ωi−bih
ωiT

!
:

After integrating u01 and u02 with respect to time, we get the
matrix U as

U ¼
 −qi

ωi
ξ1

ωi−bih
ωiT

ξ2

!
: ðA15Þ

Where ξ ¼ R e−ηdτ.
After substituting the above value of U in Eq. (A30) one

obtain,

Yp ¼
�
eη 0

0 eη

� −qi
ωi

ξ1
ωi−bih
ωiT

ξ2

!
;

�
α1

α2

�
¼
�
eη 0

0 eη

��
u1
u2

�
:

Hence,
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α1 ¼ u1eη; α2 ¼ u2eη: ðA16Þ

The functions u1ðτÞ and u2ðτÞ can be defined as
u1 ¼ − qi

ωi
ξ1, u2 ¼ i ωi−bih

ωiT
ξ2. Hence, the alphas in

Eq. (A7) get the forms,

α1¼−
qiτiR
ωi

; α2¼
τiRðωi−bihÞ

Tωi
; α3 ¼−τiRα2: ðA17Þ

After getting the expressions for αj’s, the simplified form
of δfi is,

δfi ¼ −qiτiRðvi!:E⃗Þ ∂f
0
i

∂ωi
þ ðωi − bihÞτiR

T
½ðvi! · ∇!TÞ

− τiRðvi! · ∇! ṪÞ� ∂f
0
i

∂ωi
: ðA18Þ

Here, � indicates a positive sign for positively charged
particles(antiparticles) and a negative sign for negatively
charged particles (antiparticles).

2. Case II (B ≠ 0)

To find the expression of δfi in Eq. (15), we solve the
Boltzmann transport equation (BTE) with the help of
relaxation time approximation (RTA). In the presence of
an external electromagnetic field, BTE under RTA can be
expressed as [15]

∂fi
∂t

þ k⃗i
ωi

·
∂fi
∂xi
!þ qi

�
E⃗þ k⃗i

ωi
× B⃗

�
·
∂fi

∂ki
!¼ −

δfi
τiR

; ðA19Þ

where τiR is the relaxation time of the particle. We can solve
Eq. (A19) using Eqs. (38) and (39), and get the expression
of αj ’s. Here, the first term on the lhs of Eq. (A19)
becomes,

ωiv⃗i:

�
α̇1 E⃗þα1

˙E⃗þ α̇3∇!T þ α3∇! Ṫþα5ð∇!T × ˙B⃗Þ

þ α̇5ð∇!T × B⃗Þ þ α5ð∇! Ṫ×B⃗Þ þ α5ð∇! Ṫ×B⃗Þ þ α8ðE⃗× ˙B⃗Þ

þ α̇8ðE⃗× B⃗Þ þ α8ð ˙E⃗× B⃗Þ− ðωi − biμÞ
Ṫ
T

�
∂f0i
∂ωi

: ðA20Þ

The second term in the lhs of the Boltzmann equation
leads to,

∂fi
∂xi

¼ ∂

∂xi
ðf0i þ δfiÞ ¼

∂

∂xi
ðf0i Þ þ

∂fi
∂xi

ðδfiÞ

¼ ∂

∂xi

�
1

1� exp ðβðωi − biμiÞÞ
�
þ 0

¼ −ðωi − bihÞ
∇!T
T

∂f0i
∂ωi

: ðA21Þ

The third term in the lhs leads to,

∂fi
∂ki

¼ ∂f0i
∂ki

þ ∂δfi
∂ki

¼ vi
!∂f0i

∂ωi
þ Ω⃗

∂f0i
∂ωi

: ðA22Þ

Hence,

qi

�
E⃗þ k⃗i

ωi
× B⃗

�
·
∂fi

∂ki
!¼ qivi

! · E⃗
∂f0i
∂ωi

þ ðv⃗ × B⃗Þfα1E⃗þ α2
˙E⃗þ α3∇!T þ α4∇! Ṫþα5ð∇!T × B⃗Þ

þ α6ð∇!T × ˙B⃗Þ þ α7ð∇! Ṫ ×B⃗Þ þ α8ðE⃗ × B⃗Þ þ α9ðE⃗ × ˙B⃗Þ þ α10ð ˙E⃗ × B⃗Þg ∂f
0
i

∂ωi
: ðA23Þ

Finally, after the substitution of the above results on both sides of Eq. (A19), the left side becomes

ωiv⃗i:

�
α̇1 E⃗þα1

˙E⃗þ α̇3∇!T þ α3∇! Ṫþ α5ð∇!T × ˙B⃗Þ þ α̇5ð∇!T × B⃗Þ þ α5ð∇! Ṫ ×B⃗Þ þ α5ð∇! Ṫ ×B⃗Þ þ α8ðE⃗ × ˙B⃗Þ

þ α̇8ðE⃗ × B⃗Þ þ α8ð ˙E⃗ × B⃗Þ − ðωi − biμÞ
Ṫ
T

�
∂f0i
∂ωi

: − ðωi − bihÞvi! ·
∇!T
T

∂f0i
∂ωi

þ qivi
! · E⃗

∂f0i
∂ωi

þ f−α1qivi! · ðE⃗ × B⃗Þ

− α2qivi
! · ð ˙E⃗ × B⃗Þ − α3qivi

! · ð∇!T × B⃗Þ − α4qivi
! · ð∇! Ṫ ×B⃗Þ þ α5qif−ðvi! · B⃗Þð∇T

�!
· B⃗Þ þ ðvi! · ∇!TÞðB⃗ · B⃗Þg

þ α6qif−ðvi! · ˙B⃗Þð∇T�! · B⃗Þ þ ðvi! · ∇!TÞð ˙B⃗ · B⃗Þg þ α7qif−ðvi! · B⃗Þð∇! Ṫ ·B⃗Þ þ ðvi! · ∇! ṪÞðB⃗ · B⃗Þg
þ α8qif−ðvi! · B⃗ÞðE⃗ · B⃗Þ þ ðvi! · E⃗ÞðB⃗ · B⃗Þg þ α9qif−ðvi! · ˙B⃗ÞðE⃗ · B⃗Þ þ ðvi! · ⃗ĖÞðB⃗ · ˙B⃗Þg þ α9qif−ðvi! · ˙B⃗ÞðE⃗ · B⃗Þ

þ ðvi! · ˙E⃗ÞðB⃗ · ˙B⃗Þg þ α10qif−ðvi! · B⃗Þð ˙E⃗ · B⃗Þ þ ðvi! · ˙E⃗ÞðB⃗ · B⃗Þgg ∂f
0
i

∂ωi
; ðA24Þ
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and the right side becomes

¼ −
ωi

τiR
α1E⃗þ α2

˙E⃗þ α3∇!T þ α4∇! Ṫ þ α5ð∇!T × B⃗Þ

þ α6ð∇!T × ˙B⃗Þ þ α7ð∇! Ṫ ×B⃗Þ þ α8ðE⃗ × B⃗Þ

þ α9ðE⃗ × ˙B⃗Þ þ α10ð ˙E⃗ × B⃗Þ ∂f
0
i

∂ωi
: ðA25Þ

In the current analysis, we consider only the terms with
first-order derivatives of the fields and neglect higher-order
derivative terms. The comparison of the coefficients of

v⃗ · E⃗, v⃗ · ˙E⃗, vi
! · ∇!T, vi

! · ∇! Ṫ, vi
! · ð∇!T × B⃗Þ,

vi
! · ð∇!T × ˙B⃗Þ, vi

! · ð∇! Ṫ ×B⃗Þ, vi
! · ðE⃗ × B⃗Þ, vi

! · ðE⃗ × ˙B⃗Þ
and vi

! · ð ˙E⃗ × B⃗Þ on both sides, gives us α̇1, α2, α̇3, α4, α̇5,
α̇3, α6, α7, α̇8, α9 and α10 respectively as

α̇1 ¼ −
�
1

τiR
α1 þ

qifðB⃗ · B⃗ − τiRB⃗ · ˙B⃗Þα7g
ωi

þ qi
ωi

�
;

α2 ¼ −τiRα1 −
τiRqiB⃗

2

ωi
α10;

α̇3 ¼ −
�
1

τiR
α3 þ

�
qiðB⃗ · B⃗ − τiRB⃗ · ˙B⃗Þ

ωi

�
α5 −

ωi − bih
Tωi

�
;

α4 ¼ −τiR

�
α3 þ

qiðB⃗ · B⃗Þ
ωi

α7

�
;

α̇5 ¼ −
1

τiR
α5 þ

qi
ωi

α3;

α6 ¼ −τiRα5;

α7 ¼ −τiRα5 þ
τiRqi
ωi

α4;

α̇8 ¼ −
1

τiR
α8 þ

qi
ωi

α1;

α9 ¼ −τiRα8;

α10 ¼ −τiRα8 þ
τiRqi
ωi

α2: ðA26Þ

Here, α̇1, α̇3, α̇5 and α̇8 from Eq. (A26) can be expressed in
terms of matrix equation as

dX
dt

¼ AX þ G; ðA27Þ

where the matrices take the following forms

X ¼

0
BBB@

α1

α3

α5

α8

1
CCCA; A ¼

0
BBBBBBB@

− 1
τiR

0 0 − qiF2

ωi

0 − 1
τiR

− qiF
2

ωi
0

0 qi
ωi

− 1
τiR

0

qi
ωi

0 0 − 1
τiR
;

1
CCCCCCCA
;

G ¼

0
BBBBB@

− qi
ωi

ωi−bih
Tωi

0

0

1
CCCCCA;

with F ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
BðB − τiRḂÞ

p
. Equation (A27) can be solved by

diagonalizing the matrix A and using the method of the
variation of constants. The eigenvalues corresponding to
matrix A are, λj ¼ − 1

τiR
þ aji

qiF
ωi
, with a1 ¼ a2 ¼ −1,

a3 ¼ a4 ¼ 1. Hence, one can write the linearly independent
solutions corresponding to the homogeneous part of differ-
ential Eq. (A27) in terms of its eigenvectors as

y1 ¼

0
BBB@

−iFeη1

0

0

eη1

1
CCCA; y2 ¼

0
BBB@

0

−iFeη2

eη2

0

1
CCCA;

y3 ¼

0
BBB@

iFeη3

0

0

eη3

1
CCCA; y4 ¼

0
BBB@

0

iFeη4

eη4

0

1
CCCA:

Where,

ηj ¼ −
τ

τiR
þ aj

qii
ω

Z
Fdτ: ðA28Þ

Therefore, the fundamental matrix for Eq. (A27) is

Y ¼

0
BBB@

−iFeη1 0 iFeη3 0

0 −iFeη2 0 iFeη4

0 eη2 0 eη4

eη1 0 eη3 0

1
CCCA; ðA29Þ

We seek a particular solution of the equation with a given
form of Eq. (A27) is

Yp ¼ YU; ðA30Þ

where U is a column matrix of unknowns.
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U ¼

0
BBBBBBBBB@

u1

u2

:

:

:

un

1
CCCCCCCCCA
: ðA31Þ

From Eqs. (A27) and (A30), we can see that Yp is a column
matrix with the same coefficients as that of matrix X.
Further, the differentiation of Eq. (A30) with respect to time
gives us Y 0

p ¼ Y 0U þ YU0, where Y 0 ¼ AY. Hence,
Y 0
p ¼ AYp þ YU0. Comparison of above equation with

Eq. (A27) tells us

G ¼ YU0: ðA32Þ

The determinant of matrix Y is 4F2eη. Then,

u01¼
1

4F2eη
det

0
BBBBB@

− qi
ωi

0 iFeη3 0

ωi−bih
Tωi

−iFeη2 0 iFeη4

0 eη2 0 eη4

0 0 eη3 0

1
CCCCCA;

u02¼
1

4F2eη
det

0
BBBBB@
−iFeη1 − qi

ωi
iFeη3 0

0 ωi−bih
Tωi

0 iFeη4

0 0 0 eη4

eη1 0 eη3 0

1
CCCCCA;

u03¼
1

4F2eη
det

0
BBBBB@
−iFeη1 0 − qi

ωi
0

0 −iFeη2 ωi−bih
Tωi

iFeη4

0 eη2 0 eη4

eη1 0 0 0

1
CCCCCA;

u04¼
1

4F2eη
det

0
BBBBB@
−iFeη1 0 iFeη3 − qi

ωi

0 −iFeη2 0 ωi−bih
Tωi

0 eη2 0 0

eη1 0 eη3 0

1
CCCCCA: ðA33Þ

After integrating u01, u
0
2, u

0
3, and u

0
4 with respect to time, we

get the matrix U as

U ¼

0
BBBBB@

qi
2iωi

ξ1

i ωi−bih
2ωiT

ξ2

− qi
2iωi

ξ3

−i ωi−bih
2ωi

ξ4

1
CCCCCA; ξj ¼

Z
e−ηj

F
dτ: ðA34Þ

After substituting the above value of U in Eq. (A30) one
obtain,

Yp¼

0
BBBBB@
−iFeη1 0 iFeη3 0

0 −iFeη2 0 iFeη4

0 eη2 0 eη4

eη1 0 eη3 0

1
CCCCCA

0
BBBBB@

qi
2iωi

ξ1

iωi−bih
2ωiT

ξ2

− qi
2iωi

ξ3

−iωi−bih
2ωi

ξ4

1
CCCCCA;

0
BBBBB@
α1

α3

α5

α8

1
CCCCCA¼

0
BBBBB@
−iFeη1 0 iFeη3 0

0 −iFeη2 0 iFeη4

0 eη2 0 eη4

eη1 0 eη3 0

1
CCCCCA

0
BBBBB@
u1
u2
u3
u4

1
CCCCCA:

Hence,

α1 ¼ −u1iFeη1 þ u3iFeη3 ; α3 ¼ −u2iFeη2 þ u4iFeη4 ;

α5 ¼ u2eη2 þ u4eη4 ; α8 ¼ u1eη1 þ u3eη3 : ðA35Þ

The functions u1ðτÞ, u2ðτÞ, u3ðτÞ and u4ðτÞ can be
defined as u1 ¼ qi

2iωi
ξ1, u2 ¼ i ωi−bih

2ωiT
ξ2, u3 ¼ qi

2iωi
ξ3,

and u4 ¼ −i ðωi−bihÞ
2ωi

ξ4. For time-varying field, we get

F ¼ B
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ τiR

τB

q
,
R
Fdτ ¼ Bτ

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ τiR

τB

q
. Hence, it leads to

the given form,

ηj ¼ −
τ

τiR
þ aji

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ τiR

τB

q
τB

τ;

ξj ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi

1þ τiR
τB

q
B0

e

�
1

τi
R
þ 1

τB
−aji

ffiffiffiffiffiffi
1þ

τi
R
τB

q
τB

�
τ

�
1
τiR
þ 1

τB
− aji

ffiffiffiffiffiffiffiffi
1þτi

R
τB

q
τB

� : ðA36Þ

Finally, the alphas in Eq. (A26) are,
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α1 ¼ −
qi
ωi

τiR
ð1þ χi þ χ2i Þ

;

α2 ¼
−τiRð1þ χi − χ2i Þ
ð1þ χiÞð1þ χ2i Þ

α1;

α3 ¼
ðωi − bihÞ

ωi

τiR
ð1þ χi þ χ2i Þ

;

α4 ¼
−τiRð1þ χi − χ2i Þ
ð1þ χiÞð1þ χ2i Þ

α3;

α5 ¼
χi

Bð1þ χiÞ
α3;

α6 ¼ −τiR
χi

Bð1þ χiÞ
α3;

α7 ¼ −τiR
χið2þ χiÞ

Bð1þ χiÞð1þ χ2i Þ
α3;

α8 ¼
χi

Bð1þ χiÞ
α1;

α9 ¼ −τiR
χi

Bð1þ χiÞ
α1;

α10 ¼ −τiR
χið2þ χiÞ

Bð1þ χiÞð1þ χ2i Þ
α1: ðA37Þ

After getting the expressions for αj’s, the simplified form of
δfi in Eq. (38) is,

δfi ¼
−qiτiR

ð1þ χiÞð1þ χiþ χ2i Þ
��

ð1þ χiÞþ
χið1þ χi − χ2i Þ

ð1þ χ2i Þ
�

ðvi!:E⃗Þ�
�
χið1þ χiÞþ

χ2i ð2þ χiÞ
ð1þ χ2i Þ

�
ðvi!:ðE⃗× b̂ÞÞ

�

þ ðωi − bihÞτiR
Tð1þ χiÞð1þ χiþ χ2i Þ

�
ð1þ χiÞðvi! · ∇!TÞ

− τiR
ð1þ χi − χ2i Þ
ð1þ χ2i Þ

ðvi! · ∇!ṪÞ� χið1þ χiÞðvi! · ð∇!T × b̂ÞÞ

∓ τiR
χið2þ χiÞ
ð1þ χ2i Þ

ðvi! · ð∇!Ṫ×b̂ÞÞ
�
∂f0i
∂ωi

: ðA38Þ

For simplicity we have considered τE ¼ τB and χi ¼
τiR
τB
¼ τiR

τE
. Here � indicates a positive sign for positively

charged particles(antiparticles) and a negative sign for
negatively charged particles (antiparticles).
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