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In this work, we conduct a three-coupled-channel analysis of the Zcð3900Þ structure, focusing on the
DD̄�, J=ψπ, and ρηc channels, based on the one-boson exchange model. Drawing from previous study on
the exotic state Tcc, we only utilize one more parameter to construct the interactions between the channels.
Our model successfully reproduces the experimental line shapes of the invariant mass distribution atffiffiffi
s

p ¼ 4.23 and 4.26 GeV for the three channels. Additionally, the finite-volume energy levels in our model
show agreement with current lattice QCD conclusion. Detailed analysis suggests that the Zcð3900Þ peaks in
the πJ=ψ and ρηc distributions primarily arise from the triangle loop involving the D1D̄D� intermediate
system. In theDD̄� distribution, the threshold peak is generated by the cascade decay mechanism enhanced
by a triangle diagram. Moreover, we find a virtual pole located far from the threshold, indicating that
Zcð3900Þ peaks are not associated with a physical pole. We conclude that the Zcð3900Þ peaks are
predominantly caused by the threshold cusp.

DOI: 10.1103/PhysRevD.110.114029

I. INTRODUCTION

The discovery of the Xð3872Þ near the DD̄� threshold in
2003 marked a new era in hadron physics [1]. Since then,
dozens of exotic hadrons, collectively referred to as the
XYZ structures, have been discovered in the heavy quar-
konium region. These states significantly challenge con-
ventional quark models, as their masses or quantum
numbers cannot be adequately described by traditional
two-quark (qq̄) or three-quark (qqq) configurations. The
charged state Zcð3900Þ� was almost simultaneously
observed by BESIII [2] and Belle [3] in the π�J=ψ
invariant mass spectrum from the process eþe− →
πþπ−J=ψ at

ffiffiffi
s

p ¼ 4.26 GeV. CLEO-c further confirmed
the existence of the charged structure in the same channel at
a slightly lower eþe− collision energy

ffiffiffi
s

p ¼ 4.17 GeV.

They also reported observation of the neutral partner,
Zcð3900Þ0, in the process eþe− → π0π0J=ψ [4].
Subsequently, BESIII studied the open-charm mode

eþe− → π�ðDD̄�Þ∓ at both
ffiffiffi
s

p ¼ 4.23 and 4.26 GeV,
initially using a single-tag technique [5] and later refining
the analysis with a double-tag technique [6]. In both studies,
they observed a near-threshold peak structure at approx-
imately 3.85GeVin the ðDD̄�Þ� invariantmass distribution,
identified as Zcð3885Þ�. The Breit-Wigner mass and width
for Zcð3900Þ and Zcð3885Þ, as measured by BESIII,
are ðm;ΓÞ ¼ ð3894.5� 6.6� 4.5;63� 24� 26Þ MeV and
ðm; ΓÞ ¼ ð3882.2 � 1.1 � 1.5; 26.5 � 1.7 � 2.1Þ MeV,
respectively. Due to their similar widths, Zcð3885Þ� and
Zcð3900Þ� are generally considered to be the same entity,
despite the slight difference in their masses.1 A partial-wave
analysis suggests that the spin-parity quantum number JP is
likely 1þ [7]. Recently, a clear signal with a statistical
significance exceeding 4σ was observed in the process
eþe− → πþπ0π−ηc at

ffiffiffi
s

p ¼ 4.23 GeV. This was achieved
by constraining the invariant masses of the π�π0 and ηc
candidates to fall within the ρ�-signal and ηc-signal regions,
respectively [8]. So far, the Zcð3900Þ has only been
observed in eþe− production. No clear evidence of
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1For simplicity, we will refer to them collectively as Zc unless a
distinction is necessary.
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Zcð3900Þ has been found in B-decay processes, such as
B̄0 → ðJ=ψπþÞK− in Belle [9], B0 → ðJ=ψπþÞπ− and
B0 → ðψðnSÞπþÞK− in LHCb [10,11].
Since the discovery of Zc, extensive theoretical research

has been conducted to elucidate its nature. The proposed
explanations for the Zc structure include compact tetra-
quark states [12–16], DD̄� resonances or virtual molecular
states [17–29], cusp effects [30], and nonresonant mech-
anisms [31,32]. Despite this extensive research, the exact
nature of Zc is still uncertain. In experiments, Zc is
suggested to be a typical resonance based on Breit-
Wigner parametrizations. However, some theoretical stud-
ies suggest that the observed peak might not necessarily
indicate a true resonance. The peak could instead be a
virtual state or even a cusp effect, rather than a resonance,
depending on the parametrization strategy used.
To reach a solid conclusion, it is essential to impose

further constraints on the model and parameters, either
through experimental data or underlying symmetries.
Therefore, it is essential for a comprehensive model to
be capable of explaining as much experimental data as
possible. However, capturing the dynamics of the three
coupled channels, πJ=ψ , DD̄�, and ρηc, which predomi-
nantly govern the nature of Zcð3900Þ, remains a challenge.
There is a pressing need for a model that can consistently
describe the Zcð3900Þ peaks from different final channels.
The nature of the Zc structure has also been investigated

by several lattice QCD (LQCD) collaborations. The first
LQCD study of Zc was conducted in Ref. [33] using πJ=ψ
and DD̄� meson-meson interpolators at mπ ≈ 266 MeV. A
subsequent study [34] included additional meson-meson
and diquark-antidiquark interpolators were included in the
simulation. In Ref. [35], MIMD Lattice Computation
(MILC) claims that they fail to observe an candidate for
Zcð3900Þ even though they find an candidate for Xð3872Þ
on highly improved staggered quark(HISQ) lattices. In
Refs. [36,37], the Hadron Spectrum collaboration found
that compact tetraquark operators have minimal impact on
finite volume spectra at mπ ≈ 391 MeV and no sign for
Zcð3900Þ was seen. Similarly, the Chinese LQCD collabo-
ration conducted simulations using meson-meson interpo-
lators at three different mπ values [38–40]. However, none
of these studies identified a clear candidate for the Zc state
among the energy levels extracted from their lattice
configurations. In Refs. [41,42], the HALQCD collabora-
tion extracted the πJ=ψ −DD̄� − ρηc coupled-channel
effective potential using their formalism and successfully
reproduced the experimental line shape. They concluded
that the Zc state is better understood as a threshold cusp
rather than a conventional resonance [41,42]. Besides, it
was emphasized that the off-diagonal channel-channel
interactions play an important role on Zc therefore the
couple-channel analysis is necessary.
As previously discussed, a significant limitation of prior

studies is the absence of a model that integrates the

DD̄�ðþD̄D�Þ,2 J=ψπ, and ηcρ three coupled channels to
construct a comprehensive picture of Zc. In this work, we
employ the Hamiltonian effective field theory (HEFT) to
investigate the Zc state from both phenomenological and
lattice perspectives, focusing on the DD̄� − πJ=ψ − ρηc
three coupled channels, where Zc signals have been
observed. The one-boson-exchange (OBE) interaction
between DD̄� channels, which respects heavy quark spin
symmetry, is utilized here. Building on previous research on
the double-charmed exotic state Tþ

cc [43], the interaction
between DD̄� and DD̄� is determined, leaving only
one free coupling parameter for the vertex J=ψ −DD̄�

and ηc −DD̄� to construct the full channel-channel inter-
action. This parameter is calibrated by simultaneously fitting
experimental data across the three channels. The vertices
like Y → πDD̄�; Y → D1D̄ are also more constrained in the
couple-channel analysis compared to the single channel one.
By constraining our model and parameter in this way, we

are able to provide a potential explanation for Zc that is also
consistent with previous analyses of Tcc. With all param-
eters determined, we then calculate the finite volume
energy levels and compare them with previous LQCD
results. It will be shown later that our model provides an
interpretation of Zc that is consistent with both experi-
mental data and lattice results.
This paper is organized as follows. In Sec. II, we outline

the formalism used for the fitting process. In Sec. III we
present the fitting results, along with a discussion of the
observed peak structures. In Sec. IV, we analytically
continue the scattering matrix and search for its poles in
the complex plane. In Sec. V, we provide a brief intro-
duction to the HEFT and apply it in order to calculate the
finite volume energy levels, which are then compared to
LQCD results. Finally, in Sec. VI, we make a summary and
discuss future prospects.

II. FORMALISM

Since the Zc structure was discovered in eþe− collisions
at

ffiffiffi
s

p ¼ 4.23 and 4.26 GeV, where the exotic state
Yð4230=4260Þ resides, we investigate the invariant mass
distribution through the processes Yð4230=4260Þ →
πðπJ=ψ ; ρηc; DD̄�Þ. For convenience, we denote the
½DD̄��� states, which have definite positive G parity, as
follows:

½DD̄��− ¼ 1ffiffiffi
2

p ðD0D�− þD−D�0Þ; ð1Þ

½DD̄��þ ¼ 1ffiffiffi
2

p ðDþD̄�0 þD0D̄�þÞ; ð2Þ

with the conventions D⟶C D̄ and D�⟶C − D̄�.

2Hereafter simplified as DD̄�.
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The schematic Feynman diagrams for the decay of
Yð4230=4260Þ are illustrated in Figs. 1–3 for overview.
The black solid box represents the T matrix, which

characterizes the final state interactions (FSIs) and will
be discussed in detail later. The diagrams containing bubble
loops correspond to the initial-single-pion-emission

(a) (b)

(c) (d)

FIG. 1. The schematic Feynman diagrams for the process Yð4230=4260Þ → πþD0D�−. The solid circles and boxes denote the
interaction vertex and T matrix characterizing the final state interactions. (a), (c) denote the point-like and cascade decay mechanism
respectively and (b), (d) include the FSI. The intermediate channels for bubble loops in (b) can include π−J=ψ and ½DD̄��−.

(a) (b) (c)

(d) (e)

FIG. 2. The schematic Feynman diagrams for the process Yð4230=4260Þ → πþπ−J=ψ . The notations are same as in Fig. 1. (a) denotes
the point-like mechanism and (b), (c) include the FSI. (d), (e) denote the triangle mechanism. The intermediate channels for bubble loops
in (b) and (c) can include π−J=ψ and ½DD̄��−. πþ and π− are treated equivalently due to the isospin symmetry.

(a) (b)

FIG. 3. The schematic Feynman diagrams for the process Yð4230=4260Þ → πþρ−ηc. The notations are same as in Fig. 2. The
intermediate channels for bubble loops in (a) can include π−J=ψ and ½DD̄��−.
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mechanism [44–46]. We have considered the hypothesis
that Yð4230=4260Þ is strongly coupled to a D̄1ð2420ÞD,
as suggested in Refs. [17,47].3

A. The Lagrangians

In this subsection, we present the relevant Lagrangians
and interaction vertices. The Lagrangians associated with Y
field are given as follows [25,31]:

LYD1D ¼ −gYD1DYiDi
1D̄; ð3Þ

LS
YππJ=ψ ¼ cSπJ=ψπ

þπ−Yiψ
i; ð4Þ

LD
YππJ=ψ ¼ cDπJ=ψYiψ j

�
πþ

�
∂
i
∂
j −

1

3
∂⃗
2δij

�
π−

�
þ ðπþ ↔ π−Þ; ð5Þ

LS
YπDD̄� ¼ cSDD̄�Yiψ iðD0D�− þD−D�0Þπþ; ð6Þ

where cLα is the coupling constant for the interaction
between Y and π þ α (α ¼ π−J=ψ ; ρ−ηc; D0D−) with
L-wave between π and the α channel denoted by πLðαÞ.
Note that for Y → πDD̄�, we only consider the S-wave
πSðDD̄�Þ interaction, as the typical momentum of the final
states is not sufficiently large to produce significant
D-wave contributions. In contrast, for the decay
Y → ππJ=ψ , a D-wave term πDðπJ=ψÞ is included due
to the significantly larger phase space. Here, we neglect the
Lagrangian for Y → πρηc because experimental data sug-
gest that this vertex is highly suppressed [8]. Notably, we
will later demonstrate that the Y → ππJ=ψ vertex is also
suppressed, which is consistent with the expectations from
the heavy quark symmetry.
The Lagrangian for D1D�π vertex reads [25,48]

LS
D1D�π ¼ i

2hSffiffiffi
3

p
fπ

ðDþi
1 D�i†

0 ∂
0π−Þ; ð7Þ

LD
D1D�π ¼−

2hDffiffiffi
3

p
fπ

ðDþi
1 D�i†

0 ∂⃗
2π−−3Dþi

1 D�j†
0 ∂

i
∂
jπ−Þ; ð8Þ

with fπ ¼ 132 MeV, jhSj ¼ 0.57 and jhDj ¼ 1.17 GeV−1

determined by reproducing the decay widths of D2 and
D1ð2420Þ. In fact, the contribution from the D-wave
component would shift the peak of the line shape closer
to the threshold, as the energy of the pion increases when
the invariant mass of the D0D�− system approaches the
threshold. This is one of the reasons why we have neglected
the contribution from the process eþe− → D�

0ð2300ÞD̄� →
ðDπÞD̄� despite the threshold of D�

0ð2300ÞD̄� being near

4.23 GeV, since only the S wave is allowed for
D�

0ð2300Þ → Dπ, and the peak of its line shape is at
around 3.95 GeV, which is about 100 MeV away from
the experimental peak.
Finally, we present the Lagrangian for the final state

interaction between the three coupled channels. For the
OBE interaction between DD̄� and D�D̄, the relevant
Lagrangians LDð�ÞDð�ÞM with M ¼ π, ρ, ω are given in
Refs. [49,50]. For the values of involved parameters, we
follow a recent work [43], where the line shapes of the
double-charmed exotic state Tþ

cc are successfully repro-
duced. The interactions between the hidden-charmed
channels, i.e., πJ=ψ − πJ=ψ ; ρηc − ρηc; πJ=ψ − ρηc, are
negligible due to the OZI suppression [51,52], which is
also confirmed by the HALQCD calculation [41].
For theDD̄� coupled with the hidden-charmed channels,

we adopt the effective Lagrangian respecting the heavy
quark spin and SU(3) flavor symmetry that reads [53,54],

LHHR ¼ g0hRðcc̄ÞðH̄ðc̄Þ
a ∂

↔
H̄ðcÞ

a Þi þ H:c:; ð9Þ

with the superfields

H̄ðcÞ
a ¼ ðP�

a
μ†γμ þ P†

aγ5Þ
1þ =v
2

; ð10Þ

H̄ðc̄Þ
a ¼ 1 − =v

2
ðP̃�

a
†
μγ

μ þ P̃a
†γ5Þ; ð11Þ

Rcc ¼ 1þ =v
2

ðψμγμ − ηcγ5Þ
1 − =v
2

; ð12Þ

where P ¼ ðD0; Dþ; Dþ
s Þ, P� ¼ ðD�0; D�þ; D�þ

s Þ,
P̃ ¼ ðD̄0; D−; D−

s Þ, P̃� ¼ ðD̄�0; D�−; D�−
s Þ are SU(3) trip-

lets of the fields that annihilates the corresponding meson.
ψμ and ηc are the singlets of field that annihilates corre-
sponding charmonium. v is the typical four velocity of the
heavy quark. In the heavy quark limit, vμ ¼ ð1; 0⃗Þ. h� � �i
denotes the trace in spinor space and ∂

↔ ≡ ∂⃗ − ∂⃖. After
expansion, Eq. (9) can be divided into

LψDD� ¼ 2ig0ϵμναβvαψβðP̃�
ν
†
∂

↔

μP† þ P�†
ν ∂

↔

μP̃†Þ; ð13Þ

LψDD ¼ 2g0ψμP†
∂

↔

μP̃†; ð14Þ

LψD�D� ¼2g0ðψνP̃�
ν
†
∂

↔μ
P�†
μ −ψνP�

ν ∂
↔μ

P̃�
μ
†þψμP�ν†

∂

↔μ
P̃�
ν
†Þ;

ð15Þ

LηcD�D� ¼ −2ig0ϵμναβvαηcðP�†
β ∂

↔

μP̃�
ν
†Þ; ð16Þ

LηcDD� ¼ 2g0ηcðP�†
μ ∂

↔μ
P̃† þ P†

∂

↔μ
P̃�
μ
†Þ: ð17Þ

The Hermitian conjugate terms are omitted for simplicity.
3For simplicity, we will refer to D1ð2420Þ and Yð4230=4260Þ

as D1 and Y, respectively, unless otherwise specified.
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B. The amplitudes

In this section we present the squared and initial spin-
averaged amplitude. We denote sα ≡ ðpα1 þ pα2Þ2 as the
invariant mass of the α channel from now on. First we
discuss the T matrix describing the FSI. For the present
work, all three couple channels are of pseudoscalar-vector
type so the T matrix is given by the following couple-
channels Lippmann-Schwinger equation (LSE),

Tαβðp; σα1 ; k; σβ1 ;EÞ ¼ Vαβðp; σα1 ; k; σβ1Þ

þ
X
σγ1 ;γ

Z
d3qVαγðp; σα1 ; q; σγ1Þ

× Gγðq;EÞTγ;βðq; σγ1 ; k; σβ1 ;EÞ;
ð18Þ

where σα1 is the polarization indices of vector meson in the
α channel and Gαðq; EÞ is the propagator for the inter-
mediate α channel given by4

Gαðq; EÞ ¼
1

ð2πÞ34ωα1ðjqjÞωα2ðjqjÞ

×
1

ðE − ωα1ðjqjÞ − ωα2ðjqjÞ þ i0þÞ ; ð19Þ

where ωαiðqÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

αi

q
. Practically, LSE is solved in

the partial-wave representation where the integral equation
is reduced to a one-dimensional form,

TJ
lβ ;lα

ðp; k;EÞ ¼ VJ
lβ ;lα

ðp; kÞ þ
X
lγ

Z
q2dqVJ

lβ ;lγ
ðp; qÞ

×Gγðq;EÞTJ
lγ ;lα

ðq; k;EÞ; ð20Þ

with

VJ
l0;lðp; kÞ ¼

X
σσ0

Z
dΩp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πð2lþ 1Þ
2J þ 1

r
Cl01ðJσ; σ − σ0; σ0Þ

× Cl1ðJσ; 0σÞYl0;σ−σ0 ðp̂ÞVðp; σ0; kbez; σÞ;
where Cj1j2ðJM;m1m2Þ and Ylm are the Clebsch-Gordon
coefficients and spherical harmonics, respectively. Based
on the partial wave analysis by BESIII [7], we only focus
on J ¼ 1 and l ¼ l0 ¼ 0 in the present paper. The numerical
method to solve the partial-wave LSE is given in
Appendix A. The kernel of LSE, V, is related to the
tree-level Lorentz-invariant amplitude iM by

V ¼ −M: ð21Þ

For specific expressions we refer to Appendix C.
It is worth mentioning several subtle issues here.

First, we note that all the heavy-meson and charmonium
fields in Eqs. (7)–(17) are not normalized as in the relativistic
field theory, where the particles are normalized as
hp⃗0jp⃗i ¼ ð2πÞ32Ep⃗δ

3ðp⃗0 − p⃗Þ. They differ from a factorffiffiffiffi
m

p
at the leading order. Therefore, to obtain iM, extra

factors
ffiffiffiffi
m

p
withm themass of heavy-meson or charmonium

should be multiplied when evaluating the Feynman dia-
grams with the Lagrangian above. Second, since a factor
mcvμ has been already subtracted when effective
Lagrangians in Eqs. (7)–(17) are constructed, the differential
operator acting on the heavy-meson field gives the residual
momentum kμ ≔ pμ −mcvμ where p is the four momen-
tum. Third, in the LSE or rescattering equation in the time-
ordered-perturbation-theory formalism, only the conser-
vaeach vertex. Therefore, there are at least two schemes
to evaluate the transferred momentum q in M that make
differences unless the energy-conservation conditions are
imposed:

Scheme 1 [55]:

Vβα¼−M
�
q0¼

1

2
ðωα1 −ωβ1 þωβ2 −ωα2Þ

�
: ð22Þ

Scheme 2 [56]:

Vβα ¼ −
1

2
ðMðq0 ¼ ωα1 − ωβ1Þ

þMðq0 ¼ ωβ2 − ωα2ÞÞ: ð23Þ

For scheme 1, the potential would degenerate to a widely
used form V ∝ ðq2 þm2

eff þ iϵÞ−1 if ωαðβÞi ≈mαðβÞi is fur-
ther applied. Both schemes are used later and the scheme
dependence of the result is investigated. Lastly, to eliminate
the ultraviolet divergence of the loop integral in the LSE that
arising from the short distance physics, a nonlocal dipole
form factor is introduced:

Vβαðp; kÞ → Vβαðp; kÞ
�

Λ2
α

Λ2
α þ k2

�
2
� Λ2

β

Λ2
β þ p2

�2

: ð24Þ

The Λ½DD�� is fixed at 1 GeV following Ref. [43], and it has
been shown that its variation within a reasonable range can
be effectively absorbed into coupling constant. Given that
mJ=ψ

mD
≈ mηc

mD
≈ 1.5, the cutoff ΛπJ=ψ ¼ Λρηc is chosen to be

fixed at 1.5 GeV. Similarly, as will be shown later, within a
reasonable range ofΛρηc;πJ=ψ , its influence can be effectively
absorbed into the coupling constant g0.
Using the T matrix, we can now explicitly express

jMαj2 ¼ jMS
αj2 þ jMD

α j2 as follows:

4The width of ρ meson are neglected here. Since the potential
VDD�−ρηc vanishes at the ρηc threshold, it will not produce a cusp
at the ρηc threshold which is not observed. The finite width of ρ
hardly affect the result of this work.
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jMS
D0D�− j2 ¼

����cSDD̄� þ
X

α¼πJψ ;½DD̄��c
S
αIα→½DD̄�� þ gYD1Dh

0
Sωπ

�
1

sD�π −m2
D1

þ imD1
ΓD1

þQDD̄�

�����2; ð25Þ

jMD
D0D�− j2 ¼ 2

9
p4
π

����cDπJ=ψIπJ=ψ→½DD̄�� þ gYD1Dh
0
D

�
1

sD�π −m2
D1

þ imD1
ΓD1

þQDD̄�

�����2; ð26Þ

jMS
π−J=ψ j2 ¼

����cSπJ=ψ þ
X

α¼πJ=ψ ;½DD̄��
xαcSαðIα→πþJ=ψ þ Iα→π−J=ψ Þ þ Fþ þ F−

����2; ð27Þ

jMD
π−J=ψ j2 ¼

2

9
p4
πþjAþj2 þ 2

9
p4
π− jA−j2 þ 2

9
p2
πþp

2
π−ð3cos2θπþπ− − 1ÞReðAþ�A−Þ; ð28Þ

jMS
ρηc j2 ¼

����Xα¼πJ=ψ ;½DD̄��xαc
S
αIα→ρηc þ

ffiffiffi
2

p
gYD1Dh

0
SQρηc

����2;
ð29Þ

jMD
ρηc j2 ¼

2

9
p4
π

���cDπJ=ψIα→ρηc þ
ffiffiffi
2

p
gYD1Dh

0
DQρηc

���2; ð30Þ

where

A� ¼ cDπJ=ψ þ cDπJ=ψIπ∓J=ψ→π∓J=ψ þ
ffiffiffi
2

p
gYD1Dh

0
DQπ∓J=ψ ;

ð31Þ

F� ¼
ffiffiffi
2

p
gYD1Dh

0
Sωπðpπ�ÞQπ∓J=ψ ; ð32Þ

and h0S¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4mD1

mD�
p ffiffi

3
p

fπ
hS, h0D¼−

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3mD1

mD�
p

fπ
hD, xπJ=ψð½DD̄��Þ ¼

1ð ffiffiffi
2

p Þ. Additionally, ωπ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
π þm2

π

p
and pπ ¼

λ
1
2ð ffiffiffi

s
p

;
ffiffiffiffiffi
sα

p
; mπÞ with λða; b; cÞ being the modified Källén

triangle function,

λða; b; cÞ≡ ða2 − ðbþ cÞ2Þða2 − ðb − cÞ2Þ
4a2

: ð33Þ

The relative angle cos θπþπ− is given by

cos θπþπ− ¼ sπþπ− − 2m2
π − 2ωπ−ωπþ

2pπþpπ−
; ð34Þ

sπþπ− ¼ sþ 2m2
π þm2

J=ψ − sπþJ=ψ − sπ−J=ψ : ð35Þ

Iα and Qα come from the FSI in the bubble diagram and
triangle diagram, respectively. The explicit expressions are
given by

Iα→β

¼
Z

q2dq
ð2πÞ34ωα1ðqÞωα2ðqÞ

TJ¼1
0;0;α→βðp̄β;q;

ffiffiffiffiffisβp Þffiffiffiffiffisβp −ωα1ðqÞ−ωα2ðqÞþ i0þ
;

ð36Þ
and

Qα ¼
Z

d3q
ð2πÞ34π

TJ¼1
0;0;DD̄�→α

ðq�; p̄α;
ffiffiffiffiffi
sα

p Þ
8ωD1

ðjpπ þ qjÞωD� ðqÞωDðjpπ þ qjÞ

×
1

ð ffiffiffi
s

p
− ωD1

ðjpπ þ qjÞ − ωDðjpπ þ qjÞ þ i
ΓD1

2
Þ

×
1

ð ffiffiffi
s

p
− ωπðpπÞ − ωD� ðqÞ − ωDðjpπ þ qjÞ þ i0þÞ ;

ð37Þ

where p̄β ≡ λ
1
2ð ffiffiffiffiffisβp ; mβ1 ; mβ2Þ is the on-shell momentum in

the rest frame of β channel. The integration variable in
Eq. (37) is the momentum of D� in the rest frame of Y
while q� is that in the rest frame of DD̄� and hence given

by q� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þm2

D�
p

þ γβq cos θÞ2 −m2
D�

q
with γ ¼ffiffiffiffiffiffiffiffiffiffi

p2
πþsα
sα

q
and γβ ¼ − pπffiffiffi

sα
p . Note that the finite width of

ΓD1ð2420Þ ¼ 31.3 MeV has been taken into account. The
numerical method for the calculation of Qα is discussed in
Appendix B.
As the final result, the invariant mass distribution of

Y → πα reads

dΓY→πþα

d
ffiffiffiffiffi
sα

p ¼ N α

Ztþα ðsαÞ
t−α ðsαÞ

jMαj2
ð2πÞ316

ffiffiffiffiffi
s3

p ffiffiffiffiffi
sα

p
dtα þ Bα; ð38Þ

with tπ−J=ψ ¼ sπþJ=ψ ; tρ−ηc ¼ sρ−πþ and tD0D�− ¼ sπþD�− . t�α
is the upper and lower limit of Mandelstam variables [57].
N α are scale factors. Here, we introduce two polynomial
distribution functions Bα incoherently for α ¼ πJ=ψ and
D0D�−, which is defined by
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Bα ¼ bα0ð
ffiffiffiffiffi
sα

p
−m−

α Þbα1 ðmþ −
ffiffiffiffiffi
sα

p Þbα2 ; ð39Þ

with m−
α ¼ mα1 þmα2 and mþ ¼ ffiffiffi

s
p

−mπ. For DD̄�, it is
introduced to mimic the possible contributions from proc-
esses such as eþe− → Yð4160Þ → πDD̄�, which may be
important to reproduce the tail of line shape [32]. For πJ=ψ,
it is introduced to approximate the ππ FSI, which are
not explicitly included here as in Ref. [25]. In a recent
work [26], the ππ (and even KK̄) FSI is carefully treated
using dispersion relation to accurately calculate the pole
position of Zc. Nevertheless, the result do not differ
significantly from their previous result in Ref. [25], where
the ππ FSI is also mimicked by a polynomial function.
Therefore, we believe that the treatment here will not
significantly impact the conclusions. Later, we will see that
the contribution from polynomial function has little inter-
ference with the jMαj2 term, which justifies their incoher-
ent addition. Besides, to reduce the number of fitting
parameters, we set bπJ=ψ1 ¼ bπJ=ψ2 .

C. Parameters in the formalism

In this subsection, we summarize the free parameters in
our formalism. For the T matrix, there is only one free
parameter g0 as defined in Eq. (9). For the vertices involving
a Y particle, the free parameters are gYD1D and cS;Dα . For the
final invariant mass distribution,the free parameters are Nα

and bα0;1;2. With the exception of g0, all parameters are
ffiffiffi
s

p
dependent, which means they may vary when fitting
experimental data at

ffiffiffi
s

p ¼ 4.23 and 4.26 GeV. In a word,
our model incorporates a total of 21þ 1 ¼ 22 free para-
meters to fit over 250 experimental data points at

ffiffiffi
s

p ¼
4.23 and 4.26 GeV. The number of parameters is somewhat
reduced compared to the previous work.

III. FITTING RESULTS AND DISCUSSIONS

We are now ready to fit the invariant mass distributions
of ρ−ηc at

ffiffiffi
s

p ¼ 4.23 GeV and π−J=ψ ; D0D�− at
ffiffiffi
s

p ¼
4.23 as well as 4.26 GeV. The results for g0 across two
schemes at several fixed cutoffs are presented in Table I,
with values from other references included for comparison.
The results for some other parameters are given in
Appendix E. The experimental line shapes are successfully
reproduced in both schemes, yielding a reduced chi-
squared χ̂2 ∼ 1.6. For illustration, we present the results
for scheme 1 at Λ ¼ 1.5 GeV in Figs. 4–6. Specific
contributions are identified and depicted with dashed lines
for further analysis.

A. DD̄� invariant mass distribution

For the DD̄� invariant mass distribution, the cascade
decay Y → D̄1D → DD̄�π Fig. 1(c) is found to be the
dominant contribution. This can be explained by
noting that, because the OBE isovector couple-channel

interactions are weak, the contributions from the two
rescattering diagrams shown in Figs. 1(b) and 1(d) are
much smaller compared to the corresponding tree diagrams
Figs. 1(a) and 1(c). Nonetheless, the interference between
the triangle diagram Fig. 1(d) and the cascade decay
Fig. 1(c) is crucial in bridging the gap between the cascade
decay and the experimental data at threshold, as illustrated
by the purple dot-dashed lines in Fig. 4. The incoherent
polynomial function contributes significantly only at the
tail, as anticipated. The pointlike tree diagram, depicted in
Fig. 1(a) and can only produce a smooth line shape,
contributes very little here and hence not shown in
Fig. 4. In fact, if the Y → πDðDD̄�Þ interaction were
introduced, the contribution of that pointlike diagram could
be large enough to reproduce the peak even without the
cascade decay mechanism. However, this interpretation is
implausible, as it would be unnatural for the contribution
from Y → πDðDD̄�Þ to exceed that from Y → πSðDD̄�Þ
near the threshold. Further details can be referred to
Appendix D.
Additionally, the bubble diagram Y → πðπJ=ψÞ →

πðDD̄�Þ, as shown in Fig. 1(b), could have a sizable
contribution if the Y → πðπJ=ψÞ coupling is sufficiently
large so that such contribution is comparable to the cascade
decay. However, if this were the case, the line shape in the
πJ=ψ distribution would not be accurately reproduced. This
shows that the key advantage of our approach is the ability to
achieve a correct description by analyzing both datasets
together. We also note that, in Ref. [21], the near-threshold
peak appears to be reproduced using the OBE potential
without the cascade decay. However, we argue that the
formalism in that work may be inconsistent, as in their
Eqs. (13) and (14), the tree diagram Fig. 1(a) is artificially
suppressed while the rescattering diagram Fig. 1(b) remains
unchanged so the FSI is no longer weak relatively.
In conclusion, the sharp near-threshold peak in the DD̄�

contribution is produced by the cascade decay and the

TABLE I. Fitting results for g0 at different fixed cutoff
ΛπJ=ψðρηcÞ for two schemes of OBE potential. The fitting quality
for these values are nearly identical, indicating the cutoff
independence of the result. The value of g0 in other references
are also shown for comparison. The difference can be attributed
to the different renormalization scheme.

Scheme
ΛπJ=ψðρηcÞ (fixed)

[GeV] g0ð10−5 MeV−3
2
Þ

This work 1 1.3 7.506� 0.120
1.5 6.143� 0.350
1.7 5.129� 0.070

2 1.5 5.584� 0.470
1.7 4.69� 0.280

Other references � � � � � � 3.68 [21]
� � � � � � 3.85 [54]
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triangle diagram in our model, consistent with the
Refs. [31,32,58,59].
We now study the triangle diagram Fig. 1(d) in more

detail, which enhance the peak structure observed in the
DD̄� distribution through the interference with cascade
decay as just discussed. The enhancement may originate
from two sources: T matrix in Fig. 1 and the kinematic
triangle singularity (TS). In Refs. [17,59,60], it is suggested
that the TS could be crucial for the peak structure in the
DD̄� distribution even the system does not fall exactly
within the region where the TS occurs, as the D1D̄
threshold is above 4.26 GeV. This raises the question of
whether the enhancement is entirely due to TS or partially
due to other factors such as the T matrix.
To investigate this,we replace theTmatrixwith a constant

in Eq. (37) and present the line shapes produced by the pure
triangle integral at

ffiffiffi
s

p ¼ 4.23 and 4.26GeVinFigs. 7(a) and
7(b). While the peak near the threshold is evident, it is not

(a) (b)

FIG. 5. Experimental data as well as theoretical line shapes for π−J=ψ distribution of eþe− → πþπ−J=ψ process at (a)
ffiffiffi
s

p ¼ 4.23 and
(b)

ffiffiffi
s

p ¼ 4.26 GeV. Orange solid circles are experimental data. Blue solid, green dashed, pink dot-dashed, yellow dotted lines denote
the contribution from full amplitude, triangle diagram, pointlike as well as bubble diagrams, and the polynomial function, respectively.

(a) (b)

FIG. 4. Experimental data as well as theoretical line shapes forD0D�− distribution of eþe− → πþD0D�− process at (a)
ffiffiffi
s

p ¼ 4.23 and
(b)

ffiffiffi
s

p ¼ 4.26 GeV. Orange solid circles are experimental data. Blue solid, green dashed, pink dot-dashed, yellow dotted lines denote
the contribution cascade decay, interference between cascade decay and triangle diagram, and the polynomial function, respectively.

FIG. 6. Experimental data as well as theoretical line shape for
ρ−ηc invariant mass distribution of eþe− → πþρ−ηc →
ηcπ

0πþπ− process at
ffiffiffi
s

p ¼ 4.23 GeV. Orange solid circle and
blue solid line denote the experimental data and theoretical line
shape, respectively.
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sharp enough to reproduce the purple dot-dashed lines in
Fig. 4 when interference with the cascade decay is consid-
ered. This indicates that, although the kinematic triangle
loop is significant, a T matrix describing the FSI is still
necessary in our model. In summary, the threshold peak in
the DD̄� distribution arises from the combination of
Y → DD̄1 → DD̄�π, the T matrix for DD̄� → DD̄�, and
the kinematic triangle loop. The peak cannot be reproduced
as sharply without all of these elements.
Parenthetically, an asymmetry parameter A ¼ n>0.5−n<0.5

n>0.5þn<0.5
,

where n>0.5ð<0.5Þ represents the number of events with
j cos θπDj > 0.5ð< 0.5Þ, is defined to study the role of
Y → D̄1D → DD̄�π in the context of Zc on the experi-
mental side [5]. In Ref. [5], AMC ¼ 0.43� 0.04 and
Adata ¼ 0.12� 0.06 were obtained using Monte Carlo
simulation and experimental data analysis, respectively.
This led to the conclusion that D1D̄ contributes only
minimally. However, in Ref. [31], the authors calculate
the asymmetry parameter Ath for the cascade-decay-
dominant mechanism of Zc, finding Ath ≈ 0.13, which is
consistent with the experimental valueAdata. Therefore, the
interpretation here cannot be ruled out based on the
asymmetry parameter A.

B. π − J=ψ and ηcρ invariant mass distribution

We now turn to the discussion of the fitting results for the
π−J=ψ distribution. First, the polynomial function produ-
ces a line shape similar to those generated by the ππ FSI in

Ref. [7], as expected. Second, the peak is primarily
contributed by the triangle diagram. To explain why the
schematic Feynman diagrams in Figs. 2(a)–2(c) are sup-
pressed, we point out that they can only produce a peak if
the Y → πðDD̄�Þ interaction is sufficiently strong, such that
the bubble diagram Y → πðDD̄�Þ → πðπJ=ψÞ becomes
comparable with the tree diagram Y → ππJ=ψ . However,
this level of strength of Y → πDD̄� is not supported by the
experimental data of the DD̄� distribution. The discussions
on both the πJ=ψ and DD̄� distributions demonstrate that
the model becomes more constrained when experimental
data from different channels are considered.
To investigate the origin of the peak from the triangle

diagram, we first present the line shape produced by a pure
triangle loop in Figs. 7(c) and 7(d), as we did earlier. There
is a cusp exactly at the threshold, which arises from a
branch cut that begins at the threshold mD þmD� .
Specifically, when

ffiffiffi
s

p
α ≥ mD þmD� the factor

ffiffiffiffiffi
sα

p −
ωπ − ωD� − ωD in the denominator can vanish over some
interval of the integration variable. In Appendix B, more
details are provided. Given that the ratio of the height of the
cusp to the smooth platform is much smaller than that in
Fig. 5, a T matrix is still necessary, similar to theDD̄� case.
Based on the above discussion, the contribution from the

T matrix plays a crucial role here so it deserves further
investigation. In Fig. 8, we illustrate how the magnitude of
the half-on-shell T matrix, jTα→πJ=ψðk; p̄πJ=ψ ;

ffiffiffiffiffiffiffiffiffiffiffiffiffi
sπJ=ψ

p Þj,
evolves as a function of ffiffiffiffiffiffiffiffiffiffisπJ=ψ

p , with the loop momentum k
fixed at several values. Due to the one-pion-exchange
interaction in the DD̄� → DD̄� process, a noticeable cusp
appears at the DD̄� threshold, stemming from the unitary
branch cut. It is important to note that this peak originates
from a cusp, not from a resonance or (virtual) bound state,
which will be discussed later. In this context, we assert that
the Zc structure in the πJ=ψ distribution is aDD̄� threshold
cusp, driven by the TDD̄�→πJ=ψ in the triangle loop involv-
ing theD1 particle. This conclusion aligns with the findings
of the HALQCD collaboration.
Lastly, regarding the ηcρ channel, although its peak

signal in the current experimental data is not as prominent
as the others, it can also be interpreted as a threshold cusp
within our model.
It is interesting that the major contributions to the

peaks in the πJ=ψ and DD̄� distributions are different in
our model. This disparity may help explain the small
deviation in the central values of the Breit-Wigner param-
eters for Zcð3885Þ and Zcð3900Þ. Furthermore, our model
may also provide a possible explanation for why the
Zcð3900Þ=Zcð3885Þ has been observed only in eþe−
production but not in B decays thus far.
From the above discussion, it is clear that the quality of

experimental data, particularly those near the DD̄� thresh-
old in each channel, is crucial for a deeper and more
accurate understanding of the Zc states. Therefore,

(a)

(b)

(c)

(d)

FIG. 7. Line shapes produced by pure triangle loops for (a),(b)
D0D�− and (c),(d) π−J=ψ distribution at (a),(c)

ffiffiffi
s

p ¼ 4.23 and
(b),(d)

ffiffiffi
s

p ¼ 4.26 GeV. Blue solid lines, orange lines with
markers, green dotted lines correspond to Figs. 2(d) and 2(e),
only Fig. 2(d) and only Fig. 2(e), respectively, for (a),(b) and
Figs. 1(d) and 1(d) with only S-wave D1 → D�π and Fig. 1(d)
with only D wave D1 → D�π, respectively, for (c),(d). The gray
dashed vertical lines indicate the threshold of DD̄�. The peak atffiffiffi
s

p ¼ 4.26 GeV is slightly narrower since it is closer to the
region where TS occurs.
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high-statistics data from the future Super Tau-Charm
Facility(STCF) experiments [61] will be essential.

IV. POLE POSITION

In this study, three coupled channels result in a total of
eight Riemann sheets when the T matrix is analytically
continued into the complex plane. The branch cuts of the
Green function Gα, which extend from the threshold of the
α channel to infinity along the positive real energy axis,
connect different Riemann sheets. For the purpose of
analytical continuation, two types of Green functions are
defined as follows:

Gþ
α ðzÞ ¼ GαðzÞ; ð40Þ

G−
α ðzÞ ¼ GαðzÞ −

i
16π2z

p̄αðzÞ; Imp̄α < 0: ð41Þ

The Riemann sheets adjacent to the physical region are
RSþþþ, RS−þþ, RS−−þ, and RS−−−, where the superscripts
indicate the sign of G� for the πJ=ψ , ρηc, and DD̄�
channels, respectively. Only one pole is found in RS−−−,
and we examine its dependence on the cutoff and the
regularization scheme, as presented in Table II.
The identified pole is located far below DD̄� threshold

on RS−−−. For comparison, we list the results from other
references that report either virtual or resonant poles in
Table II. Since the pole found here is far from the threshold,
the Zc structure near the threshold is primarily due to the
threshold cusp effect rather than a resonance or virtual
bound state in our model. In Refs. [19,25], a pole located
about 80 MeV below the threshold, which is similar to the
one found here, is observed when an energy-independent
interaction is adopted. Additionally, the HALQCD col-
laboration identifies three poles significantly below the
DD̄� threshold on RS−−− and suggests that Zc is not a
conventional resonance but rather a cusp effect, based on
their lattice setup [41]. Although the value of mπ used in
LQCD calculations is unphysical and further investigations

are necessary, all current lattice data from different col-
laborations have so far shown no direct evidence of a Zc
resonance [33,34,36,38,41].

V. FINITE VOLUME ENERGY LEVELS

In this section, we calculate the finite volume energy
levels using the HEFT and compare them with the spectra
extracted from LQCD. HEFT is a formalism that links finite
energy levels to infinite volume scattering amplitudes and
is equivalent [63] to the standard Lüscher formula [64–66].
We begin with a brief introduction. When the system is

confined to a finite volume with imposed boundary con-
ditions, the momentum becomes discretized. The symmetry
group is reduced from the rotational group Oð3Þ to either
the octahedral group Oh or C2=3=4v depending on the total
momentum [67–69]. Consequently, the potential matrix

TABLE II. The pole found on RS−−− for different schemes and
cutoffs, far away from the observed peak and therefore has
minimal impact. For comparison, the position and type of the
pole reported in other references are also shown.

Pole position Type Scheme (ΛπJ=ψ )

This work 3798.72 − 1.10i Virtual 1(1.3 GeV)
3798.46 − 1.71i 1(1.5 GeV)
3798.12 − 2.26i 1(1.7 GeV)
3798.27 − 2.02i 2(1.5 GeV)
3797.80 − 2.64i 2(1.7 GeV)

Reference [25] 3798þ25−31 Virtual
3902ð6Þ − 38ð9Þi Resonance

Reference [19] 3831þ27−38 Virtual
3894ð6Þ − 30ð13Þi Resonance

Reference [21] 3870 Virtual
Reference [20] 3879 Virtual -
Reference [22] 3872 Virtual
Reference [26] 3880ð3Þ − 13ð1Þi Resonance
Reference [32] 3884 − 22i Resonance
Reference [27] 3840 Virtual
Reference [62] 3839(11) Virtual

FIG. 8. The half-on-shell jTα→πJ=ψ ðk; p̄πJ=ψ ;
ffiffiffiffiffiffiffiffiffiffisπJ=ψ

p Þj as a function of ffiffiffiffiffiffiffiffiffiffiffiffisπ−J=ψ
p with fixed off-shell momentum k. From left to right

α ¼ π−J=ψ ; ρ−ηc and ½DD̄��−. The gray dashed vertical lines denote the threshold of ρηc and DD̄�. A clear cusp appears at the DD̄�

threshold due to the one-pion-exchange interaction between DD̄� and DD̄�.

YU, WANG, WU, and YANG PHYS. REV. D 110, 114029 (2024)

114029-10



must be defined in the discretized momentum basis. Using
the Oh symmetry, the Hamiltonian matrix can be block
diagonalized, allowing the extraction of finite volume
energy levels corresponding to each irreducible represen-
tation (irrep) of Oh. These energy levels can then be
compared with the lattice spectrum. This formalism has
been successfully applied to describe various systems, such
as Δ → Nπ [70], N�ð1440Þ [71,72], N�ð1535Þ=N�ð1650Þ
[73,74], and the positive parity Ds states [75] on the lattice.
Given that the spin-parity JP of Zc is reported to be 1þ by

BES III, it sufficient to calculate the finite volume energy
levels for the Tþ

1 irrep of Oh, which is the only represen-
tation that couples to 1þ [76]. The potential matrix for Tþ

1 is
given below. The general derivation and details will be
provided in a paper that is currently in preparation.

V̂
Tþ
1

L;α;β¼
ð2πÞ3
L3

XNcut

N;N0¼0

XocðTþ
1
;NÞ

F¼1

XocðTþ
1
;N0Þ

F0¼1

Xn2¼N

n

Xn02¼N0

n0

×
Vαβðpn0σ0;pnσÞ

ð2πÞ34 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ωα1ðpn0 Þωα2ðpn0 Þωβ1ðpnÞωβ2ðpnÞ

p
×X

Tþ
1

F ðnσÞXTþ
1

F0 ðn0σ0ÞjN0;Tþ
1 ;F

0ihN;Tþ
1 ;Fj; ð42Þ

where pn ≡ 2π
L n and Vαβ is the potential in infinite volume.

The vector jN;Tþ
1 ; Fi is orthonormalized and furnishes Tþ

1 -
irrep in the invariant subspace spanfjpn; σijn2 ¼ Ng,
where the occurrence of Tþ

1 is denoted by ocðTþ
1 ; NÞ. To

construct these vectors, one first gets ocðTþ
1 ; NÞ linearly

independent states using the representation matrix DTþ
1 ,

X
R∈Oh

D
Tþ
1

1μ ðRÞ�Rjpn0 ; σi; n20 ¼ N; ð43Þ

by selecting different μ, n0, which is followed by ortho-
normalization via, for example, the Gram-Schmidt process.

The function X
Tþ
1

F ðn; σÞ represents the inner product
hN;Tþ

1 ; Fjpn0 ; σi and depends on the orthonormalization.
Note that the Hamiltonian eigenvalues are independent of
the orthonormalization since there are equivalent up to an
unitary transformation. While the ρ meson is unstable at
physical pion mass and requires careful treatment on the
lattice, it suffices us to treat it as stable here to qualitatively
justify our interpretation of Zc.
The eigenvalues for various box sizes L are shown in the

Fig. 9. As seen, all energy levels are close to the free
energies of three channels, which indicates that the inter-
actions between them are weak. This agrees with the
findings of several LQCD collaboration studies
[33,34,36], despite differences in mπ . Therefore we assert
that our model is compatible with the current lattice
analyses.

VI. SUMMARY AND PROSPECT

In this work, a comprehensive coupled-channel model is
employed for the first time to analyze the Zc structure in the
eþe− → πþðπ−J=ψ ; D0D�−; ρ−ηcÞ processes at

ffiffiffi
s

p ¼ 4.23
and 4.26 GeV, as observed by BESIII [2,5–8]. The OBE
interaction that respects heavy quark spin symmetry is
adopted to describe the DD̄� interactions. Additionally, the
rescattering T matrix includes a new parameter, g0 which
governs the coupling vertex betweenDD̄� and charmonium
J=ψ ; ηc. Except for g0, all other parameters used for the T
matrix were determined by previous works, which success-
fully reproduced the line shape of the double-charmed
exotic state Tcc [43]. Assuming that eþe− collisions atffiffiffi
s

p ¼ 4.23 and 4.26 GeV are dominated by eþe− →
Yð4230=4260Þ followed by subsequent decays, the line
shapes of the π−J=ψ , D0D�−, and ρ−ηc invariant mass
distributions are successfully reproduced in our work.
Upon investigating the different contributions, we find

that the nature of the Zc structures in the DD̄� and πJ=ψ
(ρηc) distributions are not totally the same, which may
explain the small deviation between Zcð3885Þ and
Zcð3900Þ. In the D0D�− distribution, the near-threshold
peak primarily arises from the tree-level cascade decay
Yð4230=4260Þ → D̄1ð2420ÞD → πDD̄�, which is further
enhanced by the triangle diagram that includes the FSI. In
contrast, the π−J=ψðρ−ηc) distribution features two cusps.
One from the T matrix and the other from the pure triangle
loop integral. Both of them occur exactly at the DD̄�
threshold and play a primary role on the peak structure.
Therefore, the Zc observed in this distribution is identified
as a threshold cusp. This interpretation provides a possible
explanation to why Zcð3900Þ is observed only in eþe−
collisions and not in B decays, where the production of the
Y state is more challenging.

FIG. 9. Finite volume energy spectra at mπL ¼ 3, 3.5, 4 with
mπ ¼ 139 MeV calculated in our model. The circles with error
bars represent the energy levels calculated by HEFT. The lines
denote the free energy levels of πJ=ψ ; ρηc, and DD̄�. (ρ mesons
are treated as stable particles here.) The energy levels are pretty
close to the free energies, indicating the weak interactions.

THREE-COUPLED-CHANNEL ANALYSIS OF ZCð3900Þ … PHYS. REV. D 110, 114029 (2024)

114029-11



Furthermore, we search for poles of the T matrix on the
four Riemann sheets adjacent to the physical region and
find only one pole approximately 80 MeV below the DD̄�
threshold on RS−−−. However, due to its distant location
from the threshold, this pole has little impact on the Zc
structure.
Additionally, we calculate the finite volume energy

spectra for the Tþ
1 irreducible representation, the only

one that couples to JP ¼ 1þ. All the energy levels in the
relevant region we calculate are very close to the free
energies due to the weak interactions between channels.
This result is qualitatively consistent with the current
findings from several different LQCD collaborations
[33,34,36], further supporting our interpretation of the
Zc structure. To be more specific, no signal would be
observed in the two-body correlation from lattice simu-
lations if Zc is indeed from a threshold cusp effect.
Based on the results of this work, we conclude that the Zc

structure near 3.9 GeV in the three distributions is due to the
threshold cusp arising from coupled channels. However, this
conclusion still faces some uncertainties. For instance, we
acknowledge that the ππ FSI is not rigorously treated here,
which prevents us from accurately reproducing the exper-
imental ππ invariant mass distribution in the eþe− →
ππJ=ψ process. In Ref. [26], the ππ FSI is carefully
incorporated using a dispersion relation. Compared to their
previous work [25], the pole is found on the same Riemann
sheet but its position shifts by approximately 20 MeV.
Therefore, to achieve a more reliable and comprehensive
analysis, it will be necessary to incorporate the ππ FSI in a
self-contained manner in future research. We also suggest
that experimental researchers improve the quality of data,
especially near the DD̄� threshold to further elucidate the
nature of the Zc.
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APPENDIX A: NUMERICAL SOLUTION OF LSE

The Lippmann-Schwinger equation in the partial-wave
representation can be solved numerically. For simplicity, all

indices labeling coupled channels and angular momentum
are omitted here. Our goal is to solve the following one-
dimensional integral equation

Tðk0; k;EÞ ¼ Vðk0; kÞ

þ
Z

∞

0

q2dqVðk0; qÞGðq;Eþ iϵÞTðq; kÞ;

ðA1Þ

where the infinitesimal iϵ can be treated explicitly,

Tðk0;k;EÞ¼Vðk0;kÞþP
Z

q2dqVðk0;qÞGðq;EÞTðq;k;EÞ

− iπq̄μðEÞVðk0;q̄ÞTðq̄;k;EÞθðE−m1−m2Þ;

where q̄ is defined by ω1ðq̄Þ þ ω2ðq̄Þ ¼ E, μðEÞ ¼ 1
ð2πÞ34E

and θ function vanishes unless E is above the threshold.
The symbol P denotes the Cauchy principal value of the
integral. q̄ would be a simple pole if V is nonsingular.
Notice that

P
Z

1

q2 − q̄2
dq ¼ 0: ðA2Þ

Thus, it is a free lunch to do a subtraction to regularize the
integrand,

P
Z

q2dqVðk0; qÞGðq;EÞTðq; k;EÞ

¼
Z

q2dqVðk0; qÞGðq;EÞTðq; k;EÞ

− Vðk0; q̄Þq̄2 −2μðEÞ
q2 − q̄2

Tðq̄; k;EÞ: ðA3Þ

To apply the Gauss-Legendre quadrature method, the
integration domain must first be transformed into a
bounded interval. This is done by splitting the domain
ð0;∞Þ into ð0; q̂Þ and ðq̂;∞Þ, where q̂ is an arbitrary
positive constant. The integrals over these intervals for any
function f can be rewritten as follows:Z

q̂

0

fðqÞdq ¼ q̂
Z

1

0

fðxq̂Þdx; ðA4Þ

Z
∞

q̂
fðqÞdq¼ q̂

Z
1

0

1−b
ð1−xÞ2f

�
1−bx
1−x

q̂

�
dx; ∀ b<1:

ðA5Þ

Given N-point nodes xi and weights wi of Gauss-Legendre
quadrature on interval (0,1), we define the following
quantities:
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qi ¼

8>><>>:
q̄ðEÞ i ¼ 0

xiq̂ 1 ≤ i ≤ N
1−bxi−N
1−xi−N

q̂ N < i ≤ 2N

; ðA6Þ

G̃0ðEÞ ¼
q20q̂
2E

�XN
i¼1

wi

q2i − q20
þ

X2N
i¼Nþ1

1 − b
ð1 − xi−NÞ2

wi

q2i − q20

�
−
iπq0
4E

θðE −m1 −m2Þ; ðA7Þ

G̃iðEÞ ¼
�wiq2i q̂Gðqi;EÞ 1 ≤ i ≤ N

wiq2i
1−b

ð1−xi−NÞ2 q̂GðE; qiÞ N < i ≤ 2N
; ðA8Þ

and Tij ¼ Tðqi; qjÞ; Vij ¼ Vðqi; qjÞ. Consequently,
Eq. (20) can be converted into the algebraic equation

TijðEÞ ¼ Vij þ
X2N
k¼0

VikG̃kðEÞTkjðEÞ ðA9Þ

or in a matrix notation,

½T� ¼ ½V� þ ½V�½G̃�½T�: ðA10Þ

The solution is given by

½T� ¼ ð1 − ½V�½G̃�Þ−1½V�: ðA11Þ

The on-shell T-matrix T00 can be obtained directly. For
half-on-shell or off-shell T matrix, given any off-shell
momentum p, it only needs to extend the definitions in
Eqs. (A6) and (A8) by introducing q2Nþ1 ¼ p and
set G2Nþ1 ¼ 0.

APPENDIX B: NUMERICAL EVALUATION OF
THE TRIANGLE LOOP

In this section we introduce how to numerically evaluate
the Eq. (37). For convenience, we introduce a simplified
notation,

Q¼
Z

∞

0

dp
Z

1

−1
dx

gðp;x;λÞ
Aðp;λÞ− ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Bðp;λÞþCðp;λÞxp þ i0þ
;

ðB1Þ
where λ denotes the external kinematic variables

ffiffiffi
s

p
andffiffiffiffiffi

sα
p

, which are fixed during the integration. The functions
in the denominator are given by

A ¼ ffiffiffi
s

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
π þm2

π

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

D�

q
; ðB2Þ

B ¼ p2 þ p2
π þm2

D; ðB3Þ

C ¼ 2ppπ: ðB4Þ

Given p and λ, the integrand may has a pole if A > 0

and j A2−B
C j < 1 with x∈ ½−1; 1�. Therefore, the integral

with respect to x requires careful treatment. A straight-
forward calculation shows that the integrand is regular
when sα þ m2

D� − m2
D < 2mD�

ffiffiffiffiffi
sα

p
, or equivalently,ffiffiffiffiffi

sα
p

<mDþmD� . In this case, the integral can be numeri-
cally evaluated using a two-dimensional Gauss quadrature
method. However, when

ffiffiffiffiffi
sα

p
> mD þmD� , the domain of

p, ð0;∞Þ, should be split into two parts R and R⊥. Here R
is the domain where A > 0 and j A2−B

C j < 1, while R⊥ is its
complement. Without showing details we find

R ¼
h
jp−j;min ðpþ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð ffiffiffi

s
p

− ωπÞ2 −m2
D�

q
Þ
i
; ðB5Þ

where

p� ¼ s̄α
sα

"
ð ffiffiffi

s
p

− ωπÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
−
sα
s̄α

m2
D�

s
� 1

2
pπ

#
: ðB6Þ

In the range of
ffiffiffiffiffi
sα

p
considered, minð� � �Þ≡ pþ. When

p∈R⊥, the two-dimensional Gauss quadrature formula can
be applied directly. For p∈R, the i0þ prescription should
be worked out manually as

Q ⊃
Z
R
dp

�
P
Z

1

−1

gðp; xÞdx
A −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ Cx

p − iπ
2A
C

gðp; x0Þ
�

¼
Z
R
dp

�
P
Z

1

−1

�
gðp; xÞdx

A −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ Cx

p þ 2A
C

gðp; x0Þ
x − x0

�
dx

−
2A
C

gðp; x0Þ log
�
1 − x0
1þ x0

�
− iπ

2A
C

gðp; x0Þ
�

¼
Z
R
dp

Z
1

−1
½ gðp; xÞ
A −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Bþ Cx

p þ 2A
C

gðp; x0Þ
�

1

x − x0

−
1

2
log

�
1 − x0
1þ x0

�
−
1

2
iπ

��
dx; ðB7Þ

where x0 ¼ A2−B
C . In the last equation, the symbol P is

dropped since the integrand becomes regular after sub-
tracting a function with the same pole structure as the
original integrand. This subtraction enables numerical
evaluation using the two-dimensional Gauss quadrature
formula. Note that we here adopt 1

x−x0
for subtraction

instead of 1
x2−x2

0

, which would introduce an superfluous

pole at x ¼ −x0 within the interval ð−1; 1Þ.

APPENDIX C: POTENTIAL

In this section, we present the tree-level amplitude iM
derived from the Lagrangians in Eqs. (13)–(17). First, the
propagators of heavy meson and charmonium in terms of
residual momentum within the framework of HEFT are
given by
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i

2v · k − k2
mH

þ iϵ
≈

i
ðkþmHvÞ2 −m2

H þ iϵ
m2

H ðC1Þ

for (pseudo)scalar particles and

ið−gμν þ vμvνÞ
2v · k − k2

mH
þ iϵ

≈
ið−gμν þ vμvνÞ

ðkþmHvÞ2 −m2
H þ iϵ

m2
H ðC2Þ

for (pseudo)vector particles. Second, the polarization vec-
tors of heavy mesons and charmonium are treated to be
static at leading order, i.e.,

ϵμ0 ¼ ϵμ0ð0Þ ¼ ð0; 0; 0; 1Þ; ðC3Þ

ϵμ�1 ¼ ϵμ�1ð0Þ ¼
1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ; ðC4Þ

which satisfy the condition v · ϵ ¼ 0 and the spin sumP
σ ϵ

�μ
σ ϵνσ gives the numerator of Eq. (C2).

With these ingredients, the amplitude in terms of full
momentum can be obtained. In Ref. [43], the amplitude
iM½DD̄��→½DD̄�� has already been provided so we only need
to present iMαðkÞ→½DD̄��ðpÞ; α ¼ πJ=ψ ; ρηc. Due to the G-
parity symmetry:

iMα→½DD̄�� ¼ i
ffiffiffi
2

p
Mα→D0D�− ≡ iMα: ðC5Þ

For α ¼ πJ=ψ,

iMπψ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mψmD�m3
D

q ¼ i4gg0

fπ

ðϵσ · ð2pþ kÞÞðϵ�σ0 · kÞ
q2 −m2

D þ iϵ
; ðC6Þ

iMπψ
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mψm3
D�mD

q ¼ igg0

fπ

ððk × ϵ�σ0 Þ · ð2pþ kÞ × ϵσÞ
q2 −m2

D� þ iϵ
; ðC7Þ

iMπψ
3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mψm3
D�mD

q ¼ i4gg0

fπ

kiðk−2pÞj
q2−m2

D� þ iϵ
ðδijδσσ0 þϵiσϵ

j�
σ0 −ϵjσϵi�σ0 Þ;

ðC8Þ

where g ¼ 0.6 is the decay constant of D�. For α ¼ ρηc,

iMρηc
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mηcm
3
D�mD

q ¼ g0g0V
q2 −m2

D� þ iϵ
½βϵ0σðkÞðk − 2pÞ · ϵ�σ0

þ 2λðk · ðk − 2pÞδσσ0
− ðk − 2pÞ · ϵσðkÞk · ϵ�σ0 Þ�; ðC9Þ

iMρηc
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mηcmD�m3
D

q ¼ βg0g0Vϵ
0
σðkÞ

ðkþ 2pÞ · ϵ�σ0
q2 −m2

D þ iϵ
; ðC10Þ

iMρηc
3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mηcm
3
D�mD

q ¼ 2λg0g0V
ðk × ϵσðkÞÞ · ððkþ 2pÞ × ϵ�σ0 Þ

q2 −m2
D� þ iϵ

;

ðC11Þ

where g0V ¼ 2
ffiffiffi
2

p
gV ¼ 2

ffiffiffi
2

p
× 5.8 ¼ 16.4, λ ¼ 0.683/GeV,

and β¼0.687 (atΛ½DD̄�� ¼ 1 GeV) are taken fromRef. [43].
ϵμσðkÞ is the polarization vector of the ρ light meson,

ϵ0σðkÞ ¼
1

mρ
k · ϵσð0Þ; ðC12Þ

ϵiσðkÞ ¼ ϵiσð0Þ þ

0B@
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

ρ

q
mρ

− 1

1CA kiðk · ϵσð0ÞÞ
jkj2 : ðC13Þ

FIG. 10. Line shapes determined by fitting the experimental
data at

ffiffiffi
s

p ¼ 4.23 GeV without Y → D1D̄ vertex. The cutoff
ΛπJ=ψðρηcÞ is fixed at 2.0 GeV. Orange solid circles are exper-
imental data. Blue solid, green dashed pink dot dashed and
yellow dotted lines in the top(bottom) row denote the contribution
from full amplitude, bubble diagrams [D-wave Y → πDðDD̄�Þ
pointlike diagram], pointlike diagrams [D-wave Y → πDðDD̄�Þ
bubble diagram] and the polynomial function, respectively. Line
with markers in the bottom row denote the highly suppressed
contribution from S-wave Y → πSðDD̄�Þ pointlike as well as
bubble diagrams.
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APPENDIX D: FITTING WITHOUT
Y → D1D̄+C:C: VERTEX

In this appendix we exclude the Y → D1D̄ vertex and
attempt to fit the experimental data using only pointlike
and bubble diagrams. Specifically, the cascade decay
Y → D1D̄ → πα and the triangle diagram are omitted,
while the FSIs are still considered.
As discussed in the main text, the peak in DD̄�

distribution cannot be reproduced using only S-wave
Y → πSðDD̄�Þ vertex. To address this, we introduce an
extra D-wave Y → πDðDD̄�Þ vertex, which ultimately lead
to a term proportional to p4

π in jMj2. We present the fitting
for πJ=ψ and DD̄� distribution at

ffiffiffi
s

p ¼ 4.23 GeV
in Fig. 10.
We now offer some observations. First, the peak in

π−J=ψ distribution can indeed be produced if Y → DD̄�π
is significantly much stronger than Y → ππJ=ψ .
Second, the peak in DD̄� distribution can also be obtained
with the help of a D-wave Y → πDðDD̄�Þ vertex. This is
easy to understand because pπ increases as

ffiffiffiffiffiffiffiffiffiffiffiffi
sD0D�−

p
approaches threshold. However, the contribution from
S-wave Y → πSðDD̄�Þ is highly suppressed. This is quite
unnatural since the phase space of Y → DD̄�π is not large
and the typical pπ is small, the high partial wave is expected
to be suppressed for naturalness. If theD-wave contribution
is significantly larger than the S-wave contribution, then it
would be difficult to justify ignoring a G or even higher
partial wave. Lastly, the reduced χ2 is considerably worse
than the fit in the main text.
In conclusion, though the experiment data can more or

less be fitted without Y → D1D̄ vertex, the result is
physically and theoretically unsound. Therefore, this vertex
should be included and the triangle diagram must be
incorporated into the formalism for self-consistency.

APPENDIX E: FITTED PARAMETERS

In this appendix, we present the results for the most
relevant fitting parameters except g0 for scheme 1 at
Λπ=J=ψðρηcÞ ¼ 1.5 GeV, as shown in Table III.
The magnitude of parameters such as N DD̄� jgYD1Dj2 is

large but reasonable since it related to the normalization to
the number of events by a overall factorN DD̄� and only the
line shapes are fitted here. Some parameters such as
N πJ=ψ jcDπJ=ψ j2 suffer large uncertainties since they have
little influence on the quality of fit. Other parameters are
referred to the incoherent background, which generate the
similar line shape shown in Refs. [21,25].
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