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We apply the 3D glasma simulation method using Milne coordinates, proposed in our previous work
[H. Matsuda and X.-G. Huang, [Phys. Rev. D 108, 114008 (2023)] ], to the early stage of the Au-Au
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. The nucleus model prior to the collisions, which offers the initial condition
for the 3D glasma simulation, is constructed to account for the longitudinal structure of the nucleus, the
finite thickness of nucleons, and their random positions along the collision axis. We investigate rapidity
profiles for a wide range of physical quantities of the glasma, including energy, pressure, fluctuations of
topological charge, eccentricity, and angular momentum. In particular, we elucidate the behavior of
eccentricity and angular momentum, which are physical quantities dependent on the geometric shape of the
glasma, across a wide range of impact parameter regions.

DOI: 10.1103/PhysRevD.110.114032

I. INTRODUCTION

Relativistic heavy-ion collisions provide a unique oppor-
tunity to study the properties of matter under extreme
conditions. Understanding the evolution of the matter
produced in these experiments is a complex problem
involving various aspects of quantum chromodynamics
(QCD). In the early stages of the collision, the system is
energetic and consists of quarks and gluons which are
liberated from an inside of a hadron. This matter is in a far-
from-equilibrium state, and is expected to evolve into a
quark-gluon plasma (QGP), where quarks and gluons
behave collectively as a hydrodynamic fluid. As the system
expands and cools, the QGP undergoes a phase transition to
a many-body system of hadrons; however, it can still be
regarded as a hydrodynamic fluid. Further expansion leads
to the breakdown of the hydrodynamic description due to

the dilution of the system, and then kinetic theory becomes
valid to describe the dilute hadron gas.
To confirm the temporal existence of the QGP and study

its features, it is necessary to accurately understand the entire
evolution of the produced matter, noting that the dominant
dynamics and suitable theoretical frameworks differ at each
stage. The collective behavior from the formation of the
QGP to the early stage of the hadron gas is well described by
relativistic viscous hydrodynamics [1], and the evolution of
the dilute hadron gas is effectively captured by hadron
transport models, such as the ultrarelativistic quantum
molecular dynamics (UrQMD) [2,3] and the jet AA micro-
scopic transportation model (JAM) [4]. However, under-
standing nonequilibriummatter prior to the hydrodynamical
stage remains inadequate because it involves complex
nonequilibrium processes in QCD, from the formation of
far-from-equilibrium matter due to the collision to the
hydrodynamization of the produced matter. In practice,
instead of pursuing the full description for the nonequili-
brium process, we adopt an approach that utilizes a
phenomenological initial state model to provide the initial
conditions for hydrodynamic fluids.
Initial state models can be broadly categorized into two

types. The first type is a nondynamical model that con-
structs the profile of the energy or entropy density at the
phenomenological onset time of hydrodynamics directly by
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considering some relevant information, such as the event-
by-event geometry of nucleons within the nucleus, and
nucleon-nucleon scattering amplitude. Examples include
the Monte Carlo Glauber model [5], and reduced thickness
event-by-event nuclear topology (TRENTo) model [6,7].
The second type is a dynamical model that focuses on
specific degrees of freedom of the nonequilibrium matter
and incorporates their preequilibrium flow into the hydro-
dynamic initial conditions. This is achieved by simulating
the dynamical evolution of these degrees of freedom
using an effective description. For instance, the impact-
parameter-dependent glasma (IP-glasma) model provides
the hydrodynamic initial condition, where the preequili-
brium information of the gluonic matter produced in the
collision, called glasma, is taken into account [8].
The IP-glasma model utilizes the classical Yang-Mills

(CYM) field to describe the glasma. This CYM field
description is based on the color glass condensate (CGC)
effective theory, which is an effective theory to describe the
collective dynamics of gluons inside a large and relativistic
nucleus [9,10]. In a large nucleus at a relativistic speed, the
number of gluons carrying a small fraction of the parent
hadron’s longitudinal momenta (soft partons) is overwhelm-
ingly large compared to the number of partons carrying a
larger fraction of the parent hadron’s longitudinal momenta
(hard partons). The high occupancy of these soft gluons
allows them to be approximated as classical fields, similar to
a Bose-Einstein condensate, which are radiated from the
hard partons. Since soft gluons do not see individual hard
partons, but rather the collection of a lot of hard partons, the
color charge seen by soft gluons appears disordered. In
addition to the disordered behavior, the hard partons appear
frozen in the lifetimes of the soft gluons due to the Lorentz
dilation, together making the hard partons appear glasslike
to the soft gluons. In the CGC effective theory, with the use
of these features, a large and relativistic nucleus is modeled
as the theoretical state, called color glass condensate, where
soft gluons are described as the CYM fields and hard partons
are given as the disordered and frozen color charge density
that works as a source of the CYM fields. Based on the CGC
framework, relativistic heavy-ion collisions can be modeled
as the collision of two CGCs and the associated liberation of
soft gluons, using the CYM fields [11]. The CYM descrip-
tion is also valid for the subsequent dynamical evolution
of the liberated gluons, the glasma, as far as it is enough
dense [12]. The nonequilibrium dynamics of glasma has
been extensively studied based on the CYM field descrip-
tion, under the assumption of boost invariance [12–30].
While the IP-glasma model is considered one of the most

successful initial state models in reproducing experimental
results, its conventional application has been limited to
the near midrapidity region [8]. This limitation is due to
the boost invariant assumption for the CYM description.
Recently, experimentalmeasurements have revealed rapidity-
dependent observables, such as the rapidity decorrelation of

flow [31,32] and transversemomentum[33,34].Additionally,
the theoretical study suggests that the rapidity correlation of
conserved quantities is expected to preserve the preequili-
brium information encoded in the hydrodynamic initial
condition [35]. These developments inspire us to study the
glasma description that goes beyond the boost-invariant
assumption to establish a 3D initial statemodel incorporating
the nonequilibrium flow of the glasma.
Two approaches are being explored to account for effects

beyond boost invariance in the glasma, each addressing
different aspects. One approach solves the Jalilian-Marian-
Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK)
equation to account for the next-to-leading order correction
to soft gluons inside nuclei prior to the collision, and goes
beyond boost invariance [36–41]. The 3D IP-glasma model
that accounts for the next-to-leading order correction
has already been established and applied to phenomeno-
logy [42–44]. The other approach is to relax the shock-wave
approximation assumed in the boost-invariant glasma
description, and the JIMWLK equation. The so-called
shock-wave approximation treats the hard partons in a
specific manner: the hard partons are assumed to run at the
speed of light, go straight along the collision axis, remain
unchanged during the collision, and be located on an
infinitely thin nucleus in the collision direction. Especially,
considering the finite thickness of the nucleus breaks the
boost invariance. References [45–47] propose numerical
simulation methods for the 3D glasma that relax the latter
two of the shock-wave approximations mentioned above.
These simulations solve a set of evolution equations of the
CYM field and classical color charge density numerically.
However, the computational resources required are signifi-
cantly large, since the longitudinal dimension and the
evolution of the classical color charge density must be
considered, unlike the calculation of the boost-invariant
glasma. Therefore, the 3D glasma simulation beyond the
shock-wave approximation has not yet reached the stage of
being combined with hydrodynamics to compare with
experimental results.
The semianalytical method, which relies on the order-by-

order analytic solution of the evolution equations using
weak-field expansion andMonte Carlo integration, helps us
to avoid the large numerical demands of the 3D glasma
beyond the shock-wave approximation [48,49]. This
method serves as a valuable guide for understanding the
features of the 3D glasma. However, in realistic heavy-ion
collisions, the expected density of the color charge is not
weak enough to clearly justify the weak-field expansion.
Therefore, it is essential to continue investigating the 3D
glasma using simulation methods.
Recently, we proposed a new approach to perform the 3D

glasma simulation beyond the shock-wave approximation
using Milne coordinates, which relatively requires fewer
computational resources [45]. Previously, the 3D glasma
simulation methods beyond the shock-wave approximation
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have been formulated inMinkowski coordinates, requiring a
larger longitudinal lattice size due to the longitudinal
expansion of the system [46,47]. In contrast, simulations
using Milne coordinates that follow the longitudinal expan-
sion of the system significantly alleviate this problem.
In this study, we apply the 3D glasma simulation method

in Milne coordinates to Au-Au collisions at 200 GeV per
nucleon pair conducted in the Relativistic Large Hadron
Collider (RHIC). We investigate various physical quantities
in the 3D glasma that has rapidity dependence due to the
consideration of some effects beyond shock-wave approxi-
mation. We simplify the numerical calculations by setting
the number of colors to 2 instead of 3. While calculations
based on SU(2) do not provide quantitative predictions for
relativistic heavy-ion experiments, they are expected to
yield qualitatively similar results to those obtained with
SU(3) [13,50]. In Sec. II, we introduce the CGC-based
description of the 3D glasma in Milne coordinates, which is
used in our simulations. In Sec. III, we construct the 3D
initial condition for the gold nuclei prior to the collision,
where the finite thickness of nucleons and their random
positions along the collision axis are taken into account. In
Sec. IV, we focus on the central collision. We calculate the
rapidity profiles of the energy density and pressure, basic
quantities of hydrodynamics, as well as the squared
topological charge that is expected to be generated at the
moment of the collision. In Sec. V, we show some
geometry-dependent physical quantities, such as eccentric-
ity, which reflects the geometry in the transverse plane
perpendicular to the collision axis, and angular momentum,
which is expected to be generated by the asymmetry of the
system geometry with respect to the impact parameter
direction. In Sec. VI, we summarize our work.

II. METHOD

We numerically simulate the process of two distant
nuclei colliding and separating, followed by the formation
of glasma. In the following, we first introduce two types of
Milne coordinates: the usual Milne coordinates used to
interpret numerical results obtained by simulations and the
modified Milne coordinates used to describe the evolution
of the system in simulations. Then, we explain the CGC-
based description of the 3D glasma simulation in continu-
ous spacetime, based on the modified Milne coordinates.

A. Usual and modified Milne coordinates

We consider two types of Milne coordinates: one is the
Milne coordinates usually used in hydrodynamic simula-
tions, which we call “usual Milne coordinates,” and the
other is the Milne coordinates specially introduced, which
we call “modified Milne coordinates.” The former is used
to interpret numerical results obtained from simulations,
and the latter is used to describe the evolution of the system
in simulations. As preparation for introducing them, we

first consider the general expression of the Milne coor-
dinates as

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðx− − xshiftÞðxþ − xshiftÞ

p
; ð1Þ

η ¼ 1

2
ln
xþ − xshift
x− − xshift

; ð2Þ

where the light-cone coordinates are defined as x∓ ¼
ðt ∓ zÞ= ffiffiffi

2
p

, and the shift parameter xshift is introduced,
which can be regarded as adding a constant to t,
t → t − xshift. In our setup, the longitudinal extents of the
colliding nuclei are roughly given by their radius R and
Lorentz factor γ, and their center positions in the light-cone
variable are taken as x− ¼ xc and xþ ¼ xc with xc > R=γ.
In the usual Milne coordinates, the colliding nuclei

barely exist in the forward light cone, as illustrated in
the left panel of Fig. 1. Accordingly, we set xshift ¼ xc þ
Rffiffi
2

p
γ
to define the usual Milne coordinates and denote them

as (τ, η). The calculation results obtained from the
simulation in the modified Milne coordinates are inter-
preted using the usual Milne coordinates. To achieve that,
we perform a general coordinate transformation on the
numerically calculated energy-momentum (EM) tensor and
field strength tensor in the modified Milne coordinates to
obtain these in the usual Milne coordinates.
In the modified Milne coordinates, the colliding nuclei

exist almost entirely in the forward light cone, as illustrated
in the right panel of Fig. 1. We define the modified Milne
coordinates by taking xshift ¼ 0 to realize this situation, and
denote them as (τ̃; η̃). We conduct numerical simulations
for the τ̃ evolution of the system, which includes the
collision and separation of nuclei as well as the generation
and evolution of glasma, in modified Milne coordinates.

B. CGC-based description of glasma

We employ the classical field approximation based on
the CGC effective theory to describe the initial stages of
relativistic heavy-ion collisions. The CGC effective theory
is adept at describing the collective behavior of soft gluons,
each carrying a small fraction of the longitudinal momen-
tum of the parent nucleon inside a large and relativistic
nucleus. Its key features include modeling the hard partons,
which are quarks and gluons with larger longitudinal
momentum, using the classical color charge density ρ,
which acts as a source radiating the soft gluons, while
treating the soft gluons as the CYM field. The CYM field is
given as a solution to the equations of motion containing
the classical color charge densities,

½Dν; Fνμ� ¼ JμA þ JμB ¼ δμþ
ρA
g
þ δμ−

ρB
g
; ð3Þ

where g is the strong coupling constant, ρA and ρB
denote the classical color charge densities of the
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right- and left-moving nuclei, respectively, and the covar-
iant derivative is defined as Dμ ≡ ∂μ − igAμ. The classical
color charge densities obey the following continuity
equations:

½Dμ; J
μ
A=B� ¼

�
∂μ − igAμ; δμ�

ρA=B
g

�
¼ 0; ð4Þ

which indicates that hard partons, carrying classical color
charges, go straight along the collision axis at the speed of
light. Thus, the change in the classical color charge density
according to Eq. (4) is only the phase rotation in the color
space. It should be noted that the treatment, in which each
color charge density obeys the continuity equation, is not
clearly justified during the time when the two colliding
nuclei overlap. To address this, a microscopic treatment of
the interactions among hard partons is necessary.
In this framework, the properties of the nucleus that we

are interested in are given by the initial condition of
classical color charge density at the infinite past, which
is randomly assigned according to a probability distribu-
tion, WA=B½ρA=B�. The simplest way to assign the proba-
bility distribution is to assume a Gaussian distribution,
known as the McLerran-Venugopalan (MV) model [9]. The
Gaussian distribution is justified by the central limit
theorem if the color charge density can be treated as the
superposition of the color charges of a large number of
mutually independent hard partons, such as when the color
charge density originates solely from the valence quarks of
each nucleon inside a significantly large nucleus [51].
Therefore, as the Bjorken x of the soft gluons of interest and

atomic number of the nucleus are larger, the applicability of
the MV model is enhanced. In the MV model, the expect-
ation values of physical quantities in the glasma are given
by the event average weighted by the probability distribu-
tion for two colliding nuclei,

hOi ¼
Z

DρADρBWMV½ρA�WMV½ρB�O½ρA; ρB�: ð5Þ

Note that, when moving to a larger energy scale or a wider
rapidity region, the relevant value of Bjorken x of the soft
gluons becomes smaller, and the higher-order correction to
the weight function obtained by solving the JIMWLK
equation needs to be considered [36–41]. Then, it is a more
complicated problem whether the factorization shown in
Eq. (5) holds under the evolution of the JIMWLK equation,
which is discussed in Ref. [52].
Let us consider the case of a single nucleus without a

collision as an introduction. The solution to the equation of
motion for the CYM fields for the moving nucleus is a non-
Abelian gauge theory version of the Weizsäcker-Williams
(WW) field in the electromagnetic field [9,53],

AA=B
� ¼ 0; AA=B

i¼1;2¼
i
g
VA=B∂iV

†
A=B; ð6Þ

which can be expressed using Wilson lines,

V†
A=B ¼ Px∓ exp

�
−i

Z
x∓

−∞
dx0∓∂−2⊥ ρA=B;cov

�
; ð7Þ

FIG. 1. Left: trajectories of the colliding nuclei and τ ¼ 0 line on the t-z plane. Right: trajectories of the colliding nuclei and
τ̃ ¼ 0 line on the t-z plane. The spacetime region of propagating nuclei is colored in gray. The gray area corresponds to
x∓ ¼ ½xc − R=ð ffiffiffi

2
p

γÞ; xc þ R=ð ffiffiffi
2

p
γÞ�. The τ ¼ 0 and τ̃ ¼ 0 lines are indicated in red.

HIDEFUMI MATSUDA and XU-GUANG HUANG PHYS. REV. D 110, 114032 (2024)

114032-4



where the indices A and B in the gauge field and Wilson
line represent nuclei A and B, respectively, and Px∓ is the
x∓-ordered product. The classical color charge density in
theWilson line, ρcov, is a solution of the continuity equation
shown in Eq. (4) with the gauge field in the covariant gauge
∂μAμ ¼ 0, while the gauge condition for the gauge fields
in Eq. (6) is given in the light-cone gauge, AAþ ¼ 0 or
AB− ¼ 0. The classical color charge densities in the
covariant and light-cone gauges can be transformed into
each other by a gauge transformation,

ρA=B;cov ¼ V†
A=BρA=B;ðL:C:ÞVA=B: ð8Þ

An important feature of the classical color charge density in
the light-cone gauge is that it is independent of the light-
cone time, namely static: ∂�ρA=B ¼ 0. Moreover, in this
gauge, the CYM fields also become static: ∂�AA=B ¼ 0.
Later, we simply denote the classical color charge density
in the covariant gauge as ρ by omitting “cov”: ρcov → ρ.
Before moving to the case of the collision, let us

emphasize that the WW fields given in Eq. (6) have only
the transverse colorelectric and colormagnetic fields,
similar to the WW fields of the electromagnetic field.
The colorelectric and colormagnetic fields in the light-
cone coordinates are defined as EA=B;i ≡ Fi� and BA=B;i ≡
1
2
ϵijkFjk ði; j; k ¼ 1; 2;∓Þ, respectively. It is easy to obtain

the colorelectric and colormagnetic fields of the WW fields
as follows:

EA=B;1 ¼ BA=B;2 ¼ 1

g
VA=B

�
∂1

∂
2⊥
ρA=B

�
VA=B†; ð9Þ

EA=B;2 ¼ −BA=B;1 ¼ 1

g
VA=B

�
∂2

∂
2⊥
ρA=B

�
VA=B†; ð10Þ

EA=B;∓ ¼ BA=B;∓ ¼ 0: ð11Þ

Next, we consider the case of a collision occurring. Then,
the complexity of the CYM equation of motion and
continuity equation increases significantly compared to
the case of a single nucleus. Obtaining an analytical
solution without approximations becomes impractical.
Numerically solving the evolution equations is also chal-
lenging. However, the approximations of infinitely thin
nuclei and their remaining unchanged due to the collision
are known to drastically simplify the treatment, although
these restrict the CYM equation of motion to being boost
invariant [11,12]. We try to solve those evolution equations
exactly without these approximations in the modifiedMilne
coordinates, starting from the initial conditions before
the collision until the time of interest after the collision.
The gauge condition used is the Fock-Schwinger gauge
for the modified Milne coordinates, Aτ̃ ¼ 0.

The initial modified proper time τ̃ini is chosen to be
sufficiently small. This ensures that the classical color
charge densities from nuclei A and B are well separated
into the negative and positive modified rapidity regions,
respectively, as shown in Fig. 2. This initial condition
corresponds to a situation where the nuclei have not yet
collided. For both nuclei A and B, the single nucleus’s
solution of the CYM field shown in Eq. (6) satisfies the
Fock-Schwinger gauge. Thus, if the two nuclei are com-
pletely uncausal at τ̃ ¼ τ̃ini, the initial conditions for the
CYM fields and classical color charge densities are exactly
given by the static solutions of the individual nuclei.
However, in practice, we describe the classical color charge
densities of the nuclei as the sum of nucleon’s color charge
densities with a longitudinal Gaussian shape, as explained
in the next section. Therefore, even in the infinite past, there
is a small overlap between both nuclei. As a result, they are
always causal for each other in principle. Thus, as an
approximate treatment, we set the initial condition of the
CYM fields, except for the longitudinal electric fields, as a
superposition of the WW fields from each individual
nucleus in the infinite past,

Ai¼1;2jτ̃¼τ̃ini
¼ AA

i þ AB
i ; ð12Þ

Aη̃jτ̃¼τ̃ini
¼ Aτ̃jτ̃¼τ̃ini

¼ 0; ð13Þ

and

Ei¼1;2jτ̃¼τ̃ini
≡ τ̃Fiτ̃jτ̃¼τ̃ini

¼ x−EA;i þ xþEB;i: ð14Þ

Here, the general coordinate transformation from the light-
cone coordinates to the modified Milne coordinates is used.
In addition to these, the longitudinal colorelectric field,
Eη̃ ≡ τ̃Fη̃ τ̃, is given by

Eη̃jτ̃¼τ̃ini
¼ ig½AA

1 ; A
B
1 � þ ig½AA

2 ; A
B
2 �; ð15Þ

which is determined to make the initial condition satisfy
Gauss’s law,

FIG. 2. Intuitive depiction of two colliding nuclei at the initial
modified proper time τ̃ ¼ τ̃ini.
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X
i¼1;2;η̃

½Di; Ei� ¼ 1

τ̃
½x−ρA;ðL:C:Þ þ xþρB;ðL:C:Þ�: ð16Þ

Here, ρA=B is given as event-by-event random numbers
according to a specified probability distribution, and
ρA=BðL:C:Þ is obtained from ρA=B via a gauge transformation.
The longitudinal colorelectric field, given in Eq. (15),
vanishes if there is no overlap between the two nuclei at
the initial modified proper time τ̃ini, namely if they are
completely uncausal.
The behavior of the system for the later time, τ̃ > τ̃ini, is

obtained by solving the CYM equation of motion and
continuity equation with respect to τ̃, starting from the
aforementioned initial conditions. The evolution of the
system includes the collision and separation of nuclei, as
well as the generation and evolution of glasma. In actual
calculations, the initial conditions are discretized on a
spatial lattice, and the equations of motion and continuity
equation for the discrete fields are numerically solved to
track the τ̃ evolution of the fields. The lattice formulation is
provided in Ref. [45].

III. INITIAL CONDITION OF NUCLEUS
WITH FINITE LONGITUDINAL THICKNESS

Here, we construct a nucleus model for the precollision
gold nucleus at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. We simply extend the
infinitely thin nucleus model used in the boost-invariant
IP-glasma model to a nucleus with longitudinal structure,
considering the finite thickness of nucleons and their
random positions along the collision axis. We consider
the initial condition of the classical color charge density of
the nucleus as a superposition of the nucleon’s color charge
densities,

ρA=B ¼
XNA

i¼1

ρA=B;i; ð17Þ

where the atomic number is taken as gold’s value,
NA ¼ 197. The positions of the ith nucleon for each
nucleus, ðx1A=B;i; x2A=B;i; x∓A=B;iÞ, are randomly assigned for
each event according to a Woods-Saxon distribution,

fwsðx⊥; x∓Þ ∝
1

1þ e

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx⊥−b⊥Þ2þ2ðx∓−b∓Þ2=γ2

p
−R

askin

; ð18Þ

where γ ¼ 108 is the Lorentz factor, R ¼ 6.38 fm is the
nucleus radius, askin ¼ 0.535 fm is the thinness of the
nucleus surface, and b is the center position of the nucleus,
which is set to ðb1; b2; b−Þ ¼ ð−bimp=2; 0; xcÞ for nucleus
A and ðb1; b2; bþÞ ¼ ðbimp=2; 0; xcÞ for nucleus B. Here,
bimp is the impact parameter.

The initial color charge density of the ith nucleon is
given as a random number to satisfy the following event
averages:

hρaA=B;iðxÞi ¼ 0; ð19Þ

and

hρaA=B;iðxÞρbA=B;iðx0Þi ¼ δa;b
�
g2μ

�
xþ x0

2
− xA=B;i

��
2

× N1Dðx∓ − x0∓; lLÞδ2ðx⊥ − x0⊥Þ;
ð20Þ

where a is a color index, μ2 denotes the average squared
color charge of the hard partons within the nucleon, which
is the MV model parameter appearing as g2μ, and
N1Dðx∓ − x0∓; lLÞ is a normal distribution function with
a variance of lL that controls the longitudinal correlation
length in the color charge density. These event-averaged
relations are a generalization of the original MV model,
where the color charge density is independent for each
point in space, which is recovered in the small limit of lL.
The nucleon’s color charge density is assumed to have a

Gaussian form in the longitudinal direction:

ρaA=B;iðxÞ¼N1Dðx∓−x∓A=B;i;
ffiffiffi
2

p
rLÞ×Γa

A=B;iðxÞ; ð21Þ

where the variance of the normal distribution,
ffiffiffi
2

p
rL,

corresponds to the spatial spread of the nucleon’s color
charge density, and ΓA=B;i is a random number satisfying
the following event average:

hΓa
A=B;iðxÞΓb

A=B;iðx0Þi

¼ δa;b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πð2r2L þ σ2LÞ

q

× ½g2μ2Dðx⊥Þ�2N1Dðx∓ − x0∓; σLÞδ2ðx⊥ − x0⊥Þ; ð22Þ

with the longitudinal correlation length σL, which relates lL
and rL as

σ−2L ¼ l−2L − ð2rLÞ−2: ð23Þ

This relation provides a constraint on lL as lL < 2rL,
reflecting the limitation of the longitudinal correlation
length by the longitudinal extent of gluons in the nucleon.
It is easily seen that the classical color charge density given
in Eq. (21) satisfies Eq. (20) with

½g2μðxÞ�2 ¼ ½g2μ2Dðx⊥Þ�2 × N1Dðx∓; rLÞ; ð24Þ

where ½g2μ2D�2 ¼
R
dx∓½g2μ�2 is an integration of ½g2μ�2

over the light-cone space.
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Usually, the MV model parameter is considered through
the saturation scale, Qs, which is the characteristic trans-
verse momentum scale for soft gluons with the Bjorken
x of interest inside a nucleus or nucleon. Especially, the
IP-glasma model refers to the phenomenological values of
the saturation scale estimated using the impact-parameter
dependent saturation (IP-sat) model [54,55]. The saturation
scale in the IP-sat model depends not only on Bjorken x,
but also on the transverse coordinate, reflecting the trans-
verse distribution of soft gluons. We use the proton’s
saturation scale Qs;n estimated by the IP-sat model with
the HERA data [56], and define g2μ2D as

g2μ2D ¼ λQs;n; ð25Þ

where λ is a parameter that controls their ratio.
To determine the saturation scale Qs;n, we first specify

the Bjorken x. Unlike deep inelastic scattering, the value of
the Bjorken x for the incoming partons contributing to
observables cannot be specified uniquely by kinematics.
This is because the glasma is a collection of the soft gluons
liberated by the collision of two CGCs. Thus, we need to
determine the “effective” x of soft gluons in the colliding
nuclei that is relevant to the glasma produced. Referring to
the on-shell condition for a single parton, we introduce the
following assumption for such an effective x [57]:

x ∼
ptyp
⊥ffiffiffiffiffiffiffiffi
sNN

p eYref ; ð26Þ

where ptyp
⊥ is a typical transverse momentum, which is set

here as ptyp
⊥ ∼ 1 GeV, and Yref is the momentum rapidity of

the interested gluon in the glasma. Since gluons are
massless and the collision happens in a narrow region
along the collision axis, the momentum rapidity is roughly
interchangeable with the (spacetime) rapidity, Yref ∼ η.
Later, we take the effective x as x ¼ 0.01, which is
consistent with near-central rapidity η ∼ 0. Thus, although
the current model accounts for rapidity-dependent effects
beyond the shock-wave approximation, it can be regarded
as being tuned more reliably for the midrapidity region.
We then address the model parameters in the Gaussian

functions, rL and lL. We remind the reader that the classical
color charge density corresponds to hard partons with a
light-cone momentum larger than that of the soft gluon with
x, p� ¼ xP�

Hadron, where P
�
Hadron ∼

ffiffiffiffiffiffiffiffi
sNN

p
=

ffiffiffi
2

p
is a hadron’s

light-cone momentum. Qualitatively, the inverse of the
longitudinal momentum p� gives the longitudinal spread
of the color charge density in light-cone coordinates,
Δx∓ ∼ 1=p� ¼ ffiffiffi

2
p

=ðx ffiffiffiffiffiffiffiffi
sNN

p Þ. Thus, we set rL to satisfy

2
ffiffiffi
2

p
rL ¼

ffiffiffi
2

p
=ðx ffiffiffiffiffiffiffiffi

sNN
p Þ ¼

ffiffiffi
2

p
=ð0.01 · 200Þ GeV: ð27Þ

The longitudinal correlation length σL is a free parameter in
the model, and, naively speaking, reducing lL would

account for the short-distance structure of the classical
color charge density carried by hard partons with larger x.
The influence of this parameter on various physical
quantities has been intensively studied using the semi-
analytical method [48,49] and numerical simulation [58].
Here, we choose the value of lL ranging from the maximum
value lL ¼ 2rL to a smaller one by 0.4, lL ¼ 0.4 · 2rL, and
investigate the impact of the choice of lL on physical
observables within our setup.
We choose the ratio λ such that the saturation scale of the

nucleus estimated using this nuclear model reproduces the
phenomenological estimate of the saturation scale. This
approach to determine the ratio between the MV model
parameter and the saturation scale was first proposed in
Ref. [57]. This approach involves extracting the saturation
scale of the nucleus from the peak structure in the Fourier
transform of the correlation function of the Wilson line for
an infinitely large value of the light-cone space variable:
V∞ ≡ limx∓→∞ VA=B,

k2⊥Cðk⊥Þ¼
Z
d2x⊥hjTr½V†

∞ðx⊥þy⊥ÞV∞ðy⊥Þ�j2−1ieik⊥·x⊥ ;

ð28Þ

where the correlation function does not depend on y⊥ due
to the translational invariance in the transverse plane. Since
our model does not have exact transverse translational
invariance, we only consider the central region of the
nucleus, defined as fðx1; x2Þ∈R2j½−R=2 < x1 − b1;
x2 − b2 < R=2�g, where we assume approximate transla-
tional invariance holds (Fig. 3). Then, we choose the ratio λ
such that the extracted saturation scale of the nucleus in this
central region reproduces the maximal value of the satu-
ration scale of gold, Qs;A ¼ 1.1 GeV, obtained using the
IP-sat model [59].
Figure 4 shows the transverse momentum dependence of

the Fourier transform of the Wilson line correlation
function in the central region. This is presented for different

FIG. 3. The central region of the nucleus in the transverse
plane, defined as fðx1;x2Þ∈R2j−R=2<x1−b1;x2−b2 <R=2g.
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values of the longitudinal correlation length, lL=2rL ¼ 0.4,
0.6, 0.8, and 1, and the ratios, λ ¼ 2, 3, and 4. The vertical
axis is normalized by the squared transverse momentum,
and the horizontal axis is normalized by the maximum
value of g2μ2D ¼ λQs;n, g2μ̄2D ∼ 0.532λGeV. The error
magnitude is calculated as the unbiased variance divided
by the square root of the event count. Here, the infrared (IR)
and ultraviolet (UV) regulators, explained below, are
set to ΛIR ¼ 0.2 GeV and ΛUV ¼ 2 GeV, respectively.
Interestingly, for all values of λ and lL, the peak appears
around k⊥=g2μ̄2D ∼ 0.65. By using this relation, we can
obtain the saturation scale in the central region as
Qestimated

s;A ¼ 0.65g2μ̄2D ∼ 0.346λGeV for 2 ≤ λ ≤ 4 and
0.4 ≤ lL=2 ≤ 1. Thus, the appropriate λ can be fixed to
reproduce the phenomenological value of the nucleus’s
saturation scale as λ ¼ 1.1½ GeV�=0.346½ GeV� ∼ 3.18.
It should be mentioned that, although the ratio k⊥=g2μ̄2D

for the peak position does not change within the range of
parameters, 2 ≤ λ ≤ 4 and 0.4 ≤ lL=2 ≤ 1, generally it can
depend on those parameters. In fact, it is found in Ref. [57]
that their results depend on the ratio of g2μ, which
corresponds to g2μ2D in our model, and the IR regulator
ΛIR, as well as the degree of longitudinal randomness in the
classical color charge density, which is accounted for by
changing lL in our model.
Note that some simplifications are imposed here, unlike

the conventional 2D IP-glasma model. The first is that we

give each nucleon’s color charge density based on the
saturation scale from the IP-sat model, while normally one
utilizes the nucleus’s saturation scale to obtain the classical
color charge density of the nucleus directly. Instead of this
simplification, we can account for the event-by-event
longitudinal position of nucleons in the nucleus model.
Accompanying the above simplification, we further sim-
plify by estimating x ¼ 0.01 using the assumed relation
given in Eq. (26), while normally one replaces ptyp

⊥ with the
saturation scale QsðxÞ and solves it self-consistently to
obtain x.
In the final part of this section, we explain the IR and UV

regulators, ΛIR and ΛUV, introduced for the classical color
charge density by replacing the classical color charge
density obtained in the above nucleus model as follows:

ρðkÞ → θðΛUV − k⊥Þ
k2⊥

k2⊥ þ Λ2
IR
ρðkÞ; ð29Þ

where k⊥ is the absolute value of the transverse momentum.
First, let us discuss the IR regulator. The Fourier compo-
nent of the color charge density with transverse momentum
k⊥ corresponds to the color charges in hard partons seen by
soft gluons with a transverse resolution scale of 1=k⊥.
When 1=k⊥ becomes larger than the size of the nucleon, the
total color charges contained within this seen transverse
area become zero due to color neutrality. Therefore, such IR
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modes should vanish, and it is necessary to introduce
an IR regulator to remove these IR contributions. We set the
IR regulator to be of the order of the QCD scale,
ΛIR ¼ 0.2 GeV, whose inverse is roughly consistent with
the size of a nucleon. Next, we explain the UV regulator. As
the transverse momentum increases, the transverse area
seen by soft gluons becomes very narrow, and eventually,
the number of hard partons within the seen transverse
area becomes small. The CGC treatment relies on the
assumption that the number of hard partons seen by soft
gluons is sufficiently large, which allows hard partons to be
modeled as random and classical color charge density.
Thus, too large transverse momentum modes of the
classical color charge density are inconsistent with the
CGC treatment. To reflect this limitation of the model, it is
necessary to introduce a UV regulator. However, given that
the UV regulator is taken to be sufficiently large, it has been
confirmed that the late-time behavior of the glasma is
insensitive to the UV cutoff [50,60]. We set the UV
regulator to be ΛUV ¼ 2 GeV.

IV. PHYSICAL QUANTITIES
FOR CENTRAL COLLISIONS

In this section, we present the results of simulations for
central collisions, conducted with an impact parameter of
zero. First, we calculate the rapidity profile of the energy
density in the local rest frame (LRF) for various values of
the correlation length lL. We show the dependence of their
shapes on lL and their magnitudes at midrapidity. Next, we
show the rapidity profiles of the energy density and
pressure, which are basic quantities of hydrodynamics.
Finally, we investigate the behavior of topological charge
and axial charge.
Simulations in this section and the next are performed on

a spatial lattice with the number of transverse and longi-
tudinal grid points being 224 and 896, respectively, in the
modified Milne coordinates ðτ̃; η̃Þ. The transverse and
longitudinal lattice spacings are taken as aT ¼ 0.8 GeV−1

and aη̃ ¼ 0.005. The lattice size and spacing are chosen to
ensure that the numerical results are robust against changes
in them. The evolution of the system is obtained by solving
the discretized Hamilton equation of motion and continuity
equation for the discretized CYM field and classical color
charge densities on the lattice using the leap-frog method.
The results are shown in the usual Milne coordinates ðτ; ηÞ.
To obtain the EM tensor and field strength in the usual
Milne coordinates, we perform a general coordinate trans-
formation. The maximum value of the usual proper time τ
sampled for observables is τ ¼ 0.6 fm=c, the phenomeno-
logical proper time for the onset of hydrodynamic evolu-
tion. Unless otherwise noted, the observables presented are
examined by taking their event average with a number of
events being 56. The error is estimated in the same manner
as for the numerical results of the Wilson line correlator in
the previous section. The number of colors is set to 2, and

the coupling constant is taken as g ¼ 2. It is important to
note that, in the CYM calculations, the g dependence of the
fields is trivial, which is the prefactor, as A; E; J ∝ 1=g.

A. Energy density in local rest frame

We first consider the energy density in the local rest
frame, εLRF, which we call the LRF energy density, defined
as an eigenvalue corresponding to the timelike eigenvector
of the EM tensor, Tμ

νuν ¼ εLRFuμ. The LRF energy density
is one of the basic quantities of relativistic hydrodynamics.
We extract the local energy density using the following
relation [47]:

εLRF¼
1

2

�
½Tττ−Tηη�þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½TττþTηη�2−4½Tτη�2

q �
; ð30Þ

Here, we assume that the transverse flow is neglected
(u1 ¼ u2 ¼ 0). This is because, in the early stage, the
system created is still expanding almost longitudinally. The
transverse flow would develop in the later stage due to
factors such as the transverse expansion of the hydro-
dynamic fluid caused by a pressure gradient. All sub-
sequent calculations of the LRF energy density in this paper
are based on this simplification. To estimate the EM tensor
using lattice simulations, we employ the expression of the
EM tensor that agrees with the EM tensor in continuous
space [45].
It should be noted that the EM tensor of the WW fields,

Tμν
WW, strictly yields zero LRF energy density as a result

of the relations Tττ
WW − Tηη

WW ¼ 0 and Tττ
WW þ Tηη

WW ¼
2jTτη

WWj. Mathematically, Tμν
WW is a non-normal matrix

and has no eigenvalues. Physically, the zero value of the
LRF energy density reflects that the WW field runs at the
speed of light, and thus its local rest frame cannot be
defined. Thus, the LRF energy density would include
minimal contributions from the WW field. However, in
general, the CYM field encompasses all the soft gluons
from both the glasma and WW fields, and their contribu-
tions cannot be clearly separated.
In Fig. 5, we show the rapidity profile of the LRF energy

density εLRF, integrated over the transverse plane and
normalized by πR2, which approximates the transverse
system size of the glasma for central collisions. Later, we
simply refer to this averaging as “averaging over the
transverse plane.” The result is presented for different
values of the longitudinal correlation length, lL=2rL ¼
0.4, 0.6, 0.8, and 1, at τ ¼ 0.6 fm=c. It is found that for the
maximum correlation length, the shape of εLRF appears
more rounded, and as lL decreases, the plateau structure
emerges, develops gradually, and changes into a dip
structure. We here discuss a realistic shape of εLRF,
assuming there is a close relationship between εLRF and
observed hadron multiplicity. In the RHIC experiment, we
have experimental data on the particle-rapidity profile
of observed hadrons for central Au-Au collisions at
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ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV: the pion “rapidity” profile, where the
rapidity is different from the spacetime rapidity η referred
to as rapidity in this paper, shows a Gaussian shape [61],
and the pseudorapidity distribution of total charged par-
ticles shows a plateau (or very slight dip) structure [62].
Even though these particle rapidities and rapidity η may be
similar concepts, there is no exact relation between them.
Therefore, lL ¼ 0.6 and 1, which provide the rounded
shape and plateau shape in the (spacetime) rapidity profile
of εLRF, as shown in Fig. 5, are used for the following
simulations.
In Fig. 6, we present the proper time evolution of the

rapidity profile of the LRF energy density εLRF multiplied
by the proper time τ, averaged over the transverse plane in
central collisions, for different values of the longitudinal
correlation length, lL=2rL ¼ 0.6 and 1. It is found that, in
the early proper time region, 0.2 fm=c < τ < 0.4 fm=c, the
LRF energy density εLRF expands longitudinally faster than
1=τ, while in the later proper time region, 0.4 fm=c
< τ < 0.6 fm=c, εLRF expands longitudinally at a rate close
to being proportional to 1=τ. Especially around midrapid-
ity, τεLRF appears constant in τ in the later proper time

region. Here, this 1=τ expansion is consistent with Bjorken
flow with no longitudinal pressure. Therefore, the above
finding indicates that the glasma may eventually behave
like Bjorken flow without longitudinal pressure after
the evolution, and this tendency is more realized near
midrapidity.
In Fig. 7, we show the transverse profile of the LRF

energy density εLRF at midrapidity η ¼ 0 in central
collisions. This is presented for different values of the
longitudinal correlation length, lL=2rL ¼ 0.6 and 1 at
τ ¼ 0.6 fm=c. The averaged LRF energy density in the
center of the glasma at midrapidity, ε̄ ∼ 6 GeV=fm3, is a
little smaller than that estimated by boost-invariant hydro-
dynamic simulations, ε̄ ∼ 11 GeV=fm3 [1], and the range of
the initial energy density estimated by the boost-invariant
glasma simulation with MV model, 7.1 GeV=fm3 ≤ ε̄ ≤
40 GeV=fm3 [14]. However, this discrepancy should be
improved when changing the number of colors to Nc ¼ 3.

B. Pressure and energy density

We consider the energy density ε, and the transverse and
longitudinal pressures, P⊥ and Pη, defined as

ε≡ Tττ; ð31Þ

P⊥ ≡ T11 þ T22

2
; ð32Þ

Pη ≡ τ2Tηη: ð33Þ

The energy density and pressure have the relation
ε ¼ 2P⊥ þ Pη, which is a result of the traceless nature
of the EM tensor led by the conformal symmetry of the
CYM theory.
In Fig. 8, we show the rapidity profile of the energy

density ε, transverse and longitudinal pressure P⊥ and Pη,
and LRF energy density εLRF, averaged over the transverse
plane in central collisions. This is presented for different
values of the longitudinal correlation length, lL=2rL ¼ 0.6
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and 1 at τ ¼ 0.6 fm=c. Interestingly, while the transverse
pressure and LRF energy density are localized near central
rapidity, the longitudinal pressure and energy density extend
to larger rapidity regions and even increase in larger rapidity
regions, as observed also in Refs. [45–47,49,58]. Similarly,
as shown later, Tτ3 also shows this increase feature even in
larger rapidity ranges than those shown in Fig. 8. We will
revisit and discuss this increase later.
The difference between the energy density and the LRF

energy density is worth mentioning. This difference is not
very large around midrapidity but increases significantly at
larger rapidity. Since this discrepancy stems from the EM
tensor not being diagonal, it indicates that Bjorken flow,
where uτ ¼ 1 and uη ¼ 0, no longer accurately describes
the longitudinal expansion of the system. In fact, in
Ref. [49], it is pointed out that the flow of the dilute 3D
glasma is slower than the Bjorken flow, especially in the
large rapidity region, and this deviation can be explained as
if the flow of the 3D glasma is a superposition of the
Bjorken flows generated in the collision region.

C. Topological charge

The glasma initially has strong parallel longitudinal
colorelectric and colormagnetic fields with a transverse
correlation length of 1=Qs [11,16]. This leads to large

fluctuations in the topological charge density which is
defined as

nT≡ 1

8π2
TrE ·B¼ 1

16π2

�
1

τ2
ðE1B1þE2B2ÞþEηBη

�
; ð34Þ

while the WW field has exactly zero topological charge
density since the colorelectric and colormagnetic fields of
the WW field are perpendicular to each other, as shown in
Eq. (11). The Adler-Bell-Jackiw anomaly equation tells us
that the topological charge density is related to the
divergence of the axial current [63,64],

∂τðτjτ5Þ − τ
X

i¼1;2;η

∂iji5 ¼ τnT: ð35Þ

The presence of the axial charge density, n5 ≡ τjτ5, may
lead to a number of intriguing anomalous transport phe-
nomena such as the chiral magnetic effect. Therefore, a
study on the topological charges and axial charge density is
important for the understanding of these physical quantities
in experiments [65,66]. We note that there are already some
studies on the topological charge in the boost-invariant
glasma [67–69]. We investigate the rapidity profile of the
topological charge and transverse correlation of the axial
charge.
In Fig. 9, we show the rapidity profile of the square of the

product of the topological charge density and proper time,
hðτnTÞ2i, averaged over the transverse plane in central
collisions. This is presented for different values of the
longitudinal correlation length, lL=2rL ¼ 0.6 and 1, at
τ ¼ 0.6 fm=c. These results confirm that topological
charge fluctuations are generated around midrapidity by
the collision, with a shape similar to the LRF energy
density. This shows that for central Au-Au collisions
at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the topological charge fluctuation

averaged over the transverse plane is about
ffiffiffiffiffiffiffiffiffi
hn2Ti

p
≈

3–4 fm−3=τ at midrapidity.
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FIG. 7. The transverse profile of the LRF energy density εLRF at
midrapidity η ¼ 0 in central collisions. This is presented for
lL=2rL ¼ 0.6 (left panel) and 1 (right panel) at τ ¼ 0.6 fm=c.
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Here, we consider the transverse correlation function of
the axial charge density, n5. We focus on the central area of
the glasma in the transverse plane, defined by −R=2 < x1;
x2 < R=2, and at midrapidity η ¼ 0, where approximate
transverse and longitudinal translational invariance approx-
imately hold. To estimate n5, we assume that the spatial
components of the axial current vanish, hji¼1;2;ηi ¼ 0, which
is a good approximation due to the approximate translational
invariance. Then, we employ the following relation:

n5 ¼
Z

τ
dτ τnT ¼

Z
τ̃¼τ̃ðτ;η¼0Þ

dτ̃ τnT; ð36Þ

where we use dτ ¼ dτ̃ which holds at the midrapidity. The
integration area in the modified proper time is bounded such
that the usual proper time, which is a function of the
modified Milne coordinate variables τ ¼ τðτ̃; η̃Þ, does not
exceed the usual proper time of interest.
In Fig. 10, we show the transverse correlation function of

n5 defined as

D⊥ðr⊥ ¼ jx⊥ − y⊥jÞ≡ hn5ðx1; x2Þn5ðy1; y2Þi: ð37Þ

This is presented at τ ¼ 0.2, 0.4, and 0.6 fm=c for different
values of the longitudinal correlation length, lL=2rL ¼ 0.6

and 1. The transverse correlation function decreases in the
region Qsr⊥ < 3, and for Qsr⊥ > 3, the values are con-
sistent with zero within the error. This behavior of the
transverse correlation function does not change over proper
time evolution. These results are in qualitative agreement
with previous studies on the boost-invariant glasma [69],
considering that the behavior of our results atQs ¼ 1.1 GeV
falls between the results at Qs ¼ 1 and 1.7 GeV presented

in that paper. The magnitude of
ffiffiffiffiffiffiffiffiffi
hn25i

q
=τ at τ ¼ 1=Qs is

approximately 0.5 fm−3 for lL=2rL ¼ 0.6 and 0.38 fm−3 for
lL=2rL ¼ 1. These magnitudes can also be explained as
values between the previously estimated values in the boost-
invariant glasma at Qs ¼ 1 and 1.7 GeV [69].

V. IMPACT PARAMETER DEPENDENCE
OF PHYSICAL QUANTITIES

In this section, we present and discuss the results of
calculations for various impact parameters, focusing on
impact parameter-dependent quantities. First, we examine
the eccentricity, which is a measure of the spatial anisotropy
of the system in the transverse plane perpendicular to the
collision axis. The eccentricity is converted into anisotropic
flow during hydrodynamic evolutions. Next, we investigate
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the generation of angular momentum caused by the asym-
metry of the system’s geometry with respect to the impact
parameter direction. This angular momentum, which is
perpendicular to the reaction plane, is expected to be
converted into the polarization of observed hadrons, called
global polarization [70,71]. Finally, we present the vortex
perpendicular to the reaction plane to study the rotation of
the glasma.

A. Eccentricity

In Fig. 11, we show the LRF energy density εLRF at
midrapidity η ¼ 0 for two choices of the longitudinal
correlation length, lL=2rL ¼ 0.6 and 1, and impact param-
eter, bimp=R ¼ 0 and 1 at τ ¼ 0.6 fm=c. It is found that the
LRF energy densities at the central collision, namely for
bimp=R ¼ 0, are isotropic in the transverse plane, while
those at the noncentral collision with bimp=R ¼ 1 have an
anisotropic shape that looks elliptical. Such a deformation
of the εLRF shape is expected to reflect the shape of the
overlap region of the colliding nuclei.
Next, we calculate the eccentricity, a physical quantity

characterizing the spatial anisotropy of the produced matter
in the transverse plane perpendicular to the collision axis.
We define the eccentricity using the LRF energy density as
follows:

εn ¼
R
d2x⊥εLRFrn⊥einϕR
d2x⊥εLRFrn⊥

; n > 1; ð38Þ

where r⊥ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx1Þ2 þ ðx2Þ2

p
and ϕ≡ arctan ðx2=x1Þ are

the polar coordinates in the transverse plane. This definition
of the eccentricity, shown in Eq. (38), is chosen such that
the real part of the eccentricity at n ¼ 2, which character-
izes the elliptical deformation of the glasma, is given by

Reε2 ¼
R
d2x⊥εLRF½ðx1Þ2 − ðx2Þ2�R
d2x⊥εLRF½ðx1Þ2 þ ðx2Þ2� : ð39Þ

The eccentricity is converted into anisotropic flow (such as
the elliptic flow which is a response to ε2) during the
system’s collective evolution in the hydrodynamic stage. It
is worth mentioning that, based on the definition of
eccentricity, the integrand is proportional to the nth power
of r⊥. However, it is also weighted by the LRF energy
density, which rapidly decreases to nearly zero as r⊥
increases. As a result, in our simulations, the eccentricity
is largely insensitive to the very large r⊥ region, where the
LRF energy density becomes negligible.
In Fig. 12, we show the real part of the eccentricity with

n ¼ 2 and 4, Reε2 and Reε4, for different values of the
longitudinal correlation length, lL=2rL ¼ 0.6 and 1, and
various impact parameters, bimp=R ¼ 0; 1=4; 1=2; 3=4, and
1, at τ ¼ 0.6 fm=c. It is found that both Reε2 and Reε4 are
consistent with zero within the error in a central collision
(bimp=R ¼ 0), while, as bimp increases, they become non-
zero, indicating the formation of an anisotropic shape of the
glasma. These behaviors of the eccentricities are consistent
with the shape of the LRF energy density of the glasma
shown in Fig. 11.
Next, we consider the rapidity correlation of the real part

of the eccentricities between η and η ¼ 4,

hReεnðηÞReεnð4Þi: ð40Þ

The eccentricity correlations are expected to be closely
related to the decorrelation of flow, which is experimentally
observed at LHC [31,32]. In Fig. 13, we show the rapidity
correlation of the real part of the eccentricities between η
and η ¼ 4, with n ¼ 2 and 4, for different values of the
longitudinal correlation length, lL=2rL ¼ 0.6 and 1, and
various impact parameters, bimp=R ¼ 0; 1=4; 1=2; 3=4, and
1, at τ ¼ 0.6 fm=c. For bimp=R ¼ 0, the rapidity correlation
is found to be a monotonic increasing function of η, which
is expected to reflect the decorrelation effect that increases
with the distance between two observed rapidities. As the
impact parameter increases, an enhancement around mid-
rapidity gradually emerges, reflecting the increase in the
magnitude of the eccentricity as observed in Fig. 12. Thus,
the eccentricity correlation is affected by the comparison of
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FIG. 11. The LRF energy density εLRF at midrapidity η ¼ 0 for
two choices of the longitudinal correlation length, lL=2rL ¼ 0.6
and 1, and impact parameter, bimp=R ¼ 0 and 1 at τ ¼ 0.6 fm=c.
The upper panels show the results for the central collision with
bimp=R ¼ 0, with the left and right panels showing lL=2rL ¼ 0.6
and 1, respectively. The lower panels show the results for the
noncentral collision with bimp=R ¼ 1, with the left and right
panels showing lL=2rL ¼ 0.6 and 1, respectively.
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this enhancement and the decorrelation effect with increas-
ing rapidity separation.

B. Angular momentum

Here, we discuss the angular momentum of the glasma
generated in noncentral collisions due to the asymmetry
of the geometry with respect to the x1 axis. This angular
momentum, perpendicular to the reaction plane, is expected
to be converted into the global spin polarization of observed
hadrons [70,71]. The numerical simulations of thegeneration
of angular momentum and vorticity in noncentral collisions
have been studied using the event-by-event generators such
as the Hijing model [72], the AMPTmodel [73–75], and the
UrQMD model [76]. However, a CGC-based calculation of
the angular momentum perpendicular to the reaction plane,
focusing on the collective behavior of soft gluons liberatedby
the collision, is still missing.
In Fig. 14, we show the LRF energy density εLRF on the

reaction plane (x2 ¼ 0) for two choices of the longitudinal
correlation length, lL=2rL ¼ 0.6 and 1, and impact param-
eters, bimp=R ¼ 0 and 1, at τ ¼ 0.6 fm=c. It is found that
while the LRF energy density in central collisions
(bimp=R ¼ 0) is symmetric with respect to the x1 axis, in
noncentral collisions (bimp=R ¼ 1), it is distributed diago-
nally across x1 ¼ 0 and η ¼ 0. This result suggests the

generation of angular momentum perpendicular to the
reaction plane in noncentral collisions.
To estimate the angular momentum suggested in Fig. 14,

we introduce the rapidity distribution of the angular
momentum density perpendicular to the reaction plane as

dL2

dη
≡

Z
d2x⊥τ

1

2
ε2ijMτ

ij

¼
Z

d2x⊥τðx3Tτ1 − x1Tτ3Þ; ð41Þ

where τ in the integrand stems from the invariant spacetime
measure in Milne coordinates, and Mijk ¼ xjTik − xkTij is
an angular momentum tensor. Especially, Mτij is a com-
ponent of the current, which is oriented perpendicular to a
hypersurface of constant proper time. It is noted that,
nevertheless, the integration of τMτij over the hypersurface,
which is an integration of dL2

dη over the rapidity, is not
conserved in the τ evolution. Later, we focus on the
contribution from the Poynting vector parallel to the
collision axis and drop x3Tτ1 in Eq. (41). The transverse
component of the EM tensor that we omit should be tiny
compared to the longitudinal component in the early stage.
First, we consider the longitudinal Poynting vector Tτ3,

which is directly related to the generation of angular
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momentum. In the left panel of Fig. 15, we show the
rapidity profile of the longitudinal Poynting vector Tτ3,
averaged over the transverse plane in a significantly wide
rapidity region. Unlike the other results in this section, this
result and the next are obtained from a single event, and the
longitudinal size of the lattice and lattice spacing are taken
as Lη̃ ¼ 7168 and aη̃ ¼ 0.0006, respectively. It is found
that the longitudinal Poynting vector has negative and
positive values in the negative and positive rapidity regions,
respectively, indicating the expansion of the system along
the collision axis around the collision region. The magni-
tude is found to increase with jηj in the large rapidity
region, as well as the energy density ε and longitudinal
pressure Pη, as shown in Fig. 8, indicating that the CYM
fields exist in the large rapidity region and contribute to
some components of the EM tensor. If this contribution
continues to exist in the limit of large rapidity, the
integration of the angular momentum cannot be defined
as a finite value.
It is important to note that in the current CGC-based

method, both the soft gluons in the nucleus and the soft
gluons liberated by the collision are collectively repre-
sented by CYM fields. Moreover, since mechanisms like
string breaking, which clearly separates the nucleus from
the produced matter, are not included, the boundary
between them is ambiguous. Here, we assume that within
the CYM fields, there is a glasma part, which will
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different values of the longitudinal correlation length, lL=2rL ¼ 0.6 and 1, and various impact parameters, bimp=R ¼ 0; 1=4; 1=2; 3=4,
and 1, at τ ¼ 0.6 fm=c. The upper panels show the n ¼ 2 results, with the left and right panels showing lL=2rL ¼ 0.6 and 1, respectively.
The lower panels show the n ¼ 4 results, with the left and right panels showing lL=2rL ¼ 0.6 and 1, respectively.

lL/(2rL)=0.6, bimp/R=0

−4 −2  0  2  4
η

 0

x 
[f

m
]

 0
 0.5
 1
 1.5
 2
 2.5
 3

lL/(2rL)=1, bimp/R=0

−4 −2  0  2  4
η

 0

x 
[f

m
]

 0

 0.5

 1

 1.5

 2

 2.5

lL/(2rL)=0.6, bimp/R=1

−4 −2  0  2  4
η

 0

x 
[f

m
]

 0

 0.5

 1

 1.5

 2

 2.5
lL/(2rL)=1, bimp/R=1

−4 −2  0  2  4
η

 0

x 
[f

m
]

 0
 0.2
 0.4
 0.6
 0.8
 1
 1.2
 1.4
 1.6
 1.8
 2

FIG. 14. The LRF energy density εLRF on the reaction plane
(x2 ¼ 0) for two choices of the longitudinal correlation length,
lL=2rL ¼ 0.6 and 1, and impact parameter, bimp=R ¼ 0 and 1 at
τ ¼ 0.6 fm=c. The upper panels show the results for the central
collision with bimp=R ¼ 0, with the left and right panels showing
lL=2rL ¼ 0.6 and 1, respectively. The lower panels show the
results for the noncentral collision with bimp=R ¼ 1, with the left
and right panels showing lL=2rL ¼ 0.6 and 1, respectively.

SIMULATION OF A ð3þ 1ÞD GLASMA IN MILNE … PHYS. REV. D 110, 114032 (2024)

114032-15



eventually become QGP, and a nonglasma part, with the
majority of the latter consisting of WW fields. Next,
focusing on the fact that the LRF energy density of the
WW fields is zero, while that of the glasma is large, we
differentiate between the glasma and nonglasma parts in the
CYM fields based on the magnitude of the LRF energy
density, and define the EM tensor of the glasma part as

Tμν
gl ¼ θðεLRF − εcÞTμν; ð42Þ

where the step function is introduced to exclude the region
with small LRF energy density, and εc is a reference energy
density introduced to separate the glasma and nonglasma
parts, which is set to correspond to the crossover region
between the confinement and deconfinement phases.
It should be noted that this method of subtracting the

nonglasma part is highly phenomenological. Interestingly,
using this method, physical quantities that the WW fields
do not originally possess, such as longitudinal pressure and
topological charge, are scarcely affected. On the other
hand, as we will see below, physical quantities that the WW
fields originally possess, such as Tτ3, undergo significant
subtraction, especially in regions of large rapidity.
Removing the large rapidity soft gluons is also consistent
with the theoretical limitations of the CGC framework, as
they arise from interactions involving partons at too large x
values in one of the two nuclei for the CGC to remain valid.
In the right panel of Fig. 15, we show the rapidity profile

of the longitudinal Poynting vectors, the original one Tτ3

and the newly defined one Tτ3
gl , averaged over the transverse

plane obtained from the same single simulation as the result
shown in the left panel of Fig. 15. The value of the
reference energy density is taken as εc ¼ 0.18 or
0.5 GeV=fm3, referring to the energy density in the cross-
over region, obtained by lattice calculations [77]. In the
region of jηj < 2, the newly defined longitudinal Poynting

vector Tτ3
gl agrees well with the original one, regardless of

the choice of εc. In the region of jηj > 2, in contrast to the
original one, Tτ3

gl goes to zero as the rapidity becomes
larger. This suppression starts at smaller η values as εc
increases.
In Fig. 16, we show the impact parameter dependence of

the distribution of angular momentum perpendicular to the
reaction plane, as defined in Eq. (41), at τ ¼ 0.6 fm=c, for
two choices of longitudinal correlation length, lL=2rL ¼
0.6 and 1, and two reference energy densities, εc ¼ 0.18
and 0.5 GeV=fm3. The behavior of the results is expected
to be reliable enough. However, it is difficult to say that
they form the expected symmetric shape with respect to the
η axis. To obtain more quantitatively accurate results, it
may be necessary to perform calculations using a larger
number of events. The insufficiency in the number of
events might be attributed to the use of a subtracted EM
tensor in the calculations. We suspect that the step function
applied during this subtraction could result in slower
convergence. It is interesting to note that at midrapidity,
the generation of angular momentum appears to be zero,
regardless of the value of the impact parameter. On the
other hand, as the rapidity increases, the generation of
angular momentum is observed, and its magnitude strongly
depends on the value of the impact parameter. The peak
magnitude appears around η ¼ 2–3, which is close to the
peak in the longitudinal component of the Poynting vector
shown in the right panel of Fig. 15. The highest peak
appears around bimp=R ¼ 1=2–3=4, indicating that the
angular momentum depends on bimp nonmonotonically.
Such a behavior is consistent with the phenomenological
estimate [78] and numerical calculations based on the
HIJING model [72].
It is interesting that in the current CGC-based simulation

there is little or no angular momentum generation at
midrapidity, even for nonzero impact parameters. Given
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left and right panels are obtained from the same single-event simulation.

HIDEFUMI MATSUDA and XU-GUANG HUANG PHYS. REV. D 110, 114032 (2024)

114032-16



that the CGC description is more reliable at higher collision
energies, this suggests that little angular momentum would
be retained in the midrapidity region in the glasma and
subsequently in the QGP at very high energies. In fact, the
experimentally measured global spin polarization of
hadrons at midrapidity is indeed tiny at high energies such
as

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV [71] and 2.76 and 5.02 TeV [79]. In
other words, effects beyond the high-energy limit’s descrip-
tion may be more important for explaining the spin
polarization of hadrons observed at midrapidity at lower
collision energies [71]. This is consistent with experimental
results showing that spin polarization is enhanced as the
beam energy decreases.
Finally, let us roughly estimate the magnitude of the total

angular momentum retained in the glasma. Assuming the
angular momentum of the glasma exists in the same
rapidity range as that of the longitudinal EM tensor of
glasma, i.e., jηj < 4–6, as shown in the right panel of
Fig. 15, using the results as shown in Fig. 16, we obtain that
the total angular momentum of the glasma is of the order of
104 for Au-Au with bimp=R ∼ 1=2–1 at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV.
This is not inconsistent with the result from simulations
from, e.g., the HIJING model [72] and hydrodynamical
calculation [78].

C. Vortex

One consequence of the appearance of angular momen-
tum is the formation of vortex in the medium. Although the
usual fluid vortex is well defined only when a hydro-
dynamic picture is adapted (such as in the QGP phase), we
could extend this concept to the glasma phase for the
purpose of quantifying the local rotation in the glasma. We
thus define the vorticity of the glasma as

ω≡ ∇ × v; ð43Þ

where vi ≡ pi=p0 ¼ T0i=T00 is the velocity field. If the
system is rotating as a rigid body, the local angular
momentum in Minkowski coordinates, L ¼ x × p, is
related to the vorticity as L ¼ p0½x2ω − ðx · ωÞx�=2.
Thus, the magnitude of the vortex is given by using the
component of angular momentum that is parallel to the
vortex, Lk, as

ω ¼ 2Lk
p0r2ω

; ð44Þ

where rω is a distance in the spatial plane perpendicular to
the vortex. Since the angular momentum in our simulation
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FIG. 16. The impact parameter dependence of the distribution of the angular momentum perpendicular to the reaction plane, defined in
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respectively.
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is perpendicular to the reaction plane, we thus use Lk ¼ L2

to evaluate the vorticity.
We take the average over the transverse plane with a

weight by the LRF energy density as done in Ref. [72]:

hωi⊥ ¼
R
d2x⊥εLRFωR
d2x⊥εLRF

: ð45Þ

In Fig. 17, we show the rapidity and impact parameter
dependence of the vorticity ω, averaged over both the
transverse plane and events. This is presented for different
values of the longitudinal correlation length, lL=2rL ¼ 0.6
and 1, at τ ¼ 0.6 fm=c. The vorticity also shows two peaks,
similar to the angular momentum distribution. However,
the interval between the peaks is narrower compared to the
angular momentum distribution, and the decay rate in the
regions with larger rapidity than the peaks is much faster.
This behavior is expected to be due to the fact that the
vorticity contains a term proportional to r−2ω as shown in
Eq. (44). Additionally, unlike the angular momentum
distribution, at least in the region of bimp ≤ R, the magni-
tude of the vorticity becomes larger as the impact parameter
increases. This suggests that in this impact parameter
region, the local rotation of the generated matter becomes
faster as the impact parameter increases.

VI. SUMMARY

In this study, we have applied the 3D glasma simulation
method using Milne coordinates to investigate the early
stages of the central and noncentral collisions of Au-Au atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV. The 3D glasma simulation accounts
for the longitudinal structure of the nucleus, the finite
thickness of nucleons, and their random positions along
the collision axis, which were missing in the conventional
boost-invariant glasma description. Consequently, it
becomes possible to extend the description of the glasma,
limited to midrapidity under the boost invariance, to a
larger rapidity region.

We have constructed the initial conditions for the
precollision nuclei as a simple extension of that for the
boost-invariant IP-glasma model. We have adjusted the MV
model parameter g2μ2D in the precollision nucleus model to
reproduce the saturation scale of the nucleus estimated by
the IP-sat model [59].
For central collisions, we have analyzed the rapidity

profiles of the LRF energy density first. Through the
comparison between the LRF energy density of the glasma
and experimental data of the particle-rapidity profile of
hadrons, we find the better choices of the longitudinal
correlation length of the classical color charge density, a
model parameter. Moreover, the LRF energy density of the
glasma at midrapidity is found to be close to that estimated
by boost-invariant hydrodynamic simulations [1] and that
estimated by the boost-invariant glasma simulation with the
MV model [14].
Then, we have calculated the rapidity profiles of the

energy density, transverse and longitudinal pressures,
as well as the LRF energy density. As observed in
Refs. [45–47,49,58], we have found that the longitudinal
pressure and energy density extend to larger rapidity
regions and even increase in larger rapidity regions, while
the transverse pressure and LRF energy density are
localized near central rapidity. The discrepancy between
the energy density and the LRF energy density indicates
that Bjorken flow no longer accurately describes the
longitudinal flow of glasma in the large rapidity region.
We have studied the rapidity profile of the squared

topological charge and the transverse correlation of the
axial charge in the glasma. We have found that the
transverse correlation functions at midrapidity decrease
in the region Qsr⊥ < 3, and then, at Qsr⊥ > 3, their values
are consistent with 0 within the error. Such behavior of the
transverse correlation function is found not to change under
proper time evolution. These results are in qualitative
agreement with previous studies based on the boost-
invariant glasma with the MV model [69].
For noncentral collisions, we have studied quantities that

depend on the impact parameter. First, we have examined
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FIG. 17. The rapidity and impact parameter dependence of the vorticity ω averaged over transverse plane and over events, as defined
in Eq. (45). This is presented for lL=2rL ¼ 0.6 (left panel) and 1 (right panel) at τ ¼ 0.6 fm=c.
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the eccentricity, a measure of the spatial anisotropy of the
system in the transverse plane perpendicular to the collision
axis. It is found that the real part of eccentricity with n ¼ 2
and 4 is consistent with zero within the error in a central
collision, while, as the impact parameter increases, they
become nonzero values, especially for the near midrapidity
region, indicating the formation of an anisotropic shape of
the glasma. The rapidity correlation of the real part of
eccentricity with n ¼ 2 and 4 is formed by the comparison
of the decorrelation effect from the distance and the
enhancement of the eccentricity around midrapidity [78].
Then, we have studied the generation of the angular

momentum of the glasma, which is caused by the asym-
metry of the glasma’s geometry with respect to the impact
parameter direction. To estimate the angular momentum
carried solely by the glasma, we have subtracted the
contribution from the small LRF energy density part of
the CYM field, which cannot be regarded as the glasma that
will eventually evolve into the QGP. We have confirmed
that the angular momentum is generated due to the
asymmetric geometry of the glasma. Although it had been
based on a very rough estimate, the angular momentum of
the glasma had been found to be in the same numerical
range as the phenomenological estimate made using hydro-
dynamics or parton cascade models.
Finally, we have also confirmed the generation of the

vortex of the glasma with a nonzero impact parameter,
which indicates the glasma generated in noncentral colli-
sions to be locally rotating. The vortex of the generated
matter has been found to become larger as the impact
parameter increases.
The effects not considered in the current calculations, as

well as making the model parameters more realistic, should
be contemplated to enable more quantitative discussions.
For example, determining the saturation scale based on
the IP-sat model in a self-consistent manner or changing

the number of colors from 2 to 3 would fall into these
categories.
Additionally, the next step, which is actually being

explored currently, is to use the 3D glasma description
as an initial state model to provide the initial conditions for
hydrodynamics and make comparisons with experimental
data. This will allow us to evaluate the extent to which
incorporating the effects beyond the shock-wave approxi-
mation contributes to reproducing the rapidity-dependent
behavior of physical observables.
Furthermore, when providing the initial conditions for

hydrodynamics, it is necessary to extract local flow and
fluid properties from the EM tensor of the CYM field
estimated on the lattice. In this case, more serious consid-
eration should be given to the errors arising from the
discretization of the EM tensor on the lattice, compared to
when considering bulk quantities as focused on in the
current paper. The recently proposed improved definition
of the Yang-Mills field’s EM tensor on the lattice may help
address such issues [80].
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