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Reconstruction of the quasinormal spectrum from pole skipping
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The holographic gauge/gravity duality provides an explicit reduction of quantum field theory (QFT)
calculations in the semiclassical large-N limit to sets of “gravitational” differential equations whose
analysis can reveal all details of the spectra of thermal QFT correlators. We argue that in certain cases, a
complete reconstruction of the spectrum and of the corresponding correlator is possible from only the
knowledge of an infinite, discrete set of pole-skipping points traversed by a single (hydrodynamic) mode
computed in a series expansion in an inverse number of spacetime dimensions. Conceptually, this reduces
the computation of a QFT correlator spectrum to performing a set of purely algebraic manipulations. With
the help of the pole-skipping analysis, we also uncover a novel structure underpinning the coefficients that

enter the hydrodynamic dispersion relations.
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I. INTRODUCTION

Quantum field theories (QFTs) typically exhibit intricate
and complicated dynamical properties that result from the
interactions between their degrees of freedom. While no
all-encompassing definition of a QFT exists, one way to
think of them is through the spectral properties of corre-
lation functions of all operators. Given that such compu-
tations can be extremely difficult and often even outside the
scope of our methodological and technical capabilities, a
natural question to ask is, therefore, what is the minimal
amount of information that completely determines the
spectrum of each such correlator?

The advent of the gauge/gravity (holographic) duality [1]
introduced a new way of looking at QFTs through the lens
of gravity. In its simplest form, it taught us that certain
strongly coupled QFTs with a large local number of
degrees of freedom (large-N theories) are dual to classical
field theories that include gravity (general relativity).

It has long been appreciated that large-N QFTs are
semiclassical and that the N — oo limit can be understood
as an effective 7 — 0 limit (see Ref. [2]). Nevertheless, in
general, solving such theories by computing various
correlation functions is essentially impossible. In principle,
this could be done if one were for example able to sum an
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infinite number of planar Feynman diagrams [3], solve the
master field equations [4], or solve the problem by using
the method of coadjoint orbits [2]. Nevertheless, rather
spectacularly, in holographic N — oo theories, one can use
the duality to turn such problems into solving partial
differential equations that arise as classical equations of
motion of the dual gravitational field theory. Therefore,
holography dramatically reduces the difficulty in comput-
ing (at least strongly-coupled) correlation functions in
certain N — oo QFTs.

In this Letter, we will argue that through the phenome-
non of pole-skipping [5—-8] and the introduction of another
perturbative parameter, which will be essential for deriving
our results: 1/d, where d is the number of spacetime
dimensions of the gauge theory (see Ref. [9]), one can turn
the problem of computing certain holographic QFT corre-
lation functions into a purely local and algebraic problem
involving an expansion around the dual event horizon with
no need for solving differential equations in the entire bulk.
Even if these algebraic problems remain extremely hard to
solve, we find this to be a conceptually important step
toward the answer to the following question: “How much
information is required to determine the spectrum of a QFT
correlation function?”

II. THE CLAIM

Consider a neutral CFT,; at non-zero temperature 7 in d
spacetime dimensions with a classical holographic dual. In
d = 4, this can be the infinitely strongly coupled N = 4
supersymmetric Yang-Mills (SYM) theory with an infinite
number of colors. We will study, for concreteness, the
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spectra of transverse momentum two-point functions. In
each such holographic CFT,, the spectrum equals that of
the dual transverse gravitational quasinormal modes
(QNMs) in the background of the Schwarzschild-AdS,
black brane in Einstein gravity [10]. These QNMs follow
from the differential equation describing the diffeomor-
phism-invariant transverse bulk mode Z(r) in any d >3
(see e.g. Ref. [11]):

r U (2 f(r)0,Z(r) — iwZ(r))
w*r? = ¢*r’f(r)
riwr?,Z(r 27Z(r
N (a)2r2 _Zéz)r;(z)Z( oo (1)

0,

where we have used the ingoing Eddington-Finkelstein
coordinates, f(r) = 1 — r~, the event horizon ry, is placed
at r, =1 and its temperature is T = d/4x. Moreover,
® and ¢ = |q| are the frequency and the momentum
(wave vector).

Such spectra contain an infinite set of modes w;, where
i=0,1,.... Among them is w,, which is a gapless,
(transverse) diffusive hydrodynamic mode whose disper-
sion relation has the following series representation:

wold) =i a4y @)
n=1

The series has a finite radius of convergence R [12,13] (see
also [14,15]). For real and positive g analytically continued
outside |g| < R, this dispersion relation passes through an
infinite set of pole-skipping points at a sequence of ¢, € R,
such that (see Refs. [13,16])

wo(q,) = w, = =2xTin, n=0,1,... (3)
In d = 3 (CFTj; dual to a stack of M2 branes), the sequence
of ¢, is known analytically (see Refs. [17,18]). It is
important to note that in the theories considered here,
the diffusive mode does not “collide” with any other mode
for real positive ¢ (and negative imaginary ).

For (at least) the spectra in these CFT,’s, we claim that
the knowledge of all pole-skipping points w(g,) traversed
by the hydrodynamic mode for g€ R, [cf. Eq. (3)] is
sufficient for reconstructing the entire spectrum of modes
and their dispersion relations w;»(g). Since the Green’s
function is meromorphic in w, the knowledge of all w;(q)
allows us to determine the full denominator of the corre-
lator. Up to a rescaling, the numerator of the correlator then
follows from the statements made in the recent work [19].

To substantiate our claim, we will first argue that wy(g)
indeed follows from wg(g,). This is an interpolation
problem: we wish to uniquely determine a function by
knowing its values [the values of the analytically continued
(2)] at an infinite number of points (3). In general, such

problems are very difficult and, depending on the complex
analytic properties of w(g), may or may not have a
unique solution.” In this case, too, the complicated
multi-sheeted Riemann surface structure of wg(gq) (see
[13,20]) makes this prohibitively difficult in any specific
d (even in d = 3). Nevertheless, we will argue that this
problem can in fact be solved by continuing the calculation
from a specific d to one in general d. Then, the interpolation
can be uniquely solved by employing a perturbative 1/d
expansion around d — oo, the result resummed and evalu-
ated at a desired d.

The properties of general relativity in the large-d limit
are key to this result. They follow from a simplification of
the gravitational interaction in such a limit, as can be seen
from the sharp decay of the gravitational potential around a
point-like mass, which at large d scales like 1/r¢ with
distance r. The gravitational field therefore becomes
strongly localized near its source [21]. With regard to
black hole perturbations, an important consequence is the
existence of two sets of modes with frequencies parametri-
cally separated in 1/d. One uncovers a set of (non-
decoupled) fast modes with w~d/r,, and a set of
(decoupled) slow modes with @ ~ 1/r;,. The latter ones
are completely localized within the near-horizon region at
all orders in 1/d, and describe the entire hydrodynamic
regime of the dual holographic QFT [22,23].

The remaining steps in the reconstruction of the spec-
trum and the associated Green’s function, which amount to
finding all remaining ®;>(q), then follow from the argu-
ments and algorithms presented in Refs. [14,19,20].

III. FROM POLE SKIPPING TO THE
HYDRODYNAMIC DISPERSION RELATION
AND THE FULL SPECTRUM

A. General interpolation steps for obtaining
the hydrodynamic mode

While this is certainly a nontrivial task in a QFT, the
continuation of a problem to an arbitrary number of
dimension d in quantum mechanics, followed by an
analysis expanding the wave function and the energy levels
around d — oo, is a well-known and highly effective
method [24,25], analogous to the large-N expansion. To
facilitate our discussion, what is more important is that
the calculation of a CFT correlation function in general
d is also particularly suited to a holographic treatment.
Concretely, we continue the Einstein gravity problem from a
set number of bulk dimensions to a “‘deformed” problem in a
theory with the same action, butin d + 1 bulk dimensions. It
is also most convenient to choose the higher-dimensional
background solution to have “compatible” symmetries and

1 . . . .

An example of an interpolation problem with a unique
solution is the Nevanlinna-Pick interpolation in cases with a
vanishing determinant of the Pick matrix.
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macroscopic properties (here, an uncharged black brane). For
transverse gravitational perturbations, these two steps lead
to Eq. (1).

The analysis then proceeds by writing @y (g) as a double
expansion: a gradient expansion in powers of ¢> and a
series in inverse powers of the dimension 1/d. By ana-
lysing Eq. (1), we find that the diffusive series (2) takes the
following form:

0 1 m

wy(q) = —ig* - lZﬁZ Cmjq, (4)

m=2 Jj=2

where § = g/+/d. The coefficient of the > term is set by
the “universal” shear viscosity to entropy density ratio
n/s =1/4x [10,26]. The remaining coefficients c,, ;
depend on the parameters characterizing the CFT, and
the state (the background). For momentum diffusion in a
neutral thermal CFT,, analytic closed-form results are
known to order O(1/d*) [23]:

Crp = 2C(2), (5)
c3p=—4(3), c33=—4(3), (6)
cap=8((4), cs3=Tx8L(4), c44=8(4). (7)

In fact, by knowing that for general d, the first two terms in
the dispersion relation are [27,28]

H
o =~ig’ = i—14" + 0(g"). (8)

Reference [23] could use the series representation of
the Harmonic number Hy/y = —> %, {(j + 1)(=2/d)/,
where {(m) is the Riemann zeta function, to guess that
Cmo = (=1)™2m=1¢(m). The fact that this series in 1/d
converges for d > 2 conforms to the absence of a transverse
diffusive channel in d = 2. The coefficients at higher orders
in g are unknown in general d in closed form.” We derived a
complicated integral expression for ¢, 3, which we numeri-
cally evaluate for the first few new coefficients:

cs3 ~ —15.814 x 16£(5). (9)

Ce3 ~ 32.420 x 32((6). (10)

Next, we develop the relation between c,, ; and pole
skipping. By analyzing the equation of motion near the
horizon, e.g., by using the determinant method of Ref. [16]
(for a closed-form determinant expression, see the

Ind = 4 (inthe N = 4 SYM theory at infinite coupling), the
dispersion relation was computed to order g® in Ref. [13]. In
d = 3, the methods of Ref. [29] allow for an analytic calculation
in terms of multiple polylogarithms to a much higher order.

Supplemental Material [30]), the sequence of pole-skipping
points (3) with g €R can also be expressed as a series
in 1/d:

_ nd ZDpm
gy = 7<1+Zd—m>. (11)

m=1

Inserting this expression into Eq. (4) then gives an infinite
recursive chain of relations between b, , and c,, ;. At the
first two levels, we have

© nm—lcmm

by :—ZT, (12)
m=2

anZ_ n,1 _Zn (Cm+1,m2_; m n,lcm,m)’ (13)

m=2

and so on for higher b, 3.

Our claim is that the knowledge of b, , (i.e., the pole-
skipping momenta expanded around d — o) is sufficient
to derive all hydrodynamic coefficients c,, ;. To do this, we
must assume that a (unique) analytic continuation of the
coefficients b, ,, is possible from n€Z,, to x€R (or
x€C), such that each b,,(x) is analytic at least in the
vicinity of x = 0 and for x > 0. Consider first Eq. (12). By
continuing b, ; — b;(x), b;(x) becomes the generating
function for the hydrodynamic coefficients c,, ,,. In par-
ticular, ¢,, ,, can be computed by taking derivatives of by (x)
and evaluating them at x=0: c,, =—40,b(0),
¢33 = —402b,(0), and, in general, for m > 2:

2"1

(14)

Conm = —

Next, we analytically continue b,, — b,(x) and use
Eq. (13) as the generating function equation to find all
Cms1.m- Forexample, ¢35 =—40,b5(0), c43 =—402b,(0) +
7¢3,/4, and, in general, for m > 2:

2mam=1p,(0)
(m—1)!

m—1
o1
+ E y (J_Z)Cj,jcm—jJrl.m—jJrl’ (15)
=

having used that »;(0) = 0 [cf. Eq. (12)] and Eq. (14). It is
easy to see that in a similar recursive manner, all ¢, ; from
(4) follow from a combination of derivatives of the
analytically continued b,,(x) evaluated at x = 0.

At present, we do not have a general proof that the
necessary unique continuation of b, ,, — b,,(x) is always
possible. Assuming that in certain cases it is, however, it
then follows that the entire hydrodynamic series can be

Cm+l,m -
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FIG. 1. Triangular structure depicting the sequences of recov-
ery of the coefficients c¢,,; in (4) when computed from the
hydrodynamic gradient expansion (from more to less opaque
blue) versus when computed from pole skipping (from more to
less opaque red).

reconstructed from the pole-skipping momenta, which all
arise from a local near-horizon analysis. First, b, ; gives
Cm.m- Then, the knowledge of b, , gives ¢, 1, b, 3 gives
Cmio.m» and so on. Recursive pole-skipping calculations
thereby reveal a different (“mirrored”) set of coefficients as
compared to the hydrodynamic gradient expansions, which
normally first computes c,,,, then c,,3, and so on. Our
analysis establishes a new (perturbative) approach to
accessing a different subset of hydrodynamic coefficients
Cp,j» Which we represent in Fig. 1.

B. Demonstration of the procedure

One way to proceed with the calculation of the pole
skipping b, , is by using the determinant method of
Ref. [16]. This procedure is fully systematic, it can be
executed in general d and is, moreover, algebraic. We
discuss its details in the Supplemental Material [30]. The
limitation is, however, that the calculation requires setting a
specific n, which makes it difficult to obtain a closed-form
b, forall n > 0, and analytically continue b,, ,,, — b,,(x).
Nevertheless, the method is practical and suitable for a
numerical interpolation (“analytic continuation”) and cal-
culation of ¢, ;.

To substantiate the claims made in this work, we may
also proceed by computing b,, ,,, from a QNM analysis with
a specified m (order in the 1/d expansion), but for all n.
Note, however, that the calculation then requires us again to
solve bulk differential equations. We provide the details of
this procedure in the Supplemental Material [30].

It is easy to find the first-order b, ; for n > O either by
using a QNM calculation or the determinant method (and
then guessing the result for all ). We obtain

(16)

1
b, =—=-H,.
n,l 2 n

where H, =Y}, 1/k is the Harmonic number and n
an integer. H,, however, has a well-known analytic

continuation to real or complex x: H, = H(x) = > " x/
k(x + k). This representation uniquely determines b, ; —
by(x) and allows us to compute all ¢,, ,, from Eq. (14). The
result establishes that the outer sides of the hydrodynamic
coefficient triangle in Fig. 1 are mirror images of each other
for all m > 2:

Cmom = Cm2 = (_l)mzm_lé’(m>' (17)

With this result, one can perform a partial resummation of
the hydrodynamic series (4) along the outer right side of 1
and obtain

=2
._ .q
wo(q) = —ig* —i—=Hyzp/g+ ... (18)

d

The series giving (18) converges for |¢?| < d*/2. As
expected, its convergence properties improve as d increases.
At higher orders, the calculation is significantly more
involved. Nevertheless, we could find a closed-form
expression for b, ,, expressed as a sum, with the help
of a QNM calculation discussed in the Supplemental
Material [30]. Here, we use this result to numerically
analytically continue b, , — b,(x) using the method of
Padé approximants to evaluate 07~'b,(0) in Eq. (15). In
particular, we adjust the order of the approximant to find
the best fit for the analytically known coefficients c;,
and c43 [cf. Egs. (6) and (7)]. Using b,, with n=
{0, 1, ..., 1000} (although significantly fewer coefficients
could also be used), the optimal fit is given by the Padé
approximant of order [15/13].? Finally, using Eq. (15), the

numerical results for the first four c,,,,, are:
c32 &~ —1.000 x 4£(3), (19)
c43~7.001 x 8£(4), (20)
cs4~ —15.548 x 16(5), (21)
ces5 ~27.546 x 32£(6). (22)

The estimates of ¢s 4 and ¢ 5, or other (in principle) easily
computable higher-order coefficients are new. At this
point, however, we cannot ascertain the level of their
precision.

Next, we compute b, 3 by using the determinant method
from the Supplemental Material [30] for orders
n=1{0,1,...,52}. The first two coefficients that b, ;
generates are c;, = —40,b3(0) and cs3 = —402b3(0) +
Tcypc3,/2. Optimizing again the order of the Padé

'The order of the Padé approximant [M/N] denotes the
rational function form f(n) = (3 Myan')/(1+ 31, bin/).
The fit is performed by using the FindFit command in
Mathematica.
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approximant by matching to the analytic result ¢4,
[cf. Eq. (7)], we find the order [9/13], which gives the
first two coefficients ¢,

canr ~ 1.000 x 8(4), (23)
55~ —15.502 x 16£(5). (24)

The calculated c¢s53 approximately matches the hydrody-
namic result in Eq. (9) with relative accuracy of 2%. Given
the precision of the interpolating computation, we cannot
rule out that, potentially, ¢53 = ¢54.

While time-consuming in practice, the numerical inter-
polation can be improved, we claim, to an “arbitrarily
good” precision and extended to higher-order terms in the
expansion of g, that will give rise to all hydrodynamic
coefficients c,, ;. At this point, we could also speculate on
further potential underlying symmetry structures of the
coefficient triangle 1 (e.g., it is possible that ¢, =
Cmy13 for m >2, etc.), thereby extending the derived
Eq. (17) to inner diagonal lines being left-right symmetric
about the vertical axis of 1, or on there existing other
intriguing symmetry structures. However, due to the
present lack of conclusive evidence, we defer all such
statements until after future detailed analyses have been
performed.

C. The reconstruction of rest of the spectrum

We have so far discussed the reconstruction of the
infrared gapless hydrodynamic dispersion relation wg(q)
in general d. The gradient expansion in Eq. (4) is a
convergent series in powers of > [12,13]. The convergence
properties of the 1/d series are for the moment not well
understood.”* It appears likely to us, however, that, as with
the resummed coefficient of §* [cf. Eq. (8)], other coef-
ficients expressed as series in 1/d will also converge.
Hence, we expect that the dispersion relation (4) can be
evaluated in any finite integer dimension d > 3.

Once the series representation of wy(g) in powers of ¢ is
known, then one can reconstruct the remaining modes’
dispersion relations ®;»(g) that are connected to @, by
level-crossings5 following the procedures developed and
demonstrated in Refs. [14,20]. In particular, one needs to
re-expand @y (g) around the nearest level-crossing critical
point limiting its convergence and use the Puiseux theorem
to obtain the expansion of the next mode w; (¢) around the
same critical point (the second Riemann sheet). Then, after
a sequence of analytic continuations and further re-expan-
sions (all which can be done using purely algebraic
manipulations), other @;(q) can be derived so long as they

*For some discussion of these issues, see Ref. [23].
SFor a definition of level-crossing in this context, see
Refs. [13,31].

do not factor from the full complex spectral curve asso-
ciated to the correlator (see Refs. [12,13,31]) and are
therefore connected to wy(q) via any sequence of level-
crossings—i.e., each is a Riemann sheet of the full surface
that can be reconstructed from wg(q). For details of the
algorithm, see Ref. [20], where the example of the present
setup with d = 3 (diffusion of a stack of M2 branes [32])
was analyzed. As long as this reconstruction uncovers all
modes in the spectrum of a correlation function, this is
sufficient to reconstruct the full correlator meromorphic in
w: the denominator [[®,(w — w;(¢)) and also its numer-
ator (see Ref. [19]).

IV. DISCUSSION

In this paper, we developed a new interpolation method
for uniquely deriving a classical hydrodynamic dispersion
relation—the long-lived excitation in the correlator spec-
trum of a holographic QFT—from a discrete set of pole-
skipping points in the large-d expansion. Once the
dispersion relation is known, it can then be evaluated in
any specific dimension d and, as we claim, in some cases,
all other modes and the full Green’s function can also be
reconstructed completely. Conceptually, this reduces at
least in principle the computation of a full QFT Green’s
function to a set of purely algebraic manipulations. We
believe that this provides an important step toward answer-
ing the question of how much information one requires in
order to completely determine a QFT correlation function.
Moreover, in the process, we also uncovered an interesting
triangular structure underpinning the hydrodynamic coef-
ficients in the (double) gradient and large-d expansions
promising significant fertile grounds for future explorations
of its mathematical structure. Since our analysis only relies
on the analysis of a set of differential equations, these
techniques can also be directly used in the analysis of QNM
spectra of black holes, analysis of complex (or algebraic)
spectral curves, and other mathematical problems that
pertain to the spectral analysis of linear operators.

Many open questions remain for the future. It should be
understood whether the powerful techniques developed in
Ref. [29] can be applied to the present analysis. Moreover,
it would be interesting to show how precisely a similar
interpolation works for spectra with sound modes or
potentially even for spectra without any hydrodynamic
modes. How does the reconstruction work for spectra in
which the diffusive mode collides with a gapped mode for
real ¢ in the sense of Ref. [33]? One may also ask whether
an interpolation not using the pole-skipping points might
prove to be useful. Finally, given the promise that this
procedure has for reducing the complexities in computing
various QFT correlators in the strongly coupled large-N
limit, it is natural to wonder whether an analogous
procedure can be devised once we start including the
inverse coupling constant corrections (as, e.g., in
Ref. [34]) and the significantly more difficult “1/N”
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corrections in the holographic description, or even in non-
holographic QFTs without the help of gravity.
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