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We determine the adiabatic tidal contributions to the radiation reacted momentum impulse Ap* and
scattering angle 6 between two scattered massive bodies (neutron stars) at next-to-next-to-leading post-
Minkowskian order. The state-of-the-art three-loop (fourth post-Mikowskian order) worldline quantum
field theory toolkit using dimensional regularization is employed to establish the classical observables. We
encounter divergent terms in the gravitoelectric and gravitomagnetic quadrupolar sectors necessitating the
addition of postadiabatic counterterms in this classical theory. This leads us to include also the leading
postadiabatic tidal contributions to the observables. The resulting renormalization group flow of the
associated postadiabatic Love numbers is established and shown to agree with a recent gravitoelectric third

post-Newtonian analysis in the nonrelativistic limit.
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With today’s routine detection of gravitational waves by
the LIGO-Virgo-Kagra observatories emitted from binary
merger events of black holes and neutron stars in
our Universe [1-3] we are in the era of gravitational wave
astronomy. The upcoming space- and earth-based third
generation of observatories will widen the frequency
range and dramatically increase the sensitivity of the
observations [4—6]. This situation calls for in par precision
predictions from theory for the observables in the gravita-
tional two-body problem. To achieve this a combination of
analytical and numerical approaches is being pursued
actively: from the perturbative, analytical side the post-
Newtonian [7-9] and post-Minkowskian (PM) [10-14]
expansions cover the inspiral phase where the two bodies
are still well separated and weak gravitational fields apply;
while the self-force expansion [15-18] assumes a mass
hierarchy in the two bodies but works exactly in Newton’s
coupling G. These perturbative results may be resummed
using effective-one-body techniques [19,20] to extend their
validity close to merger where numerical relativity (NR)
[21-23] techniques become indispensable.

Recently, considerable progress has been made upon
importing modern techniques from perturbative quantum
field theory (QFT) to the problem in the PM expansion.
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While the natural habitat for the PM expansion is the
scattering of black holes or neutron stars [24-28], the
scattering data may nevertheless be used to inform models
for the bound-state problem that should become particu-
larly relevant for highly eccentric orbits [29-34]. As long as
the objects’ separation is large compared to their intrinsic
sizes, they have an effective description in terms of a
massive point particle coupled to Einstein’s theory of
gravity that may be systematically corrected for intrinsic
degrees of freedom such as spin or tidal effects [35].
Based on this effective worldline approach two-body
scattering observables (deflections and Bremsstrahlung
waveforms) have recently been computed up to next-to-
next-to-next-to-leading order (deflections) and leading
order (Bremsstrahlung) [36-55]. In parallel, great leaps
in the QFT based PM expansions were achieved using
techniques based on scattering amplitudes in which quan-
tum field act as avatars of black holes (BHs) or neutron
stars (NSs) [56-89].

Next to the masses and spins of the compact objects, tidal
deformations are a significant astrophysical phenomenon
and observational goal. NSs develop a quadrupole moment
due to the tidal interaction with their companion star or
BH [90,91]. The strength of this effect is parametrized by
the Love numbers that quantify the magnitude of the
induced multipole moment in response to an external
gravitational field. Measuring them through gravitational
waves provides insights into the strong interaction matter
within neutron stars. In fact, the gravitational wave signal
GW170817 observing the first NS-NS merger [2] was able
to put constraints on the first (gravitoelectric) Love number
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with consequences for the neutron star equation of state
[92-95]. The tidal interactions give rise to oscillation
modes of the NS, and in particular the so-called f-mode
dynamical tides [96,97] have been argued to be central for
inferring the NS equation of state from the emitted
gravitational waves in a merger [98]. In the adiabatic limit
the tides do not oscillate independently and are locked to
the external gravitoelectric and gravitomagnetic fields—the
limit we shall consider in this work.

In the PN expansion gravitomagnetic and gravitoelectric
tides have been established up to 2PN order [99,100] and
recently the state-of-the art has been extended to 3PN for
dynamical and adiabatic tides [101,102]. Working in dimen-
sional regularization the authors of Ref. [102] encountered a
UV divergence that necessitated the inclusion of a post-
adiabatic counterterm, leading to a renormalization group
flow of its postadiabatic Love number. Meanwhile, in the
PM expansion the two-body scattering observables of
the impulse (change of momentum) and scattering angle
in the presence of tidal interactions have been determined at
2PM [103-106] and 3PM [38] order in the conservative
sector. We updated the 3PM result to include dissipation [51]
using the in-in worldline QFT (WQFT) formalism. In
addition, the Bremsstrahlung waveform with tidal effects
at leading order was established in Refs. [44,51].

In this Letter we lift this tidal precision prediction for the
impulse and scattering angle to the 4PM, i.e., next-to-next-
to-leading order (NNLO) in the PM expansion—both in the
conservative and dissipative sectors and for the gravito-
electric and gravitomagnetic tides. As it turns out, this
classical computation suffers from an UV (ultraviolet)
divergence that may be attributed to the point-particle
approximation of the neutron star, equivalent to what
was seen at 3PN order [101,102]." We regulate the theory
using dimensional regularization in the bulk, i.e., the
worldline action remains one dimensional. While
Newton’s constant G is continued to D = 4 — 2¢ dimen-
sions, Gp = (4xe’tR?)~¢G, introducing an arbitrary length
scale R, the Love numbers are not dimensionally continued.
Removing the UV divergence through a postadiabatic
counterterm then induces a renormalization group flow
of the associated postadiabatic Love numbers, matching the
flow in the gravitoelectric sector in the PN analysis of
Ref. [102]. Using our results for the impulse and scattering
angle we also establish the linear and angular momentum,
at 4PM and 3PM order, respectively, radiated off by the
gravitational waves emitted in the encounter of the two NSs.

Worldline effective action. The effective description of
nonspinning compact objects (neutron stars) including the

leading-order adiabatic tidal couplings takes the form of a
point-particle action S = Y2, pp ) 4+ St(m)ldp where [36]

"This divergence was also seen in gravitational radiation from
a single compact object with a quadrupole in Refs. [107,108].
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(Wllson coefficients in an effective field theory

nomenclature) are of mass dimension four and couple to the
gravitoelectric and gravitomagnetic curvature tensors

the worldhne theory. The quadrupole Love numbers ¢
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with the dual Riemann tensor Rp = eyﬂpgRﬂa/’”

Introducing B,(w),) = Ryu,X%\/X} we note the relation

Bl(jy)B(i)ﬂV — EL"U)E(I')W — %B/(BPBU)MDP’ (4)
that generalizes (2) to D dimensions. These are the first of
an infinite series of tidal Love number couplings, capturing
the linear response of the compact body to an external
gravitational field. For the case of a black hole they are
known to vanish [109-111].

The two neutron stars x/(z) interact gravitationally

according to the gauge-fixed Einstein-Hilbert action
! vV—gR+ | 9,n*" ! oMhY ’
162G,V Y R

s [ 4
(5)

in the bulk, where g,, = n,, + /322Gph,, and h,, is the
graviton field. Here, we take Gp = (4ze’*R*)~°G, the
extension of Newton’s constant G to D = 4 — 2¢ dimen-
sions, working in an MS scheme adapted to configuration
space. R denotes an intrinsic length scale of the compact
object, such as its radius.

Let us briefly comment on our PM counting scheme. For
a neutron star, or other compact body whose radius is of the
order of its Schwarzschild radius, it is natural to factor the
scale of the Schwarzschild radius out of the Love numbers
such that

() (Gm) () (Gm) () (6)

Cp = BZ_

()

with dimensionless Love numbers ¢, BB of order unity.

From that perspective, the results reported in this Letter are
enhanced with an additional factor of G*, which pushes
them to the (physical) 8PM order. In this Letter, however,
we opt for a (formal) PM counting aligned with all explicit
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instances of G in the action—Egs. (5) and (7) below. For
the adiabatic tidal results this implies that nPM corresponds
with (n — 1) loops while for the postadiabatic interaction
introduced below nPM corresponds with (n —3) loops
(see, e.g., also the discussion in Ref. [112] regarding PM
counting with spin).

Renormalization. As mentioned above, in the computation
of the impulse at the (formal) 4PM level one encounters an
UV divergence that is canceled upon including the post-
adiabatic tidal counterterm

(1) (D) (1) =(D)

; CroKio o (1) oys CroKpd o (1) /s
SV — —mic? / dr[ BB B+ 2 B B

(7)

to the total action. Note that we need to use the 4D Newton
constant G here, as the worldline action remains one
dimensional. In the present work, the postadiabatic counter
term Eq. (7) is required only at tree level. At leading order
in G its last term straightforwardly generalizes to D
dimensions as

B,(;IJ)B(Z)IW — El(;y)E(l)W _EB’(‘ID) BOmr + O(G?). (8)

In Eq. (7) the dimensionless postadiabatic Love numbers
K2 jp take the form [dropping the neutron star label (/)]

_ 1071
A ETIT P

- 1071

Kp2 = —ﬁz'f‘KBZ, (9)

with the counterterms removing the divergences appearing
at the 4PM order being given by the 1/e terms. We also
include finite postadiabatic Love numbers kz and k.
They experience a renormalization group flow as follows:
the bare gravitational coupling Gp is independent of the
scale R, so the flow equation for Newton’s constant reads

d d
= —_ e —_— YE R2)—€
0=RxGp =Ry [(4me’=R*)~G].
d
=|-2 R—G|(4ne’tR*)~¢ 1
[ eG + dRG}( me'ER*)7E, (10)

1.e., there is no flow of G in D = 4 dimensions. The bare
couplings in (2) and (7) do not depend on the scale R, hence

d
OZRd—RCEZ,
d .
0= Rd—R(cEzG Ki2),
d 107 ¢ d
= cpG’R—Kkp ——— - R—G>. 11
R R 105 ¢ Rar” (1)

Together with (10), this then yields the $ functions for the
renormalized couplings kz2 and kz [101,102]

dK'Ez - 428

drR ~ 105’ ’B"BZ:R

dK'Bz - ﬁ
dR  105°

B, =R (12)

These induce a logarithmic flow of the renormalized
postadiabatic Love numbers as

428 R

kiz(R) = kp2(Ry) —l—ﬁlog |:R—O:|, (13a)
428 R

K'BZ(R) :KBZ(RO) —i—ﬁlog |:R—0:|, (13b)

where R is an arbitrary length scale.’

Computation. Our 4PM computation is performed using
the WQFT three-loop workflow as described in [113,114],
which we briefly review. The full tidal effective field theory
is given by the sum of the bulk Eq. (5) and worldline
actions of Egs. (1) and (7). For the worldline trajectories we
perform a background field expansion about straight line
trajectories

xi(v) = b +vfr+ 7 (v), (14)

with perturbative deflections z% (7). This setup reflects the
scattering scenario parametrized by the impact parameters
b and incoming velocities v;. In addition we define the
physical impact parameter b* = |b|b" = (b, — b, }* and we
impose v; - b = 0. Moreover, in the PM expansion the
metric is taken to be g,, = n,, + /322Gph,,. The goal is
to construct perturbative-in-G solutions to the equations of
motion for the deflections z/(z), which is efficiently
generated in a diagrammatic fashion in the WQFT formal-
ism—see Ref. [14] for a recent review.

The propagating fields z} () and £, (x) have the retarded
propagators

oo oy o T (15a)
.T. mi(w+i0+)2 )
pYv- — po _ i(n;;(pno‘)y - ﬁnﬂl’npa) (le)
A k2 + sgn(k9)i0+ ’

*Note that the 3PN reference [102] works with different
conventions than we do. Their postadiabatic coupling is minus
one-half ours, kpy = —«/2, their adiabatic coupling Apy = 4mcp2,
and they take D — 1 = 3 + ¢py, i.e., epy = —2¢. Taking this into
account, we agree with their findings.
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FIG. 1.
vertices originating from S, (7).

using the Schwinger-Keldysh in-in formalism [51,115].
The worldline vertex rules originating from S, in Eq. (1)
at lower multiplicities have been exposed explicitly
in [49,113]: the vertex couples one graviton to m world-
line deflections and conserves the energy on the worldline.
The vertices originating from the tidal terms Eq. (2)
involve n > 2 gravitons and m worldline deflections—
for the 4PM order computation we need the vertices with
up to four graviton legs n = 2, 3, 4. The counterterm (7)
on the other hand, gives rise to an n > 2 graviton and
m-worldline vertex, that we only need for n =2 and
m =20, 1, cf. Fig. 1. The bulk graviton vertices are
standard, yet involved. Using these Feynman rules the
WQFT tree-level one-point functions (z/(z)) may be
systematically constructed. They solve the classical equa-
tions of motion [14,116].

WQFT workflow at 4PM. For the computation of the
impulse, i.e., the change of momentum under the scattering
process,

Apt

lz_mw<

n>0

At the 4PM level Apg4)” we employ an in-house
FORM- [117] and Mathematica-based code that employs
a Berends-Giele-type recursion for the integrand construc-
tion. At this order we face three-loop Feynman integrals
that depend on the momentum transfer ¢ and the relativ-
istic y = v; - v, factor. The |g| may be scaled out and
we subsequently reduce the single-scale tensor integrals
to scalars. The integration-by-part reduction and projection
on the 4PM master integral basis was obtained in
[113,114]. The 4PM master integrals in turn are three-
loop single scale integrals (depending on y) that have been
solved employing the differential canonical equation
method [118,119] and the method of regions [120]
in the conservative and dissipative domains [113,114],
see also [84,121-123].

The final step is a Fourier transform of the momentum
transfer ¢* to impact parameter space. Here one novelty to
the spinning 4PM computation of [113,114] is the appear-
ance of log |Rg| terms:

hul vi (kl

/Zp"(wn)
SLLL%\ o

gy (k2)

33 ~
~m° G CEz/leiEg/BQ

The tidal interaction vertices needed for the 4PM (order x®) computation, originating from Sy4, (2) and the counterterm

/ ¢125(g - v1)5(q - v2)lql* log | Rq|
q

v-1 F(%) < Y
= P Og _
aP=22, /7 —1 T(-%) 2R

+w<—§) +W<D%2+V>>Ibl2‘”‘”, (17)

with the digamma function y(z) :=I"(z)/I'(z). This may
be most easily derived from the Fourier transform of |g|*
via a derivative on the exponent v. At 4PM order the
impulse separates into the test-body contributions with

linear mass dependence, m;m3 or m{m,, and the compa-

rable-mass contributions, m3m3 or m3m3. In total we face
258 graphs contributing to the 4PM tidal effects—see Fig. 2
for some examples. The divergences arise in the compa-
rable mass sectors. The postadiabatic contributions involv-
ing the counterterm are depicted in Fig. 3 and amount to a
one-loop integration. Due to the m? factor in the counter-

term vertices (Fig. 1) they contribute to m? z

m3 and m3m3
terms as well, thereby canceling the 1/¢ poles.

Impulse. Tidal contributions to the 4PM impulse may be
split 1nt0 a conservative A pfc)om and dissipative contribu-
tion A pl dls& due to the presence of radiative (R) or potential
(P) bulk gravitons [113,114]. At the 4PM level only two
gravitons may go on-shell and can become radiative. The
conservative sector is given by the (PP) region and also
receives contributions from the (RR) part—these may be
identified upon using Feynman propagators for the bulk
gravitons. Dissipative contributions, on the other hand,

FIG. 2. Examples of 4PM graphs linear in tidal coefficients
contributing to the test-body m;mj sector.

FIG. 3. The postadiabatic graphs proportional to Kz and Kz
that also cancel the divergence.
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emerge from the mixed (PR) contribution and the remain-
der of the (RR) part, reflecting the number of radiative
gravitons.

and which we label by a prime on the tidal subscript. The
index i runs over the two particles and X over E and B with
functions fy:(y) given by

Let us begin with the postadiabatic contributions to the
(i)

E2/B?
loop integrals, of Fig. 3, that, for NS 1, take the form

4PM impulse, proportional to k (R) and involving one-

fe=21" =142 49, frp=737-2/-1), (19)

-, 1575G mim3

Ap(l t)ldal, b 512 JT}'UZf szngKg;(R), (18)  The adiabatic tidal contributions to the conservative
X.i impulse of NS 1 takes the form
G*mPm2 & m2 m2 _ 19 -
4
AP hacom =~ 2Pl [—2 Culy) + =2 Cilr) + D Full) (2D () + mi Dy ()
| | =1 my my a=1
~ 1605G*m?m?> /
+ b ngz T -1 IOg foz m,cxz, (20)
where p; = {l;”, v*{ , vg’ }. The coefficient functions C, C.D, and D are linear in the tidal Love numbers and rational

functions of y, up to integer powers of \/y* — 1

Cily) = Y R CEl ) + e Cliy),
=12
De,(r ZCE2 Ea1(7)+cg2 Bal( )- (21)

i=1.2

Analogous relations hold for the barred quantities. We find 19 basis functions from the three loop integrals at the 4PM order,

which we choose to be even in v = /1 —y~2, of the following form:

Fi 5= {1,%,@%},@%,%},
o frirvels e )

log] ip|—x"| —4Li,|—x| = lo ox—ﬂ—2
Fio..a= {J_ ¢_m[\ﬂw 2] — 4Liy ] - logl4] loglx] - =
Liy[—x] = Li, [- 1] + log[4] log[x]}

Vi1
P = {2 =] e[ 2] ]}
7+ V4 Y+ Y+
_ IOg = log ~
i[5} A ] ]}
yo—1

where y. =y + 1, x =y —+/y? — 1 and y,[z] = § (Li,[z] — Li,[—z]) is the Legendre chi function. Note the appearance of
complete elliptic integrals of the first and second kind in entries F'14 ;5 1. In the conservative impulse the contributions to the
v} directions, i.e., [ = 2, 3 in (20), only pick up the basis functions F; and F,.

(22)
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For the dissipative sector we find

() G*m? m2 3

Apl tidal diss — ‘b|8

13
X ZFrz(y)(m2Ea,l(y) + mlEa,l(Y))]’ (23)

a=1

which only uses the first 13 basis functions of (22) and does
not have a probe-limit m;m3 or m}m, contribution. As
mentioned above, the (RP) and (RR) regions contribute
here, which we denote in the following as rad! and rad?,
respectively. In analogy to (21) the coefficient functions

read

Eur) =Y cOED () + cDED (). (24)
=12

and similarly for the barred one. The explicit form of (21)
and (24) are collected in the ancillary file included in the
arXiv.org submission of this Letter.

Scattering angle. A relative, dissipative scattering angle 0
may be defined as follows. First, we define the relative
momentum,

ymy; +m ymy +m
P = F2< lml 2 ph - 2m2 1p’£>, (25)

with v = my;m,/M?, total mass M = m; + m,, and I =
E/M, such that in the initial center of mass frame total
momentum P* = p/ + p4, and we have p| = (E|,p) and
ph = (E,, —p) with p* = (0,p) and E = |P*|. The relative
scattering angle is now defined as the angle between the
initial and final value of p* taken in the initial center of
mass frame. For planar scattering one finds the formula
b-Ap
tan(0) e —h Ap (26)

| >

which for conservative scattering reduces to

: econs o
sm( x )

The angle is PM expanded, 0 = > *°
in the tidal couplings

|Aplil,c0ns|

T (27)

, and expanded

o =6 1o+ S (0n el 1ol ael)).  (28)
X=E.B

The first term describes the point-particle tidal-free part, the
second term postadiabatic tidal effects and the final terms
adiabatic tidal corrections. The relative mass difference is

6= (my —my)/M and we use symmetric finite-size cou-
plings defined by

B S

B =)+ c}(;z). (29)

B ‘B
The leading adiabatic tidal effects appear at second PM
order and the leading postadiabatic effects at fourth PM
order (in our formal PM counting).

The (leading-order) 4PM postadiabatic angle is derived
from one-loop integrals, and reads

) 157570 (GM)*
etidal’i 512 |b|8 fo X2 R ’ (30)
with
(1) (1) (2 (2)
M€y Ky (R) + macyiks, (R
K (R) == i )M 2k (R) (31)

The 4PM tidal contributions take a similar form as the tidal-
free angle:

(42 _ o (GM)*[ s (&)
9X2 =TI |b|8 9X2,cons 0 + UHXZ cons,v!
Vo) (£)
+ 2 (6X2,diss g T GXZ diss,v? )] (32)

The angle coefficients of this expansion depend only on y
, and may be expanded on the function basis
F,(y) in terms of polynomials of y (up to y/y> —1).

The angle satisfies the same tail relation as pointed out in
Ref. [113]:

(3)
O0E: -1
4 idal,rad Y
et(id)al.tail =GE taL log( 3 > (33)

where we define etlddl il as the part of Gnd o in the direction
of the tail functions F, with ¢ = 17, 18, 19 that depend on
log[y_/2], E,q being the radiated energy.

Linear response. The dissipative angle obeys the same
linear response relation as derived in Ref. [114]

1
W 1 @ 4 % By 50
tidal,rad! 2 oL tidal,rad oF tidal,rad
(2)
00,4,
+ atf lep>rad> (34)

where the “pp” subscript refers to point-particle (and so
tidal-free) contributions. We note that neither the 1PM
angle nor the 2PM loss of angular momentum have a tidal
contribution. On the left-hand side, the subscript “rad!”
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refers to the part of the angle including a single radiative
graviton. This part may also be identified from its odd
scaling under v — —v. Knowledge of the 4PM rad' angle
completely determines the 3PM tidal loss of angular
momentum, and vice versa (assuming knowledge of other
relevant 3PM observables). The 3PM tidal loss of angular
momentum was previously derived in Ref. [71] with which
©)

rad

3ag4,2 3
3) _nG'Mv
Ltidal,rad - |b|6F3 ZFO,(]/) Z

a=1 X=E.B

we fully agree. The result for L} reads

x (HS L (el + H . (nsc). (35)

where the functions Hl.ixz(y) are polynomial (up to

V7*—1) in y and is a linear function in v. This result,
together with point-particle result, is provided in the
ancillary file on arXiv.org.

Checks. The results in this paper build on the 3PM results
of Ref. [51], and naturally agree with them. In addition, we
have checked that the post-Newtonian limit v — O of the
conservative scattering angle reproduces the 2PN and 3PN
scattering angles reported in Refs. [102,124].° They also
obey the nontrivial checks Egs. (33) and (34) (reproducing
the 3PM loss of angular momentum of Ref. [71]) and in
general we have checked that the impulse obeys the
constraints (p; + Ap;)* = p?, which provides a further
internal consistency check.

*Modulo a typo in Eq. (6.14) of that paper (v1): the mass ratios
should be dropped. We thank the authors for communication.

Conclusions. In this Letter we have applied the worldline
quantum field theory formalism to tidal effects at 4PM
order, demonstrating the power of our technology. It is
worth stressing that the work flow was identical (if not
simpler) than in the case of spin [113,114]. We established
tidal effects in the impulse in the conservative and dis-
sipative sectors at 4PM and derived the conservative and
dissipative scattering angle. A new feature appearing at this
NNLO order is the need to include postadiabatic couplings
in order to cancel a divergence in this classical field theory
computation which results in a renormalization group flow
of the postadiabatic Love numbers. We also confirmed
the tidal contributions to the radiated angular momentum
previously derived by Heissenberg via very different
methods [71]. Our findings will be potentially useful
for improving future waveform models to include tidal
effects [125]. They represent yet another mosaic stone in
our steadily improving picture of highest-precision gravi-
tational wave physics.
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