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We study the thermodynamics in the Bogomol’nyi-Prasad-Sommerfield (BPS) limit of anti–de Sitter
black holes realizing the topological twist. We use a limiting procedure that allows us to reach the extremal
point along a trajectory in the space of supersymmetric Euclidean solutions. We show that on this space we
can write a quantum statistical relation, which is well-defined in the BPS limit and relies on imposing a
suitable constraint among the chemical potentials, due to supersymmetry and regularity. We stress the
importance of this in relating the thermal partition function of the dual field theory to the topologically
twisted index.
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I. INTRODUCTION

The partition function is an important theoretical observ-
able in the study of supersymmetric field theories, and its
exact computation via localization on supersymmetry-
preserving backgrounds has been a fertile field of research.
It is a function of the background fields (the chemical
potentials) and the AdS=CFT correspondence relates it, in
certain limits, to the renormalized on-shell action of an
asymptotically locally anti–de Sitter (AdS) gravity solution
with conformal boundary structure equal to the field theory
background. The Legendre transform of the partition
function counts the number of states with prescribed
charges; correspondingly, in the dual bulk picture in
presence of a black hole, the Legendre transform of the
on-shell action gives the entropy of the black hole as a
function of the charges.
Developing a thermodynamic picture for Bogomol’nyi-

Prasad-Sommerfield (BPS) black holes is challenging,
since in this case the length of the Euclidean time
coordinate is infinite, so the on-shell action naively
diverges [1]. One way to circumvent the issue is performing
a specific limiting procedure [2], starting with a family of
nonsupersymmetric thermal black holes in Lorentzian
signature and Wick-rotating to Euclidean signature, hence
obtaining solutions that are locally the product of a disc and

a sphere. One then imposes supersymmetry, and obtains
solutions that are formally not extremal, since the perio-
dicity of the Euclidean time coordinate is finite, but cannot
be Wick-rotated back to a Lorentzian well-defined black
hole, except for the extremal ones, for which the period of
the Euclidean time diverges. The thermodynamics intro-
duced on the family of supersymmetric but not extremal
solutions can thus be extended to the BPS extremal ones by
taking a well-defined limit, and matches the expectations
obtained from the large-N limit of the dual field theory.
This picture, combining the AdS=CFT dictionary [3] and

Euclidean quantum gravity [4], has been warranted in
recent years by an extensive analysis of BPS rotating
electrically charged black holes, starting from five dimen-
sions [2,5], whose entropy can be computed by taking the
Legendre transform of the large-N limit of the super-
conformal index in a dual field theory.
In four dimensions, it is possible to have magnetically

charged BPS black holes, in addition to the electric ones
found in [6–8] and investigated in [9–17]. In contrast to the
latter, these magnetic solutions, first found in [18], and later
on generalized in [19–25], have a well defined static limit,
and preserve supersymmetry in a different way, realizing
the so-called (partial) “topological twist.” The presence of
the magnetic charge indeed changes the conditions to
preserve supersymmetry in the bulk [26], and thus the
boundary ones as well [27]. In fact, the partition function of
the dual field theory in the supersymmetric background
computes the topologically twisted index [33], instead of
the superconformal index. A lot of progress has been made
in relating the black hole entropy to the topologically
twisted index (see [34] for a review), yet an investigation of
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the thermodynamics in the BPS limit via the limiting
procedure described above is still missing [35]. The aim
of this letter is to derive a supersymmetric quantum
statistical relation for topologically twisted dyonic solu-
tions and, at the same time, elucidating the field theory
interpretation of the regularity conditions of the gravity
solutions.

II. SUPERSYMMETRIC QUANTUM
STATISTICAL RELATION

As mentioned, in order to achieve a well defined BPS
limit for black hole thermodynamics, we start from non-
supersymmetric nonextremal black holes, and perform a
Wick rotation to compute the holographically renormalized
Euclidean on-shell action, for which the quantum statistical
relation,

I ¼ −Sþ β

�
E −ΩJ −

X
a

ΦaQa

�
; ð1Þ

holds [4]. In (1), I is the Euclidean on-shell action, S the
entropy, E, J, Qa the energy, angular momentum and
electric charges, β is the inverse temperature, andΩ,Φa the
angular velocity and electric potentials. The Wick-rotated
solution is topologically the product of a Riemann surface
and a disc, and the Killing generator of the horizon ξ
vanishes at the origin. We impose supersymmetry, and to
ensure global regularity of the supersymmetry spinor ϵ, it
must be antiperiodic around the circle generated by ξ

eiβLξϵ ¼ −ϵ: ð2Þ

On the family of supersymmetric solutions, we introduce
reduced chemical potentials

τ≡ β
Ω − Ω�
2πi

; φa ≡ β
Φa −Φa�

2πi
; ð3Þ

where the subscript � indicates the value of the chemical
potential of the BPS black hole. These chemical potentials
remain finite everywhere on the family of supersymmetric
solutions, so expressing the on-shell action in terms of these
allows us to define the on-shell action of BPS black holes
via a well-defined limit. Moreover, it allows us to write the
quantum statistical relation (1) as

I ¼ −S − 2πiτJ − 2πi
X
a

φaQa

þ β

�
E −Ω�J −

X
a

Φa�Qa

�
: ð4Þ

As shown in [2,10] for a number of Wick-rotated electri-
cally charged black holes in various dimensions, the
bracketed term vanishes for supersymmetric configurations

because it coincides with the supersymmetry condition (the
so-called “BPS bound”) E ¼ J þP

a Qa, since Ω� ¼
Φa� ¼ 1. Therefore, for these supersymmetric solutions,
the quantum statistical relation (1) can be reformulated just
in terms of reduced chemical potentials

IjSUSY ¼ −S − 2πiτJ − 2πi
X
a

φaQa: ð5Þ

When used in conjunction with the constraint imposed on
the chemical potentials by the existence of an antiperiodic
Killing spinor, this formula shows that the reduced chemi-
cal potentials are the most suitable conjugate variables to
the charges in order to express the entropy of the extremal
black holes as the constrained Legendre transform of the
on-shell action. Moreover, on the field theory side, the
reduced chemical potentials (3) are also the appropriate
variables in order to show that the field theory partition
function is the index of a supercharge [39].
In the following, we show in two families of examples

that the modified BPS bound in presence of magnetic
charges found in [26] still allows us to write the super-
symmetric quantum statistical relation (5), and to relate the
bulk supersymmetry to the boundary one. Contrary to their
electrically charged cousins, the magnetic solutions have a
well defined static limit; especially for this reason, we focus
our attention on static configurations, with and without
scalar profiles, while commenting on the rotating case.

III. MINIMAL GAUGED SUPERGRAVITY

We begin with solutions of minimal gauged supergravity
with the following metric and gauge field [18,41]
(our conventions are summarized in the Supplemental
Material [42])

ds2 ¼ −VðrÞdt2 þ dr2

VðrÞ þ r2ðdθ2 þ sinh2 θdϕ2Þ

A ¼ q
r
dtþ p cosh θdϕþ αdt; ð6Þ

where α is a constant and

VðrÞ ¼ r2 − 1 −
2η

r
þ q2 þ p2

r2
: ð7Þ

We use the coordinates θ, ϕ to write a local form of the
constant curvature metric on the Riemann surface Σg,
normalized so that VolðΣgÞ ¼ 4πðg − 1Þ for g > 1.
This solution describes a family of asymptotically

locally AdS static dyonic black holes with horizon diffeo-
morphic to Σg located at rh, the largest positive root of
VðrÞ. The null generator of the horizon is the Killing vector
ξ ¼ ∂t. The entropy of the horizon is given by the
Bekenstein-Hawking formula
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S ¼ r2h
4G4

VolðΣgÞ: ð8Þ

The electrostatic potential of the solution is

Φ≡ ιξAjr¼rh − ιξAjr→∞ ¼ q
rh

: ð9Þ

We perform a Wick rotation by defining t ¼ −itE.
Regularity of the metric allows us to compute the temper-
ature of the horizon as

β ¼ 4π

V 0ðrhÞ
; ð10Þ

and regularity of the gauge field at the horizon requires
ιξAjr¼rh ¼ 0, so that α ¼ −q=rh ¼ −Φ. The resulting
solution is a Euclidean metric on R2 × Σg, and an imagi-
nary gauge field which can be made real defining q ¼ iqE.
The holographic charges of the solutions are

Q ¼ q
4πG4

VolðΣgÞ; P ¼ −
p

4πG4

VolðΣgÞ;

E ¼ η

4πG4

VolðΣgÞ; J ¼ 0; ð11Þ

and the holographically renormalized Euclidean action

I ¼ −
β

8πG4

�
r3h − ηþ q2 − p2

rh

�
VolðΣgÞ: ð12Þ

These quantities satisfy the quantum statistical relation (1)
in the form

I ¼ −Sþ βðE −ΦQÞ: ð13Þ

The black holes (6) are supersymmetric provided [41]

η ¼ 0; p2 ¼ 1

4
; ð14Þ

with electric charge unconstrained. This corresponds to the
BPS bound in presence of magnetic charges derived in [26],

E ¼ 0; P2 ¼
�
VolðΣgÞ
8πG4

�
2

: ð15Þ

We stress once again that this is different from the BPS
bound in absence of magnetic charge, namely E ¼ J þQ.
In addition to regularity of the metric and gauge field, for

the Wick-rotated supersymmetric solutions we require a
globally well-defined Killing spinor ϵ. This imposes that it
must be antiperiodic around the circle generated by ξ,
which in the chosen gauge for A imposes

β
Φ
πi

¼ n0 ð16Þ

with odd n0. As advertised, in presence of nonvanishing
electric charge the Lorentzian supersymmetric solutions are
naked singularities [41]. Indeed, inserting (14) in VðrÞ (7)
leads to two branches of solutions with complex r2h and
generically complex chemical potentials (unless we con-
sider a pure imaginary q).
On the other hand, the Lorentzian supersymmetric

solution with q ¼ 0 describes a well-defined extremal
black hole. The potentials of the BPS black holes are β� →
∞ and Φ� ¼ 0, using which we can introduce the reduced
electrostatic potential φ as defined in (3). Substituting (16),
this is further constrained to be half-integer, φ ¼ n0=2, in
order to have an antiperiodic Killing spinor. Indeed,
substituting the value of rh in (9), for the actual bulk
solutions we find n0 ¼ �1 depending on the branch.
Inserting the reduced chemical potentials in (13) singles

out the BPS bound (15), so that on the supersymmetric
locus we can write the supersymmetric quantum statistical
relation (5) in the form

IjSUSY ¼ −Sþ βðΦ −Φ�ÞQþ βE ¼ −S − 2πiφQ: ð17Þ

This is clearly satisfied by the on-shell action of the
supersymmetric solutions obtained via direct computation

IjSUSY ¼ −
1

8G4

VolðΣgÞ ¼ ∓ 2πφP: ð18Þ

Here we have rewritten the expression using the reduced
electrostatic potential and the magnetic charge P ¼
VolðΣgÞ=8πG4 in order to highlight the fact that we are
studying gravity in the grand-canonical ensemble for the
electric charge and the canonical ensemble for the magnetic
charge.
The on-shell action IjSUSY does not depend on β, so the

judicious use of variables on the supersymmetric locus
allows us to define the on-shell action of the BPS black hole
as a limit. To compute its entropy, we perform the Legendre
transform of IjSUSY with respect to φ, subject to the
constraint φ ¼ �1=2, which follows directly (17)

S ¼ πðP ∓ iQÞ: ð19Þ

Notice that the two branches of complex solutions have
formally complex conjugate entropy. Imposing reality of
the resulting function corresponds to the extremality con-
ditionQ ¼ 0, which leads to S� ¼ πP. Thus, restricting the
right-hand side of (17) to the extremal solution, justifies the
relation

IjSUSY ¼ −S�; ð20Þ
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which had been observed via other routes in [36–38,43].
Notice that the constraint on the charges imposing reality of
the entropy is equivalent to the extremality condition and it
is linear, reminiscent of the extremality condition for
asymptotically flat black holes (see e.g., [44,45]), and in
contrast to the nonlinear relation of asymptotically AdS
black holes without a twist [10].

IV. F= − iX0X1 MODEL

We now extend the considerations of the previous
sections to a nonminimal case by looking at the model
characterized by prepotential F ¼ −iX0X1. The bosonic
sector consists of the metric G, two Uð1Þ gauge fields A1,
A2, a scalar X and a pseudoscalar χ. The solution we
consider is

ds2 ¼ −
Q
W

dt2 þW
Q

dr2 þWðdθ2 þ sinh2θdϕ2Þ;

A1 ¼
q1

r − Δ
dtþ p1 cosh θdϕþ α1dt;

A2 ¼
q2

rþ Δ
dtþ p2 cosh θdϕþ α2dt;

X ¼
�
rþ Δ
r − Δ

�1
2

; χ ¼ 0: ð21Þ

The functions Q and W appearing in the metric are

Q ¼ r4 þ a2r2 − 2a1rþ a0; W ¼ r2 − Δ2; ð22Þ

with

a0 ¼
q21 þ q22 þ p2

1 þ p2
2

2
þ Δ2ð1þ Δ2Þ;

a1 ¼ −
q21 − p2

1 − q22 þ p2
2

4Δ
;

a2 ¼ −1 − 2Δ2: ð23Þ

The charges are further constrained by [46]

q1p1 − q2p2 ¼ 0: ð24Þ

As in the previous case, it describes a family of AlAdS
static dyonic black holes with Σg horizon at r ¼ rh, the
largest positive root ofQðrÞ, with Killing generator ξ ¼ ∂t,
and entropy

S ¼ WðrhÞ
4G4

VolðΣgÞ: ð25Þ

The electrostatic potentials are

Φ1 ¼
q1

rh − Δ
; Φ2 ¼

q2
rh þ Δ

: ð26Þ

Regularity of the Wick-rotated metric and gauge field fixes
the temperature and the gauge shifts αa

β ¼ 4πWðrhÞ
Q0ðrhÞ

; αa ¼ −Φa; a ¼ 1; 2: ð27Þ

Using holographic renormalization, we also compute the
charges of the solution

Qa ¼
qa

8πG4

VolðΣgÞ; Pa ¼ −
pa

8πG4

VolðΣgÞ;

E ¼ a1
4πG4

VolðΣgÞ; J ¼ 0; ð28Þ

and the on-shell Euclidean action

I ¼ −
β

8πG4

�
r3h − Δ2rh − a1 þ

1

2

q21 − p2
2

ðrh − ΔÞ

þ 1

2

q22 − p2
1

ðrh þ ΔÞ
�
VolðΣgÞ; ð29Þ

where we need to impose the constraint among charges (28).
Notice that this expression for the on-shell action reduces to
the minimal case if we set Δ ¼ 0 and p1 ¼ p2 [50]. These
quantities are related by the quantum statistical relation

I ¼ −Sþ βðE −Φ1Q1 −Φ2Q2Þ: ð30Þ

As showed in the Supplemental Material [42], the
solution is supersymmetric provided

a1 ¼ 0; p2
a ¼

1

4

⇔ E ¼ 0; Q1 ¼ Q2; P2
a ¼

�
VolðΣgÞ
16πG4

�
2

: ð31Þ

Again, we stress that this BPS bound [51] is different from
that derived in absence of magnetic charges E ¼ J þQ1 þ
Q2 [7]. The Lorentzian solutions are naked singularities,
unless we set q1 ¼ q2 ¼ 0, in which case β� → ∞, and we
find BPS black holes with Q1� ¼ Q2� ¼ 0 and vanishing
electrostatic potentials [20].
Performing the Wick rotation we find two branches of

supersymmetric solutions labeled by Q1 ¼ Q2 and Δ, with
complex chemical potentials, and, following the definitions
spelled out in (3), we define the following reduced
electrostatic potentials:

φ1 ¼ � 1

2

�
1þ Δ

rh

�
; φ2 ¼ � 1

2

�
1 −

Δ
rh

�
ð32Þ

constrained to satisfy

φ1 þ φ2 ¼ �1; ð33Þ
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where the different signs correspond to the two branches.
Again, this constraint guarantees that the supersymmetry
Killing spinor is antiperiodic around the circle generated by
ξ, as it should be in order to have disc topology. The
introduction of the reduced electrostatic potentials allows
us to modify (30) into the supersymmetric quantum
statistical relation (5)

IjSUSY ¼ −S − 2πi
X
a

φaQa; ð34Þ

which indeed holds with

IjSUSY ¼ −
1

8G4

VolðΣgÞ ¼ ∓ 2πðφ1P2 þ φ2P1Þ; ð35Þ

choosing Pa ¼ VolðΣgÞ=16πG4 [52]. Notice that the on-
shell action of these solutions is the same as in minimal
supergravity, even in presence of the scalar. The constrained
Legendre transform leads to P1 ¼ P2, Q1 ¼ Q2 and

S ¼ 2πðP1 ∓ iQ1Þ; ð36Þ

and the reality condition is equivalent to the extremality
condition. Moreover, substituting the extremality condition
directly in (34) gives again the relation (20) between the
supersymmetric on-shell action and the BPS entropy.
The methods described here involve finding supersym-

metric saddles of the Euclidean gravitational path integral
starting from nonsupersymmetric nonextremal Lorentzian
black holes [54]. This explains why we restricted ourselves
to considering static black holes, as in the theories we
considered there are no known rotating dyonic BPS
solutions with compact horizons. Rotating dyonic-twisted
BPS solutions with spherical horizon do exist for the STU
model [55], which is an extension of the models inves-
tigated here, but their nonsupersymmetric generalizations
are still unknown.

V. TOPOLOGICALLY TWISTED INDEX

Finally, we look at the conformal boundary of the
supersymmetric solutions described above, and highlight
the importance of a nontrivial holonomy of the R-symmetry
gauge field—and thus an antiperiodic supercharge—for the
thermal partition function of a three-dimensional N ¼ 2
theory on the supersymmetric background to reproduce the
topologically twisted index.
The conformal boundary of the supersymmetric dyonic

solutions (21) with (31) is a direct product spacetime S1 ×
Σg with two background gauge fields A1, A2, whereas the
leading scalar sources χ1, X vanish

ds2 ¼ dt2E þ dθ2 þ sinh2 θdϕ2;

Aa ¼ pa cosh θdϕþ iΦadtE: ð37Þ

Additionally, the bulk Killing spinors determine boundary
spinors that define three-dimensional N ¼ 2 supersym-
metric backgrounds for conformal supergravity [56]. In
fact, expanding the bulk Killing spinor equations near the
boundary shows that the boundary spinor is charged under
the sum of the two gauge fields, so from the boundary
viewpoint, the background gauge field coupling to the
Uð1ÞR R-symmetry is

AðRÞ ¼ A1 þ A2

2
¼ 1

2
cosh θdϕþ i

2
ðΦ1 þΦ2ÞdtE

≡ 1

2
cosh θdϕþ iΦðRÞdtE: ð38Þ

The holonomy of AðRÞ around S1β is constrained by (33) to

be ΦðRÞ ¼ �πi=β, and this guarantees that the boundary
spinor is antiperiodic around S1β [as can be seen by
expanding near the boundary the bulk spinor or by solving
directly the conformal Killing spinor equation in the
background (37)]. The difference of the two gauge fields,
instead, has the role of a flat background gauge field
coupling to a flavor symmetry

AðfÞ ¼ A1 − A2

2
¼ i

2
ðΦ1 −Φ2ÞdtE

¼ i
q1Δ

r2h − Δ2
dtE ≡ iΦðfÞdtE: ð39Þ

On this background we can formulate a three-
dimensional N ¼ 2 field theory while preserving two
supercharges with opposite uð1ÞR charge [57]. As we
quantize the theory on Σg, we find a Hilbert space HΣg

with states labeled by the eigenvalues of the HamiltonianH
and the generators of the flavor symmetry Jf. The super-
charges preserved by the background have anticommuta-
tion relation

fQ;Q†g ¼ H − 2πσfJf; ð40Þ

where σf is the real mass present in the background vector
multiplet coupling to Uð1Þf. The partition function with
thermal boundary conditions on the background (37) has
the form

Z ¼ TrHΣg
e−βHþβΦðRÞRþβΦðfÞJf

¼ TrHΣg
ð−1ÞRe−βfQ;Q†gþβðΦðfÞ−2πσfÞJf

¼ TrHΣg
ð−1ÞRe−βfQ;Q†gþ2πiufJf : ð41Þ

Here, we massaged the first expression inserting (40), the
constraint on the holonomy of AðRÞ, and the complex
combination of the gauge field holonomy and scalar of
the flavor background vector multiplet
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uf ≡ −
1

2π

Z
S1β

AðfÞ þ iβσf: ð42Þ

The manipulations above connect the thermal partition
function to a supersymmetric index for the supercharge Q,
graded by the R-symmetry, and refined by the flavor
symmetry. Crucially, it is the presence of an R-symmetry
background with nontrivial holonomy that allows a grading
while the fermions have antiperiodic boundary conditions.
The resulting expression is the topologically twisted index
of the field theory [33,58,59], which in presence of flavor
symmetries generated by fα is defined as [60]

I ¼ TrHΣg
ð−1ÞFe−βfQ;Q†gþ2πiφðRÞðRþFÞþ2πi

P
α
ufαJfα : ð43Þ

Notice the role of the holonomy of the R-symmetry
background around S1β, φðRÞ ¼ βΦðRÞ=2πi ∈ 1

2
Z, which

determines the spin structure on S1β and in turn on the

entire S1β × Σg [61,62]. In the cases just considered, φðRÞ is
half-integer, which is needed in order to be able to “fill” the
background and have a bulk gravity dual. On the other
hand, if φðRÞ is integer, the Killing spinor is periodic around
S1β, the topologically twisted index is graded by the fermion
number F, but this circle cannot bound a disk.
As a final check, we can look at the large-N limit of the

topologically twisted index of the specific mass-deformed

ABJM dual to the solutions considered, since the
F ¼ −iX0X1 model is a truncation of M-theory on S7

[63,64]. In the large-N limit, one finds that in presence of
the background gauge fields (38) and (39) [53,65]

logZABJM ∼� 2π
ffiffiffi
2

p

3
N

3
2pRφðRÞ; ð44Þ

where pR ¼ g − 1 is the first Chern number of the
R-symmetry bundle, provided φðRÞ ¼ �1=2. This matches
the above expectation that the leading large-N behavior
requires the antiperiodic spin structure around S1β, and
matches (35), including the constraint, using the standard
dictionary 1=G4 ¼ 2

ffiffiffi
2

p
N

3
2=3.
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