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In this paper, we derive a soft photon theorem in the near horizon region of the Schwarzschild black hole
from the Ward identity of the near horizon large gauge transformation. The flat spacetime soft photon
theorem can be recovered as a limiting case of the curved spacetime. The soft photons on the horizon are
indeed soft electric hairs. This accomplishes the triangle equivalence on the black hole horizon.
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I. INTRODUCTION

It has recently been shown that black holes can carry soft
hairs [1], which provides a possible resolution of the black
hole information paradox, see, e.g., [2] for a review and
[3,4] for more recent developments. The discovery of the
black hole soft hair is originally inspired by a fascinating
equivalence relation in the infrared sector of gravity, where
the Bondi-Metzner-Sachs supertranslation Ward identity is
equivalent to Weinberg’s soft graviton theorem [5,6]. In the
language of S-matrix, an alternative interpretation of such
equivalence relation is that the soft graviton is generated by
the action of a supertranslation on the quantum state. If one
implements the supertranslation action on an asymptoti-
cally flat black hole, then soft gravitons can be created on
the horizon. This is the original proposal for soft hairs on
black holes [1].

Though supertranslations are well defined in any asymp-
totically flat spacetime, the soft theorem is highly relying on a
flat spacetime background, where the scattering amplitudes
are defined. In curved spacetime, for instance, the near
horizon region of a stationary black hole, it is completely not
clear if a soft graviton theorem exists. Then it is questionable
if a supertranslation action can really create soft gravitons on
black hole horizons. The aim of the present work is to explore
soft theorems in curved spacetime from the near horizon
perspective and to address their connections to soft hairs.

In this paper, we derive a soft photon theorem from the
Ward identity of the near horizon large gauge transforma-
tion. In [7,8], it was argued that the asymptotic symmetries
of gauge theories are symmetries of the quantum S-matrix.
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We assume that this statement should be valid for any
boundary of the spacetime. Considering the horizon as the
inner boundary of the Schwarzschild black hole, the near
horizon symmetries should be symmetries of S-matrix in
the curved spacetime, at least in the near horizon region.
We extend the connection of soft photon theorems and
asymptotic symmetries in [8] to the near horizon region of
the Schwarzschild black hole with two crucial adaptations.
The first one is that we need to deal with the dispersion
relation of the wave vector in curved spacetime in the mode
expansion of the gauge fields. The second one is that the
stationary phase approximation at null infinity (see, e.g., [2]
for details) cannot be applied in the near horizon region. We
use the Feynman prescription to regularize the divergence
from the near horizon limit. We first write the mode
expansion in the isotropic coordinates. Then the integration
of the momentum in the mode expansion can be performed
by the usual angular variables. Applying the Feynman
prescription for regularization, we obtain the action of the
charge associated to the near horizon large gauge trans-
formation on the state without using the stationary phase
approximation. Hence the soft photon theorem in position
space can be derived from the Ward identity of the near
horizon large gauge transformation. We transform the soft
factor into momentum space and discuss its relation to the
one in flat spacetime. We further show that the near horizon
soft photons have precisely the forms of soft electric hairs.
This is a direct proof of the statement in [1] that soft
particles implant soft hairs on black hole horizons.
Moreover, the near horizon soft photon theorem, if it is
verified from the amplitudes side in curved spacetime,
would accomplish the triangle relation at the horizon.

II. NEAR HORIZON MAXWELL THEORY

We consider Maxwell theory coupled to a conserved
matter current in the near horizon region of the
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FIG. 1. The Penrose diagram of the outside region of the
Schwarzschild black hole.

Schwarzschild black hole. We adopt the retarded coordi-
nates (u, r, 7, Z), where (z, z) are the complex stereographic
coordinates. The line element of the Schwarzschild black
hole is

ds?> = —f(r)du? — 2dudr + 2Q?%y_.dzdz, (1)
where

2 r

}’zz:ma f(r)zm’ Q= (r+2M).

The horizon H is precisely the submanifold r = 0 in the
retarded spherical coordinates, with topology % x R.

The retarded coordinates can only cover half of the
horizon, i.e., H~ as demonstrated in Fig. 1. The other half
H™ can be described by advanced coordinates (v, r, z, ).
The crossing point of H~ and H ™ is the bifurcation point B.
In this work, we will only pay attention to the H~ part,
while everything can be similarly repeated on 7{". The near
horizon symmetries on H~ and H™ can be connected by the
near bifurcation symmetries [9].

We consider a gauge field A, and a conserved matter
current J, with the radial gauge and the near horizon fall-
off conditions as follows:

A, =0, A, =0(r),
J,=0, J,=0().

A.=0(1),
J.=0(1). (2)

The radial component of the current is set to zero by the
ambiguities of a conserved current.' This is a more
consistent choice of working in the radial gauge. We
assume the following ansatz as initial data for the near
horizon expansion of the gauge fields:

[Se]

Ay = A% (w,2,2) + ) AT (w22, (3)

m=1

'When a conserved current is derived from a global symmetry,
it is naturally defined up to the equivalence J¥ ~ J¥ + V kI, so
it makes more sense to consider equivalence classes of currents
[J#] (see [10,11] for details).

and the components of the current

[Se]

g =22 + ) T wzrm (4)

m=1

From the Maxwell’s equations, V”F/“’ =JY and the
current conservation condition, VMJ” =0, in an r expan-
sion, we obtain

To(wz,2) 1 fro
J” - QZ + E/O d’”/[}’zz] (az‘li + ai‘]z)}a (5)
A A7) Auuz.7)

" 2M Q
r 1 r
[ [ @oma: + 000l ()

0,AY = =y 0,(0.A2 + 0:A?) — J}, (7)
20,0,A, = 0.0,A, + 0,(f0,A,)
1
+ az [@ (aZAz - azAZ>:| - ‘]z’ (8)

where JO(u,z,z) and A%(u, z,7) are integration constants.
We have omitted one equation that can be obtained from the
last one above by simply swapping z = Z. The time
evolution of the coefficients in the expansion of A_;) are

uniquely determined, except the leading A;)@. We refer to

a,,Ag(Z) as the electromagnetic “news” since they reflect the
propagation of electromagnetic waves.

The gauge and fall-off conditions in (2) leave residual
gauge transformations of the form 6A, = d,&(z,Z), where
€(z,z) is an arbitrary function on the horizon. We define
the associated charge at the bifurcation point on the
horizon [10],

0. = / dzdzy .- £<Z7 Z)S22Fru
B
= / dzdzduy - e(z,2)Q%0,F 9)
where in the second equality we assumed AY|,- =0,
meaning that in the far past the system contains no bulk

electric charge. Inserting the solution (7) into the charge
yields

0,=- [ dzddue(z.2)(rad}+0,0.A+0,0:%). (10

III. NEAR HORIZON SOFT PHOTON THEOREM

If a symmetry is generated by a charge Q, then the
associated Ward identity in the S-matrix language reads as

{out| Q" — Q[in) = 0. (11)
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For a spontaneously broken symmetry, the charge must act
nonlinearly on the states. Otherwise, it would annihilate the
vacuum. Hence one can decompose the charge into linear
and nonlinear pieces, Q = Oy + Oni.. The Ward identity
for a broken charge can be written as

(out| QR — O [in) = —(out|Qp* —

The analysis in the previous section is carried out only near
‘H~. We assume that all in-states in the S-matrix are defined
on H~. Particles are created on H~ then propagated to the
bulk and finally ended on H™. In this sense, ™ and H™" are
very similar to the past and future null infinity /= and /. We
will only pay attention to the “in” part in the present work.
The analysis of the “out” part can be carried out analogously
up to an identification at the bifurcation point. For notational
brevity, we suppress the in-label in the following text.

Let us now decompose the charge (10) into a piece
containing the news and the rest containing the sources,’

inlin).  (12)

QNL = / dZdZdu&' auaZAg’ (13)
H-

1
QL = E/_ dZdZdu ]/228.]8. (14)

These are, respectively, the nonlinear and linear pieces
above. We keep only the antiholomorphic terms for the
news part. The sources are split into two parts. That is
where the half factor comes in (14). Such a split is
consistent with the treatment in [8], where the authors
consider only the sector of the phase space with no long-
range magnetic fields. In our case, such conditions lead to
F.- =0 at B and i°. Correspondingly, the helicity of the
soft photon is decoupled. Hence one can only deal with
either the holomorphic part or the antiholomorphic part.
The soft photon theorem is obtained from the Ward
identity by a concrete choice of &(z, Z) at null infinity [8].
We follow the same choice for the near horizon case,

e(z,Z):WI_Z, (15)

for which d.e = —278%*(z — w).

A. Mode expansion in Schwarzschild spacetime

The mode expansion of fields in curved spacetime needs
to be adapted to the dispersion relation of the momentum of
a moving particle in curved spacetime. It is more conven-
ient to work in the isotropic coordinates system (t,x;),
where the line element of the Schwarzschild black hole is

2p — M\? 20+ M)*
dS2:—<ZZ+M> dtz—l—%dx. (16)

‘We drop the total minus sign in the charge as it will not affect
the Ward identity.

The isotropic coordinates are connected to the retarded
coordinates in (1) by

r M2
t=u+r+2M+2MIn—, I+— ) p=r+2M, (17)

2M 2p
and
+Z) —i(Z—Z) 1-2zZ
xl= (z , oy M ¥= . 18
Pz Ptz Pz (18

The Schwarzschild solution (16) has one timelike Killing
vector % One can define the corresponding conserved
energy as @ = —py. Thus, the dispersion relation for the
massless particle moving along a null trajectory is

2p+M\? , 16p*
_ e A} 19
<2p—M> ey (19)

where p is the three momenta of the conformally flat part.

For a U(1) gauge field A,, the mode expansion will
involve two polarization vectors orthogonal to the propa-
gating direction. The mode expansion of A, with respect to
the dispersion relation (19), is

“Zoa (i)

a==+

A, (x)

d31—5 *a ip-x aqT —ip-x
X %[eﬂ a,(p)e —I—e,,a(,(p)e . (22)

The polarization vectors satisty the normalization condition
e’;ezﬂ = O4p- In the flat spacetime case one only has i in
(2p—m)’
(2p+M)?
because of the dispersion relation (19). It is convenient to
parametrize the photon four momenta by

the mode expansion. Now we have an extra factor

o (2p+M)
C1+4224p%(2p - M)
4p>(M =2p)
<(2/)+M)3

Py

(142z2),(z+2),—i(z=2),(1 —zZ)).
(23)

The polarization vector can be written as

et _ b 4p ( (2p + M)} 21— —Z)
V2Q2p+MP \4p*2p M) " 7 )7
1 42 2+ M)

R 3 (2/)—|— ) z, i, -z . (24)
V2 (2p + M) \4p*(2p - M)

In the (z,Z) coordinates, we have

2
. (M + 2p)

. (M +2p)*
C2V2p(1427)

€; = m (25)
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Inserting those expressions and using the fact that the
spatial part of the metric is conformally flat, the mode
expansion can be rewritten as
a)da)
= ["eo

2p + M)’
A, = Z
p+M)

a=% Zp
. a za)tJrza)‘Ez—McosG)
x | sin@eja e o 2=M) +cc. |,  (26)

where O is the angle between p and X. The mode expansion
in the flat spacetime (see, e.g., in [2,8,12]) can be recovered
by setting M = 0. Near the horizon, we have p — 2. Let
R=p-% Hence R=r+ O(r?) in the near horizon
region. The ® integration in the mode expansion can be
worked out directly with the help of the relation

201
/ @ sin © ¢ “RaTIm0s© _K
0

M+2R) . [Za)(M—i—R)T
o(M+R)3

R(M +2R)
(27)

The exponential in the integrand blows up as R — 0. At
null infinity, one can apply a stationary-phase approxima-
tion in this step to control the divergence when r — o0, see,
e.g., in [2,8,12]. Here we follow the Feynman prescription
to introduce a small imaginary part to the radial coordinate
R — R+ ir. This will keep the radial coordinate R con-
tinuous on the real axis. Then we will trace all the
contributions without any approximation. For notational
brevity, we will momentarily suppress the imaginary part
ir. In terms of R, we obtain the mode expansion as

A _Z 8(M—|—R)4 R2 2iMw
" L4 7% (M +2R)> \M* + 2MR

> 3
/dwe a, e~iou=io" R gin M +c.c.
R(M +2R)

(28)

Note that we have adopted the retarded time u using the
transformation in (17). The near horizon field A(Z) is related
to the plane wave modes by

10— 16\/5 (M 4 R)6 R2 2iMw
(14 22) (M +2R)° \M? + 2MR
20(M + R)?
x /dwsin M
R(M + 2R)
% <a+e—lwu I0—53— (MIZI; —|-Cl ezwtt#»tm%) (29)

B. Soft photon theorem in position space

The nonlinear part of the conserved charge in (13) can be
expressed as

dzdzdu &(z,2)0,0:A,. (30)

= lim
QNL R—0 H-

Inserting &(z,Z) = - and using the Fourier relation

/ " du o, F(u) = 2rilim(wF (o)) (31)
where we define F(u) = [* dw e F(w), the nonlinear
part of charge with the mode expansion (29) is reduced to

—128V2i M? .

QNL o (] + WW) R (u—>0

m([w’a, +@*al].  (32)

Hence the action of this piece of the charge on the in-state is

2

(out| Qg |in) = (11_2;_8\/3;1\; gm<0ut|a}2ai|in>. (33)

Regarding the linear piece (14), for simplicity, we restrict
ourselves to scalar charged (with charge Q,) matter with
current J, = iQ,(®V,® — ®V,®). Since the derivatives
act on complex scalar field @, it makes no difference whether
using covariant derivative or normal derivative. With
respect to (5), the current at leading order is JO =
iQ*Q,(®9,® — ®9,d). Then one can apply the canonical
commutation relation as the flat spacetime case [12]

:iy;}v@(u— u’)52 (z—w), (34)

[0,®°(u,2,7),®°(u/ ,w,W)] )

to get the action of the linear charge on the in-state as

(out] Q(L0> |in)

- znji(f_%k) (out]in), (35)

k=1

where Q; is the electric charge of the kth particle. We have
assumed there are n incoming particles.

Finally, the Ward identity (12) will yield a soft photon
theorem in Schwarzschild spacetime as

= 8w ( Voo 2 E e Wk) (out]in).
(36)

lim (out|a’ |in)
w—0

We have several remarks on this soft theorem as follows:
(1) A priori, one cannot deduce that the Ward identity of
the near horizon symmetry must yield a soft theo-
rem, though it does reveal some relations from the
S-matrix. The derivation of the soft theorem is
particularly based on the form of the charge (10)

from near horizon analysis.

(i) We use the Feynman prescription to regularize the
radial coordinate R on the horizon. A similar treatment
is not needed at null infinity because the null infinity is
conformally introduced. The divergence from r — oo
can be absorbed into the conformal factor. Hence the
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quantities defined at the null infinity should be finite,
but the horizon is part of the spacetime, and particles
can freely cross it. So the divergence from the horizon
should be regularized. On the horizon, we set R =
and 7 being infinitesimal.

(iii) Let k = 55 be a finite constant. The soft factor in
(36) recovers the flat spacetime soft photon factor
when k = 1.

(iv) A curious point is that the soft factor does not include
the mass parameter M, which indicates the curvature
of the spacetime. Nevertheless, it may not be a
surprising point since we derive the soft theorem in
position space. The hard particles locally cannot see
the spacetime curvature due to the equivalent princi-
ple. The soft factor is built on the data of hard particles.
So the soft factor in position space may not see the
spacetime curvature. But the dispersion relation of the
null momenta involve M, and we will show in the next
pages that the soft factor in momentum space does
include the mass parameter M.

C. Soft photon theorem in momentum space

We consider the in-states (the hard particles) are created
on the horizon. Then the hard momenta in the near horizon
region can be parametrized as

E. 4M /[ R
== X T s 1 Z k) Z k)
U =17 .7 R ( 4M( + 2kZk)s (Tk + Zk)
—i(zr— ), (1= Zkzk)>- (37)

Using the soft momentum in (23) and the polarization
vectors in (24), one can show that

Orqi - € 14+22~ O
Z wM( V2 ;Z—Zz)' G8)

k=1 qdk - P
Applying this relation, we obtain the soft photon theorem in
momentum space as

Orqr - €

lim (out|a’ [in) = 1281@2 (outfin).  (39)

Naively, one can read from (39) that M = 0 will kill the soft
factor and hence the soft theorem. Though setting M = 0
will not bring any divergence in the computation, it will
lead to the fact that R = 0 is just a point rather than a three
dimensional null hypersurface. There is no horizon at all at
R =0 in such case. Somehow the regularization in R —
R + iz when R = 0 prevents one taking the limit M — 0.
Consequently, we need to introduce a corresponding
regularization M — M + im, where m is infinitesimal.
Then the flat spacetime soft photon theorem yields that
m = 128w in the soft limit.

IV. SOFT PHOTONS AS SOFT ELECTRIC HAIR
ON THE HORIZON

A. Near horizon electromagnetic memories
and soft electric hairs

We follow the prescription in [13] to formulate the near
horizon electromagnetic memories. Consider that an
electromagnetic shockwave passes through the horizon
of the black hole. The information about the electromag-
netic wave is encoded in the change of the surface charge.
Suppose that there is initially no electromagnetic field and
the system finally settles into a stationary solution with flat
gauge connections on the horizon 0,A? = 0.A? [8].
According to (10), the change of the surface charge is just
the charge evaluated at a later time,

AQ, = - / dzdze(2.2) (0,42 + 0:4%),  (40)
u:uf

where we only consider the contribution from electromag-
netic shockwave. The permanent change of the surface charge
(40) is called the near horizon electromagnetic memory.

Alternatively, the near horizon electromagnetic memory
can be derived from the near horizon large transformation
as a precise example of the equivalence between memories
and asymptotic symmetries [1,14,15]. The action of the
infinitesimal near horizon large transformation, denoted by
x(2,Z), on the electromagnetic fields is

5,A, =0.x(z,2),  8,A; =0x(z,2). (41

For the case of initially no electromagnetic field, the final

electromagnetic fields are just

A =04(2.2),  A?=0x(z.2). (42)

The change of the surface charge (40) is
AQ, = —2/ dzdze(z.Z)0,0:x. (43)
u*uf

Since large gauge transformations create soft hairs on the
black hole horizon [1,14,15], the electromagnetic shockwave
can indeed implant soft electric hairs on the black hole
horizon. As we will show in the next subsection, the soft
electric hairs can be implanted by soft photons on the horizon.

B. Near horizon soft photons as soft hairs

Soft photon theorems connect an n + 1 particles state to
an n particles state in a low-energy expansion of the extra
photon in the form

D) +FO(1).
(44)

1
My (1o paclgse) == SO M (pi. ..

In the low-energy limit, the soft theorem should have
certain relevance to classical computation. Following the

L081702-5



PENG CHENG and PUJIAN MAO

PHYS. REV. D 106, L081702 (2022)

proposal in [16,17] at null infinity, one can read from
the soft theorem that the soft factors can be interpreted as
the expectation value of near horizon fields fluctuation,

+
SOF = m%w%. (45)

n

Then the expectation value of near horizon fields fluc-
tuation with soft photon emission is simply related to the
change of classical fields as

A, = et SO+ 4 =50 (46)

where we assume the system initially has no electromag-
netic field.

Inserting the soft photon factors (36) into (46) (recall the
complex conjugate), we obtain

N O
A, =2k ,

A =2kY - O (4
=1 <

k
_Zk

Consider k = ¢ as a constant factor, the above electro-
magnetic fields are exactly the form of a memory discussed
previously in this section. Hence the soft photons in the
near horizon region naturally have the form of soft electric
hairs. Inserting the gauge fields into the charge (40), one
obtains

AQ, = -8k > Oz Z). (48)

k=1

where (zj,Z;) are the locations of the hard particles
projected on the horizon, which generate the electromag-
netic shockwave.
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