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In this paper, we consider the Rényi entanglement asymmetry of excited states in the (1 + 1)

dimensional free compact boson conformal field theory (CFT) at equilibrium. We obtain a universal

CFT expression written by correlation functions for the charged moments via the replica trick. We provide

detailed analytic computations of the second Rényi entanglement asymmetry in the free compact boson
CFT for excited states ¥ = V3 + V_g and ® = V + J with V3 and J = id¢ being the vertex operator and
current operator, respectively. We make numerical tests of the universal CFT computations using the XX
spin chain model. Taking the non-Hermite fake reduced density matrices into consideration, we propose an
effective way to test them numerically, which can be applied to other excited states. The CFT predictions
are in perfect agreement with the exact numerical calculations.
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I. INTRODUCTION

In recent years, there has been a strong research interest in
the interplay between the entanglement and symmetries. In
condensed matter physics, entanglement is a powerful tool to
characterize different phases of matter. In the studies of
thermalizations of isolated quantum systems, people found
that entanglement is a crucial quantity that characterizes how
the subsystem reach equilibrium. [1-4]. As the most impor-
tant concept in modern physics, symmetry and its breaking of
a quantum system can lead to a large number of interesting
phenomena like ferromagnetism [5], superfluidity [6], and
superconduction. There exist a vast number of references
discussing how entanglement decompose under global
symmetries both in and out of equilibrium. See for example
[7-22] and references therein. Recently, these theoretical
studies have also been confirmed experimentally [23-26].

Entanglement entropy or von Neumann entropy is the
most useful entanglement measure to characterize the
bipartite entanglement of a pure state. If we prepare our
system in a pure state |y), the reduced density matrix
(RDM) of the subsystem A is obtained by tracing out
degrees of freedom that are not in A4, i.e., py = trz|w)(y|,
where A is the complement of A. One can compute the von
Neumann entropy from Trp/; via the replica trick [1]
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Sy =-Tr(pslogps) = lirr}Sg"), (1.1)

(n)

where S, is the Rényi entropies

n 1

Recently, the concept of entanglement asymmetry is
proposed in [27] as a tool to measure the degree of symmetry
breaking in extended quantum systems. Universal formula
for matrix product states with finite bond dimension has
been obtained in [28]. In quantum quench problems, the
entanglement asymmetry plays a crucial role in exploring
whether the initially broken symmetry can be restored at late
times [27,29-32]. Moreover, it helps in finding a kind of
quantum Mpemba effect [27,33] and leads to new forms of
weak and strong Mpemba effects [34]. Very recently, the
microscopic origin of the quantum Mpemba effect in
integrable systems has been discussed in [33].

However, most of the references mentioned above are
focused on the time evolution of entanglement asymmetry.
As a new and very important quantity, it is valuable to
investigate the properties even at equilibrium. In this paper,
we are interested in the calculations of entanglement
asymmetry of excited states in CFT at equilibrium. To
construct states which have nonvanishing entanglement
asymmetry, we need to consider the superposition states
and non-Hermitian terms will occur in the corresponding
RDMs. To numerically test our analytical predictions,
special attention need to paid to these non-Hermitian terms.
Similar quantities also appear in other field of research, see
for example [35-37].
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The remaining part of this paper is organized as follows.
In Sec. II, we briefly review the concept of entanglement
asymmetry and related quantities. In Sec. III, we discuss
how to compute the entanglement asymmetry in conformal
field theories (CFT). In Sec. IV, we focus on a particular
CFT i.e., the free compact boson theory and make explicit
calculations of the Rényi entanglement asymmetry for two
types of excited states with Rényi index n = 2. In Sec. V,
we numerically test our field theory predictions in the XX
spin chain. Finally, we conclude in Sec. VI and all technical
details are presented in three Appendices.

II. ENTANGLEMENT ASYMMETRY

We prepare an extended quantum system in a pure state
|w), and divide the system into two spatial regions A and B.
The reduced density matrix (RDM) pyu = Trply)(y]|
describes the state of the subsystem A. We consider a
charge operator Q = Q4 + Ap which is the generator of a
global U(1) symmetry group. We assume that the state [y)
is not an eigenstate of Q, then [p4, Q4] # 0. Therefore, p,
displays off-diagonal elements in the eigenbasis of the
subsystem charge Q,.

For later’s convenience, we introduce the quantity p4 o
which can be obtained by removing the off-diagonal
elements of py,

PA0 = anpAHq’ (21)

qEZ

where I1, is the projector onto the eigenspace of O, with
charge g. Clearly, p, o is a block diagonal matrix, i.e.
[Pa.0- Qa]l = 0. In Fig. 1, we show the form of p, and p,
intuitively.

To measure the extent to which the symmetry generated
by Q is broken in the subsystem A, the entanglement
asymmetry is introduced in [27] and defined as

ASy = S(pag) = S(pa)- (22)

pA: p‘Iz pA,Q: pqz

* Py, Py,

FIG. 1. The schematic comparison of the structure of the
density matrices p, and p, ¢ in the eigenbasis of the subsystem
charge Q,. The RDM p, contains nondiagonal elements. Instead,
pa.o obtained under a projective measurement of Q,, is a block
diagonal matrix. The entanglement asymmetry is given by the

difference ASE‘") between the entanglement entropies.

It can quantity the symmetry breaking at the level of
subsystem A. Obviously, the entanglement asymmetry is
only zero when p, commutes with Q4 i.e. [p4, Q4] =0,
and it is always non-negative, AS, > 0 [38].

Using the same strategy to get the von Neumann entropy,
we can define the Rényi entanglement asymmetry as

ASY = 50(py0) = S (py)

= 1 flogTr(p ) ~ log Tr(pf)].  (23)

Then AS, can be accessed from ASE‘") by taking the limit
n—1,

AS, = lin}ASg”). (2.4)

The Rényi entanglement asymmetry are also non-negative,
ASY) > 0, and they vanish only if [p,, Q4] = 0 [39]. Now
consider the system with conserved charge Q = Q4 + QOp,
with [p4, Q4] # 0. The density matrix p, o can be written
as block diagonal forms, p, o = quz [T, p4I1,. Using the
integral representation of II,

7 da iaQy ,—ia
—e A e (17
_g &I

mn, = (2.5)

we can obtain the postmeasurement density matrix py o
[27] as

da _, .
pre= | oo e '"Qap,ei@0n, (2.6)
Then we can write the moments of p, o as
i zday...da,
Tr(ph o) = /_ﬂ(z;r)"z”(a)’ (2.7)
where a = {ay, ...,a,} and
2@ = e[ [T paetones|. 23)

Jj=1

with a;; = a; —a; and a,, | = a;. Tr(p}; ) are the Fourier
transform of the partition function on the n-sheet Riemann
surface. We can find that if [p4, Q4] =0, Z,(a) = Z,,(0),
thus Tr(p} o) = Tr(p}) and ASX” = 0. Similar to the case
of symmetry resolved entanglement, we call Z,(a) as
charged moments [7].

The ratio of Tr(p} ,) and Tr(p}) is direct related to the
Rényi entanglement asymmetry. For further calculation, it
is convenient to define

065009-2



RENYI ENTANGLEMENT ASYMMETRY IN (1 + 1)- ...

PHYS. REV. D 109, 065009 (2024)

Tr(ph
gu(A) = TE?TA;))'

As aresult, according to Eq. (2.3), the Rényi entanglement

(2.9)

asymmetry AS&") can be given by g,(A),

1
1-n

ASY =

log g, (A). (2.10)

In terms of Eq. (2.7), the Fourier transform of the ratio
gn(A) is

Tr([T}, pae'®iCs)
Tr(p}) ’

gula.A) = (2.11)

which will be used in the latter section.

From the analysis in this subsection, to compute the
Rényi entanglement asymmetry, the most important step is
calculating g, (a, A). In next two sections, we will discuss
how to compute it in a special CFT, i.e., the free compact
boson CFT.

III. ENTANGLEMENT ASYMMETRY IN CFT
A. Entanglement of excited states in CFT

In this section, let us review the replica trick to the
entanglement asymmetry in (1 + 1) dimensional CFT. We
consider a periodic 1D system with one spatial dimension,
total length L, and subsystem A given by the interval [u, v]
with length [ = v — u. It is useful to introduce the dimen-
sionless parameter x = 7 = % which characterize the size
of the subsystem A.

An infinite cylinder with circumference L can be
described as the world sheet of the (1 4+ 1) dimensional
CFT and parametrized by the introduction of complex
coordinate z. We are interested in the excited states
corresponding to local primary operators

) = T(=ic0)[0), (3.1)
where |0) is the CFT ground state. In the previous section,
we have defined the reduced density matrix (RDM) of
subsystem A as py = Trg|T)(Y|. Here we have omit the
subscript A and stress on the operator which creates the
state. The reduced density matrix of the ground state which
corresponds to the identity operator [ is written as p;. It is
convenient to define the ratio

(3.2)

Following the usual strategy, we can obtain Tr(p}) if we
sew cyclically n copies of the above cylinders along with
the interval [u, v]. Different from the ground state case,
there are two additional insertions of YT (—ico) and Y7 (ico)

in the corresponding path-integral representation of the
reduced density matrix py. In this way, end up with a
n-sheeted Riemann surface R,. Arriving at a 2n-point
function, G, (x) is straightforwardly given [40—42]

(= Y)Y ) g

r X) = D
A E G

. (3.3)

where Z;F is points inserting the operators in the jth copy of
the system (j = 1,...,n) in R,. Obviously, R, is just the
cylinder and G{(x) =1, for the normalization of the
involved matrices.

Apply the conformal mapping

- w(z—u)\ 1/n
Sin
w(z) = —ilog <—l L > ,

. 7(z—v)
S I

(3.4)

to transform the n-sheet Riemann surface R, into a single
cylinder. The transformation law of a primary field O is

O(w, ) = (;’—;) " (j—;) "0 2)

with (he, hp), the conformal weights of O. GY (x) can be
easily accessed from correlation functions on the cylinder
under the conformal maps in Eq. (3.4) [41],

([T YO )X (W) ))ey

(Y)Y W))ey

(3.5)

GY (x) = n~2nlhetho) (3.6)

+ : : +
where w7 are the points corresponding to z5~ through the
map w(z)

wr ==((x—=1) +2)),

J

SIS

wi==(=(x+1)+2j), j=12,....n (3.7

B. Entanglement asymmetry in CFT

In this subsection, let us mimic the idea of the useful
strategy before obtaining g, (a,x). In the free compact
boson CFT, the charged moments can be studied in a
usual way like the process of computing symmetry reso-
lution of entanglement entropy.

Firstly, we consider the ground state case. Let us briefly
review the study before, we can regard Tr(p/e'®?) as a
partition function in the n-sheet Riemann surface R, with
an inserted Aharonov-Bohm flux a. In a similar way,
Tr(I}-, pae'®+19) can be seen as a partition function in
the n-sheet Riemann surface R, with the jth sheet and
J + 1th sheet inserted Aharonov-Bohm flux a;; ;. It is
easy to understand that a twisted boundary condition
corresponds to the insertion of a flux. We can introduce
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a local operator Vo,”+l to encode these twisted boundary

conditions [7,10]. If A is an interval [u, v], we can obtain the
following relation [42]
£ 1104 — Va,-,,-+| (u, O)V_aj_j+l (v,0). (3.8)

Moreover, one can precisely identify

1 n
Tr (Hp1€ia-/~-/+1QA> = <H eia,',j+lQA>
s R,

j=1

= <H Vo, 0V, (v, 0)>
J=1

(3.9)

Ry

Refer to the result in the last section Eq. (3.3), we similarly
have

n
(o)
J=1

= <f[vaj_m (u,0)V_, ., (v,O)T(z])TT(zj*)> (3.10)

Rn
Therefore, g (a,x) can be computed as

(151 Ve, 0,00V, (0,0)p(z7 )" (z])),
(I Y)Y (2w,

gn (@.x) =
(3.11)

Through the conformal transformation defined in
Eq. (3.4), all the correlation functions in Eq. (3.11) can
be mapped to correlators on the cylinder. Furthermore, all
powers of (j—fv) cancel out in this mapping. Consequently,
we can write g, (@, x) as

gx (e, x)

([T} Ve, (i00) Vg (=i00) Y (W) YT (W) )y
(T Y)W )y '

Jj=1 J

(3.12)

It is a universal CFT expression written by correlation
functions for the charged moments using the replica trick,
which is the bridge to the entanglement asymmetry in CFT.
We will use the equation above for two types of excited
states in CFT. Detailed analytic computations will be
discussed in the next section.

We must stress here that the validity of the replacement
of the nonlocal object e/®.+1% with two local ones:
Ve, (u,0)and V_, (v, 0) as in Eq. (3.8) is a conjecture.
This kind of replacement does not always work. For

example, in the calculation of Rényi entropies of a single
interval within a circle at finite temperature, the partition
function on the high genus replica manifold method and the
branch point twist field method can lead to different results
for certain CFTs [43-46]. However, the case where the
discrepancy appears involves nontrivial topology and addi-
tional physical requirements like modular invariance and
thermal entropy relation [47]. In our case, there are no such
subtleties and we make independent numerical tests against
our general formula in special cases. The excellent agree-
ment between the numerical data and the analytical
predictions (cf., Figs. 3 and 4) convenience us that the
conjecture is valid. Similar methods are used in [48].

IV. EXCITED STATES IN THE FREE
COMPACT BOSON CFT

In this section and the following part, we will focus
on the entanglement asymmetry in the free compact
boson CFT.

The theory of free compact bosonic field ¢(z,z) with
Euclidean action

1
Alp] = g/dzdzazgodzgo (4.1)

is a CFT with a central charge ¢ = 1. This theory has two
types of primary fields and the first type is the vertex
operators

Vo= el@htad) (4.2)

where ¢, ¢ are chiral and anti-chiral portions of the bosonic
field: ¢(z,z) = ¢(z) + ¢(z), with the conformal weight
(h,h) = (%2,%2) consisting of the holomorphic and the
antiholomorphic sectors. Another primary operator is the
current operator or the derivative operator J = id¢. For
simplicity, we only consider the holomorphic fields,
ie. ¢ =0.

Considering that the conserved current is proportional to
d,¢, the charge operator in the interval A is

01 =5, [ drow =3 (o) = olw).  (43)

Under the inspection of Eq. (3.8), the local operator

mentioned above Vajj+l is implemented by the vertex

operator
iaj i
@ V""'z";‘ Ee (4.4)
: - 7 (L (%12
with the conformal weight (h,, . . ", ) = G(E)%

).
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During the calculation, it was found that we cannot
achieve Tr(] [}, pye'®+194) straightly. For the total entan-
glement, the ratio of moments Eq. (3.2) is universal and can
be calculated in CFT without any input from the model
[40]. Inspired by it, we can define the following ratio of
charged moments

Gy (a.x) =

_ <H;}:1 V"j,m (ioo)V_anHl (—ioo)T(w]T)TT (Wj+)>cyl

Te([J preie @)

T _
G (a, x) - Tr( ;‘:1p,eiaj.j+1QA) >

(4.5)

which is also independent and universal of any microscopic
details. Applying the same technique as above, we can
rewrite it as

< 7:1 Vaj.jﬂ (iw)v_aj.j+l (_ioo)>cyl ’

(4.6)

which will be computed in the following part. Notice that at @ = 0, G (0, x) = G, (x). The observation suggests to define

another ratio

GY(a,x)

Tr(I1}-) pre™ @) Te(pf) _ g (a, x)

GI(0.x)  Tr(ITl_, pre™ @) Tr(ph)  ghlar.x)

<H;?:1 V(lj.jﬂ (ioo)v—a/.m (—ioo)T(w;)TJr(W;_»cyl

B <H7:] V(ljvj+| (ioo)v—aj

From the analysis above, it is of most importance to get
G (a, x). In this section, we will discuss how to get GX (a, x)
with two types of excited states in the free compact boson CFT.

Special attention needs to be paid to the property of the
excited state. If the excited state |Y) is an eigenstate of Q,
then [p,, Q4] = 0. Thus the a state like |V) and |J) will
lead to a vanishing entanglement asymmetry. Excited states
we will consider must not being eigenstates of Q. These
state satisfy [p4, Q4] # 0, so their entanglement asymme-
tries are not zero.

|

it (_ioo»c}’l(H;'l:l T(WJ_)TT (W;r»cyl

(4.7)

[

Regarding with the above discussions, we will calculate
g% (x) for two kinds of excited states, ie. |¥) = |V;) +
|V_g) and |®) = |V) + |J). It is not hard to extend our
results to other kinds of excited states.

A. Excited state I: |¥)=|Vj) +|V_g)
In this subsection, we will focus on the computation of
g3 (x), with |¥) = |V) + |V_g). which is the key ingre-
dient of the Rényi entanglement asymmetry.

[¥)(F] = (Vi) +[V_p)) (V| +Vpl)

= V)Vl + V) {V_p| + [V_p) (V| + [V_p) (V|-

(4.8)

We know that the correlation function of vertex operators (V,, V,,...V, ) is not zero, only if Zf’: , a; = 0. Taking this
neutral condition into account, we find there are only 6 terms contribute

b4 _
Gyla.x)=Fppp5+F pppp+FppppstFpprpptFsrppstFpppp

where

(Valioo)V_a(=ic0) V(W) V(W )V_g(i00)Va(=ico)V_s(W3)V_s(w3))eyi '

(4.9)

Fop-p-p=

The subscript of the function F indicates the order of the
corresponding vertex operator appearing in the correlator.
The explicit expressions of other terms in Eq. (4.9) can be
written down in a similar way. Here and in the following,
we are using the notation a = a1, = —a, ;.

We know that the correlation functions of an arbitrary
number of vertex operators on the cylinder can be given by
elementary methods [49]

<Va(l'OO)V_a(—iOO)V_a(iOO)Va(—iOO)>Cy1

(4.10)

[

(Ve (1) Ve, (2))eyt = H<2 sin¥>aia". (4.11)

i<j

In the following, we plan to calculate Gg’ (@, x), referring to
this equation. We find that the computation is complicated
but straightforward and the details of the calculation are
presented in Appendix A. Finally, the Rényi entanglement
asymmetry with index n = 2 is
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asin® (2zf) + 2b,n*p?

ASP (pg) = —

(4.12)

with  a; = (2cot(%))~¥’
2(2tan %)%,

and by = 2(sinzx)"?" +

B. Excited state IT: |®) = V) +|J)

In this subsection, we consider another type of excited
state, which is the superposition of the vertex operator and
the derivative operator, i.e., |®) = |Vj) + |/). In contrast to
the last subsection, a similar but different way will be used.
Now we have
|

(Valio0)V_o(=i00) V(Wi )V_p(wi )V_a(ic0)Vy(—ic0)J (w3)JF (w3))

@)@ = (V) + 1)Vl + (J])

= V)Vl + V) T+ )Vl + D] (4.13)

For simplicity, we will still focus on the case n = 2 and
higher n can be computed similarly. We have

G (. x) = Fp_pp s+ F;_ppr+Fppsp

+FppptFp_pyp+Fyppgs (4.14)

where

2Ly (4.15)

Fﬂ.—ﬁ,J.J"' =

According to the rules of our notation, it is easy to write
down the explicit expression of other terms in the equation
above.

Since the direct calculation of the correlation functions
of vertex and derivative operators is usually not an easy
task, the standard and useful trick is [42]

J(2) = iod(z) = éazve(z) (4.16)

e=0

We can use this to calculate the various correlation
functions. The calculation is easy and straightforward
and we report the final results in Appendix B. Adding
these results together, one can get G (a,x) and hence
|

<Va(i00)v_a(—i00)v_a(iOO)Va(—iOO)>Cy1

|
g5 (x).
AS&Z) (pe) is given by

Finally, the Rényi entanglement asymmetry

2a,sin? (nf) + byn*p?

(2)

AS = -1 4.17

A (,0(1)) 0og ﬂ2ﬂ2(202+b2) ( )

with

ay =22 —sec™X 4 [Pcot? ) +sec (X
2 2 2 2

(4.18)
and

by =2"2F (csc <%>) g <csc2 (%) + f*tan? (%)) +273# (2 =3+ <COS(”X) +2sec? (?))) (Sin <%>> o

+ (csc(zx)) ¥ +270(7 + cos(2zx) ) 2esc? (zx)

In this section, we give the strategy for how to compute
the Rényi entanglement asymmetry ASf) and worked out
the exact results for n = 2. Moreover, it is not too hard to
extend our result for n > 2 and for other types of excited
states with nonvanishing Rényi entanglement asymmetry.

V. NUMERICAL TESTS

In this section, we will make some numerical tests of the
universal CFT computations obtained in previous sections
[50-52]. Based on the calculations above, we plan to
numerically calculate the individual terms occur in the
original expressions of GY and G¥ [cf., Egs. (4.9) and
(4.14)]. We will take the XX spin chain model with periodic

(4.19)

boundary conditions as an concrete lattice realization of our
free compact boson CFT.

A. The XX spin chain and RDMs

As is well known, the XX spin chain is described by the
following Hamiltonian [53]

where 7" are the Pauli matrices acting on the jth site.
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After a Jordan-Wigner transformation

o (i) 757 - ()5

this spin chain Hamiltonian is mapped to a free fermion
Hamiltonian on the lattice

| i 1
H= _Ez {CJI'CHI + c/I'+1 Cj 2h<c €j _5)]’ (53)
=

(5.2)

¥

where ¢ j»cj are fermionic creation and annihilation oper-

ators, satisfying the anticommutation relations {c;, c;} =5;;.
Impose antiperiodic boundary conditions to the fermions,
cl = —c},cp1 = —c;. For simplicity, we will assume
that h =0

After Fourier transformation

b XL: wi g, = 27 (5.4)
k= —— ce s k= .
VL I=1 L
the Hamiltonian can be diagonalized as [54]
keQ
where ¢, = —cosk, and Q = {+1, -+ 551} The

eigenstates of the Hamilton can be descnbed by a set of
momenta K,

= [0

kekK

(5.6)

The ground state is half-filling with fermion number
ne :% and is a Fermi sea with Fermi momentum
krp = And it is characterized by the set of momenta:

{£ %, . ”F_l} By removing or adding particles in
momentum space close to the Fermi surface, we can obtain
low-lying excited states [41]. This model has a U(1)

symmetry generated by the conserved charge Q =

L T
j=1CjCj:

It is convenient to introduce the Majorana fermionic
operators [55]

Qys = CI + ¢y, Qys—1 = i(cs - CI)’ (57)
satisfying {a;,a;} = 25;;.

If we prepare the spin chain in the state p = |K)(K| and
the consider the case where the subsystem A consists
of [ continuous sites, we write the Majorana correlation

matrix as

Tr(pa;a;) = 6; +TF,

(5.8)

with TX € M,,;(C). T'¥ is a block matrix with elements

given by
- K _ mooo
/ P n\ LK oK)
g Sn

In Egs. (4.9) and (4.14), we find that there are Hermite and
non-Hermite terms. For Hermite terms |K)(K|, fX and g&
have the following form

Zeu/w _

(5.9)

Ze—l(/}kn

keK kGK
g p e e (10
keK kiK

Using the formula above, the corresponding CFT predic-
tions have been tested with the concrete lattice calculations
in the XX spin chain in [9]. Non-Hermite terms need
special treatment, and we will discuss them in the next
subsections. Therefore, all we need is to check whether the
CFT results of the non-Hermite parts are in perfect agree-
ment with the exact numerical calculations.

Moreover, we can also regard ¢4 ag some RDM with
Majorana correlation matrix I'* since

1 l(l
el”QA — Z, 1 / €

ia T i
(ecicj+cjc})

.:1\

J

+e’“)ZHpjcc +(1- pj)c;cj], (5.11)

where p; = + —=. The Majorana correlation matrix ['* have

the same structure with I'Y [cf. (5.9)], but different block
matrices [9]

i(1—e@
fg:()’ gzzgén,ﬂ

5.12
— (5.12)

In the process of calculation, we will encounter the
composition matrices indicated by I'; X I';. It is implicitly
defined by [41,56,57]

plilpll;) = w(p[Lilp[T)pl; x Ty, (5.13)
where
woirpin) = 50

and the product rule is
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[xT=1-(1-T;)Q+0,0)" ' (1-1y).  (5.15)
By associativity, the trace of the product of arbitrary
number of RDMs can be obtained

te(p[[]p[l] - - ) = w(p[Tilp[L; )t (p[l; x Ty --+). (5.16)
Based on the formula established above, one can numeri-
cally compute the charged moments Z, () Eq. (2.8) with
Hermitian p, for arbitrary n. Since this method is thor-
oughly studied in previous literature [9], we will not discuss
it here.

The low-lying states are excitations of holes and particles
below or above the Fermi Sea. The correspondences of the
vertex and derivative operators will be found by recalling
the bosonization dictionary, which helps us a lot in
providing the numerical tests in the two excited states
discussed in the previous section. Some examples of the
correspondence between CFT operators and the low-energy
excitations in XX spin chain are shown in Fig. 2.

B. Excited state I: |¥)=|Vj) +|V_g)

For simplicity, we assume that f = 1. The vertex
operator V_, = e~ corresponds to a hole excitation and
V, = e corresponds to a particle excitation, at the Fermi
momentum [40]. The relations of these two states is

Vi) =bibl Vo) q=7-3 (5.17)

Non-Hermite terms |V 5)(V_g| and |V_z) (V| appearing
in Eq. (4.9) cannot be viewed as some density matrices,
since their traces are zero. To deal with this kind of

~SIV_p)(vy|
A (5-18)

The corresponding Majorana matrix can be defined in the
following way [56]

V,|Saa;|V_
F;SjZTI‘(pSaiaj)—(‘j —M_é‘

- 5 (519
= sy, o G619

For different non-Hermitian terms, we should construct
an appropriate operator S, with the conditions mentioned
above being satisfied. For the term |V_;)(V,|, we could
choose the S operator as

S = aﬁaﬁﬂ = —ld2p—1d2n41

(5.20)

= i(c, =) (Cnpn = Ciy)-

Other forms of § fulfilling the conditions mentioned before
are also workable. Refer to Eq. (5.20), we have

<V1|S|V—1> = i<C;CZ+]bqbq/>Vl

i idn—id P
L Z ettt (n+1)<bkbk’bqbq’>vl
kK eQ

L
=ifo(n,n+1).

_ i [e—ir/),]n—i(/)q/(nJrl) _ e—i(/)q/n—i{/)q(nJrl)]
(5.21)

Where ¢, = 23 e bre™” with ¢ = .
Similarly, the Majorana matrix IS is a block matrix with
elements given by

object, we introduce the operator S satisfying S* = I and Ff,s = vas, Tf.s = (fl (r.5) g1(r.s) ) . (5.22)
(V{|S|V_1) # 0 to define a fake density matrix ' 9a(r.s)  fa(r.s)
Bosonization Boson Fermion .
N . Filling in momentum space
dictionary operator operator
Ground state 1 000000000000
Particle state i$ 000000000000
e Vi
-7
Hole state P4 Y, 000000000000

Particle-hole state

\V;\VR 000000000000

FIG. 2. Bosonization dictionary for
H= _‘l‘ JL:l(UJX'O?H + ‘7;0‘;5“ - haj).

some

low-energy excitations

of a free-fermion chain with the Hamiltonian
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The explicit form of the functions f, f5, g, and g, can be
found in Appendix C. Alternatively, we can write
Eq. (5.18) as

Vo) (Vi = (Vi S[V_) Sp[I™] (5.23)

Here we have used the notation p° = p[I] to indicate the
corresponding Majorana matrix. Noting that we also have
the relation

Spl[] = p[PTP]S (5.24)

In this case, P;; = P;5;; is a diagonal matrix with element
P,=-1ifi=2n—-1ori =2n+ 1and P; = 1 otherwise.

As discussed in the previous subsection, we can also
view the operator ¢/“?+ as some (unnormalized) density
matrix with I'* being the corresponding Majorana matrix.
The explicit form of I'* was given in Eq. (5.12). We can
write €9 as

ei®x = (1 4 ¢i@)lp[I7] (5.25)

We can use these relations and the product rules of the
density matrices [cf., Eq. (5.16)] to numerically compute
the charged moments for arbitrary states. For example,

Tre*p[['S]e#C4 p* 5]
= (14 ) (14 e fo(mn 4+ 1) Tap[

x p[PTS Pp[PT~Plp[T7]. (5.26)

Then using Egs. (5.14)—(5.16), one can obtain the finial
results.

We numerically compute the a-dependence of the
normalized Fp4_s_4 for p =1, ie., Fl,l,—l,—l/F?j?—l,—l'
The numerical data are shown in Fig. 3. As a comparison,
the following analytical predictions

x=0.1,5=1

0.8r

0.4

Fgp-p-8
a=0

F&b--5
Q

Re[

-0.4f

-0.8+

= €% = cos (2a) + i sin (2a), (5.27)

are also plotted as the full line in Fig. 3.

Our numerical data should converge to the CFT result in
Eq. (5.27), in the limit L — oo. As shown in the figure, the
agreement between CFT prediction and numerical data is
extremely excellent for all a€[-x,x). Although not
showed here, we find that for f = —1, the CFT prediction
and the numerical result also match very well.

C. Excited state II: |®) =|V) +|J)

In this subsection, we will discuss the numerical test in
the excited state |y) = |Vj) + |J). As discussed in the
previous subsection, for non-Hermitian terms like |V ) (J|,
we should choose a appropriate operator S to define the
corresponding fake density matrix. For simplicity, we take
f = 1 again. For the non-Hermite |V )(J| and |J)(V ]|, we
should find out the operator S. The first step is to find the
relationship between |V) and |J). The derivative operator
J corresponds to a right-moving particle-hole excitation so
that we can write [40]

L 1
Vi) = bjlJ), =", 5.28
Vi =blla). a=5-5.  (528)
In this situation, we could choose S as
S =ay,_; =i(c,—c}). (5.29)
The corresponding Majorana matrix is
Vi|Sa;a;|J)
S < 1 i%j
=" — 0§, 5.30
AT 530
x=0.1,8=1
0.8f
_ 0.4r
E
-0.4}
_0.8,

FIG.3. Numerical resultof F4_5_5/F ;7,0_ 5—p in the XX spin chain. The full lines are the CFT results in Eq. (5.27). Here we consider
x =0.1, =1, n = 2 with total length L = 1000 and subsystem size / = 100. As shown in the figure, the agreement is fairly well for

a, €[-n, 7).
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x=0.1,5=1

0.8

]

0.4

,-109.i09.-B

Fp-iopion-
Re[ B,-i0¢,iop,-B
Fg=0

—0.4}

-0.8f

a2

x=0.1,8=1

0.8

0.4

]
-i09.i09,-B

=0

i Fpiagiop-p
7

I

o

=

-0.8r

a2

FIG. 4. Numerical result of Fy 9, 05—/ F ;,:—90¢.ia¢.—ﬁ in the XX spin chain. The full lines are the CFT results in Eq. (5.33). Here we
consider x = 0.1, # = 1, n = 2 with total length L = 1000 and subsystem size [ = 100. Again, the CFT prediction and the numerical

result also match extremely well for a; , € [-7, 7).

where

) - i .
(Vi|S|T)=—i E e (bTh ), =——=e " = —igy(n).
keQ e VL

(5.31)

In this case, the Majorana matrix IS is a block matrix
with elements given by

(D o)

The explicit form of Ffj can be found in Appendix C.
The CFT predictions of the normalized Fp i ; 5 for

B . ) a=0 3
p=1,1e., Fl.JT,J,—l/Fl,JT.,J,—l 15

rs, = (5.32)

Fl,JT,J.-l

a=0
Fl WA

= e =cosa+isina, (5.33)

Based on the method we discussed in the previous
. . =O
subsection, we numerically compute Fy ;i ;_;/F A
and the data are shown in Fig. 4 as dots. As shown in this
figure, the agreement between CFT prediction and numeri-

cal result is perfect for all a € [-x, 7).

VI. CONCLUSION

In this manuscript, we study the Rényi entanglement
asymmetry of two excited states in the free compact boson
CFT and the underlying lattice model.

Using the replica method, we obtain a universal CFT
expression written by the correlation functions for the
charge moments. We mention that the entanglement asym-
metry of an eigenstate of Q will vanish. Thus we construct
two types of excited states: |¥) = |Vj) +|V_5) and

|@) = |Vj) + |J), which are not the eigenstates of the
charge. Considering the characteristics of vertex and
current operators, we are able to calculate the correlation
functions involving vertex and current operators. As an
concrete example, we obtained the exact results for the
Rényi index n = 2 from the CFT computation.

The numerical method of computing the charged
moments with non-Hermitian fake RDMs has never been
studied before. In this paper, we propose a efficient way to
treat them numerically. The CFT predictions are in perfect
agreement with the exact numerical calculations, which
confirms our numerical method.

In this paper, we only consider Rényi entanglement
asymmetry with index n = 2, it would be very interesting
to derive a formula for general n and analytical continue to
n = 1 to obtain the entanglement asymmetry. It will also be
interesting the consider other kinds of excited states and the
content of operator S should be change to adapt this
modification.
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APPENDIX A: CORRELATION FUNCTIONS
OF VERTEX OPERATORS

The most important basis of the appendix is Eq. (Al)

(Ve (21) Ve, 2oy = [ [ <2 sin > Zf') RRNONY

i<j

Using the above formula, it is straightforward to
obtain
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ax\\ 2 2
Fypp-p=|2cot > Rk

. A2
Fﬁ,—ﬂ.ﬁ,—ﬁ = (Sln(ﬂx)) 25 .

ax\ \ 2%
F/},_/}v’_ﬂ’/} = ([ 2tan ? .

The additional three terms in Eq. (4.9) can easily obtained
from the results above with the replacement f — —p,

ax\\ ~2ifa
F—ﬂ,—ﬂ,ﬂ.ﬂ = [ 2cot 2 e s

. _ 2
F_yp_pp = (sin(zx))™,

ax\\ 2
F—/f,ﬁ,ﬁ,—ﬁ = <2 tan< 2 >> .

Eventually, adding all the terms together, we obtain
GY (a, x)

(A2)

(A3)

Gy (@, x) = a,(e*P* + ¢™2P7) 4 b, (A4)

= (2cot(&))" and by =2(sinax)"¥ +
2(2tanZ)=2%". Then gf (e, x) is given

with ap =

aw‘.w; <Va(i°°)v—a<_l°°

2

2a, cos (2pa) + b,

\y pu—
9 (a’ x) 2(11 -+ bl

(AS)

Here we have used the fact that ¢)(a,x) =1 since

[p1, Q4] = 0.

After integrating over the variables «; and a, [cf,,
Eq. (2.7)], we obtain the final result

a;sin? (2zf) + 2b,n*p?
22262 (2ar + by)

g5 (x) = (A6)

APPENDIX B: CORRELATION FUNCTIONS
OF VERTEX AND DERIVATIVE OPERATORS

The strategy to compute the correlation functions
involved derivative operators is to use the following trick
to represent the current operator as a vertex operator

(i00)(2) =~ 0.V.(2)| o (B1)

Then terms appearing in Eq. (4.14) can be computed
easily. For example,

VWD)V _g(W])V_g(i00)Ve(—ic0) Ve, (w3 )VE (W3 ) eyt

Fpprr =

Similarly, one can get

nx

Fgrg_p=2" ‘ﬁ2< sec( >> <ﬂ200t2 >

Fy gy =27 (— sec( )) </)’200t2 =
+

FJ’JTJ.JT :2 (7

In Appendix A, we have already obtained the value of

)
€16 <Va(iOO)V_a(—iOO)V_a(iOO)Va(—iOO)>Cy1

) () ()

€1,6,=0

(82)
5.
£ ()
Frppp=27 (2 - 342 +ﬂ2(cos(ﬂx) +2 sec <2x>>> <sin<%x>>_2_ 2,
cos(2zx))%csct(zx). (B3)
@ (ax) = 2a, cos(fa) + b, ‘ (B5)

Fy_pp—p = (csc(nx))?. Adding all these terms together,
we find

G, (@, x) = a,(e'™ + e7P) + b,, (B4)
where the coefficients a, and b, are given in Egs. (4.18)

and (4.19) respectively. Finally, one find that g3 (e, x) has
the same structure with g5 (a, x)

2a2 + bz

After integrating over the variables a; and a, [cf,
Eq. (2.7)], the final result is obtained as

2a,sin? (nf) + byn*p?

B = 0y + )

(B6)
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APPENDIX C: NON-HERMITE FAKE RDMs AND CORRELATION MATRICES

Considering the characteristics of the Majorana fermionic operators, we have
T T o T
a, (cr+c,)(es +¢5) iler+¢,)(es —cy)
a;dj = ( ' >(a2sa2s—] ) = < oy ' ¥ ’ § ' § L (C1)
anr-1 i(cr—c.)(es +c¢g) —(cr—cp)(es —cy)

For excited state |¥) = |V,) +|V_;), the S operator we have chosen is S = —id,,_;a,,;. Then the corresponding
Majorana matrix can be computed as

filr.s) = folnon+ 1) (Vilehel, cle Voy) + (Vilehe)cle, Vo)
— (Vilehctele, Vo) = (Vilel, elele, Vo)) (C2)

fa(r.s) :fo(”,”+1)_l(<V1|le Z+IC+Cs|V 1) +(Vy |Cn n+lcSCr|V—l>
+ (Vilehelele,|Vor) + (Vilel clele,| Vo)) (C3)

91(r.5) = ~ifoln.n+ DT (Vilehel, cle Vo) = (Vilehel, ele Vo)
+ <Vl |C;CICIC,1+1 |V—1> + <Vl |C:+1Ciczcn|v—l>) + 5mn (C4)

92(r,s) = =ifo(n,n+ 1) (=(Vi|eic) el Vo) + (Vilenerede Vo)
+ (Vilehelcle, | Voy) + (VilehelelenVoy)) + S (C5)

Let us first consider (V,|chc! 1cr c,|V_1). We have

(V, |CZCZ+ICICS|V_1> =— Z e~ ibin—idy (n+1)=idy, r+l¢k2s<b};b;:,bzl b, bqbq’>- (C6)
kK K Jo €Q

Here and in the following, (-) means the average under the state V. According to the Wick theorem, we have
(biblb} bi,byby) = (b} bi,)((bjby) (biby) — (bby)(blby)

= (byubi, ) (bib ) by, by) = (b by} (biby)

+ (b, ) () (b, by) = (b, by) (byuby) (€7)

Using (bby) = Sk Orev,, We obtain

1 . . .
VilehelaelelVoy) = S e =) folnn+ 1) = 009 fy(n, ) 4+ e b0 fo(n 1) (C8)
kev,

The other terms can be obtained similarly

1 . . .
VilehehaelelVoy) = =7 S [0 foln 4+ 1) = 010 fon,5) + 00 fy(n 41, 5)

keV,
-%- 1 . . .
(VileheleleyalVor) = D [t fon, 1) = et fo () + e fo . 5).
keV,
—i— 1 . . .
(Vilehelele,|Voy) = I D e fo(n 4 1,r) — e fo(n 4 1,5) + €7 fo (1, 5)] (C9)

kev,

For excited state |®) = |V ) + |J), we should choose the S operator as S = a,,_; instead. The corresponding Majorana
matrix can be computed as
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Filros) = go(n) ™ (=(Vilelelenl ) + (Vilehete ) + (Vilenele 7)),
Falris) = go(m)™ (Vi |elelenl ) + (Vilehere ) + (Vilencle ),
Gi(r.s) = —igo(n)™' ((Vilercie, ) + (Vilencie,[J) = (Vileneie ) + 8,y
Ga(r.s) = =igo(n) ™' ((Vilereiea|T) = (Vilehele, ) + (Vileneie ) + 8. (C10)
Now let us compute (V|cfcic,|J) first
Vileicieady =5 3 emtarmibustitinpt bt pp ), (C11)
L2 kk .k €Q
Applying the Wick’s theorem, we get
I —ipy, r—ichy, s+ighn i
(Vilefcle Iy == Y e nr=ustiban (bl b )(b] by) — (b] by) (b, bi))
Ly i hea
i
_ —l¢qf i (r=n) _ o—igpgr—idy(s—n)
i (emix(r=m) g (5) — =i (5=m) g (7). (C12)
L v
The other terms can be obtained in the same way
i 1 3 —ipi(r—s
(Vi|chele ) = I z (e7=)go(r) — e =) gy (n)). (C13)
keV,
i 1 s—71" —igpp(n—r
(Vilehele,|7) =7 D (e go(n) = e gy (s)). (C14)

keV,
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