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In QCD, the amplitude for multiple soft gluon emissions has been shown to exhibit a form of coherence,
wherein one-loop corrections are rendered IR finite by the transverse momentum of the real emissions.
Using a sequence of soft-collinear effective theories (SCET) with Glauber operators, we present a compact
and elegant derivation of this property. Our derivation highlights an important role played by the Lipatov
vertex. The EFT approach provides increased physical intuition and, for the first time, a clear road map for
how this result can be extended to higher loop orders.
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I. INTRODUCTION

There is a remarkable property in perturbative QCD, so
far proven only at one-loop accuracy, whereby the ampli-
tude for soft gluon emission off a generic hard process can
be organized in such a way that the infrared (IR) diver-
gences associated with the loop integrals can be tamed [1].
Specifically, the amplitude for multigluon emission can be
written as a sum over Markovian chains of real emissions
with the loop inserted into the chain at all possible places.
The associated loop integrals are all rendered IR finite by
the transverse momentum of the next emission in the chain.
As a result, only the case where the loop integral occurs at
the end of the chain is IR divergent.
The original derivation of this result [1,2] involved a

complicated sum over many Feynman diagrams, which
makes the extension to higher orders a formidable task.
In this paper, we rederive this result in the framework of
soft collinear effective theory (SCET) [3–7] with Glauber
potential operators [8]. The use of SCET drastically
simplifies the analysis with far fewer diagrams and a clear
physical picture. In other words, the calculation in SCET is
organized in such a way that the appropriate grouping of the
QCD diagrams is automatic. This should pave the way to an
all-loops calculation in the future. Our use of SCET is also
novel in the sense that we have used it as a tool for a fixed-
order calculation in a multiscale problem. We keep the
discussion brief and refer the reader to a companion paper
[9] for explicit details of the calculation and other interest-
ing related results.

Soft gluon factorization is an important property of QCD
(e.g., see [10–15]). Accordingly, the amplitude for the
emission of N soft gluons off an n-parton hard scattering
process, jMN � ¼ jMðq1;…; qN; p1;…pnÞ�, can be written
as a product of soft gluon emission operators acting on a
dressed hard scattering vector:

jMN � ≃ ðgμϵÞNJðqNÞ � � � Jðq1ÞjM0�; ð1Þ

where qi is a soft gluon momentum and pi is a hard parton.
The soft momenta have a hierarchy so that qi is more soft
than qi−1. The bracket notation indicates vectors in SU(3)
color space. The hard scattering vector and the soft gluon
operators have loop expansions [12]:

jM0� ¼ jMð0Þ
0 � þ jMð1Þ

0 � þ � � �
and JðqÞ ¼ Jð0ÞðqÞ þ Jð1ÞðqÞ þ � � � ; ð2Þ

where the superscripts denote the loop order. At tree level,

Jð0Þðqmþ1Þ ¼
Xnþm

j¼1

Tj
pj · ε

pj · qmþ1

¼
Xnþm

j¼1

dð0Þ
ij ðqmþ1Þ;

dð0Þ
ij ðqÞ ¼ Tj

�
pj · ε

pj · q
−
pi · ε
pi · q

�
; ð3Þ

where ε is the polarization vector of the emitted gluon. For
later convenience, we have expressed the tree level soft
gluon current Jð0Þ in terms of a sum over dipole emission

operators dð0Þ
ij . Because of color conservation this relation

holds for any choice of parton i (the free index not summed
over). Note also that the amplitude for emission of the qmþ1

gluon involves all the hard momenta fp1;…png as well as
the soft momenta fq1;…; qmg. Thus we have defined
pnþm ≡ qm in Eq. (3). At one loop,
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Jð1Þðqmþ1Þ ¼
Xnþm

j¼1

Xnþm

k¼1

dð1Þ
jk ðqmþ1Þ;

dð1Þ
ij ðqÞ ¼

αs
2π

cΓ
ϵ2

Tq · Ti

�
e−iπδ̃ij

e−iπδ̃iqe−iπδ̃jq
4πμ2

ðqðijÞ⊥ Þ2
�

ϵ

dð0Þ
ij ðqÞ;

ð4Þ

with cΓ ¼ Γ3ð1−ϵÞΓ2ð1þϵÞ
Γð1−2ϵÞ . In contrast with Eq. (3), the

expression for Jð1Þ involves a sum over both indices of

dð1Þ
jk , and color conservation cannot be used to simplify it

any further. The corresponding one-loop hard scattering
vector is

jMð1Þ
0 � ¼

Xn
i¼2

Xi−1
j¼1

Iijð0;ωijÞjMð0Þ
0 �; ð5Þ

where ωij ¼ 2pi · pj and the loop correction is given by

Iijð0;ωijÞ ¼
αs
2π

cΓ
ϵ2

Ti · Tj

�
eiπδ̃ij

4πμ2

ωij

�
ϵ

; ð6Þ

where δ̃ij ¼ 1 if partons i and j are either both incoming or
both outgoing and δ̃ij ¼ 0 otherwise. In this way of
approaching things, both the soft gluon emission operators
and the hard scattering vector are infrared (IR) divergent
(i.e., they have 1=ϵ poles).

Remarkably, at one-loop at least, this result for the
amplitude can be rewritten as a chain of real emissions with
a loop inserted at any point in the chain. Crucially, all of the
loop integrals except for the last one are rendered finite
since they are cutoff by the transverse momentum of the
next emission in the chain (evaluated in an appropriate
frame). Specifically, the one-loop amplitude with N emis-
sions can be written:

jMð1Þ
N � ¼ ðgμϵÞN

�YN
k¼1

Jð0ÞðqkÞ
��Xn

i¼2

X
j<i

IðijÞðqðijÞ1⊥ ;
ffiffiffiffiffiffi
ωij

p Þ
�
jMð0Þ

0 �

þ ðgμϵÞN
XN
m¼1

� YN
k¼mþ1

Jð0ÞðqkÞ
�� Xnþm−1

i¼2

X
j<i

IðijÞðqðijÞmþ1⊥; q
ðijÞ
m⊥Þ

��Ym
l¼1

Jð0ÞðqlÞ
�
jMð0Þ

0 �

þ ðgμϵÞN
XN
m¼1

� YN
k¼mþ1

Jð0ÞðqkÞ
�� Xnþm−1

i;j¼1

IððnþmÞiÞðqððnþmÞiÞ
mþ1⊥ ; qðijÞm⊥Þdð0Þ

ij ðqmÞ
��Ym−1

l¼1

Jð0ÞðqlÞ
�
jMð0Þ

0 �; ð7Þ

where

Iijða; bÞ ¼
αs
2π

Ti · Tj
cΓ
ϵ2

��
4πμ2

b2

�
ϵ
�
1þ iπϵδ̃ij − ϵ ln

ωij

b2

�
−
�
4πμ2

a2

�
ϵ
�
1þ iπϵδ̃ij − ϵ ln

ωij

a2

��
þ ReOðϵ0Þ: ð8Þ

The ⊥ subscript is defined so that qðijÞ⊥ is the transverse
momentum defined in the ij zero momentum frame. Note
that the real part of Eq. (7) can be obtained from the
imaginary part by analytic continuation:

iπϵδ̃ij − ϵ ln
ωij

μ2
¼ ϵ ln

μ2

−ωij
: ð9Þ

The result can be understood by relating each of the three
lines in Eq. (7) with the three diagrams shown in Fig. 1 [the

color coding in Eq. (7) agrees with the colors in Fig. 1 and
later in Eq. (21)]. The loop insertions are given by Iijða; bÞ
in Eq. (8). The first argument represents the lower limit of
the loop integral and it is determined by the next soft gluon
emission in the chain (this gluon is not shown in the figure).
The second argument represents the upper limit and it is
determined by the previous soft gluon emission. In the first
line, the upper limit is simply the hard scale (there are no
prior emission). So long as a, b > 0, one can safely take the

(a) (b)

(c)

FIG. 1. Relation of limits of the virtual loop insertions to the
adjacent dipole emission momenta in the ordered soft gluon
emission result. The graphs (a), (b) and (c) correspond to the three
lines in Eq. (7).
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limit ϵ → 0 in Eq. (8). The dipole frame in which loop
cutoff momenta are evaluated carries special significance.
In the first two lines it is just the frame defined by the two
partons between which the virtual gluon is exchanged. The
third line is interesting for it reveals that the gluon’s
transverse momentum is to be evaluated in the rest frame
of its parent-dipole. Because of this, the individual dipole
contributions cannot be summed over in this term, prevent-
ing the result from being written in terms of J operators.

II. DERIVATION FROM GLAUBER-SCET

It is sufficient for us to consider the imaginary part of the
one-loop result in Eq. (7), which means we can focus solely
on diagrams with a single Glauber exchange loop [8]. In

overview, we use SCET to compute ImjMð1Þ
2 � from which

the generalization to jMð1Þ
N � is reasonably simple. We

exploit the hierarchy between the two soft emissions by
defining two EFTs, EFTn and EFTnþ1. In both the EFTs the
hard momenta (p1;…pn) define n collinear directions. In
EFTnþ1 we treat the soft gluon q1 as resolved by further
restricting the fluctuations in its virtuality so that it may be
considered as a new collinear mode. The virtuality of q2
then sets the scale of soft fluctuations in EFTnþ1. The hard
scattering operator in EFTnþ1, including q1 as a collinear
mode, is easily fixed based on symmetry considerations.
The operators necessarily come with Wilson coefficients

which encode the UV physics, which we compute at one-
loop. The Wilson coefficients carry dependence on the
large momenta, ωi ¼ n̄i · pi ¼ p−

i , in direction ni (with n̄i
being an auxiliary light like vector satisfying n̄i · ni ¼ 2).
Crucially, we will see that the large momentum corre-
sponding to the q1 gluon, used in EFTnþ1, is transverse

momentum qðijÞ1⊥ .
The hard scatterings in EFTn and EFTnþ1 are described

by the operators,

Ohard scatter
n

¼
Z �Yn

i¼1

dωi

�
½Oð0Þ

n ðfωi; nigÞj
Yn
i¼1

Sni jCnðfωig;μÞ�;

Ohard scatter
nþ1

¼
Z �Ynþ1

i¼1

dωi

�
½Onþ1ðfω1; n1;ωi; nigÞjCnþ1ðfω1;ωig;μÞ�:

ð10Þ
where

½Onþ1ðfω1; n1;ωi; nigÞj

¼ ½Oð0Þ
n ðfωi; nigÞj

�
g
Xn
i¼1

ni · B
ð0Þa
n1⊥;ω1

ni · q1
Ta
i

��Yn
i¼1

Sni

�
Sq1 ;

ð11Þ

Bð0Þa
n1⊥;ω1

is the gauge invariant building block [6] for the
harder of the two soft gluons (i.e., corresponding to q1).
The notation indicates that it is perpendicular to n1. Here
the operators and the Wilson coefficients are dual-vectors
and vectors in the color space. Off-shell modes have been
integrated out via a BPS field redefinition [5] of the
collinear fields to obtain soft Wilson lines in directions
ni, and the adjoint Wilson line Sq1 in the direction n1.

Consequently, the operators Oð0Þ
n;nþ1 consist solely of

collinear fields. jCnðfω1g; μÞ� and jCnþ1ðfω1;ωig; μÞ� are
the Wilson coefficients, they have a loop expansion for
which we use the same notation as in Eq. (2).
For the general case of n hard partons and N soft

emissions, the correspondence between QCD and EFTn
amplitudes is

X
N

ðgμϵÞNJðqNÞ…Jðq1ÞjMðp1;…; pnÞ�

¼
Z �Yn

i¼1

dωi

�
hfpig; fqjgj

× T

�
Oð0Þ

n ðfωi; nigÞ
Yn
i¼1

Snie
i
R

d4x0OGðx0Þ
�
j0ijCnðfωigÞ�;

ð12Þ

where faig is the set of color indices for the hard particles
and fCjg the color indices for soft particles. Here, OGðxÞ
consists of the Glauber operators from the SCET Glauber
Lagrangian [8]. Note that

X
faig

½faigjOð0Þ
n ðfωi; nigÞ ¼ ½Oð0Þ

n ðfωi; nigÞj: ð13Þ

By expanding the right-hand side of Eq. (12) to one-
loop, we arrive at the result in Ref. [1] using the following
four steps, corresponding in turn to the four sets of
diagrams in Fig. 2.
(1) Expand Eq. (12) perturbatively at tree level and one

loop for N ¼ 0 using EFTn [Fig. 2(a)]. This fixes

jCð0Þn � and the imaginary part of jCð1Þn �.
(2) Compute ImjMð1Þ

1 � by evaluating the matrix element
for single-soft emission in EFTn [Fig. 2(b)] and
combining it with jCn� from step 1.

(3) Use the result from step 2 to calculate jCð0Þnþ1� and
ImjCð1Þnþ1� by computing the one-loop, no real emis-
sion graphs in EFTnþ1 [Fig. 2(c)].

(iv) Calculate the one-loop single soft emission ampli-
tude in EFTnþ1 [Fig. 2(d)] and combine it with

ImjCnþ1� from step 3 to arrive at ImjMð1Þ
2 �.

In evaluating these diagrams we made use of the SCET
Feynman rules for soft emission from the Wilson lines Sni ,
as well as those for the Glauber operators inOGðxÞ, namely
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the collinear-Glauber, the Lipatov vertex and the soft-
Glauber vertices provided in Ref. [8] appearing in Fig. 2(b).
The calculation applies to a generic hard scattering operator
Oð0Þ

n . See Ref. [9] for the details.

Step 1 yields

jCð0Þn ðfωig; μÞ� ¼ jMð0Þ
0 �; ð14Þ

ImjCð1Þn ðfωig; μÞ� ¼
Xn
i¼1

X
j<i

C̄ðijÞðμ; ffiffiffiffiffiffi
ωij

p ÞjMð0Þ
0 �; ð15Þ

where

C̄ðijÞðm;μÞ≡g2iðTi ·TjÞ
1

2

Z
dd−2l⊥
ð2πÞd−2

�
μ2ϵ

l2⊥−m2

�

¼ð−iπÞ αs
2π

ðTi ·TjÞ
�
1

ϵ
þ ln

μ2

m2
þOðϵÞ

�
; ð16Þ

where m is a gluon mass used to regulate IR divergences,
such that the EFT matrix elements are no longer scaleless.
The m dependence has canceled in arriving at Eq. (15),
such that theWilson coefficient is IR finite. The EFTmatrix
elements, being UV divergent, are regulated in dimensional
regularization, and hence depend on μ. The EFTn is
matched to the full theory at scales μ2 ∼ fωijg. In IR
and UV finite cases, where the integral in Eq. (16) is
bounded so that l⊥ ∈ ða; bÞ, we no longer need the gluon
mass m and C̄ðijÞ becomes

CðijÞða; bÞ≡ ð−iπÞ αs
2π

ðTi · TjÞ ln
�
b2

a2

�
: ð17Þ

The result of step 2 is that

ImjMð1Þ
1 �≡ Imðjhðq1; ε1Þ;fpigjOnðfωi; nigÞ

×
Yn
i¼1

Sni j0ijCnðfωig;μÞ�Þð1Þ

¼ g
Xn
i¼1

�X
j<i

½Jð0Þðq1ÞCðijÞðqðijÞ1⊥ ;
ffiffiffiffiffiffi
ωij

p Þ

þCðijÞðm;qðijÞ1⊥ ÞJð0Þðq1Þ�

þ
X
j≠i

Cððnþ1ÞjÞðm;qðijÞ1⊥ Þdð0Þ
ji ðq1Þ�

�
jMð0Þ

0 �; ð18Þ

where ð…Þð1Þ indicates evaluating the bracketed expression
at one loop. The graphs contributing to Eq. (18) are shown
in Fig. 2(b). The Lipatov vertex plays a crucial role in
implementing the switch mechanism identified in Ref. [2]:

the associated loop momentum is cut off in the IR by qðijÞ1⊥ in
order to account for production of q1, i.e.,Z

dd−2l⊥
ðl2⊥ −m2Þ −

q21⊥
2

Z
dd−2l⊥

ðl2⊥ −m2Þ½ðl⊥ þ q1⊥Þ2 −m2�

¼
Z

dd−2l⊥
ðl2⊥ −m2ÞΘðjl⃗⊥j − jq⃗1⊥jÞ; ð19Þ

and the non-Abelian structure of the vertex yields commu-

tators of the form ½Jð0Þðq1Þ;CðijÞðqðijÞ1⊥ ; μÞ�. The commuta-
tors cancel terms from the hard scattering graph which are

(a)

(b)

(c)

(d)

FIG. 2. Diagrams needed to reproduce the imaginary part of
one-loop and up to two real soft gluon emission amplitude.
Labels i, j correspond to hard particles. The gluon colored in blue
is more energetic of the two (q1). The green solid lines
correspond to off-shell propagators. They have been depicted
in this way to make the color ordering apparent. Graphs with
Glauber exchange between a soft gluon and its parent are zero in
Feynman gauge, and not shown. (a)The Glauber exchange graph
in EFTn, (b) Single soft gluon emission graphs with a Glauber
exchange in EFTn. The second graph involves the Lipatov vertex.
Additional graphs with permutations of i and j are not shown, (c)
Glauber exchange graphs in EFTnþ1, and (d) An indicative
selection of single soft gluon emission graphs with Glauber
exchanges in EFTnþ1. One must also consider other allowed
permutations of gluon 2 and the Glauber vertices.
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oppositely ordered in transverse momentum. The μ scale
serves as a UV cutoff for the EFTmatrix elements, and after
combining it with the Wilson coefficients, is replaced by
hard scales fωijg. The third term results from the re-
scattering graphs, which are UV finite on their own, and

account for the nontrivial frame dependence in the third line
in Eq. (7). Equation (18) is in agreement with the
calculation presented in Ref. [2] (i.e., Eq. (7) for N ¼ 1).
After step 3:

jCð0Þnþ1ðfω1;ωig; μÞ� ¼ jMð0Þ
0 �

Jð0Þðq1ÞImjCð1Þnþ1ðfqðijÞ1⊥ ;ωig; μÞ� ¼ Jð0Þðq1Þ
Xn
i¼1

X
j<i

CðijÞðqðijÞ1⊥ ;
ffiffiffiffiffiffi
ωij

p ÞjMð0Þ
0 �

þ
Xn
i¼1

�X
j<i

C̄ðijÞðμ; qðijÞ1⊥ ÞJð0Þðq1Þ þ
X
j≠i

C̄ððnþ1ÞiÞðμ; qðijÞ1⊥ Þdð0Þ
ij ðq1Þ

�
jMð0Þ

0 �: ð20Þ

The structure of Wilson coefficient in Eq. (20) is analogous
to that in Eq. (18) with m → μ. This is because the matrix
elements in EFTnþ1 ought to account for all the IR
divergences which cancel in the matching calculation.
Each term in Eq. (20) has a physical interpretation: the
first term in the second line of Eq. (20) has the same

functional form as Jð0Þðq1ÞImjCð1Þn � [see Eq. (15)], encoding
the same UV physics; whereas terms in the third line are

new, where it is the quantity ω1 ¼ qðijÞ1⊥ that sets the hard
scale for EFTnþ1.
Finally, step 4 yields

ImjMð1Þ
2 �≡ Imðhðq2; ε2Þ; ðq1; ε1Þ; fpigjOnþ1ðfqðijÞ1⊥ ; n1;ωi; nigÞj0ijCnþ1ðfqðijÞ1⊥ ;ωig; μÞ�Þð1Þ

¼ g2
�
Jð0Þðq2ÞJð0Þðq1Þ

Xn
i¼1

X
j≠i

CðijÞðqðijÞ1⊥ ;
ffiffiffiffiffiffi
ωij

p Þ

þ Jð0Þðq2Þ
Xn
i¼1

�X
j<i

CðijÞðqðijÞ2⊥ ; qðijÞ1⊥ ÞJð0Þðq1Þ þ
X
j≠i

Cððnþ1ÞiÞðqððnþ1ÞiÞ
2⊥ ; qðijÞ1⊥ Þdð0Þ

ij ðq1Þ
�

þ
Xnþ1

i¼1

�X
j<i

CðijÞðm; qðijÞ2⊥ ÞJð0Þðq2Þ þ
X
j≠i

Cððnþ2ÞiÞðm; qðijÞ2⊥ Þdð0Þ
ij ðq2Þ

�
Jð0Þðq1Þ

�
jMð0Þ

0 �: ð21Þ

This equation is exactly equal to the imaginary part of
Eq. (7) when N ¼ 2. It is straightforward to extend the
result above to the complete result in Eq. (7) by including
more tree-level soft gluons.
In conclusion, using SCET we have presented a very

compact derivation of the result in Ref. [1] that involved
only a handful of diagrams, and where each of the diagrams
has a clear physical relevance. The simplicity of this
derivation makes the extension to higher orders foresee-
able: for example, the two-loop extension will only require

the effective one-loop collinear-Glauber, soft-Glauber
and one-loop Lipatov vertices. We leave this to future
work.
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