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We investigate heavy-light quark systems within the framework of the QCD instanton vacuum, focusing
on the Nf ¼ 1 light flavor case. We derive an effective heavy-light quark interaction from the low-energy
QCD partition function and construct a heavy-meson effective Lagrangian. The physical residual mass of
heavy mesons, Λ, is determined by employing compositeness and normalization conditions. We calculate
the masses of D and B mesons and their weak decay constants to the leading order and next-to-leading
order in the 1=mQ expansion. The current results for fD and fB are in good agreement with recent lattice
QCD data and Particle Data Group (PDG) average values.
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I. INTRODUCTION

A conventional heavy meson contains a heavy quark
(antiquark) and a light antiquark (quark). In the limit of
infinitely heavy quark mass, i.e., mQ → ∞, the spin of the
heavy quark SQ is conserved. Consequently, the spin of the
light quark is also conserved: SL ¼ S − SQ, where S is
the spin of the heavy meson. This is known as heavy-quark
spin symmetry [1–4], which makes the spin of the light
quark a good quantum number. In this limit, a charm quark
becomes indistinguishable from a bottom quark, leading to
heavy-quark flavor symmetry. This implies that the infi-
nitely heavy quark remains as a mere static color source in a
heavy-light quark system, so the quark-gluon dynamics
inside it is governed by the light quarks. Thus, heavy
mesons are classified as the members of the flavor SU(3)
representations: ðD;DsÞ∈ 30 and ðD�; D�

sÞ∈ 31, where the
subscripts denote the corresponding spin of the heavy
meson. Heavy mesons with a light antiquark belong to the
antitriplet (3̄). Since light quarks dictate the dynamics
inside heavy mesons, chiral symmetry and its spontaneous
breakdown come into crucial play in describing the heavy

mesons. Thus, as pointed out in Refs. [3,4], both heavy-
quark spin-flavor symmetry and chiral symmetry must be
considered when constructing an effective theory for the
heavy-light quark system.
The instanton vacuum provides a theoretical framework

for realizing the spontaneous breakdown of chiral sym-
metry (SBχS) in quantum chromodynamics (QCD) [5–7]
(see also the reviews [8,9]). In Ref. [6], it was quantitatively
shown that the instanton medium, which consists of the
superposition of the instantons (I’s) and anti-instantons
(Ī’s), was stabilized at R=ρ ≈ 3, where R and ρ denote the
average distance between I’s (Ī’s) and the average size of
the instanton. R and ρ were determined to be R ≃ 1 fm and
ρ ≃ 1=3 fm [5–7,10]. Both R and ρ are related to ΛQCD,
allowing their determination once ΛQCD is given. Lattice
QCD results support these values [11–13]. These R
and ρ values well explain the quark and gluon conden-
sates, which characterize the QCD vacuum. The gluon
condensate, proportional to the instanton density N=V ≡
1=R4 [9], agrees with the phenomenological estimate
hFμνFμνi=32π2 ≃ ð200 MeVÞ4 > 0 [14]. The quark con-
densate, the order parameter for SBχS, is determined as [7]

hψ̄ψi ¼ −
1

R2ρ

ffiffiffiffiffiffiffiffiffi
Nc

6.62

r
≃ −ð253 MeVÞ3; ð1Þ

at the scale of μ ¼ 600 MeV, which is approximately
identified by ρ−1 ≃ 600 MeV [9,15]. Here, Nc is the
number of colors. The SBχS mechanism involves quark
propagation through the instanton medium. As quarks hop
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between random I’s and Ī’s, their helicity changes by
different handedness of I and Ī zero modes. This delocal-
ization process realizes the spontaneous breakdown of
chiral symmetry. This indicates that the quark acquires
the dynamical quark mass, MðkÞ, which is momentum-
dependent. MðkÞ is related to the Fourier transform of the
fermionic zero mode [7,9]. The value Mð0Þ ∼ 350 MeV is
determined by the saddle-point equation. This framework
also yielded fπ ≃ 93 MeV [7]. The effective low-energy
QCD partition function derived from the instanton vacuum
has been successfully applied to low-lying light hadrons
and singly heavy baryons in the limit of the infinitely
heavy-quark mass [16–27].
Instanton effects on quarkonia were also studied and

found to be marginal. The instanton contribution to the
heavy quark mass is ΔMQ ≃ 70 MeV [28–30], which is
small compared to the charm quark mass. However, these
effects allow for the values for parameters closed to
physical ones in the heavy-quark potential, such as the
strong coupling constant and heavy-quark mass. This
approach has led to quantitative descriptions of charmonia
spectra and decay rates [30–34]. The instanton vacuum
thus provides a unified framework for investigating both
light-quark and heavy-quark systems, making it crucial to
explore effective interactions for heavy-light quark sys-
tems. Recently, effective heavy-light quark interactions
from the instanton vacuum were sketched in Ref. [35].
In the present work, we aim to quantitatively complete the
work of Ref. [35] by constructing a heavy-meson effective
Lagrangian from the instanton vacuum. For simplicity, we
focus on the case of the light-quark flavor number Nf ¼ 1

and will present more complicated and general cases
elsewhere.
This paper is organized as follows: in Sec. II, we show

how to derive the heavy-light quark interaction from the
instanton vacuum. In Sec. III we simplify this interaction
and obtain the four-quark interaction for Nf ¼ 1. In
Sec. IV, we derive the heavy meson residual mass Λ, a
key parameter predicted to be generated by nonperturbative
corrections. We also calculate the heavy meson masses,MD
andMB, and derive the weak decay constants fD and fB to
the 1=mQ leading order and next-to-leading order. The
results are discussed in comparison with other works. The
final section summarizes our findings and presents an
outlook for future work.

II. HEAVY-LIGHT QUARK SYSTEMS
FROM THE INSTANTON VACUUM

To derive the effective low-energy QCD partition func-
tion for the light quark degrees of freedom, we need to
compute the quark determinant in the presence of the
instantons and anti-instantons, and then average it over the
collective coordinates of the instantons [7,9,36]. We will
briefly recapitulate the derivation of the partition function

for the light quark systems and extend it to the heavy-light
quark systems. We start from the quark determinant derived
from the instanton vacuum [7,9,17,36,37]:

DetN ¼
Z

DψDψ† exp

 X
f

Z
d4xψ†

fði=∂þ imfÞψf

!

×
Y
f

(YNþ

þ
Vþ
�
ψ†
f;ψf

�YN−

−
V−
�
ψ†
f;ψf

�)
; ð2Þ

wheremf denotes the current quark mass with flavor f. Nþ
and N− stand for the numbers of the instantons and
anti-instantons, respectively. V�½ψ†

f;ψf� are the instan-
ton-induced 2Nf quark-quark interactions written as
follows [37]:

V�
�
ψ†
f;ψf

� ¼ Z d4x
�
ψ†ðxÞði=∂ÞΦ�ðx − z�; U�Þ

�
×
Z

d4y
�
Φ†

�ðy − z�; U�Þði=∂ÞψðyÞ
�
: ð3Þ

Φ� is the fermionic zero mode obtained in the presence of
the (anti)instanton field. We need to average the quark
determinant over the instanton zero modes ξ� that consist
of its position, its size, and its orientation in color space.
The instanton medium has low density since its packing
fraction is very small (π2ðρ=RÞ4 ≈ 1). This diluteness of the
instanton medium allows us to perform the integration over
the zero modes of the instantons independently. Before we
proceed to derive the effective low-energy QCD partition
function, we want to mention about the current quark mass
mf. In the current work, we focus on the Nf ¼ 1þ 1 case
and examine the heavy-quark spin-flavor symmetry and the
effects of 1=mQ corrections. Thus, effects of flavor SU(3)
symmetry breaking will not be considered, so the chiral
limit will be taken from now on.
After averaging the quark determinant over the zero

modes, we obtain the effective low-energy QCD partition
function [38,39] as follows:

Zeff ¼
Z

DψDψ† exp

 Z
d4x
XNf

f

ψ†
fi=∂ψf

!
YNþ
Nf

YN−
Nf
; ð4Þ

where Nf denotes the number of light flavors, YN�
Nf

represent the instanton-induced 2Nf quark-quark inter-
actions:

YN�
Nf

¼ ðiÞNf

�
4π2ρ2

Nc

�
Nf
Z

d4z
V

detf iJ�ðzÞ ð5Þ

with
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J�ðzÞfg ¼
Z

d4kd4l
ð2πÞ8 exp½−iðk − lÞz�Fðk2Þψ†

fðkÞ

×
1

2
ð1� γ5ÞψgðlÞFðl2Þ: ð6Þ

Here, FðkÞ designates the form factor related to the zero-
mode wave function in momentum space Φ�ðk; ξ�Þ.
It is expressed in terms of the modified Bessel functions
Ii and Ki,

FðkÞ¼−k
d
dk

	
I0

�
kρ
2

�
K0

�
kρ
2

�
−I1

�
kρ
2

�
K1

�
kρ
2

�

: ð7Þ

The effective low-energy QCD partition function can
further be bosonized. For details, we refer to Refs. [7,9].
We now turn our attention to the heavy-light quark

system. Since the heavy quark mass is much larger than
ΛQCD, we consider the limit mQ → ∞. In this limit, the
heavy quark and antiquark fields are separate, as QQ̄ pair
creation does not occur, preventing overlap between the
heavy quark and antiquark functional spaces. Furthermore,
due to the infinite mass of the heavy quark, both the heavy
quark and light quark spins are conserved. Consequently,
the low-lying heavy mesons are classified as members
belonging to either the flavor triplet (3) or antitriplet (3̄)
representations.
In the limit of mQ → ∞, the heavy quark becomes a

mere static color source. Thus, the heavy quark inside a
heavy hadron is considered to be almost on shell, so that
its momentum can be decomposed as pμ

Q ¼ mQvμ þ kμ,
where vμ is the heavy quark velocity and kμ denotes the
residual momentum. Note that the velocity of the heavy
quark remains unchanged in the presences of the inter-
actions due to k=mQ ≪ 1. This leads to the velocity
superselection rule [2]. We introduce the covariant veloc-
ity-dependent projection operator P� ¼ ð1� =vÞ=2, which
can be used to project out particle and antiparticle states,
Q� ¼ P�Q. In the rest frame, it becomes ð1þ γ0Þ=2,
selecting the particle components from the Dirac spinor. We
then redefine the heavy quark field by extracting the
dominant part of the heavy-quark momentum:

QðxÞ ¼ e−imQv·xðhðxÞ þHðxÞÞ; ð8Þ

where hðxÞ is the large component of QðxÞ,

hðxÞ ¼ eimQv·xQþðxÞ; ð9Þ

and HðxÞ is the small component given in the order
of 1=mQ,

HðxÞ ¼ eimQv·xQ−ðxÞ: ð10Þ
The h field contributes in the leading order, while the H
field produces effects suppressed by factors of 1=mQ.

H can be effectively eliminated by integrating out the field
using the Dirac equation. With the inverse heavy-quark
mass 1=mQ as an expansion parameter, we arrive at the
heavy-quark effective Lagrangian1:

Leff ¼ −h†iðv ·DÞh −
i

2mQ
h†
�
D2⊥ −

g
2
σμνGμν

�
h; ð11Þ

where D⊥ is a component of the covariant derivative
transversal to velocity v, defined as D⊥μ ¼ Dμ − vμv ·D.
The lowest-order Lagrangian, the first term of Eq. (11),
reflects heavy-quark spin-flavor symmetry.
The heavy quark propagator in the instanton ensemble

can be written in terms of the propagators in the single
instanton background. Due to the small packing fraction,
ρ4N=ðVNcÞ ≈ 0.004, we can express the heavy quark
propagator as w ¼ ði∂4 − i

P
� A�;4Þ−1 [29,40] in the

rest frame vμ ¼ ð0⃗; 1Þ. The inverse of the propagator is
written as

w̄−1 ¼ i∂4 −
X
�
N�hi∂4ðw� − ði∂4Þ−1Þi∂4i; ð12Þ

where hÔi ¼ R dξ�Ô denotes averaging over the single-
instanton fields. w� ¼ ði∂4 − iA�;4Þ−1 represents the heavy
quark propagator in the single-instanton (anti-instanton)
field. The heavy-quark propagator can be expressed as
the Wilson line in large Euclidean time, allowing us to
calculate the instanton contribution to the heavy quark
mass ΔMQ ≃ 70 MeV. This Wilson line yields the instan-
ton-induced heavy-quark potential [29]. Although the
instanton effects on heavy quarkonium spectra are marginal
[30,31,33,34], they enable one to use almost physical
values for parameters such as the strong coupling constant
and the charm quark mass. Note that these parameters are
often treated as free variables to better describe quarkonium
physics phenomenologically [30,31,33].
Combining Eqs. (4) and (11), we can derive the

instanton-induced heavy-light quark interaction. This inter-
action depends on the total flavor numberNf ¼ Nlf þ Nhf,
where Nlf and Nhf represent the numbers of light and
heavy flavors, respectively. In the limit of mQ → ∞, the
heavy quark becomes independent of its flavor, so we can
express the total flavor number as Nf ¼ Nlf þ 1. In the
following, we will derive the Nf instanton-induced heavy-
light quark interaction.
We are now in a position to discuss both heavy and light

quarks in the N� instanton ensemble. The corresponding
fermionic determinant can be written as a product of
light and heavy ones. We will replace the light-quark

1Since the instantons are defined in Euclidean space, we also
express the effective Lagrangian in Euclidean space.
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determinant with an approximate one. The effective low-
energy QCD partition function can then be written as

Zeff ¼
�YN�

�

Z
dξ�

�Z
DψDψ†

YNlf

f

exp

×
�Z

d4xψ†
fði=∂Þψf

�YN�

�
ðV�½ψ†

f;ψf�Þ

×
Z

DhDh† exp

�Z
d4xh†

�
i∂4 − i

X
�
A�;4

�
h

�
;

ð13Þ

where ðQN�
�
R
dξ�Þ represents the average over the instan-

ton collective coordinates. While one can calculate the
heavy-quark propagator from Eq. (13), averaging over the
instanton collective coordinates prevents immediate inte-
gration over light quark degrees of freedom. To overcome
this, we introduce the identity operator,

1 ¼
 YN�

�

�Y
f

V�½ψ†
f;ψf�

�!

×

 YN�

�

�Y
f
V�½ψ†

f;ψf�
�!−1

: ð14Þ

We can group the first part of Eq. (14) together with
the kinetic term for the light quarks. We can then add
the light quark source fields, following the approach in
Refs. [41,42]. This procedure allows us to integrate over the
collective coordinates for the heavy-quark part separately:

w½ψ†;ψ � ¼
 YN�

�

*YNlf

f

V�
�
ψ†
f;ψf

�+!−1 YN�

�

Z
dξ�

!

×
YNlf

f

V�
�
ψ†
f;ψf

�

i∂4 − i

X
�A�;4

�
−1
: ð15Þ

We extend the method in Refs. [29,40] to the current
case. Using the packing faction ρ4N=ðVNcÞ ≪ 1 as a

perturbative expansion parameter, we obtain an iterative
solution up to linear order. This leads to an averaged inverse
functional w−1½ψ†;ψ � in terms of a single-instanton
average:

w̄−1½ψ†;ψ � ¼ i∂4 −
X
�
N�

*YNf

f

V�
�
ψ†
f;ψf

�+−1

× ΔH;�½ψ†;ψ �; ð16Þ

where

ΔH;�½ψ†;ψ � ¼
*YNf

f

V�½ψ†
f;ψf�i∂4ðw� − ði∂4Þ−1Þi∂4

+
:

ð17Þ

To derive the heavy-light quark interaction, we first
combine Eq. (16) with the light quark part to obtain the
heavy-quark propagator averaged over (anti)instanton col-
lective coordinates:

w̄ ¼ 1

Z½0�
Z

Dψ†Dψ
Y
�

Z
dλ� exp

×
Z

d4x

(
ψ†
fi∂̂ψf þ λ�

*YNf

f

V�½ψ†;ψ �
+)

×


i∂4 −

X
�λ�ΔH;�½ψ†;ψ �

�
−1
: ð18Þ

Here, the Lagrange multiplier λ� has to be integrated in the
saddle point approximation. The function inside the expo-
nent is responsible for the saddle point equation. Thus,
we can safely say that the saddle point value λ� ¼ λs:p: is
defined in the light quark sector. According to Refs. [38,39]
it defines the light quark dynamical mass MðkÞ ¼
λs:p:½2πρFðkÞ�2=Nc. Next, we can rewrite the heavy-quark
propagator in terms of the heavy-quark fields h and h† in
the form of the functional integration:

w̄ ¼ 1

Z½0�
Y
�

Z
dλ�

Z
Dψ†Dψ exp

Z
d4x

(
ψ†
fi∂̂ψf þ λ�

*YNf

f

V�½ψ†;ψ �
+)

×
Z

Dh†Dhhh† exp
Z

d4x

�
h†
�
i∂4 −

X
�
λ�ΔH;�

�
h

�
: ð19Þ

From the last term of Eq. (19), we can identify the heavy-light quark interaction. Using definitions (3) and (17) one can
express the interaction as
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Sint ¼
X
�

Z
d4z�dU�

N�
V

YNlf

f¼1

�
NcV
N�

Z
d4kfd4lf
ð2πÞ8 eiðkf−lfÞ·z�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MðkfÞMðlfÞ

q

× ψ†
αfif

ðkfÞðγμγνγ�ÞifjfU
αf
�;γf

ðτ∓μ τ�ν ÞγfδfU
†δf
βf

ψβfjfðlfÞ
�

×
Z

d3xdtdt0h†α3ðx⃗; t0ÞUα3
�;γ3

ht0ji∂4ðw� − ði∂4Þ−1Þi∂4jtiγ3δ3U
†δ3
�;β3

hβ3ðx⃗; tÞ: ð20Þ

To obtain the effective interaction with Nlf fixed, one must
perform color integration and Fierz reordering. In the next
section, we will discuss the instanton-induced Nf ¼ 1þ 1

effective heavy-light interaction and its applications.

III. Nf = 1 + 1 HEAVY-LIGHT INTERACTION

The heavy quark fields can be represented in momentum
space, resulting in integration over each quark momentum
followed by a δ-function defining energy-momentum con-
servation. In this case, the color-orientation integral can be
done straightforwardly as shown in the Appendix. To
obtain color and spin contracted terms, we will use the
notation ψ†

iaψ
ia ¼ ðψ†ψÞ, where i and a represent spin and

color the indices, respectively. Then we carry out Fierz
reordering. Furthermore, following Ref. [29], in mQ → ∞
limit, we can derive the instanton effect on the heavy-quark
mass,

1

Nc

Z
d3xdtdt0eip⃗·x⃗trch−t0ji∂4ðw� − ði∂4Þ−1Þi∂4jti

→ −
V
N
ΔMQ: ð21Þ

Finally, in the large Nc limit, we derive the instanton
induced Nf ¼ 1þ 1 effective heavy-light quark interaction
given by

Sint ¼ −
Z

d4k1d4k2
ð2πÞ8

d4p1d4p2

ð2πÞ8 ð2πÞ4δð4Þðk1 − k2 þ p1 − p2ÞFðk1ÞFðk2ÞMqð0Þ
ΔMQ

N=V

×

	�
ψ†ðk1Þψðk2Þ

��
Q†

þðp1ÞQþðp2Þ
�þ 1

8

X
i

�
ψ†ðk1ÞΓiQþðp1Þ

��
Q†

þðp2ÞΓiψðk2Þ
�

; ð22Þ

where Γi ¼ ð1; γ5; γμ; iγμγ5; σμν=
ffiffiffi
2

p Þ denote the Dirac
matrices. This interaction can be understood as follows:
we began with heavy and light quarks in the background of
the instanton medium. The dilute nature of this instanton
medium allowed us to rewrite the QCD partition function as
the partition function of the N�-instanton configuration
multiplied by the instanton ensemble averaged action for
heavy and light quarks. By performing a perturbative
expansion, with respect to the instanton packing fraction,
it enables us to simplify the ensemble average to the
average over a single (anti-)instanton. This leads to an
effective four-quark interaction between the heavy and light
quarks, with a form factor FðkÞ attached to each light quark
leg. This interaction is characterized by a coupling
g2 ∼Mqð0ÞΔMQR4, where Mð0Þ is the dynamical light
quark mass, ΔMQ is the instanton contribution to the heavy
quark mass, and R is the average separation between
instantons.
We now express the second term in the bracket of

Eq. (22) in coordinate space, where the form factor F can
be written as a function of the derivative,

Sint¼−g2
Z

d4xðQ†
þðxÞΓiFð∂ÞψðxÞÞðFð∂Þψ†ðxÞΓiQþðxÞÞ;

g2¼Mqð0ÞΔMQR4=8; ð23Þ

where g2 is given in the large Nc limit. To further develop
this model, we can employ the bosonization. This involves
replacing the heavy-light bilinears ðh†ΓiFð∂ÞψÞ with cor-
responding auxiliary boson fields Φi. This transformation
yields the effective Lagrangian describing the interaction
between heavy mesons and heavy-light quarks,

Leff ¼ −ψ†�i=∂þ iMqð∂Þ
�
ψ − h†iðv · ∂Þhþm2

ΦΦ
†
iΦi

−GΦ†
i Fð∂Þψ†ΓiQþ − GQ†

þΓiFð∂ÞψΦi; ð24Þ

where G ¼ gmΦ and mΦ stands for the mass of Φ. The
attractive force between the heavy quark and the light
antiquark is ensured byG > 0, guaranteeing the production
of the heavy-light composite particle. Next, a renormaliza-
tion process must be performed to identify the auxiliary
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fields as corresponding physical meson fields. This crucial
step will be discussed in detail in the following section.

IV. EQUIVALENT EFFECTIVE LAGRANGIAN

It is important to note that the auxiliary field Φ in
Eq. (24) does not yet represent the physical heavy meson
field, as the bosonization process does not inherently
impose any physical constraints. Therefore, we need to
ensure that this field is properly renormalized such that it
acquires a physical mass. Once the compositeness con-
dition ZΦ ¼ 0 is considered, where ZΦ denotes the wave
function renormalization constant, we will show that
Eq. (23) is equivalent to the following Lagrangian [43]:

L0
eff ¼ −ψ†ði=∂þ iMqð∂ÞÞψ − h†iðv · ∂Þhþ ∂μΦ†

i ∂μΦi

þm2
ΦΦ

†
iΦi −GΦ†

i Fð∂Þψ†ΓiQþ −GQ†
þΓiFð∂ÞψΦi:

ð25Þ

The Φ field and its mass in Eq. (25) are required to be
renormalized. They are related to the renormalized ones as
follows:

Φ ¼ Z1=2
Φ ΦR; ZΦm2

Φ ¼ m2
ΦR þ δm2

Φ: ð26Þ

We will briefly recapitulate how the compositeness
condition can be proved [44,45]. In the limit mQ → ∞,
the kinetic term and mass term for Φ can be expressed to
zeroth-order of 1=mQ as

∂μΦ†
∂μΦþm2

ΦΦ†Φ ¼ ϕ†
vð−2v · ∂ − 2ΛÞϕv þO

�
1

mQ

�
;

ð27Þ

where ϕv is related to Φ� ¼ 1ffiffiffiffiffi
mQ

p e∓mQv·xϕv with Φþ ¼ Φ
andΦ− ¼ Φ† in Euclidean space. The heavy meson masses
are defined as mΦ ¼ mQ þ Λ in the infinitely heavy quark
mass limit. The term Λ is known as the residual mass of the
heavy meson. It is related to the heavy meson momentum
PΦ ¼ mΦv ¼ mQvþ pΦ ¼ mQvþ Λv, which satisfies
energy-momentum conservation: PΦ ¼ pQ þ pq ¼ mQvþ
kþ pq, where pQ denotes a heavy quark momentum, and

pq designates a light quark momentum. Consequently, the
residual momentum for the heavy meson pΦ ¼ Λv satisfies
the 4-momentum conservation pΦ ¼ pq þ k.
Then, we can rewrite the Lagrangian of Eq. (25) as

L ¼ −ψ†ði=∂þ iMqð∂ÞÞψ − h†iðv · ∂Þh
− ϕ†

við2v · ∂þ 2ΛÞϕvi − G0ϕ
†
viFð∂Þψ†Γih

−G0h†ΓiFð∂Þψϕvi; ð28Þ

where G0 is a rescaled coupling constant, which must be
determined by the renormalization. For this Lagrangian to
be the correct form of the effective Lagrangian, correla-
tion functions derived from Eqs. (23) and (28) must be
physically identical. We can compute the heavy-light quark
correlation functions using Eq. (23). The momentum
distribution of the quark inside a heavy meson is governed
by the quark form factor FðpÞ. Since the average of gFðpÞ
in momentum space, which can be regarded as an effective
coupling for the heavy-light quark vertex, is close to zero,
i.e., hgFðpqÞi ≈ 0, the infinite quark-loop and meson-
quark sums converge as shown in Figs. 1(a) and 1(b),
respectively. Similar loop calculations can be found in
Refs. [44,45]. The corresponding expressions for the
correlation functions are given by

Aa
Qq ¼

−FðpqÞFðp0
qÞ

ðv · pΦ − iΛrÞΠ0ðiΛrÞ þ ΠrðiΛrÞ
;

Ab
Qq ¼

iG2
0FðpqÞFðp0

qÞ
2ðv · pΦ − iΛrÞ − iG2

0ΠrðiΛrÞ
; ð29Þ

which determines the coupling constant G2
0 ¼ 2i=Π0ðiΛrÞ.

Therefore, we obtain the compositeness condition [43,44]
as follows:

ZΦ ¼
�
1þ iG2

0

2
Π0ðiΛrÞ

�
¼ 0; ð30Þ

where Λr is a physical residual mass. The fermion loopΠ is
given as

FIG. 1. In the left panel (a), the infinite sum for the quark-quark correlation function is drawn, whereas in the right panel (b) the meson-
quark correlation function is depicted.
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Πðv · pΦÞ ¼
Z

d4pq

ð2πÞ4 F
2ðpqÞtrD

	
ΓP

ð1þ =vÞ
2v · ðp − pqÞ þ iϵ

× ΓP
−ð=pq − iMðpqÞÞ
p2
q þM2ðpqÞ



: ð31Þ

Note that p ¼ pq þ k corresponds to the definition of the
heavy meson’s residual momentum pΦ. Equation (30)
leads to the equivalence between the Lagrangians given
in Eqs. (24) and (28). The coupling constant G0 can be
represented as G0 ¼ gNG1, where N is a normalization
constant of heavy-meson state that will be introduced in the
next section, andG1 only stands for carrying the dimension
of GeV1=2.

V. NORMALIZATION AND RESIDUAL
MASS OF HEAVY MESON

We are now in a position to compute the renormalized
residual mass of the heavy meson. To obtain the physical
mass, the auxiliary field ϕv satisfies the standard

normalization condition. The standard relativistic normali-
zation is given as

hΦðp⃗0ÞjΦðp⃗Þi ¼ ð2πÞ32p4δ
3ðp⃗0 − p⃗Þ: ð32Þ

In mQ → ∞ limit, the heavy meson states can be expressed

as jϕðvÞi ¼ m−1=2
Φ jΦðp⃗Þi, then the nonrelativistic or

heavy-quark mass independent normalization can be rep-
resented by [44,46]

hϕðv0ÞjϕðvÞi ¼ ð2πÞ32p4=mΦδ
3ðΛv⃗0 − Λv⃗Þ

¼ ð2πÞ32v4δ3ðΛv⃗0 − Λv⃗Þ: ð33Þ
To confirm Eq. (33), let us define the wave packet of
the heavy meson in momentum space. We find its form
from the equation of motion from the effective Lagrangian
(24), where the heavy-quark field is expressed as Φi ∝
gFð∂Þψ†ΓiQþ. For convenience, we introduce the factorsffiffiffiffiffiffiffi
2v4

p
N , whereN is a normalization constant. Then we can

construct the wave packet Φv in momentum space as
follows:

ΦviðpΦÞ ¼ hpΦ4jϕiðvÞi ¼
ffiffiffiffiffiffiffi
2v4

p
igN

Z
d4pqd4k

ð2πÞ8 ð2πÞ4δð4ÞðpΦ − k − pqÞFðpqÞψ†ðpqÞΓihðkÞ; ð34Þ

where the index i denotes a type of bilinears, i.e., scalar,
vector, pseudoscalar, and so on. The one-particle state for
a heavy meson is defined as jϕðvÞi≡ ϕvj0i. The form
factor FðpqÞ encodes the quark-instanton dynamics in the

light-quark sector, which also stabilizes the wave packet. A
diagrammatic form of the normalization is shown in Fig. 2.
It is straightforward to show that Eq. (34) satisfies the

nonrelativistic normalization condition [3],

hϕiðv0ÞjϕjðvÞi ¼
Z

dpΦ4

2π
trDΦvjðpΦÞΦ†

v0iðp0
ΦÞ

¼ 2v4g2N 2ð2πÞ3δ3ðΛv0 − ΛvÞ
Z

d4pq

ð2πÞ4 F
2ðpqÞtrD½SqðpqÞΓiSQðpΦ − pqÞΓj�

¼ 2v4g2N 2ΠðiΛÞð2πÞ3δ3ðΛv0 − ΛvÞδij ¼ 2v4ð2πÞ3δ3ðΛv0 − ΛvÞδij; ð35Þ

where we have replaced Λr → Λ for simplicity, and the
functions Sq and SQ denote the light and heavy quark
propagators given in Eq. (31), as shown in Fig. 2. The
normalization yields the normalization condition,

g2N 2ΠðiΛÞ ¼ 1. The physical residual mass Λ is deter-
mined by the intersection of the compositeness and
normalization conditions, as shown in Fig. 3. The result
for Λ is Λ≈262.8 MeV.

FIG. 2. (a) Diagrammatic form of the normalization for heavy meson states [47,48]. (b) Diagrammatic representations of the
propagator of light and heavy quarks are SqðpqÞ and SQðkÞ, respectively.
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Λ is typically considered to be on the order of Λ ∼ ΛQCD

[49], approximately 200–300 MeV, as it arises from heavy-
light quark interactions in QCD. The current approach,
based on the instanton vacuum, explicitly demonstrates
this origin of Λ. This suggests that the residual mass
quantifies the contribution of heavy-light quark interactions
to a heavy meson mass, mΦ. Instanton effects are known to
generate dynamical quarks. We can decompose mΦ as
mΦ ¼ mQ þ ΔMQ þMq þ Λ, where mQ represents the
charm (bottom) quark mass,ΔMQ denotes instanton effects
on the heavy-quark mass, and Mq signifies the dynamical
quark mass emerging from SBχS. The final term, Λ, the
physical residual mass, is evaluated through the heavy-light
quarkmass. Consequently, we determine theD andBmeson
masses to bemD ¼ 1.942;GeV; ðmc ¼ 1.27;GeVÞ [50] and
mB ¼ 5.322;GeV; ðmbð1S schemeÞ ¼ 4.65;GeVÞ [50],
respectively. These values approximate the average masses
of pseudoscalar (D, B) and vector (D�; B�) mesons. In the
mQ → ∞ limit, the masses of the pseudoscalar and vector
heavy mesons are degenerate due to heavy quark-spin
symmetry. This degeneracy is shifted by the 1=mQ correc-
tion given in Eq. (11). Its mesonic matrix element can be
expressed as

1

4mQ
hϕJ⃗jh†σμνhGμνjϕJ⃗i ¼

1

4mQ
hh; S⃗Qjh†σμνhjh; S⃗Qi

hq; S⃗qjGμνjq; S⃗qi ¼
λ2
mQ

h2S⃗Q · S⃗qi; ð36Þ

where the states jϕJ⃗i≡ jϕðvÞ; J⃗; S⃗Q; S⃗qi with the total spin
J⃗ ¼ S⃗Q þ S⃗q, and jhðqÞ; S⃗QðqÞi stand for each quark and its
spin state. The eigenvalue of the heavy-light spin product is
given as

sQq ≡ h2S⃗Q · S⃗qi ¼ JðJ þ 1Þ − SQðSQ þ 1Þ − SqðSq þ 1Þ

¼
(
−3=2 pseudoscalar

1=2 vector
. ð37Þ

To obtain λ2, we have to compute the mesonic matrix
element of the gluon operators from the instanton vacuum
[54], which will be considered in future work.

VI. WEAK DECAY CONSTANTS
OF D AND B MESONS

In the previous section, we presented the heavy-meson
states and the residualmass from the instantonvacuum.Here,
wewill use the redefined vertex diagrams that incorporate the
instanton effects, as illustrated in Fig. 4. These modified
vertices encapsulate the nonperturbative effects of the
instanton vacuum. In the limit of infinitely heavy quark
mass, the weak decay constants of heavymesons are defined
in terms of axial-vector and vector currents:

h0jJAμ jPi ¼ h0jq†γμγ5hjPi ¼ −fP
ffiffiffiffiffiffiffi
mP

p
vμ;

h0jJVμ jVi ¼ h0jq†γμhjVi ¼ ifV
ffiffiffiffiffiffiffi
mV

p
ϵμ; ð38Þ

where jPi and jVi denote the pseudoscalar and vector heavy
mesons, respectively. To determine the 1=mQ correction to
the decay constants, we consider the heavy-quark fieldQðxÞ
defined in Eq. (8). We can express QðxÞ as

QðxÞ ¼ e−imQv·x

�
1 −

1

2mQ
=D⊥ þOðm−2

Q Þ
�
hðxÞ; ð39Þ

which leads to the following expressions for thevector (axial-
vector) current:

JVðAÞμ ð0Þ ≃ q†γμðγ5Þh −
1

2mQ
q†γμðγ5Þ =D⊥hþOðm−2

Q Þ:

ð40Þ
Considering that the matrix elements also depend onmQ, we
must account for the1=mQ corrections to thematrix elements
given in Eq. (38) [46]:

FIG. 3. The black solid line and red dashed curve draw the
normalization condition and the renormalization condition with
the rescaled function ΠðΛÞ by the normalization constant N ðΛÞ,
respectively. The intersection point yields the physical residual
mass, Λ¼ 0.2628 GeV.

FIG. 4. Vertices modified by instanton effects. Γi are generi-
cally expressed as ΓV ¼ −γμϵμ and ΓP ¼ iγ5. Here, ϵμ represents
the polarization vector for the vector heavy meson.

HONG, KIM, MUSAKHANOV, and RAKHIMOV PHYS. REV. D 110, 114044 (2024)

114044-8



h0jJVðAÞμ jVðPÞðvÞi
¼ h0jq†γμðγ5ÞhjVðPÞðvÞi

−
1

2mQ
h0jq†γμðγ5Þ =D⊥hjVðPÞðvÞi

−
1

2mQ

Z
d4yh0jTfq†γμðγ5Þhð0Þ; h†iD2⊥hðyÞgjVðPÞðvÞi

þ � � � : ð41Þ

This expression is derived by modifying the heavy meson
states as follows:

jϕvi →
�
1 −

1

2mQ

Z
d4xTfL1=mQ

Q ðxÞg þ � � �
�����ϕvi; ð42Þ

where L
1=mQ
Q is the next-to-leading order (NLO) term of

Eq. (11). The second term of L
1=mQ

Q gives the spin-spin
interaction term. After performing the instanton ensemble
average, we obtain the numerical results for the matrix
elements of gluon operators as

hAIμi ¼ 0; hGμνi ¼ 0; hA2
I i ¼

24π2ρ2nN2
c

N2
c − 1

;

hA2
I4i ¼

1

4
hA2

I i; ð43Þ

where the instanton fieldAIμ [29] and the strength tensorGμν

are defined as

AIμðxÞ ¼ ηð−Þμνaτa
ρ2xν

x2ðx2 þ ρ2Þ ;

Gμν ¼ ∂μAIν − ∂νAIμ − i½Aμ; Aν� ð44Þ

with the ’t Hooft symbol ηð�Þ
μνa ¼ ϵaμν4 � δaμδ4ν ∓ δaνδ4μ.

Since the heavy-light vector and axial-vector currents are
not conserved, we need to renormalize them [46,49,51–53]:

JVðAÞμ ¼
X
i

Ciðμ0Þ
�
JVðAÞðiÞμ −

1

2mQ



OVðAÞðiÞ

μ þ TVðAÞðiÞ
μ

��

þO
�

1

m2
Q

�
; ð45Þ

where Ciðμ0Þ denote the Wilson coefficients, expressed as

C1ðμ0Þ ¼ 1þ αsðμ0Þ
π

�
ln

μ

μ0
−
4

3

�
; C2ðμ0Þ ¼ −

2αsðμ0Þ
3π

:

ð46Þ

Here, μ0 is the normalization point from the current work.
While, in the present approach, the value of the normali-
zation point μ0 is not uniquely determined from first
principles, we can set it to be μ0 approximately by
μ0 ≈ ρ̄−1. We can examine the plausibility of this value,
following Refs. [15,54]. We define μ0 ¼ a=R̄ with
R̄−1 ≈ 200 MeV. Here, a is a dimensionless parameter
varied from 3 to 7 [54] in the variational estimate of bulk
properties of the instanton medium. μ is the renormalization

point at the matching scale. JVðAÞðiÞμ in Eq. (45) represent the
leading-order currents defined as

JVðAÞð1Þμ ¼ q†γμðγ5Þh; JVðAÞð2Þμ ¼ q†vμðγ5Þh: ð47Þ

OVðAÞðiÞ
μ and TVðAÞðiÞ

μ stand for the currents arising from the
NLO in the 1=mQ expansion,

OVðAÞð1Þ
μ ¼ q†γμðγ5Þ =D⊥h;O

VðAÞð2Þ
μ ¼ q†vμðγ5Þ =D⊥h;

TVðAÞð1Þ
μ ¼

Z
d4y
n
JVðAÞð1Þμ ð0Þ; h†ðyÞiD2⊥hðyÞ

o
; TVðAÞð2Þ

μ ¼
Z

d4y
n
JVðAÞð2Þμ ð0Þ; h†ðyÞiD2⊥hðyÞ

o
: ð48Þ

Note that

h0jJVðAÞμ jPðvÞi ¼ −C12F
ð0Þ
VðPÞvμ þ

C12
2mQ

ðFð1=mQÞ
VðPÞ;1 þ F

ð1=mQÞ
VðPÞ;2 Þvμ ¼ −C12FPvμ; ð49Þ

where C12 ≡ C1ðμ0Þ − C2ðμ0Þ.
We first compute the decay constants for the pseudoscalar and vector heavy mesons from the leading-order currents. The

results are obtained to be

X
i

Ciðμ0Þh0jJAðiÞμ jPi ¼ iC12gN
Z

d4pq

ð2πÞ4 FðpqÞTr½γμγ5SQðiΛ − v · pqÞΓPSqðpqÞ� ¼ −C12F
ð0Þ
P vμ; ð50Þ

X
i

Ciðμ0Þh0jJVðiÞμ jVi ¼ iC12gN
Z

d4pq

ð2πÞ4 FðpqÞTr½γμSQðiΛ − v · pqÞΓVSqðpqÞ� ¼ iC12F
ð0Þ
V ϵμ; ; ð51Þ
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where SQ and Sq stand for the heavy-quark and light-quark propagator in Fig. 2, respectively. The explicit calculation yields

the same results for Fð0Þ
P and Fð0Þ

V ,

Fð0Þ
P ¼ Fð0Þ

V ¼ 4π2gN
ð2πÞ4

Z
∞

0

dpqFðpqÞ
pq½p2

q þ 2ðΛþMqðpqÞÞðΛ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q
Þ�

p2
q þM2

qðpqÞ
: ð52Þ

As mentioned previously, the Nf ¼ 1þ 1 heavy-light quark interactions do not remove the degeneracy due to the heavy-
quark spin symmetry even with 1=mQ corrections. The improvement can only be achieved by considering the Nf ¼ 2þ 1

interactions. We will leave it as a future work.
We evaluate the decay constants for the D and B mesons to be in the range of

fD ¼ C12FDffiffiffiffiffiffiffi
mD

p ¼ ð295.0 − 322.6Þ MeV; fB ¼ C12FBffiffiffiffiffiffiffi
mB

p ¼ ð200.5 − 242.6Þ MeV; ð53Þ

where we have used the value of μ0 from 1.4 GeV to 0.6 GeV, respectively. If we use μ0 ¼ 1 GeV, we obtain the decay
constants as

fD ¼ 302.4 MeV; fB ¼ 209.8 MeV: ð54Þ

We now compute the 1=mQ corrections to the decay constants:

F
ð1=mQÞ
P;1 ¼ gN

Z
dpqFðpqÞ

2
64p3

q



Λ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q �
2π2½p2

q þM2
qðpqÞ�

þ
pqΛ

n
p2
q þ 2ΛðΛ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q �o
4π2½p2

q þM2
qðpqÞ�

3
75;

F
ð1=mQÞ
P;2 ¼ −gN

Z
∞

0

dpqFðpqÞ
pq

4π2ðp2
q þMqðpqÞ2Þ

×

	
2

�
p2
q



3Λ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q �
þ 4Λ2



Λ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q ��
þ 3MqðpqÞ

�
p2
q þ 2Λ



Λ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
q þ Λ2

q ��


þ 2gN
9π2ρ2NcN
ðN2

c − 1ÞV
Z

∞

0

dpq

FðpqÞpq



p2
q − ð2ΛþMqðpqÞÞ


 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Λ2 þ p2

q

q
− Λ

��
4π2
�
p2
q þM2

qðpqÞ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2
q þ Λ2

q : ð55Þ

In Table I, we list the total results for the heavy meson
decay constants, fD and fB, obtained at the normalization
point given in the range of μ0 ¼ ð0.6ðþÞ − 1.4ð−ÞÞ GeV.
The results are in good agreement with the Particle Data
Group (PDG) average values [50]. We also compare the
current results with those from lattice QCD [55] and QCD
sum rules [56].

VII. SUMMARY AND OUTLOOK

In this work, we aimed at developing an approach to
heavy-light quark systems based on the QCD instanton
vacuum. We first derived an effective heavy-light quark
interaction for the Nf ¼ 1þ 1 case, providing a connection
between light and heavy quark dynamics. By employing

TABLE I. Total results for the heavy meson decay constants and masses of the D and B mesons in comparison with recent data from
lattice QCD [55] and QCD sum rules [56]. In the last column, PDG average values [50] are given. The normalization point in the present
work is given in the range of μ0 ¼ ð0.6ðþÞ − 1.4ð−ÞÞ GeV.

This work Lattice QCD [55] QCD sum rule [56] PDG average [50]

fD [MeV] 204.6þ13.6
−4.5 209.0(2.4) 190(15) 203.8(4.7)(0.6)(1.4)

fB [MeV] 191.2þ30.0
−8.4 192.0(4.3) 192þ20

−15 190.0(1.3)
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the compositeness and normalization conditions, we deter-
mined the physical residual mass of heavy mesons to be
Λ ≈ 262.8 MeV. This allowed us to calculate the masses
of D and B mesons, obtaining mD ¼ 1.942 GeV and
mB ¼ 5.322 GeV, which approximate the average
masses of pseudoscalar and vector heavy mesons. We
then computed the weak decay constants for the D and
B mesons to the leading order and next-to-leading order
in the 1=mQ expansion. Considering the normalization
point of the current approach in the range of μ0 ¼
ð0.6–1.4Þ GeV, we obtained fD ¼ ð204.6þ13.6

−4.5 Þ MeV and
fB ¼ ð191.2þ30.0

−8.4 Þ MeV. The present results are in good
agreement with recent lattice QCD results and PDG
average values. The current study establishes a foundation
for further investigations within the instanton vacuum
framework. Future directions include extending the analy-
sis to the Nf ¼ 2þ 1 case to examine spin-spin inter-
actions and their role in lifting the degeneracy between
pseudoscalar and vector heavy mesons. The heavy-light
quark interactions derived from the instanton vacuum may
shed light on the nonperturbative structure of the heavy
mesons and illustrate the interplay between heavy quark

symmetry and chiral dynamics in more complex heavy-
light quark systems such as tetraquark hadrons.
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APPENDIX: INTEGRATION IN COLOR SPACE

In this appendix, we compile the formulae for the
integration over color orientation:

Z
dU ¼ 1;

Z
dUUα1

β1
U†α2

β2
¼ 1

Nc
δα1β2δ

α2
β1
;Z

dUUα1
γ1U

†δ1
β1

Uα2
γ2U

†δ2
β2

¼ 1

N2
c
δα1β1δ

γ1
δ1
δα2β2δ

δ2
γ2 þ

1

4ðN2
c − 1Þ ½λ

c�α1β1 ½λd�
γ1
δ1
½λc�α2β2 ½λd�δ2γ2

¼ 1

N2
c − 1

½δα1β1δ
α2
β2

�
δδ1γ1δ

δ2
γ2 −

1

Nc
δδ1γ2δ

δ2
γ1

�
þ δα1β2δ

α2
β1

�
δδ1γ2δ

δ2
γ1 −

1

Nc
δδ1γ1δ

δ2
γ2

�

; ðA1Þ

where Fierz identity for color matrices,

½λc�α1β1 ½λc�
α2
β2
¼ 2

�
δα1β1δ

α2
β2
−

1

Nc
δα1β2δ

α2
β1

�
; ðA2Þ

are used.
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