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The quantum noise in gravitational-wave detectors can be suppressed in a broadband by frequency-
dependent squeezing. It usually requires one large scale filter cavity and even two, for example in the low
frequency detector of Einstein Telescope, which is a detuned dual recycling Fabry-Perot Michelson
interferometer. In this paper, we study the feasibility of replacing two filter cavities with a coupled-cavity,
aiming to reduce the optical losses with less number of optics. It turns out this approach is only theoretically
valid, however, the required parameters of the optics do not support practical implementation, which is
consistent with the results in Jones et al. [Implications of the quantum noise target for the Einstein Telescope
infrastructure design, Phys. Rev. D 101, 082002 (2020)]. Furthermore, we investigate the viability of utilizing
Einstein-Podolsky-Rosen (EPR) squeezing to eliminate either one or two filter cavities in the Einstein
Telescope. It turns out EPR squeezing would allow us to eliminate one filter cavity, and can potentially
improve the detector sensitivity with the allowance of higher input squeezing level, benefiting from the longer
length of the arm cavity which serves as one of the filter cavities for frequency-dependent squeezing.
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I. INTRODUCTION

Since the first gravitational-wave (GW) signal was
detected in 2015, the network of Advanced LIGO [1-6],
Advanced Virgo [7,8], and KAGRA [9-11] have already
detected nearly one hundred events [12], including binary
black hole and neutron star coalescence. To explore further
into the universe, a series of future detector plans aiming for
a ten-fold overall sensitivity improvement were put into the
discussion, such as FEinstein Telescope (ET) [13] and
Cosmic Explorer [14]. In these detectors, quantum noise
limits their sensitivity in most of their frequency bands.
Quantum noise consists of radiation pressure noise and shot
noise [15—17]. Shot noise is due to the statistical fluc-
tuation of the number of photons arriving at the photo
detector in a unit of time, manifesting itself as fluctuations
in the phase of the light and is important at high-frequency
in the gravitational wave detectors. Radiation pressure
noise comes from the test mass displacement raised by the
fluctuating radiation pressure force from the light. It can be
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attributed to the amplitude fluctuation of the light. The
radiation pressure noise is significant at low-frequency due
to the mechanical dynamics of the test mass. The sum of
quantum shot noise and radiation pressure noise mini-
mized over the light power forms a lower bound called
standard quantum limit (SQL) [18].

To overcome the standard quantum limit and improve the
quantum noise limited sensitivity, various techniques were
proposed. The frequency-dependent squeezing (FDS) has
been applied and successfully suppressed the quantum noise
in current detectors [19-21]. In ET, two interferometers are
foreseen, in the so-called xylophone configuration. The
high-power interferometer attains low shot noise and serves
as the high-frequency detector; the low-power interferom-
eter attains lower quantum radiation pressure noise and
serves as the low-frequency detector. The low-frequency
detector is a detuned interferometer which creates an optical
spring effect and allows to overcome the SQL at the
optomechanical resonance frequency [15,22,23]. In addi-
tion, FDS will be applied to further improve the overall
quantum sensitivity. Therefore, it requires two filter cavities,
which are responsible for compensating the phase rotation
from the optical detuning and the optomechanical ponder-
motive effect, respectively. In practice, the two filter cavities
in kilo-meter scale will entail substantial costs and bring
more optical losses. Alternative approaches of FDS are
proposed in previous researches. One is to implement EPR
squeezing, which was proposed the first time in [24], for
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an interferometer without detuning, and later on proposed
for a detuned interferometer without arm cavity [25]. The
EPR squeezing scheme was experimentally demonstrated
in [26-28]. Recently, a proposed FDS scheme using quan-
tum teleportation (QT) technology can in principle eliminate
both filter cavities in a detuned dual-recycling Fabry-Perot
Michelson interferometer (DRFPMI) [29]. Another idea is
to use a coupled filter cavity to replace two individual filter
cavities. It was proposed first in [30], while only numerical
result was given.

In this paper, following the previous study, we system-
atically study the feasibility of alternative approaches to
conduct FDS for a detuned DRFPMI and compare them
with the conventional approach and the new QT approach.
In Sec. II, we review the input-output relation of the
interferometer, based on which the required squeezing
rotation angle and parameters of filter cavities can be
derived. In Sec. III, we analytically study the equivalence
of two filter cavities and a coupled-cavity, which inspires
the motivation of taking the coupled signal recycling
cavity (SRC)-arm cavity as the filter cavity for EPR
squeezing. In Sec. IV, we conduct the research of EPR
squeezing to eliminate both required filter cavities, and
show that this scheme is infeasible given the constraints of
the interferometer parameters. In Sec. V, we propose to use
the EPR scheme to replace one of the two filter cavities, the
filter cavity with narrower bandwidth, more specifically,
and compare the resulting sensitivities with those of the
conventional approach and QT approach after including
the optical losses.

II. FREQUENCY-DEPENDENT SQUEEZING
VIA FILTER CAVITIES

In the two-photon formalism [31-33], the input-output
relation of the interferometer, in the quadrature picture, can
be generally written as

A

o = Ti+ R#, (1)

where & and i are the output and input fields of the
interferometer at the dark port. The expression of transfer

7o) 12a) s given as Eq. (2.20) in [34]. R is

the response vector of the interferometer to the differential
displacement of the test mass, X. The quantum noise
spectral density of the interferometer can be calculated
in the general form as [16]

matrix T = |
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sin ¢ | is the homodyne detection vector

where H = [cos
with homodyne angle ¢; P = [°%0 $in¥] j5 the rotation

matrix with rotation angle 6, usually provided by the filter

cavities; r is the squeezing factor with positive sign meaning
phase quadrature squeezed. In order to make Eq. (2)
minimum, the rotation angle @ should satisfy

T11(Q) cos{ + Ty (Q)sing

tand = — — . 3
T15(Q) cos + Tp(Q) sin{ ®)
The Eq. (3) can be formulated in a form as follows:
nop QZk
tan 9(Q) = 2o B2 T (4)
2= Ak

where A; and B, are real constants with A% + B% > 0. As
detailed in Appendix A of [17], the bandwidth and detuning
of filter cavities for FDS can be derived by calculating the
complex roots of the equation

D (A +iB)Q* =0, (5)

k=0
with the roots Q;,j =1,2,...,2n, where n denotes the
number of the required filter cavities. The positive real part
of roots €; stands for the bandwidth of the filter cavity, y;,
and the corresponding imaginary part of the root stands for
the detuning of the filter cavity, éw;. Taking the parameters
of ET as the example, which are shown in Table I, the
parameters of the two required filter cavities can be
calculated as

71 ow,

—=4206H — =19.51 H

o 6 Hz, > 9.51 Hz, (6a)
72 ow,

~=165H — = —7.65 Hz.

> 65 Hz, o 7.65 Hz (6b)

TABLE L. The table shows the parameters of the interferometer.
Parameter Physical meaning Value

M Mass of the test mass 211 kg

1 Power of the laser 63 W

Lsrc SRC length 152 m/86 m

L, Filter cavity length 10> m

Lym Arm length 10000.3 m/10000.2 m
A Frequency detuning (idler) 1.27 MHz/2.25 MHz
TsrMm Power transmissivity of SRM 20%

Trrm Power transmissivity of ITM 0.7%

e Round-trip detuning of SRC 7 —0.75 rad

g Homodyne angle (signal) z

¢ Homodyne angle (idler) 7+01

r Squeezing factor 1.15/1.73

€ Input loss 4%

€, Readout loss 3%

€SRC SRC loss 1000 ppm

€arm Arm cavity loss 45 ppm

€5 Filter cavity loss 20 ppm

AL Filter cavity length deviation 1072 m

082006-2



APPROACHES OF FREQUENCY-DEPENDENT SQUEEZING FOR ...

PHYS. REV. D 110, 082006 (2024)

a)———l]ﬁ[l-é-—lZEZI——u—————ﬂ

OPA IM1 EM1
———@——ﬁ‘—’—f-ﬂ
IM2 EM2

0 — — =i — A ﬂ r —;|

‘oA I
I

FIG. 1. (a) The upper figure shows the setup of the two filter
cavities scheme; (b) The lower figure shows the setup of the
coupled-cavity scheme. We use the optical parametric amplifier
(OPA) to produce the squeezed light, then inject the squeezed
light into either two filter cavities or the coupled-cavity. After the
beam is reflected from the filter cavity, we feed the beam into the
interferometer (Ifo) from the dark port.

III. EQUIVALENCE BETWEEN TWO FILTER
CAVITIES AND A COUPLED-CAVITY

In this section, we investigate the equivalence between
two sequential filter cavities and a three-mirror coupled-
cavity to achieve the FDS. [30] studies the two main
advantages of the coupled-cavity: (1) compared to the
two filter cavities, the coupled-cavity does not need some
auxiliary optics such as the Faraday isolator, without which
the overall optical loss in the input squeezing path can be
reduced; (2) in the case of using the coupled-cavity, the two
cavities can be arranged sequentially in one long vacuum
system, whereas the two separated filter cavities require a
shorter but wider vacuum space.

As detailed in Appendix B, the transfer functions from
the upper sideband of the input field to the upper sideband
of the output field are

Fon(Q) = iT1 T2 =1 (Q)h2(Q) +5 (T2, (Q) +T1,(Q))
e 1T Ty — 1 ()2 (Q) =4 (T2 (Q) + T1h2(Q))
(7a)
Ty = 1 (Q)pH(Q) + 5T 5 (Q)
Sl =5 " g inp@

where f,,(Q) is the transfer function of the two filter
cavities, ¢,(Q )—2(5a)lz+Q)L'2 are the round trip
phases the light acquires in corresponding cavities, € is
the sideband frequency, c is the speed of light, L, , are the
cavity lengths of corresponding cavities, and 7', are the
power transmissivity of the two input mirrors (IM1,IM2) as

shown in (a) of Fig. 1, and fopeq(Q) is the transfer

function of the coupled-cavity, ¢ ,(Q) = 2(6w , + Q) %
are the round trip phases the light acquires, dw/ , are the
detunings of the corresponding cavities, 7 is the power
transmissivity of the input mirror (IM), T% is the power
transmissivity of the middle mirror (MM), L}, are the
cavity lengths as shown in (b) of Fig. 1. Notice, Eq. (1) is
the general input-output relation in the quadrature picture
which contains both optical and optomechanical effects,
however, the Eq. (7) only represents the optical transfer
function of the upper sideband of light.

By comparing the real and imaginary parts of the
numerator or denominator of Egs. (7a) and (7b) and setting
them identical, we find below relations of the parameters

L/IL/Z = L]LQ, (83)
7i=r+7r, (8b)

71
Sw = Swy, 8c
Yt ! 71 +72 ? (8¢)

Sy = 2 dwy +
Yitr

ow| — O 2
o T E YT
71 +72

where y| = ZZ‘ is the half-bandwidth of the first cavity in

SwH, (8d
71 +72 g )

the coupled-cavity, w; is the splitting frequency of the two
resonances of the coupled-cavity

vy
N7

g =

©)

By bringing the parameters in Eq. (6) into Eq. (8), we can
calculate the parameters of the coupled-cavity. We also
search the coupled-cavity parameters numerically by non-
linear least square method to match Eqs. (7a) and (7b), and
encouragingly, the calculated rotation angles using both
methods are consistent, as digitally shown in Table II and
visually shown in (a) of Fig. 2. It proves the equivalence of
the two schemes. However, the calculated transmissivity of
the MM is

T, ~2.7x 1077, (10)

which is around ten times lower compared to the end test
mass (ETM) transmissivities of the arm cavities in current
GW detectors.
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TABLE II. The table shows the values of the parameters of the
two filter cavities and the coupled-cavity. The parameters on the
left are the calculated parameters of two filter cavities. The
parameters on the right are the calculated and the fitted param-
eters of the coupled-cavity.

Value
Parameter Value Parameter Analytic Numerical
dw, 19.51 Hz S 11.94 Hz 11.93 Hz
b, —7.65 Hz Sy —-0.08 Hz —-0.07 Hz
71 4.26 Hz 7 5.90 Hz 5.91 Hz
72 1.65 Hz S, 12.46 Hz 12.47 Hz
L, 1000 m L 1000 m 1000 m
L, 1000 m L, 1000 m 1000 m

IV. REPLACING TWO FILTER CAVITIES USING
EPR-ENTANGLEMENT SCHEME

Enlightened by the study in the last section, in this
section, we discuss whether the coupled SRC-arm cavity
can perform as the filter cavity in the EPR squeezing
scheme. The principle of the EPR scheme is studied
adequately in [24,27]. Here, we review the core steps.
First, the squeezer is pumped at frequency w, = 2w + A,

(a) =
2.0 ~—— Two filter cavities

—g / -===- Coupled-cavity (analytic)
% / Coupled-cavity (numerical)
)

=

<

=

2

g

]

=4

(W) —

—— Two filter cavities

—§ —-—:= SRC-arm coupled cavity
= g N

[5)

20

=

<

=

.S

g

]

=2

10° 10' 107
Frequency [Hz]

FIG. 2. (a) The upper plot shows the calculated rotation angles

using the parameters of the coupled-cavity derived from both the
analytical method and numerical nonlinear least square method
approaches. They agree with the rotation angle provided by the
two-cavity setup. (b) The lower plot shows the rotation angles of
the SRC-arm coupled-cavity for the idler beam. The rotation
angles are calculated with the parameters of the SRC-arm
coupled-cavity fitted by Python and do not agree with the
rotation angle provided by the two-cavity setup.

where ) is the carrier frequency of the interferometer, such

that the signal field a with frequency w,, and idler field b
with frequency @, + A are entangled with each other in the
EPR way. Second, the two fields are injected into the
interferometer from the dark port, thereby the quadratures
of the idler field would rotate by seeing the interferometer
as the filter cavity. The quadrature rotation of the idler field
is required to be inverse to the rotation of the signal field
due to optical detuning and ponderomotive effect. Finally,
the signal and idler beams are separately detected with
homodyne detection, and then their photocurrents are
combined with an optimal filter.

Note that in [24], the phase gained by sideband at
frequency Q in the SRC is ignored, since the length of
SRC is much smaller than that of the arm cavity and
Q < A. Therefore, the SRC can be treated as a compound
mirror that forms a single filter cavity together with the
ETM of the arm cavity. Here we precisely analyze the
system and treat the coupled SRC-arm cavity as a three-
mirror cavity. As detailed in Appendix. B, we derive the
parameter relations between the coupled SRC-arm cavity
and the coupled-cavity shown in (b) of Fig. 1 as

LsgpcLam = LiL5, (11a)
YSRC = 71 (11b)
dwsrc = 6w — dwh, (11c)
6wy = 0, (11d)

A = 6w, (11e)
FRETm = @), (11f)

where Lgpc is the length of the SRC, L, is the length of

the arm cavity, yspc = Zisgi"c“ is the half-bandwidth of the

SRC, Tgry is the power transmissivity of the signal
recycling mirror (SRM), dwgrc is the detuning of the
SRC to the signal beam, dw,., is the detuning of the
arm cavity to the signal beam, A is the frequency detuning

of the idler beam, wSRC~2™ is the splitting frequency
wSRC—arm — Cv TITM (12)

2 Vv LSRCLarm .

Here Tim\ is the power transmissivity of the input test
mirror (ITM).

Equation (11) shows there are some degrees of freedom
we can adjust, i.e., the SRC and arm cavity length. However,
we find that Eq. (11f) strictly requires the transmissivity
of the ITM should be 2.7 x 1077 but the transmissivity of
ITM of ET is 7 x 1073, The numeric result also suggests
that the rotation angle provided by the interferometer is not
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consistent with the rotation angle provided by two filter
cavities, as shown in (b) of Fig. 2. As a conclusion, the EPR
scheme of employing the SRC-arm cavity to eliminate both
filter cavities of ET is infeasible.

V. REPLACING ONE FILTER CAVITY USING
EPR-ENTANGLEMENT SCHEME

Using the EPR scheme to eliminate both required filter
cavities has been proven to be infeasible in Sec. I'V. In this
section, we step back and utilize the EPR squeezing to
eliminate one of the required filter cavities, as shown
in Fig. 3.

A. Parameter choice

Here the remaining filter cavity is only expected to
provide quadrature rotation to the idler beam. In order to
avoid undesired rotation to the signal beam, the signal beam
needs to be kept either on resonance or anti-resonance in
the filter cavity. The latter option which can give less
optical losses is chosen as the setup in the paper. The idler
beam is detuned from the filter cavity resonance by dw;,
therefore the frequency difference between idler beam and
signal beam, A needs to satisfy

T

=

== SRM
OPA Filter cavity!

Idler detection

Signal detection

FIG. 3. The figure shows the setup for eliminating one required
filter cavity by using the EPR squeezing scheme. At first, We
pump the OPA to produce a signal beam with frequency w, and an
idler beam with frequency w, + A, which are entangled with each
other in an EPR way. Then we inject them into a filter cavity,
which is anti-resonant to the signal beam. After being reflected
from the filter cavity, we feed them into the interferometer from
the SRM. Finally, after two beams interact with the interferometer
and are reflected from the SRM, we use OMC to separate these
two beams from each other to measure them separately and then
combine the measurement with an optimal filter.

A =bw+ (2n; + 1)z x n€Z, (13)

c
2L,
The interferometer will serve as the second filter cavity

equivalently for the idler beam owning the bandwidth y,
and detuning dw,. The interferometer bandwidth reads

_ C|TSRC|2

14
4L, (14)

72

where 7 ggc is the effective amplitude transmissivity of
SRC and can be calculated as

PSRC
;#SRC
VTrvmTsrve' 2
1 - vRITMRSRM€2’¢SRC

Here ¢src = 2(A LSLF*C + @src) is the round trip phase the
idler beam acquires in the SRC, ¢@grc is the constant
detuning of the SRC, Ry srym is the power reflectivity of
the ITM and SRM. The effective detuning, é@,, needs to

satisfy

(15)

TSRC =

Lym
Z + Arg[Rggrc] = 2n,7,

2(5(02 + A) ny EZ, (16)
where Rgqgc is the effective amplitude reflectivity of SRC
when the beam is injected from the ITM

_ VRmwm — VRsgue'?see
I VRinRsne

According to Egs. (13), (14), (16) and the parameters of
ET, the detuning A, SRC length and fine-tuning of the arm
cavity length can be derived as shown in Table I. Here we
constrain the SRC length below 200 m and chose two
values around 80 m and 150 m as examples.

RSRC

(17)

B. Detector sensitivity

We denote the output of the signal beam and the idler
beams as A and B, and the transfer functions from input
fields (&,i)) to the output fields (A,B) are derived in
Appendix C. At the homodyne detection, their phase
quadratures are measured (denoted by subscript 2), and

the combined measurement after filtering B, by an optimal
filter g can be written as

n n A Sia
Ay =Ay) +gB,, g=—

(18a)

ByB,

The power spectrum density (PSD) of Ag can be
calculated as

Si,A, = Sih, T191°Sn,8, + 9" Sa,p, + 9Sh,a,»  (18b)
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(b)

=y

=
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0
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FIG. 4. (a) The upper figure shows the comparison of the

quantum sensitivity of ET low frequency detector using different
FDS schemes; (b) The lower figure shows the foreseen quantum
noise limited sensitivity enhancement in PSD compared to the
quantum noise without squeezing.

where S 3, S35, are the PSD of Ay, B,, and SiB, Shya,
are their cross PSD.

The sensitivities are calculated with 10 dB and 15 dB
input squeezing, as shown in Fig. 4. As a comparison, we
also show the result of the conventional FDS scheme with
two filter cavities and the recently studied QT squeezing
technology [29].

In general, the EPR scheme incurs an intrinsic ~3 dB
penalty due to the lack of response of the idler beam to the
GW signal. Besides, it is susceptible to double optical
losses, which cumulatively arise from two optical paths.
However, leveraging the arm cavity to replace a filter cavity
enables us to lengthen the effective filter cavity, hence
reduces the effective filter cavity loss and phase noise,
assessed through the term per unit length.

In the FDS scheme using detuned filter cavities, the filter
cavity loss will introduce a magnitude imbalance between
the upper and lower sideband, which causes the so called
dephasing effect, in particular around the detuning fre-
quency. Such an effect couples the undesired anti-squeezing
to the phase quadrature [35,36]. Therefore, around 8 Hz,
where the detuning frequency of the filter cavity with
narrower bandwidth locates and the optical optomechanical
resonance strengthens the ponder-motive squeezing, the
sensitivity of the two filter cavities scheme becomes worse
after increasing the input squeezing from 10 dB to 15 dB. In
contrast, in the EPR squeezing setup, we replace the
narrower bandwidth filter cavity with a longer arm cavity,

90
80
=
=
§ 50 Two filter cavities (10 dB)
2 ,/ —— Two filter cavities (15 dB) N
/ === One filter cavity + EPR (10dB)  “ N0
—— One filter cavity + EPR (15 dB) N
QT (10 dB)
QT (15 dB)
/1
3010 20 40 60 100
Total Mass [M ¢ |
FIG.5. This figure displays the astrophysical reach of ET (three

sets of interferometers with opening angles at 60 degrees) using
different FDS schemes for equal-mass compact binaries, as a
function of total source-frame mass.

such a dephasing contamination gets moderated, which
allows the 15 dB scheme to show superiority. Given the
constraint on physical lengths of the external filter cavities
to 1 km, the conventional FDS prefers lower input squeez-
ing as 10 dB, while the EPR squeezing could in principle
allow higher input squeezing for a better performance.

The QT scheme replaces both the filter cavities with the
arm cavity, effectively enhances the lengths of both filter
cavities. Therefore, it shows almost constant sensitivity
enhancement by increasing the input squeezing. However,
it involves three beams at the detection with only one beam
sensing the gravitational wave signal, therefore, the inher-
ent squeezing penalty is ~4.8 dB. In the meanwhile, there
exist threefold optical losses [29]. It gives overall worse
sensitivity compared with the EPR scheme, while also
shows superiority around 8 Hz compared with the conven-
tional FDS with 15 dB input squeezing.

Finally, in Fig. 5, we show the horizon reach of different
FDS schemes to the inspiral of equal-mass compact binaries
as a function of total source-frame mass. Both the EPR and
QT schemes give overall horizon improvement by increas-
ing the squeezing level. The two filter cavity scheme results
in less horizon reach mainly in the range of 20-40 solar
masses after increasing the squeezing from 10 to 15 dB.
Compared with the two filter cavity scheme (10 dB
squeezing), the EPR squeezing scheme (15 dB squeezing)
expands the horizon reach of ET by a maximum of ~10% in
the range of 15-60 solar masses.

VI. CONCLUSION

The low-frequency detector of the Einstein telescope
will operate at the detuned signal recycling regime, there-
fore it requires at least one more filter cavity for FDS
compared with the broadband detector, such as advanced
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LIGO/Virgo and Cosmic Explorer. As an underground
detector, the space is precious. In this paper, we explored
other approaches of FDS for the low-frequency detector of
ET aiming for both saving the cost and potential enhance-
ment of the sensitivity. Three alternative schemes are
studied: (1) using one coupled filter cavity; (2) using
EPR squeezing to replace two filter cavities by the inter-
ferometer itself; (3) using EPR squeezing to replace one
filter cavity by the interferometer itself. We prove the first
option is equivalent to the two filter cavities in theory,
however, it requires the transmissivity of MM to be sub-
ppm. The second option is invalid because of the constraints
from the predefined parameters of the interferometer. In the
third option, we opt to replace the filter cavity with a
narrower bandwidth. It turns out, even though there exists
~3 dB inherent penalty and twice optical losses from the
two beams, this design still shows sensitivity improvement
benefiting from the lower effective loss from the longer
effective filter cavity and higher input squeezing level, in
particular below 10 Hz. In contrast, the higher input
squeezing will degrade the sensitivity around 8 Hz in the
case of using two 1 km filter cavities. From an astrophysical
perspective, this sensitivity enhancement enables the detec-
tion of gravitational waves emitted by more distant compact
binaries. Notably, the most significant improvement is
observed for binary stars with total source-frame mass
ranging from 15 to 60 solar mass.

The modern laser interferometric detector is a complex
instrument, the optical losses could in principle arise from
more sources than a single filter cavity, for example, the
cavity mode mismatch and the optical path distortion from
thermal effect. Here, indeed, we take into account
1000 ppm SRC loss and 45 ppm arm cavity loss in the
EPR scheme. The noise contamination mechanism can be
more, but modestly complex in reality, thanks to the low
power operation in the ET low-frequency detector. In
conclusion, the study in this work paves the way for a
future implementation/upgrade of FDS in the low fre-
quency detector of ET featuring EPR squeezing.
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APPENDIX A: REPRESENTATION
TRANSFORMATION

In the two-photon formalism, the field is defined with
two orthogonal quadrature, i.e., & = [a,, &,|T, where &, &,
represent the amplitude and phase quadrature, respectively.
The representation of a field in the sideband picture can be
transformed into the quadrature field following the below

relation
a a 171 1
oufy] ekl ) w
aq al V2 =i i
where @, &' are the annihilation and creation operators,
representing the upper sideband and lower sideband.

APPENDIX B: EQUIVALENCE OF TWO FILTER
CAVITIES AND COUPLED-CAVITY

The transfer function from the upper sideband of the
input field (7) to the upper sideband of the output field () in
two filter cavities is

o, :ftwo(g)/l:Jr’ (Bl)
where
¢h@ _ Ry i@ _ /R,
Fuo(Q) 1 . (B2)

T 1= VR e @ = JRyeh @

Here R, , is the amplitude reflectivity of the IM1 and IM2
of the two filter cavities, respectively.

As shown in Fig. 6, the equations of the upper sideband
of the related fields in the coupled-cavity are

o, =\/Riiy + /T8, (B3a)
ey =\/Thi, = /Rl (B3b)
&y =\ THe NP8, 4\ /R e, (B3c)
&34 = €02, (B3d)
by =) The 28, (B3e)

l +T1: é — -T2.+§3 —t
N E N I A
JE [ [ N - - - - AL
0 IM Ca MM €3 EM

L' L>'

FIG. 6. The figure shows the related fields in the coupled-cavity.
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We can derive the input-output relation of the upper sideband in the coupled-cavity from Eq. (B3)

= fcoupled (Q);

\ﬂ?—’— R} et (@

R Q) 4 o (@)+4,(@)

- R} e @) —

\/menpa @

R @@ @) '+ (B4)

where R is the amplitude reflectivity of the IM of the ih12(Q) _ . 1,
coupled-cavity, and R} is the amplitude reflectivity of the Pt =1+ i12(Q) - 2712 (@), (BSb)
MM of the coupled-cavity.
Given the negligible transmissivity of both the IM and ; ; 1, L,
the MM of the coupled-cavity, as well as the slight round- \ Rip = \ 1-T,=1- §T1,2 - §T1,2’ (B5c)
trip phase within the coupled-cavity, we can expand the
exponential function and square root in Eq. (B3) into o 1
second-order as' 2@ =1 4 i) ,(Q) — 5 5 (Q). (B5d)
SR = T=Trs=1—2T,—272,  (BSa) By substituting Eq. (BS) with the same term in Eqs. (2)
2 8 - and (B4), while keeping the second-order term, we can
obtain
|
iT1T2 = $1(Q)h2(Q) +5 (T2 (Q) + T1:(Q))
ftwo( ) T T i ’ (B6a)
11Ty = $1(Q)hr(Q) = 5(T21 (Q) + T19,(Q))
(T5)? + T — ¢ (Q)5(RQ) +5 (T145(Q) + Tr¢1 (Q))
fcoupled(Q) T! / i i 7 " 7 . (B6b)
(T3)? + T = ¢1(Q)5(Q) — 5 (T145(Q) + T2 ()
|
Considering the following relations: 1
& £ — P (Q)¢5(Q) = 7T = (Q)#2(Q),  (B10a)
(Th)?> < Th < T, (B7)
Ty (Q) = Toh1 (Q) + T12(Q).  (B10b)
we can eliminate the terms (7%)? and T¢}(Q) both in
numerator and denominator of Eq. (B6b), resulting in a By bringing

simplified expression as

~ QKO IO

T
f coupled (Q) =
’ Ty = ¢4 (2)¢5(Q) =5 T15(Q)
To replace the two filter cavities with the coupled-cavity,
it necessitates

ftwo (Q) = fcoupled (Q) (B9)
By comparing the real part and imaginary part of either the
denominator or numerator of Eqgs. (B6a) and (B8), and
setting them identical, we can derive the following equa-

tions from Eq. (B9)

'"We checked that such an approximation makes no difference
to the sensitivity of the detector when taking the parameters of the
ET as an example.

$12(Q) = 2(6w; 5 + Q)7y 5, T\, =4y12712. (Blla)

12(Q) = 2(0 , +Q)7) . (B11b)
T) = 4/\7,, T, = 4e? ST Th, (Bllc)
into Eq. (B10), where 7, , = =12 is the single trip time the

light acquires in the correspondmg cavity of two filter

L . L .
cavities, and 712 =2 is the single trip time the light

acquires in the corresponding cavity of the coupled-cavity,
we can rewrite Eq. (B10) into the polynomial of sideband
frequency Q as

+ (6] + 6wh)Q + (5] dwh — w?)]
(6w +0w,)Q + (816w, —7172)],

75[Q

=1,7,[Q% + (B12a)
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Y[ Q + V) dwh] = 717 [(r1 + 72)Q + (r160, + 726w, ).
(B12b)
Hence, to fulfill Eq. (B12) for any sideband frequency €,

it evidently necessitates the coefficients of each order of Q
to be the same

7\7h = 1175, (B13a)

7 =11+72 (B13b)

Y 6w, = y16w, + y,6wy, (B13c)

S + dwh, = dw| + dw,, (B13d)
w? — 5w 80y =1y, — 6w ,6w,. (B13e)

We can derive Eq. (8) from Eq. (B13).

In the following discussion, we will prove the equiv-
alence between the SRC-arm coupled-cavity and a
coupled-cavity shown in (b) of Fig. 1 to achieve the proper
rotation for the idler beam. The frequency of the idler field
in the SRC-arm coupled-cavity is given by

#(Q) = dsre(Q) = 2(dwsre + A + Q)Tgre, (B14a)

¢/2('Q) - ¢arm<9) = Z(A + Q)Ta.rmv (B14b)

where 7qrc = L% is the single trip time of the SRC,

Pam () is the round trip phase the idler beam acquires in
the arm cavity, 7, = LZ““ is the single trip time of the arm
cavity.

If the SRC-arm coupled-cavity is equivalent to the
coupled-cavity for the idler beam, it requires

fSRC—arm(Q) = fcoupled(g)v (BlS)

where

_ Trrm — DR (Q)Parm (Q) + £ TsrmParm ()
Trrm — Psre () Parm (Q) — 5 TspmParm (Q)
(B16)

fSRC—arm (Q)

Applying a similar methodology as used in deriving
Eq. (B13), we could obtain the following parameter
equations by bringing Eqgs. (B16) and (B6b) into the
Eq. (B15)

TSRCTarm = 7175, (B17a)
YSRC = 715 (B17b)
A = éw), (B17¢)

Total noise

Input-beam

-+ SRCloss (signal)

- Arm cavity loss (signal) .
Output loss (signal)
Input loss (signal)

Filter cavity loss (idler)

Strain [Hz~1/2]

Arm cavity loss (idler)
Output loss (idler)
Input loss (idler)

—== SRC loss (idler)

10° 10' 10> 10’

Frequency [Hz]

FIG.7. The figure shows the noise budget of the quantum noise
using the EPR squeezing scheme (15 dB squeezing). The input
and output losses of both beams are significant below 6 Hz and
above 15 Hz, the arm cavity loss of the idler beam is dominant
between 6 Hz and 9 Hz, and the filter cavity loss of the idler beam
is significant from 15 Hz to 25 Hz.

(@3R™)? — (bwsre + A)A = (w,)* — dw|dw).  (B17d)

dwsrc + 2A = dw)| + dwly. (B17e)

We can derive Eq. (11) from Eq. (B17).

APPENDIX C: INPUT OUTPUT RELATIONS

The noise budget for quantum noise using the EPR
squeezing scheme (15 dB squeezing) is presented in Fig. 7.
In the subsequent analysis, we derive the input-output
relations from various open ports to the detection port.

As shown in Fig. 8, the output fields not only contain the
contribution from the input fields but also the contribution
from the optical losses and the GW signal, as

a Filter cavity
QR . g =+ -
/ \
(a) :I:[I\T . ¢I|I:|
—_—— e — — — N —}
-, “ )
@M e EM
Filter cavity loss
ni Olnput loss SRC , Arm cavity
4L Qo+ - 8 - 4
——,Q‘ = - S©
v
= 4% ‘= — = pm o — = —
A Tir ’\:" SRM nskc[\) €4 ™ TNa %)
Output loss SRC loss Arm cavity loss
FIG. 8. (a) The upper figure shows how the filter cavity loss

couples with the beams when beams go through the filter cavity.
(b) The lower figure shows how the input loss, SRC loss, arm
cavity loss and output loss couple with the beams when beams go
through the interferometer.
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A =1/ 1- 6‘% [A& + A\/afll + Afﬁf + ASRCﬁSRC

+ AgmAam) + €7, + RX, (Cla)
B =1/1—-eXBb + B\/&l, + Bil; + Bspclsre

+ Barm,l\arm] + €r?ra (Clb)

where 7 and 7 are from the optical losses of the signal beam
and idler beam, A and B are the transfer matrices from the
corresponding fields to the output fields, ¢ are the loss
coefficients, and the subscript “f” stands for filter cavity
loss, the subscript “i” stands for the input loss, the subscript
“SRC” stands for the SRC loss, the subscript “arm” stands
for the arm cavity loss, and the subscript “r”” stands for the
readout loss.

1. Derivation of A,

The matrix A, contains the contribution from the shot
noise and radiation pressure noise of the arm cavity loss as
Aam = V earm(garm + [Farm)’ <C2)

where the matrix S,,,,, represents the contribution from the
shot noise of the arm cavity loss, [F,,, represents the

contribution from the radiation pressure noise of the arm
cavity loss. The formula of S, is

S M fé3—>A(Q> 0 M—l (C3)
S R ARC
where
VT st Tt ()¢ e 12
fe;—nf\ (Q) = — / i (Q) 7 <C4)
1 = V/Rsru Rl (Q) €@
Here
! — -
Rim(R) = =v/Riow + 17— R (C5a)
/T i (€2)/2
Tfom(Q) = M (Csb)

"1 = /Ry #m @

are the amplitude reflectivity and transmissivity of the arm
cavity when the signal beam is injected from the ITM, and

L Lam
Porc(Q) =psre +205 P (Q) =202, (C6)

’
C

are the round trip phase of the upper sideband of the signal
beam acquired in the corresponding cavity.

The formula of [F,, is
Farm = R)(xxFarmv (C7)

where y ., is the transfer function from the force on the test
mirror to the differential displacement of the test mass

Yo = MQ?. (C8)
The formula of F,,, is
fé3—>é2 ('Q‘) 0 _1
Foym = 2RKEM ; M, (C9)
0 fé3—>é2 (_Q)

where 7 is the reduced Plank constant, k = % is the wave
number of the signal beam, w, is the frequency of the
carrier beam, and f, _, (Q) is

fA R (Q) _ R/SRC(Q)ei¢;m @
23—,

1 Lre(Q)eiPm(€) (C10)

Here E is the classical electric field in the arm cavity

E= [2}5 0}, (C11)
and E is the amplitude of the electric field
CIO
E=\l-77"7F Cl12
271(00Larm ( )

where /) is the power of the laser at the beam splitter. The
radiation pressure force from the arm cavity loss is

IS

Farm = Farm earmﬁarm (C13)
The formula of R is
0
R = 2ikESun| | (C14)

2. Derivation of Aggc

Similarly, the matrix Aggc contains the contribution
from the shot noise and radiation pressure noise of the SRC
loss as

Asrc = v/€src(Ssre + Fsre)- (C15)

To derive the Sgrc and [Fgre, it requires the transfer

function from the field ¢, to the output A and to the field
&,. In the sideband picture, they are
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m&"%w (@)/2
1 — /Rsgu Rl (Q) ¢’

vV Rsrme Pspc()
I- \/RSRMRQHH(Q)ei%RC(Q)
/ i (Q)/2
% Tyrme — .
1 — \/m61¢arm(g)

The following calculations are similar to those in
Appendix C 1.

fé4—>.£1 (Q) = (C16a)

f2)4—>2’2 (Q) =

(C16b)

3. Derivation of A and A;

Similarly, the matrix A and A contain the contribution
from the shot noise and radiation pressure noise of the input
loss and filter cavity loss as

R (L) 0
A = (Sl —+ [FI)M s M_l, (C17a)
Ri (-9Q)
A (S; + F)M Ti(Q) 0 M-! (C17b)
F — /€ i+ i " -,
N 0 i)
where
Tlei‘]yf(g)
/ e -
Ri(Q) =—/R, + - \/R_,e"‘ﬁé(g)’ (C18a)
T el#H(Q)/2
THQ) = Ve (C18b)

T 1= R @

is the effective reflectivity and transmissivity of the filter
cavity when the signal beam is injected from the IM of the
filter cavity. Here

#H(Q) =207, (c19)

is the round-trip phase of the signal beam acquired in the
filter cavity.
To derive the S; and [F;, it requires the transfer function

from the field &’ to the output A and to the field 5. In the
sideband picture, they are

,R’glrm (Q) TSRMemySRC(Q)
- \/RSRMR;Im(Q)ei(/)gRC(Q) ’
(C20a)

fa—i(Q) = —/Rsrm +

S 1- VRSRMRQHH(Q)ei(/)ISRC(Q)
/ ium ()/2
« Trrme — .
1 — \/m61¢urm<g)

f&’—>@2 <Q>

(C20b)

The following calculations are similar to those in
Appendix C 1.

4. Derivation of B, B¢, Bsgc, and By,

For the idler beam, there is no contribution from the
radiation pressure force to the matrix B, By, Bgrc, and B,
i.e. Fifsrc.arm = 0. To derive these matrices, we only need
to substitute the round-trip phase of the signal beam with
the round-trip phase of the idler beam, as

Pr(Q) — he(Q) = 2(A + Q)%, (C21a)
Psrc(Q) — Psre(Q), (C21b)

Parm (R) — Parm (Q). (C2lc¢)
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