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We studied the possible presence of dark matter (DM) in neutron stars (NSs) and the structural properties
of the DM admixed NSs (DMANSs) in one of our recent works [1]. The feeble interaction between the
fermionic DM (χ) with the hadronic matter is introduced through a dark scalar (ϕ) and a dark vector (ξ)
boson as mediators. The allowed range of the mass of the fermionic DM (mχ), for a particular range of DM
Fermi momentum (kχF), was obtained in the same work [1] with respect to the various astrophysical
constraints on the structural properties of compact stars viz., the mass, radius, and tidal deformability.
The present work is dedicated to the calculation and study of nonradial oscillation of the DMANSs using
Cowling approximation. We particularly investigate the effect of the presence of DM on the fundamental
(f) mode oscillation frequencies of the DMANSs utilizing the previously obtained range of mχ for four
different hadronic models. In this work we thoroughly investigate how the individual and combined effects
of mχ and kχF affect the f-mode oscillation frequency. Within the framework of our DMANS models, for a

particular value of kχF, the range of f
DMANS
max , with respect to the allowed range of mχ , is also obtained in the

present work for four different hadronic models. Since in the present era, the 1.4 and 2.01M⊙ NSs are
of special interest after the detection of GW170817 and PSR J0740þ 6620, we particularly investigate,
for the four hadronic models, the range of fDMANS

1.4 and fDMANS
2.01 with respect to the acceptable range of mχ

corresponding to the range of kχF.

DOI: 10.1103/PhysRevD.110.103013

I. INTRODUCTION

Of the total energy budget of the Universe, the lion’s
share is made up of dark energy (about 70%), while the
succeeding leading component is dark matter (around
25%). The so-called luminous matter, or the baryonic
matter, makes up only 5% of the total energy content.
At present, this is an unambiguously evident fact supported
by certain astrophysical and cosmological observations
[2–5]. To date several dedicated search methods have been
implemented to obtain an idea about the interaction
strength between the dark matter (DM) and standard model
particles. The popular experimental search avenues, that
include the direct and the indirect detection strategies [6,7],
have shown significant developments. The most stringent

constraints obtained to date are from the leading direct
detection experiments like SuperCDMS [8], XENONnT
[9], PandaX-II [10], DarkSide-50 [11], SENSEI [12], and
LUX-ZEPLIN [13]. Experiments dedicated to indirect
search are FERMI-LAT [14], IceCube [15], PAMELA
[16,17], AMS-02 [18], Voyager [19], and CALET [20,21].
Significant advancement in the phenomenological

aspects has also been made parallel to the progress of
the experimental probes. One of the well-motivated meth-
ods to understand the properties of the DM particles and its
interaction with baryonic matter is to explore the possible
presence of DM in neutron stars (NSs) because NSs
are highly gravitating objects that are capable of accreting
matter from its surroundings including DM. Inside the NS
core, matter is preserved at extreme conditions of density,
pressure, compactness, and gravity. Fortunately, they are
accessible by direct observations. Therefore, NSs serve the
purpose of being unique natural astrophysical laboratories
where we can investigate theoretically the properties of
matter under extreme conditions. Several mechanisms
can be responsible for the possible presence of DM in
NSs, e.g., the capture or accretion of DM halo particles by
NSs [22–26], the creation of its own DM through dark
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decays of neutrons [27–30], or inheritance of DM from
the supernovae [31], etc. The DM particles end up being
gravitationally bound to the star, and the DM particles
attain thermal equilibrium among themselves due to the
self-interactions [24,32]. This amply justifies the consid-
eration of the DM particle density ρχ to be almost constant
throughout the radius of the star [33–35]. The DM particles
thus become structural parts of the NSs. This allows us to
explore the effect of the presence of DM on the structural
properties of NSs [1,34–39].
Within NS cores, DM may not interact with hadronic

matter and the two types of matter coexist in the two
fluid forms [37,40–54], whereas the interaction between
the DM and the baryonic matter is also suggested by
[31,33,39,55–59], mostly via the Higgs boson as mediator.
In case the DM interacts with hadronic matter, the
interaction must be extremely weak [60] to prevent the
collapse of the star into a black hole. Therefore, we invoked
feeble interaction between hadronic and fermionic DM χ
via a new scalar mediator ϕ in [35] and also a dark vector
mediator ξ in [1,34] in order to explain the possible
existence of forming DM admixed NSs (DMANSs). ϕ
and ξ interact with the hadronic matter ψ with a very feeble
coupling strength. The masses of DM fermion (mχ) and the
mediators (mϕ and mξ) and their couplings (yϕ and yξ) are
consistent with the self-interaction constraint from the
Bullet cluster observations and from the present day relic
abundance of DM, respectively. We concluded that the
mass of DM plays a very important role in determining the
structural properties of DMANSs. More massive the DM,
the lesser are the maximum mass, radius and tidal deform-
ability of the DMANSs. In [1] within a certain range of the
constant DM particle density ρχ, we determined a possible
range of mχ for which the DMANSs satisfy the constraints
on the structural properties of compact stars obtained
from PSR J0740þ 6620 [61–63], gravitational wave
(GW170817) data [64], and the NICER data for PSR
J0030þ 0451 [65,66]. For this purpose, we considered
certain relativistic mean field (RMF) models to account for
the hadronic matter.
In [1] the suitable range of mχ , consistent with the

astrophysical constraints, was determined by calculating
the structural properties like the mass, radius, and tidal
deformability of the DMANSs. In the present work we
focus on the phenomenon of nonradial NS oscillation and
particularly on the fundamental or f-mode frequency of the
oscillation of the DMANSs. One of the important reasons
why the nonradial pulsations of NSs are of current interest
is because they are connected with gravitational radiation.
The oscillation of NSs is accompanied by the emission of
gravitational waves (GWs) of different frequencies viz.,
fundamental (f), pressure (p), rotational (r), spacetime (w),
and gravity (g) modes [67]. These modes are classified on
the basis of the type of the restoring force that brings the
star to equilibrium. For example, in case of the f and p

modes, the equilibrium is restored by fluid pressure, while
for the g-mode gravity restores the equilibrium. Then the
oscillation spectra can be a useful probe to understand the
interior and properties of NSs. This is often termed as GW
asteroseismology. Among the different frequencies, the
most prominent f-mode is of special interest because the
future GW detectors such as the Einstein Telescope,
the Cosmic Explorer, and the Laser Interferometer
Gravitational Wave Observatory (LIGO) fourth observation
(O4) run are being specially designed to match the value
of f-mode frequency (1–3 kHz). Therefore, it may be
expected that the f-mode frequency of GWs will be
detected by these upcoming GW detectors. This will
improve our understanding regarding the interior of a
NS and its composition and also for further constraining
the equation of state (EOS) of NSs. Moreover, universal
relations between the f-mode and compactness [68],
moment of inertia [69], and static tidal polarizability
[70,71] have been obtained for NSs and quark stars, and
hybrid stars [72] have emerged due to well correlation
between the f-mode and these properties of compact stars.
However, p-modes show very weak correlation with such
NS properties [68]. Also, the f-mode values are not much
affected by the crust [73,74], while the p-mode is sensitive
to the low-density crustal EOS [75]. The estimation of the
gravitational-radiation flux from NSs thus requires the
theory of nonradial oscillations. The nonradial oscillation
of the NS was first developed in the framework of general
relativity in [76], while the first integrated numerical
solution of the NS oscillation was derived in [77]. Later,
the method was simplified with the help of Cowling
approximations [78] by neglecting the metric perturbations
in [79]. The calculation of the oscillation frequencies in full
general relativity (GR) conditions that include the space-
time oscillation also give us the opportunity to calculate
the w-mode frequency along with the f and p mode
frequencies. However, the gross qualitative results remain
unaffected, although, the magnitude of frequencies in the
Cowling approximation differ from those in the total GR
calculations (without Cowling approximation) by up to
30% for the f-mode and ∼15% for p1-mode [75]. A lot of
studies have been done on these different oscillation modes
[58,72,80–87]. Only a few of them [58,84,87,88] particu-
larly focused on the nonradial f-mode oscillations of
DMANSs and [88] used the bound on tidal deformability
from GW data in order to extract the DM composition of
the star for the extracted range of f-mode values. However,
interaction between DM and NS matter is not considered
in [88], and therefore, unlike the present work, they have
considered the two-fluid approach to obtain the structural
properties of the DMANSs.
In the present work we intend to show how the presence

of DM and its interaction with hadronic matter affects the
most prominent f-mode frequency of the oscillation of the
NSs. For this purpose we consider four well-known RMF
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models, viz., NL3 [89], GM1 [90], DD2 [91], and DD-ME2
[92], to describe the hadronic matter content of the star.
Within a range of constant DM Fermi momentum kχF, we
have already obtained the suitable range of mχ required to
obtain reasonable DMANS configurations with these four
hadronic models [1]. Therefore, we use the same in the
present work in order to study the effects of the presence of
DM on the f-mode oscillation of the DMANSs in terms of
mχ corresponding to constant kχF or constant ρχ .
We organize the present work as follows. In the Sec. II,

we briefly address the mechanism of invoking feeble
interaction of DM with hadronic matter via the dark
mediators ϕ and ξ using the four RMF hadronic models
NL3, GM1, DD2, and DD-ME2. We also discuss the
methodology of estimating the structural properties like
mass, radius, tidal deformability, and the f-mode oscil-
lation of the DMANSs. We then present the results of our
estimations based on Sec. II and corresponding discussions
in Sec. III. We summarize and conclude in the final section,
Sec. IV, of the paper.

II. FORMALISM

A. Dark matter admixed neutron star models

For the β-equilibrated hadronic NS matter we consider
four well-known RMF models. Of them, NL3 [89] and
GM1 [90] are with nonlinear self-couplings, while DD2
[91] and DD-ME2 [92] have density-dependent couplings
following the Typel-Wolter ansatz [93]. The values of the
couplings and the saturation properties of all four hadronic
models considered in this present work can be found in the
respective references and also in [94]. In [1] we already
invoked feeble DM interaction with hadronic matter using
these four RMF models. A phenomenological treatment
was considered to describe the self-interaction of non-
relativistic DM by a Yukawa potential [95]. The interaction
of the dark fermion (χ) with the hadronic matter (ψ ¼ n; p)
is mediated by the scalar (ϕ) and vector (ξ) new physics
mediators. ϕ and ξ interact with the hadronic matter ψ with
a very feeble coupling strength gϕ ¼ gξ ∼ 10−4. Also, ϕ
and ξ have their respective couplings with χ as yϕ and yξ.
As considered in our previous works [34,35,96], the values
of mχ , mϕ, and mξ are consistent with the self-interaction
constraints from the Bullet cluster [95,97–100], while the
self-interaction couplings are also chosen by reproducing
the observed nonbaryonic relic density [101–103]. The
values of mϕ and mξ corresponding to the range of mχ are
already shown in our previous works [34,35,96]. The DM
number density ρχ is considered to be constant via constant
DM Fermi momentum kχF throughout the radial profile of
the star following [1,33–35]. It is assumed that the DM
density is 10−3 times the baryon density [33]. The detailed
methodology for obtaining the EOS, i.e, the energy density
ε and pressure P (as functions of baryon density ρ) of
DMANSs using these four models, can be found in [1].

It is well known that the crust of the NS plays an
important role in determining the overall radius of the NS.
In our earlier works [1,34,35], and thus in the present work,
we have considered constant number density of DM along
the radius profile of the star following [33]. This consid-
eration also implies that DM should also be present in
the crust although several works on DMANSs have not
considered the presence of DM in the crust [104,105]. The
methodology adopted for invoking DM interaction with the
NS matter in our earlier [1,34,35] and present works
requires a Lagrangian formulation of the DMANS matter.
For consistency between core and crust, we require a
Lagrangian formulation of the crust matter of the NS in
order to obtain DM admixed crust EOS, including the
interaction between DM and NS crust matter through dark
mediators. However, this Lagrangian formulation of the
crust matter of the NS is not very common in the present
literature. Therefore, the calculation of the DM admixed
EOS for the crust is somewhat not easy and beyond the
scope of this present work. Therefore, we consider DM
interaction only in the core and obtain the DMANS EOS
for the core.

B. Structural properties of dark matter admixed
neutron stars

Using the DMANS EOS, we estimate the structural
properties like the gravitational mass (M) and the radius (R)
of the DMANSs. The metric for a spherically symmetric
star in static conditions is given as

ds2 ¼ −e2ΦðrÞdt2 þ e2ΛðrÞdr2 þ r2dθ2 þ r2sin2θdϕ2: ð1Þ

Based on this metric, the Tolman-Oppenheimer-Volkoff
(TOV) equations are derived [106,107] as

dPðrÞ
dr

¼ −ðεðrÞ þ PðrÞÞ dΦðrÞ
dr

ð2Þ

dΦðrÞ
dr

¼ MðrÞ þ 4πr3PðrÞ
rðr − 2MðrÞÞ ð3Þ

dMðrÞ
dr

¼ 4πr2εðrÞ; ð4Þ

where ΦðrÞ and ΛðrÞ are metric functions with respect
to r. The mass function MðrÞ ¼ rð1 − e−2ΛðrÞÞ=2 satisfies
Eq. (4).
These Eqs. (2)–(4) signify the hydrostatic equilibrium

between gravity and the internal pressure of the star.
The methodology to calculate the nonradial oscillations

of the NSs using the Cowling approximations is well
depicted in [79]. Once we obtain the mass and radius of the
star by solving the TOV Eqs. (2)–(4), the two following
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coupled differential equations are solved to obtain the
oscillation mode frequencies:

dWðrÞ
dr

¼ dεðrÞ
dPðrÞ

�
ω2r2eΛðrÞ−2ΦðrÞVðrÞ þ dΦðrÞ

dr
WðrÞ

�

− lðlþ 1ÞeΛðrÞVðrÞ ð5Þ

and

dVðrÞ
dr

¼ 2
dΦðrÞ
dr

VðrÞ − eΛðrÞ
WðrÞ
r2

: ð6Þ

For the fundamental (f) mode, l ¼ 2. Equations (5)
and (6) need to be solved by imposing certain boundary

(a) (b)

(c) (d)

FIG. 1. Variation of mass with radius of neutron stars with and without dark matter for kχF ¼ 0.07 GeV and different hadronic models
(a) NL3, (b) GM1, (c) DD2, and (d) DD-ME2. The observational limits imposed from the most massive pulsar PSR J0740þ 6620

(M ¼ 2.08� 0.07M⊙) [61] and R ¼ 13.7þ2.6
−1.5 km [62] or R ¼ 12.39þ1.30

−0.98 km [63] are also indicated. The constraints on M-R plane
prescribed from GW170817 [64] and the NICER experiment for PSR J0030þ 0451 [65,66] are also compared.
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conditions at the center (r ¼ 0) and the surface (r ¼ R)
of the star. At r ¼ 0 the functions WðrÞ and VðrÞ
behave as

WðrÞ ¼ Crlþ1 and VðrÞ ¼ −Crl=l; ð7Þ

and at r ¼ R with vanishing perturbation the boundary
condition of WðrÞ and VðrÞ is in the form of

ω2r2eΛðRÞ−2ΦðRÞVðRÞ þ dΦðrÞ
dr

����
r¼R

WðRÞ ¼ 0: ð8Þ

The coupled differential equations, Eqs. (5) and (6), are
integrated from the center to the surface of the star by
considering an initial value of ω2. The value of ω2 is
improved after each integration with the help of the
Ridder’s method until Eq. (8) is satisfied.

(a) (b)

(c) (d)

FIG. 2. Variation of tidal deformability with the mass of neutron stars with and without dark matter for kχF ¼ 0.07 GeV and different
hadronic models (a) NL3, (b) GM1, (c) DD2, and (d) DD-ME2. The constraint on Λ1.4 from GW170817 [64] is also shown.
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The dimensionless tidal deformability (Λ) is obtained in
terms of the mass, radius, and the tidal love number (k2),
following [108,109].

III. RESULTS

In [1] we obtained the suitable range of mχ , correspond-
ing to the range of kχF ¼ ð0.01–0.07Þ GeV, that can yield
reasonable DMANS configurations, in terms of the various
astrophysical constraints on the structural properties of

NSs. For the four hadronic models considered in this work,
the range of mχ is as follows:

NL3∶ mχ ¼ ð1–30Þ GeV
GM1∶ mχ ¼ ð0.3–20Þ GeV
DD2∶ mχ ¼ ð0.5–15Þ GeV

DD-ME2∶ mχ ¼ ð0.5–15Þ GeV

(a) (b)

(c) (d)

FIG. 3. Variation of f-mode frequency with the mass of neutron stars with and without dark matter for kχF ¼ 0.07 GeV and different
hadronic models (a) NL3, (b) GM1, (c) DD2, and (d) DD-ME2.
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We first show the structural properties like mass, radius,
tidal deformability, and then the f-mode frequency of the
DMANSs considering kχF ¼ 0.07 GeV for the range of mχ

corresponding to each hadronic model.
In Figs. (1) and (2) we display the variation of mass with

respect to radius and the relationship of the tidal deform-
ability with the mass of DMANSs. We have also compared
the case of pure hadronic stars, i.e, the no-DM scenario.
The presence of massive DM lowers both the maximum
mass and radius of the star. For kχF ¼ 0.07 GeV and for
each hadronic model, the maximum and minimum values
of mχ are obtained for which all the constraints on theM-R
and Λ-M planes are satisfied. For example, for the GM1
model, values of mχ below 300 MeV do not satisfy the
GW170817 data, while mχ > 20 GeV fails to satisfy the
NICER experiment for PSR J0030þ 0451.
We next present in Fig. (3) the dependence of the f-mode

frequency on the mass of NSs without DM and with DM
considering the fixed values of kχF and mχ , respective to
each hadronic model. The f-mode frequency increases with
the mass of the star. Beyond the maximum mass Mmax of
the star, the value of f keeps increasing further. However,
beyond Mmax, the M − R variation is unstable. Therefore,
the values of f in this region are not important, and we
consider fmax as the value of f corresponding to Mmax. In
the “no-DM” scenario, the obtained values of fmax in the
present work are consistent with that obtained in [80] for
the NL3 and GM1 models and [83] for the NL3, GM1, and
DD2 models. For instance, in case of the GM1 model, we
find from Fig. 3(b) that in the no-DM scenario fmax ¼
2.39 kHz corresponding to Mmax ¼ 2.36M⊙, but while in
presence of DM, fmax ¼ 2.26 and 2.56 kHz corresponding
to Mmax ¼ 2.46 and 2.24M⊙ for mχ ¼ 300 MeV and
20 GeV, respectively. This also implies that the presence
of DM has pronounced effects on the f whose value is
higher in the case of massive DM. The value of f depends
on both the mass and radius of the DMANSs, which are, in
turn, dictated by mχ via the DM admixed EOS. Note that f
not only depends on the mass of the star but also on its
radius. For example, in case of the NL3 model, we find
from Fig. 1(a) that there is negligible difference in
maximum mass of the star between the no-DM scenario
and the case when mχ ¼ 30 GeV. The difference in radius
between the two scenarios is also quite small, especially in

the high mass region. The same effect is reflected in the
behavior of f in Fig. 3(a) where the value of f, corre-
sponding to the maximum mass of the star, is almost equal
to the no-DM case and for mχ ¼ 30 GeV. There is,
however, noticeable difference in the value of f for the
two scenarios at low mass regime, which is a reflection of
the behavior of radius in this regime.
Now for any particular hadronic model, the upper and the

lower limits ofmχ are fixed for k
χ
F ¼ ð0.01–0.07Þ GeV [1].

This implies that in the presence of DM with a fixed kχF, the
range of maximum mass configurations of the DMANSs is
also fixed. The lower values of mχ produces more massive
DMANSs with respect to the radius as seen from Fig. (1).
Consequently, the maximum mass of the DMANS for a
given model becomes higher for the lower values of mχ .
Therefore, mmax

χ for any model produces DMANS with the
lowest value of the maximum mass for that model in the
range kχF ¼ ð0.01–0.07Þ GeV. Let us denote this lowest
value of the maximum mass as MDMANS

ll . Similarly, mmin
χ

yields DMANS with the highest value of the maximum
mass for that model. We denote this highest value of the
maximum mass as MDMANS

ul . For example, for the GM1
model mmax

χ ¼ 20 GeV gives MDMANS
ll ¼ 2.24M⊙, while

MDMANS
ul ¼ 2.46 for mmin

χ ¼ 300 MeV. Consequently, in
the presence of DM, the upper and the lower limits of fmax
(f corresponding to Mmax) are also fixed for any particular
model. Now, contrary to the values of the maximum mass
of DMANSs, it is seen from Fig. (3) that massive DM gives
rise to higher values of fmax, i.e., mmax

χ for any model gives
the upper limit of the fmax, while mmin

χ produces the lower
limit of fmax for a fixed model. We denote the upper limit of
fmax as fDMANS

ul produced by mmax
χ and the lower limit of

fmax as fDMANS
ll given bymmin

χ . As an example for the GM1
model, mmax

χ ¼ 20 GeV gives fDMANS
ul ¼ 2.56 kHz, while

for mmin
χ ¼ 300 MeV, fDMANS

ll ¼ 2.26 kHz. Therefore, in
Table I, we show the values of fDMANS

ul and fDMANS
ll

corresponding to MDMANS
ll and MDMANS

ul with mmax
χ and

mmin
χ , respectively.
Considering all four hadronic models, we find that the

common allowed range of mχ is (1–15) GeV. Therefore,
within this mχ and fixed kχF ¼ 0.07 GeV, we next compare
in Fig. (4) the values of f1.4 and f2.01 for the DMANSs

TABLE I. The values of fDMANS
ll and fDMANS

ul for dark matter admixed neutron stars with correspondingMDMANS
ll

and MDMANS
ul and mmin

χ and mmax
χ for kχF ¼ 0.07 GeV.

Model mmin
χ (GeV) MDMANS

ul (M⊙) fDMANS
ll (kHz) mmax

χ (GeV) MDMANS
ll (M⊙) fDMANS

ul (kHz)

NL3 1 2.77 2.13 30 2.54 2.36
GM1 0.3 2.46 2.26 20 2.24 2.56
DD2 0.5 2.45 2.36 15 2.33 2.52
DD-ME2 0.5 2.50 2.33 15 2.38 2.47
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obtained with the different hadronic models. f1.4 and f2.01
are the values of f corresponding to the DMANSs of mass
1.4M⊙ and 2.01M⊙, respectively. These values are impor-
tant because one of the binary components associated with
GW170817 has a mass of 1.4M⊙ while the lower limit
of mass of the most massive pulsar PSR J0740þ 6620,
detected to date, is 2.01M⊙. The underlying RMF EOS
plays a role in deciding the magnitude of f-mode. For

example, for any particular value of mχ and kχF, Fig. 4(a)
shows that the value of f1.4, in terms of the model, follows
the sequence NL3 < GM1 < DD-ME2 < DD2. Since a
1.4M⊙ is obtained at low values of density, we find that at
lower density the stiffness of the EOS in the no-DM
scenario follows the reverse trend as NL3 < GM1 <
DD-ME2 < DD2. Thus it can be said that stiffer EOS
results in f1.4 of lower magnitude. As expected, both f1.4

(a) (b)

FIG. 5. Variation of (a) f1.4 and (b) f2.01 with constant Fermi momentum of dark matter for mχ ¼ 7 GeV compared for different
hadronic models.

(a) (b)

FIG. 4. Variation of (a) f1.4 and (b) f2.01 with the mass of fermionic dark matter for kχF ¼ 0.07 GeV compared for different hadronic
models.
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and f2.01 increase with mχ for all the models. Figures 4(a)
and 4(b) show that for any value of mχ , the values of both
f1.4 and f2.01 are minimum for NL3 and maximum for
DD2. This is because the values of R1.4 and R2.01 are
maximum for NL3 and minimum for DD2. The values
of both f1.4 and f2.01 are almost the same for DD2 and
DD-ME2 models for any value of mχ .
The common range of mχ ¼ ð1–15Þ GeV is not only

valid for kχF ¼ 0.07 GeV but within a range of kχF ¼
ð0.01–0.07Þ GeV, as we obtained in [1]. Therefore, in
Fig. 5 we now study the variation of f1.4 and f2.01 with
respect to kχF in the range of (0.01–0.07) GeV for a fixed
value of mχ ¼ 7 GeV that falls within the acceptable
common range of mχ ¼ ð1–15Þ GeV. The dependence
of f1.4 and f2.01 on kχF is compared for all four hadronic
models. The values of f1.4 and f2.01 increase with kχF
and, similar to Fig. (4), the values of f1.4 and f2.01 are

maximum for the DD2 model and minimum for NL3 for
any particular value of mχ . Interestingly, from Figs. 4
and 5 we observe that the variation of f1.4 with both mχ

[Fig. 4(a)] and kχF [Fig. 5(a)] are obtained parallel for all
four hadronic models, while in the case of variation of
f2.01 the curves for the GM1 and DD-ME2 models
intersect and overlap.
We finally try to understand the complete effect of the

presence of DM on the values of f1.4 and f2.01 for the four
individual hadronic models NL3, GM1, DD2, and DD-
ME2 in Figs. 6, 7, 8, and 9, respectively. The complete
effect of DM can be seen from the combined effect of mχ

and kχF, which is studied in these figures. We span the
common allowed range ofmχ ¼ ð1–15Þ GeV fully and also
the total range of kχF ¼ ð0.01–0.07Þ GeV in the following
figures. Figures 6(a), 6(b), 7(a), 7(b), 8(a), 8(b), 9(a),
and 9(b) show that for any particular hadronic model

FIG. 6. Variation of (a) f1.4 and (b) f2.01 with mχ and kχF with NL3 hadronic model. (c) Corresponding consolidated 3-dimensional
variation.
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f1.4 and f2.01 increase with mχ . This increasing behavior is
further escalated with the larger values of kχF.
Each band represents the variation of f1.4 and/or f2.01

with respect to mχ for the value of k
χ
F within an interval of

0.01 GeV. The interface of any two consecutive bands
represents f1.4 and/or f2.01 with respect to mχ for a fixed
value of kχF, which is denoted in the color bar. It is
interesting to note that for decreasing kχF there is monotonic
squeezing of the bands. This is because at very low kχF, the
DM population in terms of DM mass density ρχ is too low,
irrespective of mχ . Under such circumstances, the findings
related to the structural properties of the star are very
similar to that of the no-DM scenario, as also seen in [1].
For example, for the DD-ME2 model, the values of f1.4 and
f2.01 for kχF ¼ 0.01 GeV are approximately 2.05 and
2.15 kHz, respectively, as seen from Figs. 9(a) and 9(b).
These values of f1.4 and f2.01 are very close to that obtained

in the no-DM scenario for the DD-ME2 model as seen
from Fig. 3(d).
In Figs. 6(c), 7(c), 8(c), and 9(c) we depict the 3-

dimensional representation of the variation of f1.4 and f2.01
with respect to both mχ and kχF. In such representation, we
obtain the values of f1.4 and f2.01 as two separate non-
overlapping planes. From Figs. 6–9 we also provide the
range of f1.4 and f2.01 of the DMANSs for the accepted
range ofmχ , corresponding to the range of k

χ
F. For example,

for the DD2 model, fDMANS
1.4 ¼ ð2.03–2.16Þ kHz and

fDMANS
2.01 ¼ ð2.15–2.32Þ kHz.
We calculate the p1-mode frequency of the NSs without

DM and with DM considering the fixed value of
kχF ¼ 0.07GeV. For DMANSs we choose to work with
the maximum and minimum values of mχ respective to
different hadronic models. In case of the p-mode, l ¼ 2,
similar to the f-mode scenario. However, the number of

FIG. 7. Variation of (a) f1.4 and (b) f2.01 with mχ and kχF with GM1 hadronic model. (c) Corresponding consolidated 3-dimensional
variation.
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nodes for thep-mode is n ¼ 1, unlike the f-modewhich has
no node. In Fig. 10 we show the variation of the p1-mode
frequency with respect to the mass of the of NSs with and
without DM for the two hadronic models NL3 [Fig. 10(a)]
and DD2 [Fig. 10(b)]. We know that unlike the f-mode
frequencies, which are not much affected by the crust
[73,74,110,111], the p-mode is quite sensitive to the low-
density crustal EoS [75]. As stated earlier that we have not
considered the crustal effects of the NSs. Therefore, our
results of the magnitude of the p1-mode frequency of the
NSswithoutDMare different (a bit larger) than that obtained
in [80,83] especially at low mass (density). However, the
value of p1max (corresponding toMmax) do not differ much
from that obtained in [80,83] as the deviation is noticed only
at the second significant figure. In the present work we
obtain the values of p1max for the NSs without DM as
6.08 kHz for NL3 model and 6.66 kHz for the DD2 model

while in [80]p1max is obtained as∼6 kHz for theNL3model
and in [83] the value of p1max is ∼ 6.5 kHz. It is observed
from both the Figs. 10(a) and 10(b) that for the cases of no-
DM and the DMANSs with minimum value ofmχ , the p1 −
M variation initially follows a flat or slightly increasing
trend that decreases after a certain value of mass (density).
For the maximum value ofmχ , the variation of p1 shows an
overall decreasing trend along the mass (density) profile of
the star. In the present work we obtain the range of pDMANS

1max
as (6.03–6.94) kHz for the NL3 model and (6.49–7.04) kHz
for the DD2 model.

IV. SUMMARY AND CONCLUSION

The feeble interaction between the fermionicDM (χ) with
the hadronic matter is introduced through a dark scalar (ϕ)
and a dark vector (ξ) boson as mediators in [1], wheremχ is

FIG. 8. Variation of (a) f1.4 and (b) f2.01 with mχ and kχF with DD2 hadronic model. (c) Corresponding consolidated 3-dimensional
variation.
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related to mϕ and mξ via the constraint from the Bullet
cluster, while the coupling strengths of ϕ and ξ with χ
are obtained using the bound from the present day relic
abundance. In the same paper, we prescribed for different
hadronic models, the allowed range ofmχ that can help the
DMANS configurations to satisfy all the observational and
astrophysical constraints on the structural properties like
the mass, radius, and tidal deformability of compact stars.
In the present work, we utilize the allowed range ofmχ to

study the effects of such feeble interaction of DM with the
hadronic star matter on the nonradial f-mode oscillation of
the DMANSs considering the Cowling approximation. In
terms of mχ and kχF, we found that DM has profound
influence in determining the f-mode frequency of NS
oscillation. For a fixed value of kχF, we also determined the
possible range of fDMANS corresponding to that of mχ for
four particular hadronic RMF models. For instance, we

obtain for kχF ¼ 0.07 GeV the range of fDMANS for the
following hadronic models as follows:

NL3∶ fDMANS
max ¼ ð2.13–2.36Þ kHz

GM1∶ fDMANS
max ¼ ð2.26–2.56Þ kHz

DD2∶ fDMANS
max ¼ ð2.36–2.52Þ kHz

DD-ME2∶ fDMANS
max ¼ ð2.33–2.47Þ kHz

So in the framework of our DMANSs in the present
work, the range of fDMANS

max ¼ ð2.13–2.56Þ kHz considering
all four hadronic models.
Since the properties of 1.4 and 2.01M⊙ are of current

interest, we particularly studied both the individual
and combined dependence of f1.4 and f2.01 on both
mχ and kχF. We found that the variation of f1.4 and f2.01
increases with mχ , which is further boosted by large

FIG. 9. Variation of (a) f1.4 and (b) f2.01 with mχ and kχF with DD-ME2 hadronic model. (c) Corresponding consolidated 3-
dimensional variation.
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values of kχF. For the four hadronic models, the range
of f1.4 and f2.01 of DMANSs with respect to the
acceptable range of mχ corresponding to the range of
kχF is tabulated below:

NL3∶ fDMANS
1.4 ¼ ð1.80–1.95Þ kHz

GM1∶ fDMANS
1.4 ¼ ð1.95–2.16Þ kHz

DD2∶ fDMANS
1.4 ¼ ð2.03–2.16Þ kHz

DD-ME2∶ fDMANS
1.4 ¼ ð2.03–2.20Þ kHz

NL3∶ fDMANS
2.01 ¼ ð1.90–2.08Þ kHz

GM1∶ fDMANS
2.01 ¼ ð2.11–2.31Þ kHz

DD2∶ fDMANS
2.01 ¼ ð2.15–2.32Þ kHz

DD-ME2∶ fDMANS
2.01 ¼ ð2.13–2.29Þ kHz

Thus in the present work, considering all four
hadronic models, fDMANS

1.4 and fDMANS
2.01 lie in the range

(1.80–2.20) kHz and (1.90–2.32) kHz, respectively.
It should be mentioned that we have not included the

effects of theNS crust in [1] while obtaining the range ofmχ ,
due to the absence of a suitable DM admixed crust EOS.
Therefore, in the future if a suitable DM admixed
NS crust EOS can be obtained with a technique consistent
with that used for obtaining the EOS of the core of the
DMANSs, then it can be employed to recalculate the gross
properties of the DMANSs. In that case, the range of mχ

(consistent with the various astrophysical constraints) will

bemodified due tomodification in the radii of theDMANSs.
Consequently, the range of fDMANS

max , fDMANS
1.4 , and fDMANS

2.01
will be modified according to the modified range of mχ .
We have also calculated the values of p1-mode frequency

of the NSs with and without DM. We found that in absence
of the crustal effects, the values of p1-mode in the “no-DM”
case, are larger than that generally obtained in literature,
especially at low density. Unlike the p1-mode, the effects of
the crust EoS is not remarkable on the f-mode of NSs.
Therefore, in the present work we mainly focus on the
variation and magnitude of the f-mode both in presence
and absence of DM.Moreover, f-mode is of special interest
because it is the most prominent oscillation frequency and
thus compared to the higher order modes, it is more likely
to be measured by the upcoming facilities like the Einstein
Telescope, the Cosmic Explorer, and the LIGO O4 run.
Also, in the present work the nonradial oscillation

frequencies like the f and p1 mode frequencies of the
NSs, with and without DM, are calculated in the Cowling
approximation neglecting the metric perturbations in space-
time. Therefore, it will be interesting to calculate the
oscillation frequencies in full GR conditions that include
the spacetime oscillation. Such consideration will also give
us the opportunity to calculate the w-mode frequency along
with the f and p1 mode frequencies.
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FIG. 10. Variation of p1-mode frequency with the mass of neutron stars with and without dark matter for kχF ¼ 0.07 GeV and different
hadronic models (a) NL3 and (b) DD2.
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