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We demonstrate that triangle singularity (TS) and box singularity (BS) mechanisms can produce unique
narrow enhancements at the A.D and A,D* thresholds in the invariant mass spectra of J/yp and J )y pr,

respectively. Taking into account that such mechanisms only depend on the initial > D) interactions near
threshold within the TS or BS kinematic regimes, the A_.D and A.D* threshold enhancements can also

acquire contributions from both the heavier pentaquark decays and the ZE*)D(*) scatterings of the continuum
as a feed-down phenomenon. A search for these structures in the J/w p and J /y pz spectra in both exclusive
and semi-inclusive processes will provide a crucial evidence for the hadronic molecule nature of these
observed pentaquarks and clarify the role played by the TS and BS in the near-threshold dynamics.

DOI: 10.1103/PhysRevD.109.L031507

Introduction. The observation of hidden charm pentaquarks
by the LHCb collaboration in 2015 [1] provided a strong
evidence for QCD exotics in the baryon sector and has
initiated tremendous activities in both experiment and
theory to understand their nature. Based on the run-1 data
sample, two states, P.(4380) and P.(4450), were observed
in the J /y p invariant mass spectrumin A — J/ypK~ [1].
Inspired by the results, many different solutions, such as the
hadronic molecules, clustering diquark models, kinematic
singularities, and so on, were proposed in the literature (see,
e.g., review articles [2—12]). With the run-2 data samples, the
reanalysis of Ag — J/wpK~ exposes more detailed struc-
tures in the J/w p invariant mass spectrum [13]. P.(4450)
splits into two states, P.(4440) and P..(4457), which fit well
the J® = 1/27 and 3/2~ doublet formed by X,.D*, and a new
state P.(4312), which fits the £.D molecular state, is
identified [14-24]. Meanwhile, signals for P.(4380), for-
merly assigned as the D molecule in the run-1 analysis,
become obscure in the run-2 analysis. It turns out to be broad
and can be even absorbed by the background [13]. It should
be noted that the P, spectra obtained by the run-2 analysis

fit well the 2£*>D(*) molecular scenario of the S-wave
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interactions which was also the view of some earlier
theoretical predictions [25-28].

The LHCb run-2 result provides an opportunity for
understanding the ZS*)D(*) interactions near threshold in
the molecular picture. However, as warned by the LHCb
analysis, alternative descriptions could not be excluded,
in particular if one of the states happens to have positive
parity [13]. Even for the most favored molecular picture,
there still exist crucial issues to be understood. In the
molecular picture the favored one boson exchange dynam-

ics describes an attractive interaction between 2£*> and

DY), but repulsive between AL and D*) [14-24,26,27].
This can explain the P, states as the £.D*) molecules and
no enhancements are observed at the A D™ thresholds.
However, a crucial question must be raised for the
molecular pentaquark ¥,.D®) production in the A, decays.
Note that the ZE*)D(*) configurations in the A, decays
would be either produced via the color-suppressed process,
or via their subleading couplings to A£*>D<*) through the
kinematic singularity [i.e. triangle singularity (TS) [29,30] ]
enhanced transitions as pointed out in Refs. [31,32]. In
contrast, the A,D"*) configurations can be accessed by both
the direct emission processes and TS enhanced transitions.
The absence of enhancements around the thresholds of
[A.D](4150) and [A.D*](4290) seems to confirm that
those observed hadronic molecule states are genuine states

driven by the ZEfF)D(*) interactions, while the repulsive

nature of the A(C*)D(*> interactions would not produce
apparent threshold structures at leading order in the
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exclusive decays of A;. The production mechanisms seem
to be strongly correlated with the nature of P.,s.
As discussed in Ref. [31], the TS mechanism plays a
crucial role to promote the P, production amplitude in

Ay = K-AYDY = K=J/wp. Thus, further evidence is
demanded for resolving the paradox, namely, how the
subleading production mechanism for X.”D*) would
produce leading predominant structures in the J/wp
spectrum.

In Ref. [33] it was proposed to search for these heavy
pentaquark states in J/y photoproduction where the cross
sections at large scattering angles should serve as a direct
probe for the production of the pentaquarks as genuine
states. Although these hidden charm pentaquark states are
searched at GlueX based on their 12 GeV data, the present
statistics do not allow a conclusion for their existence
at this moment [34]. In this work, based on the hadronic
molecule picture, we identify the crucial role played by the
kinematic singularities in the pentaquark three-body and
four-body decays into J/wpr and J/yprr, respectively.
As the consequence, two narrow enhancements at the A D
and A.D* thresholds in the J/ywp and J/wpz invariant
mass spectra, respectively, are predicted. This mechanism
implies a feed-down process to the semi-inclusive J/yp
and J/wpr channel which will further enhance the A.D
and A D" threshold peaks. Confirmation of these structures
in the semi-inclusive production channels of J/wp and
J/wpr should be a direct evidence for the role played the
kinematic singularities, and explain the promoted P.
production in A, decays as the hadronic molecules.

Formalism. Given the productions of these P, states via
various processes, their decays into J/y p can be via direct
two-body decays into J/yp, three-body decays into
J/wpr, or four-body decays into J/y pzz. An illustration
of these transitions is presented in Fig. 1. Note that in
both Figs. 1(b) and 1(c) the transitions satisfy the TS
condition [29,30], i.e. all the internal particles can approach
their on-shell condition simultaneously. As the leading
singularity in the loop functions, it may provide non-
negligible partial widths for these P, states via their J/w pzx
three-body decays. In comparison with the two-body decay
amplitude which counts an order of v, where v is the typical
nonrelativistic on-shell velocity of the intermediate heavy
hadrons, the triangle loop of Figs. 1(a) and 1(b) counts
(v’ /v%)v ~O(1).

The transitions of Fig. 1(d) fulfill the so-called “box
singularity” (BS), where all the internal particles can also
approach their on-shell conditions simultaneously. The
amplitudes of Fig. 1(d) count (v°/v%)v?> ~1/v which
appears to be more leading than 1(b) and 1(c). However,
taking into account the limited phase space, contributions
from P.(4440) and P.(4457) — J/wprar will be sup-
pressed compared to those three-body decays.

Z.

(c) (d

FIG. 1. Feynman diagrams illustrating the P, states decay into
J/wp, J/wpr, and J/wprr. Parts (b)—(d) manifest the TS and
BS mechanisms that can feed down to the semi-inclusive J/yp
and J/wpn spectra, respectively.

In the feed-down scenario the semi-inclusive spectra of
J/wp or J/wpr will be measured. It means that all the
transitions in Fig. 1 will contribute and sum from the J/y p
or J/wpn threshold to higher energies. As the unique
prediction, the TS and BS will lead to the threshold
enhancements at the mass of A.D in the J/yp invariant
mass spectrum, and at the thresholds of A.D* and XD in
the J/wpr invariant mass spectrum, respectively.

To proceed, we employ an effective Lagrangian approach
to evaluate the feed-down mechanisms. The S-wave inter-
) p

actions between P, and X.” D) can be expressed as [35]

Lp, 312)5,0 = 9p,4312)D"E P,

Lp, 4330)3:0 = 9p, (4330) D E% - Py,

Lp . (4440).D* = 9p (4440)D " ch5yﬂ(pA)P

‘CP (4457)L,.D* = 9P (4457)ZCD TP, (1)

where £ and D®)t denote the field operators for =* and
D™, respectively, and P, denotes the spinor field of P,
states; gp, are the coupling constants between P, and

corresponding 2( YD) channels. They are determined in
the molecular scenario by reproducing the mass and width
of the P, states. We adopt the coupling constants
gp.312) = 2.16,  gp (a3s0) = 219,  gp,(a440) = 2.6, and
gp,(44s57) = 1.7 determined from Ref. [36]. 7,(ps) is a
momentum-dependant function, which is defined as
7(pa) = (=g" + Pipi/p3)r, [35]. The projection oper-
ator for the spin-3/2 particle can be written as

Do wat = (f+m)|~g + L (P - )
3 3m

2
U 120 , 2
+3,3PP ] (2)
with which the propagator of X} in Fig. 1(b) can be obtained.

Lagrangians for other vertices in Fig. 1 are collected as
follows:
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La bipyp = 19" Nysy,A:D,

‘CZL.AL.H = Js.A, 71'[_\ 'a’lﬂySyuzcv
EZ;AL.;; = gsiA, n'A (Vg 220

cu
igD*DﬂDuDaﬂﬂv (3)
where the coupling constants gs A z» gsia,z and gpp,
are determined by the partial decay widths of the corre-
sponding processes [37]. Coupling g, describes the contact
interaction for the A, DJ /y p vertex. It can be estimated by a
t-channel D meson exchange near threshold as shown
in Fig. 2.

The Lagrangians involved in the determination of g, in
Fig. 2(a) are

ﬁD*Dlr =

CACDp = igDNACDWV}’SAcv

L;1y0b = 91/wDD (Da,,D - G”DD)W‘

dpy, .
MP#312)=J fypr _ /Wupysyﬂef;w(ﬂm + mp )ysy,Pe(Ps, + ms )up,

A p A. P

Sl
<
=
<
e/
=
<

(a) (b)

FIG. 2. The near-threshold interaction between A.D and J/yp
is described by a 7-channel D meson exchange from which the
effective contact coupling g, is extracted.

where the coupling constant gpy,, = 13.2 is estimated the
same as the coupling of KNA by employing the SU(4)
symmetry [38-41]; Coupling g,/,pp = 292\/M;,Mphp
with g, = \/m,/(2mpf;,) and f;;, = 0.405 GeV [42] is
adopted from the heavy quark symmetry relation. By
equalling Figs. 2(a) and 2(b), we extract |g,| = 3.0 GeV~!
at the threshold of A,D.

With the above Lagrangians, the triangle and box loop
amplitudes in Fig. 1 can be expressed as

gr (4312)9}: A ngxfz(l?ic)
(P, —m3,)(pp — mp) (P4,

—mj)’

¢

d4pA. — *
M Pe(4380)=J fypr /(2—”)41141,7/57/”8]71”(1//\“ + mA(:)pﬂD(]/Z(_ + mzc)

1

MP(.(4440)—>J/VI]7II7Z — /d4pD
(27)*

D*

1 v v 2 v a
~—(p —yp)+gpchzc X e

9P, (4380)9: A, 2 Ix T Z(PIZ\C)

= mp)(pi, —m3)’

c

Px: — mz:.)(P%)

w o PDPL =
<_g(/ + 51 L >p7rp pySnyJ/y/(ﬂA + my, >757/,,P';;(ﬂ2‘_ + m2t,>YSyauP(

QP (4440) 952 A, 959D DT : (P?\)

2

(P, = m3 ) (P — mp-) (PR, —

m3,)(

pp —mp)’

N d4p — * [) *[) "
MP3457) J/W””:/ﬁ”ﬂsmf/;w(ﬂ/\c +mAt;)J’5}’uP'?:(ﬂzc+m>:(.)”1>(,a< -9 + Dm P ) pag

« gpr,(4457) 9z A, 29x9D*DaF

2(ri.)

D*

(P%L. - mz )(Ph = mD*)(pA - m3

c

(5)

pp —mp)’

In the kinematic regions of the TS and BS, the internal particles are in the vicinity of their on-shell conditions.
It allows us to further simplify the integrands by adopting the following eigenfunction relations for the spin-1/2, spin-1, and

spin-3/2  vparticles: (p + m) — 2m,
2z PPl = 2ml=g + 5 + 3 (g -

calculations.
For the relatively broad states Z(C*),

(=g + p"p*/P?)
rg0) +34%9].

the hadrons in the vertex couphngs, the monopole form factor F(q?) =

— &, and  (p +m)[—¢" + 37" + 55 (P p* =P +

Meanwhile, to include the effects from the finite size of
(A -

m2)/(g* —m2) is employed in our

complex masses with the widths are adopted [43-46], while for D* we have

ignored its width effects since they do not cause significant changes to the lineshapes of the J/y p or J/y px invariant mass

spectra.

'In our numerical calculations, we have checked the influence of the on-shell approximation. It shows that the lineshapes of the TS/
BS peaks are almost intact due to the nonrelativistic nature of these transitions.
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Results and discussions. Proceeding to the numerical
calculations, apart from the contributions from the initial
genuine pentaquark decays, nonresonance initial-state 2£*>
and D) scatterings can also feed down to the production of
the threshold enhancements via the TS or BS mechanisms.
Recognizing that the feed-down mechanism actually
involves all possible genuine states and continuum con-
tributions, our estimate of the threshold structures due to
the 7S and BS structures, respectively, can serve as a lower
limit for experimental search. This unique feature makes
the semi-inclusive measurements of the J/wp and J/wpx
spectra interesting and useful for understanding not only
the nature of the A, D*) interactions, but also the role
played by the TS and BS mechanisms in the promoted
productions of P.s in the A, decays.

In Fig. 3 we plot the J /y p invariant mass spectra for four
observed P, states in their three-body or four-body decays
into either J/wpr or J/wpnr. Clear and predominant
peaks appear at the A,D threshold due to the TS and BS
mechanisms. Meanwhile, it shows that P.(4380) has the
largest contributions to the J/y p spectrum. It is due to the
relatively large phase space for Xi — A .z within the TS
kinematic region that strongly enhances the decay rate of
P.(4380) — J/wpz. Such an effect actually will add
additional partial decay widths to the P.(4380) decay.2

It should be clarified that the semi-inclusive
J/wp spectrum should contain contributions from the
direct production of A.D™) as the intermediate states in
A, = ADJA D, — K-J/wp [1,13]. However, as
shown in Ref. [31], the threshold of A.D*) will only
appear as a subleading two-body CUSP because the mass
of A, is far above the thresholds of A, D¥ and A.D,
and the TS condition cannot be satisfied. Similarly,
the A.D* threshold will only appear as a CUSP in
A, = AD/AD,, — K~J/ypx. This situation actually
helps to clarify the role played by the TS and BS
mechanisms since, e.g., a narrow peak at the threshold
of A.D in the semi-inclusive J/yp spectrum will indicate
the leading TS and/or BS mechanisms instead of a CUSP
effect [47].

The feed-down process via the BS mechanism also gives
access to the A.D* threshold which can manifest as a narrow
threshold enhancement as shown by the invariant mass
spectrum of J/wpr in Fig. 4. We stress that although such
a threshold enhancement is illustrated by the four-body

*We note that the TS also occurs in another situation in the
three-body and four-body decays into A.Dz and A.Dzx,
respectively. Different from Fig. 1, the S-wave coupling of
Dy(2400) — Dr suggests that the decay of P.(4380) —
A.Dy = A Dr could be an important channel for P,.(4380).
These processes will also contribute to the total width of
P.(4380) although it cannot be as large as 100 MeV suggested
by the LHCb fits [13]. More detailed studies of such processes
will be reported elsewhere.
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FIG. 3. The J/wp invariant mass spectra (red solid lines) from

different P_ state decays. The dashed vertical lines indicate the
A,D threshold.

decays of P.(4440) and P.(4457), any processes involving

the near-threshold Z£*>D* S-wave scatterings may feed
down to the J/wpzn channel and produce the A, D*
threshold enhancement. Thus, this phenomenon also serve
as a unique probe for the role played by the BS mechanism
and can be searched in experiment.

In Fig. 1(c) in addition to the A.D and A, D* in the
invariant mass spectra of J/yp and J/y pr, respectively,
the D threshold can also be accessed due to the BS
mechanism. However, since the £:D and J /y pz thresholds
are close to each other, the XD threshold structure will be
strongly suppressed by the phase space.

We can estimate the partial decay width of P.(4380) —
J/wpr as a reference for the significance of the A.D
and A.D* peaks in the molecular scenario. We extract
R = I'[P.(4380) — J/wp|/T[P.(4380) — J/wpn| =
118 keV/24 keV =~ 5, where the D/D* are included as

2.4 12

00 [@ Pc(4440)—>J/\ypnnI (b) PC(4457)—>J/\Vp1mI
20 F 10
1.8 |
< 16 F 8
o
X 14}
g§12f 6l
g 10}
S osf AD 4 AD
0.6 |
04 2}
0.2 F
1 1 i 1 1 1 1 i 1 1

0
432427 428 429 430 431 432
Mypr (GEV)

.0
427 428 429 430 431

FIG. 4. The J/ypn invariant mass spectra (red solid lines) from
P_(4440) (left) and P, (4457) (right) decays. The A,D* threshold
is indicated by the dashed vertical lines.
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FIG. 5. The accumulated J/wpn (left) and J/wp (right)
invariant mass spectra from all different P, states are shown
by the black solid lines in (a) and (b). For (a), the red dashed and
blue dot dashed lines represent the results from P,(4380) and the
sum of all the others, respectively. For (b), the red dashed and
blue dot dashed lines represent the results from P.(4457) and
P.(4440), respectively.

the exchanged particles in P, — J/wp. Then, based on the
present 246k A, events at LHCb, the events of the TS peak
at the A.D threshold in A, = K~J/ypz® will be only
about 1/5 of the present events for P.(4380). Although this
is challenging for identifying P_s, the production of the
A.D and A D* peaks is unnecessary to go through the P,
decays. As emphasized earlier, the feed-down mechanisms
suggest that any processes involving the near-threshold

>D (=17D*) S-wave scatterings may feed down to the
J/wpr (J/wprr) channel and produce the A.D (A.D*)
threshold peak in the J/wp (J/wpm) spectrum. It is

possible that many channels can contribute to the ZE*)D

(Z£*>D*) channels. Therefore, we estimate that the semi-
inclusive cross sections for the A.D (A.D*) threshold peak
will be enhanced by about 10 times of the signals based on
the present 246k A, decays. It means that the total semi-
inclusive events can produce a significance comparable to
the signals of P_s in A, - K~J/wp with the factor 10 x
R ~2 and with the same detection efficiency. Just for
demonstration, we plot the J/yp and J/wpr spectra in
Figs. 5(a) and 5(b) which corresponds to the P.(4380)
production with about 100 times of the present A, events.
However, considering the feed-down mechanisms from
other channels, about 10 times of the present total semi-
inclusive J/y p events will produce the same significance
of the A.D peak as plotted in Fig. 5(a).

In addition, the A_D and A_.D* threshold kinematics turn
out to be unique. The signals originated from the TS and BS
mechanisms will drop smoothly in the higher energy end
which will avoid significant interferences with other
processes. It means that these feed-down signals will stand
predominantly on the incoherent background in the semi-
inclusive measurement.

Summary. We study the feed-down transitions via the
observed P. decays or the S-wave Z(C*)D(*) rescatterings
into J/wp and/or J/ywpz, and predict that predominant
narrow structures can be produced at the A.D and A .D*
thresholds due to the TS and BS mechanisms. Since the
S-wave interactions between A, and D*) are repulsive in
the hadronic molecule picture, a search for the A.D and
A.D* threshold enhancements can provide supportive
evidences for the hadronic molecule interpretation for these
P, states including P.(4380). Meanwhile, we stress that it
will also provide a unique way for pinning down the role
played by the TS and BS mechanisms. Since such feed-
down transitions, in principle, can always occur given the
production of near-threshold ZE.*)D(*), we anticipate that
the A.D and A.D* threshold enhancements can be
accessed in the semi-inclusive J/wp and J/ypr spectra
in various processes, such as hadron-hadron collisions at
LHCb, eTe™ annihilations at Belle-II, and J/w photo-
production reactions at GlueX.

Note added.—Recently, the GlueX collaboration published
their J/w photoproduction data [48], where two structures
at the A.D and A.D* thresholds are identified. Since the
signals for the P, states are insignificant there, these two
structures indicate the importance of the A.D and A D*
open thresholds as CUSPs, and imply that more predomi-
nant structures can be expected in view of the TS (BS)
mechanisms in yp — J/wpr (J/wpzz) in the invariant
mass spectrum of J/wp (J/wpr). Future experimental
searches for them are strongly recommended.
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