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In this paper, we derive a soft photon theorem in the near horizon region of the Schwarzschild black hole
from the Ward identity of the near horizon large gauge transformation. The flat spacetime soft photon
theorem can be recovered as a limiting case of the curved spacetime. The soft photons on the horizon are
indeed soft electric hairs. This accomplishes the triangle equivalence on the black hole horizon.
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I. INTRODUCTION

It has recently been shown that black holes can carry soft
hairs [1], which provides a possible resolution of the black
hole information paradox, see, e.g., [2] for a review and
[3,4] for more recent developments. The discovery of the
black hole soft hair is originally inspired by a fascinating
equivalence relation in the infrared sector of gravity, where
the Bondi-Metzner-Sachs supertranslation Ward identity is
equivalent to Weinberg’s soft graviton theorem [5,6]. In the
language of S-matrix, an alternative interpretation of such
equivalence relation is that the soft graviton is generated by
the action of a supertranslation on the quantum state. If one
implements the supertranslation action on an asymptoti-
cally flat black hole, then soft gravitons can be created on
the horizon. This is the original proposal for soft hairs on
black holes [1].
Though supertranslations are well defined in any asymp-

totically flat spacetime, the soft theorem is highly relying on a
flat spacetime background, where the scattering amplitudes
are defined. In curved spacetime, for instance, the near
horizon region of a stationary black hole, it is completely not
clear if a soft graviton theorem exists. Then it is questionable
if a supertranslation action can really create soft gravitons on
black hole horizons. The aimof the presentwork is to explore
soft theorems in curved spacetime from the near horizon
perspective and to address their connections to soft hairs.
In this paper, we derive a soft photon theorem from the

Ward identity of the near horizon large gauge transforma-
tion. In [7,8], it was argued that the asymptotic symmetries
of gauge theories are symmetries of the quantum S-matrix.

We assume that this statement should be valid for any
boundary of the spacetime. Considering the horizon as the
inner boundary of the Schwarzschild black hole, the near
horizon symmetries should be symmetries of S-matrix in
the curved spacetime, at least in the near horizon region.
We extend the connection of soft photon theorems and
asymptotic symmetries in [8] to the near horizon region of
the Schwarzschild black hole with two crucial adaptations.
The first one is that we need to deal with the dispersion
relation of the wave vector in curved spacetime in the mode
expansion of the gauge fields. The second one is that the
stationary phase approximation at null infinity (see, e.g., [2]
for details) cannot be applied in the near horizon region. We
use the Feynman prescription to regularize the divergence
from the near horizon limit. We first write the mode
expansion in the isotropic coordinates. Then the integration
of the momentum in the mode expansion can be performed
by the usual angular variables. Applying the Feynman
prescription for regularization, we obtain the action of the
charge associated to the near horizon large gauge trans-
formation on the state without using the stationary phase
approximation. Hence the soft photon theorem in position
space can be derived from the Ward identity of the near
horizon large gauge transformation. We transform the soft
factor into momentum space and discuss its relation to the
one in flat spacetime. We further show that the near horizon
soft photons have precisely the forms of soft electric hairs.
This is a direct proof of the statement in [1] that soft
particles implant soft hairs on black hole horizons.
Moreover, the near horizon soft photon theorem, if it is
verified from the amplitudes side in curved spacetime,
would accomplish the triangle relation at the horizon.

II. NEAR HORIZON MAXWELL THEORY

We consider Maxwell theory coupled to a conserved
matter current in the near horizon region of the
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Schwarzschild black hole. We adopt the retarded coordi-
nates ðu; r; z; z̄Þ, where ðz; z̄Þ are the complex stereographic
coordinates. The line element of the Schwarzschild black
hole is

ds2 ¼ −fðrÞdu2 − 2dudrþ 2Ω2γzz̄dzdz̄; ð1Þ
where

γzz̄ ¼
2

ð1þ zz̄Þ2 ; fðrÞ ¼ r
rþ 2M

; Ω ¼ ðrþ 2MÞ:

The horizon H is precisely the submanifold r ¼ 0 in the
retarded spherical coordinates, with topology S2 ×R.
The retarded coordinates can only cover half of the

horizon, i.e., H− as demonstrated in Fig. 1. The other half
Hþ can be described by advanced coordinates ðv; r; z; z̄Þ.
The crossing point ofH− andHþ is the bifurcation point B.
In this work, we will only pay attention to the H− part,
while everything can be similarly repeated onHþ. The near
horizon symmetries onH− andHþ can be connected by the
near bifurcation symmetries [9].
We consider a gauge field Aμ and a conserved matter

current Jμ with the radial gauge and the near horizon fall-
off conditions as follows:

Ar ¼ 0; Au ¼ OðrÞ; Az ¼ Oð1Þ;
Jr ¼ 0; Ju ¼ Oð1Þ; Jz ¼ Oð1Þ: ð2Þ

The radial component of the current is set to zero by the
ambiguities of a conserved current.1 This is a more
consistent choice of working in the radial gauge. We
assume the following ansatz as initial data for the near
horizon expansion of the gauge fields:

Azðz̄Þ ¼ A0
zðz̄Þðu; z; z̄Þ þ

X∞
m¼1

Am
zðz̄Þðu; z; z̄Þrm; ð3Þ

and the components of the current

Jzðz̄Þ ¼ J0zðz̄Þðu; z; z̄Þ þ
X∞
m¼1

Jmzðz̄Þðu; z; z̄Þrm: ð4Þ

From the Maxwell’s equations, ∇μFμν ¼ Jν, and the
current conservation condition, ∇μJμ ¼ 0, in an r expan-
sion, we obtain

Ju ¼
J0uðu; z; z̄Þ

Ω2
þ 1

Ω2

Z
r

0

dr0½γ−1zz̄ ð∂zJz̄ þ ∂z̄JzÞ�; ð5Þ

Au ¼
A0
uðu; z; z̄Þ
2M

−
A0
uðu; z; z̄Þ

Ω

þ
Z

r

0

dr0
1

Ω2

Z
r0

0

dr00½γ−1zz̄ ð∂z∂r00Az̄ þ ∂z̄∂r00AzÞ�; ð6Þ

∂uA0
u ¼ −γ−1zz̄ ∂uð∂zA0

z̄ þ ∂z̄A0
zÞ − J0u; ð7Þ

2∂u∂rAz ¼ ∂z∂rAu þ ∂rðf∂rAzÞ

þ ∂z

�
1

Ωγzz̄
ð∂z̄Az − ∂zAz̄Þ

�
− Jz; ð8Þ

where J0uðu; z; z̄Þ and A0
uðu; z; z̄Þ are integration constants.

We have omitted one equation that can be obtained from the
last one above by simply swapping z ⇌ z̄. The time
evolution of the coefficients in the expansion of Azðz̄Þ are
uniquely determined, except the leading A0

zðz̄Þ. We refer to

∂uA0
zðz̄Þ as the electromagnetic “news” since they reflect the

propagation of electromagnetic waves.
The gauge and fall-off conditions in (2) leave residual

gauge transformations of the form δAμ ¼ ∂μεðz; z̄Þ, where
εðz; z̄Þ is an arbitrary function on the horizon. We define
the associated charge at the bifurcation point on the
horizon [10],

Qε ¼
Z
B
dzdz̄γzz̄ εðz; z̄ÞΩ2Fru

¼
Z
H−

dzdz̄duγzz̄ εðz; z̄ÞΩ2
∂uFru; ð9Þ

where in the second equality we assumed A0
uji− ¼ 0,

meaning that in the far past the system contains no bulk
electric charge. Inserting the solution (7) into the charge
yields

Qε¼−
Z
H−

dzdz̄duεðz;z̄Þðγzz̄J0uþ∂u∂zA0
z̄þ∂u∂z̄A0

zÞ: ð10Þ

III. NEAR HORIZON SOFT PHOTON THEOREM

If a symmetry is generated by a charge Q, then the
associated Ward identity in the S-matrix language reads as

houtjQout −Qinjini ¼ 0: ð11Þ

FIG. 1. The Penrose diagram of the outside region of the
Schwarzschild black hole.

1When a conserved current is derived from a global symmetry,
it is naturally defined up to the equivalence Jμ ∼ Jμ þ ∇νk½μν�, so
it makes more sense to consider equivalence classes of currents
½Jμ� (see [10,11] for details).
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For a spontaneously broken symmetry, the charge must act
nonlinearly on the states. Otherwise, it would annihilate the
vacuum. Hence one can decompose the charge into linear
and nonlinear pieces, Q ¼ QL þQNL. The Ward identity
for a broken charge can be written as

houtjQout
NL −Qin

NLjini ¼ −houtjQout
L −Qin

L jini: ð12Þ
The analysis in the previous section is carried out only near

H−. We assume that all in-states in the S-matrix are defined
on H−. Particles are created on H− then propagated to the
bulk and finally ended onHþ. In this sense,H− andHþ are
very similar to the past and future null infinity I− and Iþ. We
will only pay attention to the “in” part in the present work.
The analysis of the “out” part can be carried out analogously
up to an identification at the bifurcation point. For notational
brevity, we suppress the in-label in the following text.
Let us now decompose the charge (10) into a piece

containing the news and the rest containing the sources,2

QNL ¼
Z
H−

dzdz̄duε ∂u∂z̄A0
z ; ð13Þ

QL ¼ 1

2

Z
H−

dzdz̄du γzz̄εJ0u: ð14Þ

These are, respectively, the nonlinear and linear pieces
above. We keep only the antiholomorphic terms for the
news part. The sources are split into two parts. That is
where the half factor comes in (14). Such a split is
consistent with the treatment in [8], where the authors
consider only the sector of the phase space with no long-
range magnetic fields. In our case, such conditions lead to
Fzz̄ ¼ 0 at B and i0. Correspondingly, the helicity of the
soft photon is decoupled. Hence one can only deal with
either the holomorphic part or the antiholomorphic part.
The soft photon theorem is obtained from the Ward

identity by a concrete choice of εðz; z̄Þ at null infinity [8].
We follow the same choice for the near horizon case,

εðz; z̄Þ ¼ 1

w − z
; ð15Þ

for which ∂z̄ε ¼ −2πδ2ðz − wÞ.

A. Mode expansion in Schwarzschild spacetime

The mode expansion of fields in curved spacetime needs
to be adapted to the dispersion relation of the momentum of
a moving particle in curved spacetime. It is more conven-
ient to work in the isotropic coordinates system ðt; xiÞ,
where the line element of the Schwarzschild black hole is

ds2 ¼ −
�
2ρ −M
2ρþM

�
2

dt2 þ ð2ρþMÞ4
16ρ4

dx⃗2: ð16Þ

The isotropic coordinates are connected to the retarded
coordinates in (1) by

t¼uþrþ2Mþ2M ln
r
2M

;

�
1þM

2ρ

�
2

ρ¼ rþ2M; ð17Þ

and

x1 ¼ ρ
ðzþ z̄Þ
1þ zz̄

; x2¼ ρ
−iðz− z̄Þ
1þ zz̄

; x3 ¼ ρ
1− zz̄
1þ zz̄

: ð18Þ

The Schwarzschild solution (16) has one timelike Killing
vector ∂

∂t. One can define the corresponding conserved
energy as ω ¼ −p0. Thus, the dispersion relation for the
massless particle moving along a null trajectory is

−
�
2ρþM
2ρ −M

�
2

ω2 þ 16ρ4

ð2ρþMÞ4 p⃗
2 ¼ 0; ð19Þ

where p⃗ is the three momenta of the conformally flat part.
For a Uð1Þ gauge field Aμ, the mode expansion will

involve two polarization vectors orthogonal to the propa-
gating direction. The mode expansion of Aμ, with respect to
the dispersion relation (19), is

AμðxÞ ¼
X
α¼�

1

ð2πÞ3
�
2ρ −M
2ρþM

�
2

×
Z

d3p⃗
2ω

½ϵ�αμ aαðpÞeip·x þ ϵαμa
†
αðpÞe−ip·x�: ð22Þ

The polarization vectors satisfy the normalization condition
ϵμαϵ�βμ ¼ δαβ. In the flat spacetime case one only has 1

2ω in

the mode expansion. Now we have an extra factor ð2ρ−MÞ2
ð2ρþMÞ2

because of the dispersion relation (19). It is convenient to
parametrize the photon four momenta by

pμ ¼
ω

1þ zz̄
ð2ρþMÞ3
4ρ2ð2ρ−MÞ

×

�
4ρ2ðM−2ρÞ
ð2ρþMÞ3 ð1þ zz̄Þ;ðzþ z̄Þ;−iðz− z̄Þ;ð1−zz̄Þ

�
:

ð23Þ
The polarization vector can be written as

ϵþμ ¼ 1ffiffiffi
2

p 4ρ2

ð2ρþMÞ2
� ð2ρþMÞ3
4ρ2ð2ρ −MÞ z̄; 1;−i;−z̄

�
;

ϵ−μ ¼ 1ffiffiffi
2

p 4ρ2

ð2ρþMÞ2
� ð2ρþMÞ3
4ρ2ð2ρ −MÞ z; 1; i;−z

�
: ð24Þ

In the ðz; z̄Þ coordinates, we have

ϵþz ¼ ðM þ 2ρÞ2
2

ffiffiffi
2

p
ρð1þ zz̄Þ ; ϵ−z̄ ¼ ðM þ 2ρÞ2

2
ffiffiffi
2

p
ρð1þ zz̄Þ : ð25Þ2We drop the total minus sign in the charge as it will not affect

the Ward identity.
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Inserting those expressions and using the fact that the
spatial part of the metric is conformally flat, the mode
expansion can be rewritten as

Aμ ¼
X
α¼�

ð2ρþMÞ7
ð2ρÞ6ð2ρ −MÞ

Z
ωdω
8π2

Z
π

0

dΘ

×

�
sinΘϵαμaαe

−iωtþiω ð2ρþMÞ3
4ρð2ρ−MÞ cosΘ þ c:c:

�
; ð26Þ

whereΘ is the angle between p⃗ and x⃗. The mode expansion
in the flat spacetime (see, e.g., in [2,8,12]) can be recovered
by setting M ¼ 0. Near the horizon, we have ρ → M

2
. Let

R ¼ ρ − M
2
. Hence R ¼ rþOðr2Þ in the near horizon

region. The Θ integration in the mode expansion can be
worked out directly with the help of the relation

Z
π

0

dΘsinΘeiω
2ðMþRÞ3
RðMþ2RÞcosΘ¼RðMþ2RÞ

ωðMþRÞ3 sin
�
2ωðMþRÞ3
RðMþ2RÞ

�
:

ð27Þ
The exponential in the integrand blows up as R → 0. At
null infinity, one can apply a stationary-phase approxima-
tion in this step to control the divergence when r → ∞, see,
e.g., in [2,8,12]. Here we follow the Feynman prescription
to introduce a small imaginary part to the radial coordinate
R → Rþ iτ. This will keep the radial coordinate R con-
tinuous on the real axis. Then we will trace all the
contributions without any approximation. For notational
brevity, we will momentarily suppress the imaginary part
iτ. In terms of R, we obtain the mode expansion as

Aμ ¼
X
α¼�

8ðM þ RÞ4
π2ðM þ 2RÞ5

�
R2

M2 þ 2MR

�−2iMω

×
Z

dωϵαμaαe
−iωu−iω2ðMþRÞ2

Mþ2R sin
�
2ωðM þ RÞ3
RðM þ 2RÞ

�
þ c:c:

ð28Þ
Note that we have adopted the retarded time u using the
transformation in (17). The near horizon field A0

z is related
to the plane wave modes by

A0
z ¼

16
ffiffiffi
2

p

π2ð1þ zz̄Þ
ðM þ RÞ6
ðM þ 2RÞ6

�
R2

M2 þ 2MR

�−2iMω

×
Z

dω sin

�
2ωðM þ RÞ3
RðM þ 2RÞ

�

×

�
aþe−iωu−iω

2ðMþRÞ2
Mþ2R þ a†−e

iωuþiω2ðMþRÞ2
Mþ2R

�
: ð29Þ

B. Soft photon theorem in position space

The nonlinear part of the conserved charge in (13) can be
expressed as

QNL ¼ lim
R→0

Z
H−

dzdz̄du εðz; z̄Þ∂u∂z̄Az: ð30Þ

Inserting εðz; z̄Þ ¼ 1
w−z and using the Fourier relationZ

∞

−∞
du ∂uFðuÞ ¼ 2πilim

ω→0
½ωF̃ðωÞ�; ð31Þ

where we define FðuÞ ¼ R∞
−∞ dω eiωuF̃ðωÞ, the nonlinear

part of charge with the mode expansion (29) is reduced to

QNL ¼ −128
ffiffiffi
2

p
i

ð1þ ww̄Þ
M2

R
lim
ω→0

½ω2aþ þ ω2a†−�: ð32Þ

Hence the action of this piece of the charge on the in-state is

houtjQNLjini ¼
−128

ffiffiffi
2

p
i

ð1þ ww̄Þ
M2

R
lim
ω→0

houtjω2a†−jini: ð33Þ

Regarding the linear piece (14), for simplicity, we restrict
ourselves to scalar charged (with charge Qe) matter with
current Jμ ¼ iQeðΦ̄∇μΦ −Φ∇μΦ̄Þ. Since the derivatives
act on complex scalar fieldΦ, it makes no differencewhether
using covariant derivative or normal derivative. With
respect to (5), the current at leading order is J0u ¼
iΩ2QeðΦ̄∂uΦ −Φ∂uΦ̄Þ. Then one can apply the canonical
commutation relation as the flat spacetime case [12]

½∂uΦ̄0ðu;z;z̄Þ;Φ0ðu0;w;w̄Þ�¼ i
4
γ−1ww̄Θðu−u0Þδ2ðz−wÞ; ð34Þ

to get the action of the linear charge on the in-state as

houtjQð0Þ
L jini ¼

Xn
k¼1

M2Qk

ðw − wkÞ
houtjini; ð35Þ

where Qk is the electric charge of the kth particle. We have
assumed there are n incoming particles.
Finally, the Ward identity (12) will yield a soft photon

theorem in Schwarzschild spacetime as

lim
ω→0

houtja†−jini ¼
1

128

R
iω

�
1þ ww̄ffiffiffi

2
p

ω

Xn
k¼1

Qk

w − wk

�
houtjini:

ð36Þ
We have several remarks on this soft theorem as follows:

(i) A priori, one cannot deduce that the Ward identity of
the near horizon symmetry must yield a soft theo-
rem, though it does reveal some relations from the
S-matrix. The derivation of the soft theorem is
particularly based on the form of the charge (10)
from near horizon analysis.

(ii) We use the Feynman prescription to regularize the
radial coordinateR on the horizon.A similar treatment
is not needed at null infinity because the null infinity is
conformally introduced. The divergence from r → ∞
can be absorbed into the conformal factor. Hence the
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quantities defined at the null infinity should be finite,
but the horizon is part of the spacetime, and particles
can freely cross it. So the divergence from the horizon
should be regularized. On the horizon, we set R ¼ iτ
and τ being infinitesimal.

(iii) Let k ¼ τ
128ω be a finite constant. The soft factor in

(36) recovers the flat spacetime soft photon factor
when k ¼ 1.

(iv) A curious point is that the soft factor does not include
the mass parameter M, which indicates the curvature
of the spacetime. Nevertheless, it may not be a
surprising point since we derive the soft theorem in
position space. The hard particles locally cannot see
the spacetime curvature due to the equivalent princi-
ple. The soft factor is built on thedata of hard particles.
So the soft factor in position space may not see the
spacetime curvature. But the dispersion relation of the
null momenta involveM, andwewill show in the next
pages that the soft factor in momentum space does
include the mass parameter M.

C. Soft photon theorem in momentum space

We consider the in-states (the hard particles) are created
on the horizon. Then the hard momenta in the near horizon
region can be parametrized as

qkμ ¼
Ek

1þ zkz̄k

4M
R

�
−

R
4M

ð1þ zkz̄kÞ; ðzk þ z̄kÞ;

− iðzk − z̄kÞ; ð1 − zkz̄kÞ
�
: ð37Þ

Using the soft momentum in (23) and the polarization
vectors in (24), one can show that

Xn
k¼1

Qkqk · ϵ
qk · p

¼ R
ωM

�
1þ zz̄ffiffiffi

2
p

Xn
k¼1

Qk

z − zk

�
: ð38Þ

Applying this relation, we obtain the soft photon theorem in
momentum space as

lim
ω→0

houtja†−jini ¼
1

128

M
iω

Xn
k¼1

Qkqk · ϵ
qk · p

houtjini: ð39Þ

Naively, one can read from (39) thatM ¼ 0will kill the soft
factor and hence the soft theorem. Though setting M ¼ 0
will not bring any divergence in the computation, it will
lead to the fact that R ¼ 0 is just a point rather than a three
dimensional null hypersurface. There is no horizon at all at
R ¼ 0 in such case. Somehow the regularization in R →
Rþ iτ when R ¼ 0 prevents one taking the limit M → 0.
Consequently, we need to introduce a corresponding
regularization M → M þ im, where m is infinitesimal.
Then the flat spacetime soft photon theorem yields that
m ¼ 128ω in the soft limit.

IV. SOFT PHOTONS AS SOFT ELECTRIC HAIR
ON THE HORIZON

A. Near horizon electromagnetic memories
and soft electric hairs

We follow the prescription in [13] to formulate the near
horizon electromagnetic memories. Consider that an
electromagnetic shockwave passes through the horizon
of the black hole. The information about the electromag-
netic wave is encoded in the change of the surface charge.
Suppose that there is initially no electromagnetic field and
the system finally settles into a stationary solution with flat
gauge connections on the horizon ∂zA0

z̄ ¼ ∂z̄A0
z [8].

According to (10), the change of the surface charge is just
the charge evaluated at a later time,

ΔQε ¼ −
Z
u¼uf

dzdz̄εðz; z̄Þð∂zA0
z̄ þ ∂z̄A0

zÞ; ð40Þ

where we only consider the contribution from electromag-
netic shockwave.Thepermanent change of the surface charge
(40) is called the near horizon electromagnetic memory.
Alternatively, the near horizon electromagnetic memory

can be derived from the near horizon large transformation
as a precise example of the equivalence between memories
and asymptotic symmetries [1,14,15]. The action of the
infinitesimal near horizon large transformation, denoted by
χðz; z̄Þ, on the electromagnetic fields is

δχAz ¼ ∂zχðz; z̄Þ; δχAz̄ ¼ ∂z̄χðz; z̄Þ: ð41Þ
For the case of initially no electromagnetic field, the final
electromagnetic fields are just

A0
z ¼ ∂zχðz; z̄Þ; A0

z̄ ¼ ∂z̄χðz; z̄Þ: ð42Þ

The change of the surface charge (40) is

ΔQε ¼ −2
Z
u¼uf

dzdz̄εðz; z̄Þ∂z∂z̄χ: ð43Þ

Since large gauge transformations create soft hairs on the
black hole horizon [1,14,15], the electromagnetic shockwave
can indeed implant soft electric hairs on the black hole
horizon. As we will show in the next subsection, the soft
electric hairs can be implanted by soft photons on the horizon.

B. Near horizon soft photons as soft hairs

Soft photon theorems connect an nþ 1 particles state to
an n particles state in a low-energy expansion of the extra
photon in the form

Mnþ1ðp1;…; pn; ½q; ϵ��Þ ¼
1

ω
Sð0Þ�Mnðp1;…; pnÞ þOð1Þ:

ð44Þ
In the low-energy limit, the soft theorem should have
certain relevance to classical computation. Following the
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proposal in [16,17] at null infinity, one can read from
the soft theorem that the soft factors can be interpreted as
the expectation value of near horizon fields fluctuation,

Sð0Þ� ¼ lim
ω→0

ω
M�

nþ1

Mn
: ð45Þ

Then the expectation value of near horizon fields fluc-
tuation with soft photon emission is simply related to the
change of classical fields as

Az ¼ ϵ�þz Sð0Þþ þ ϵ�−z Sð0Þ−; ð46Þ

where we assume the system initially has no electromag-
netic field.
Inserting the soft photon factors (36) into (46) (recall the

complex conjugate), we obtain

Az ¼ 2k
Xn
k¼1

Qk

z − zk
; Az̄ ¼ 2k

Xn
k¼1

Qk

z̄ − z̄k
: ð47Þ

Consider k ¼ τ
128ω as a constant factor, the above electro-

magnetic fields are exactly the form of a memory discussed
previously in this section. Hence the soft photons in the
near horizon region naturally have the form of soft electric
hairs. Inserting the gauge fields into the charge (40), one
obtains

ΔQε ¼ −8πk
Xn
k¼1

Qkεðzk; z̄kÞ; ð48Þ
where ðzk; z̄kÞ are the locations of the hard particles
projected on the horizon, which generate the electromag-
netic shockwave.
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