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Di-Higgs and tri-Higgs boson signals of muon g -2 at a muon collider
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We show that new physics explanations of the muon g — 2 anomaly by the contributions of new leptons
mediated by the standard model Higgs boson necessarily lead to large rates for y™pu~ — hh and p =~ —
hhh irrespectively of details of the model or the scale of new physics. For new leptons with the same
quantum numbers as the standard model leptons, cross sections are expected to be about 240 ab for
utu™ — hh independently of the center of mass energy, /s, and about 2.7 ab for u*u~ — hhh for
/s =1 TeV and growing quadratically with /s. Predictions for models featuring new leptons with
different quantum numbers and for a type-II two Higgs doublet model, where additional Higgs bosons can

contribute to muon g — 2, are also presented.
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I. INTRODUCTION

The measured value of the muon anomalous magnetic
moment, a, = (g—2),/2, represents one of the most
significant deviations from predictions of the standard
model (SM). Among the simplest new physics explanations
are scenarios with additional contributions, Aa,,, from new
leptons mediated by SM gauge and Higgs bosons [1-5].
The possible mass enhancement in these contributions
allows for very heavy leptons, far beyond the reach of
future colliders, and thus the confirmation of such explan-
ations might solely rely on indirect evidence.

Such indirect evidence includes modifications of muon
couplings to Z, W and Higgs bosons from SM predictions.
Although the required modifications of Z and W couplings
can be fully explored at future colliders [4], they are not
tightly related to (g —2),. On the other hand, the modi-
fication of muon Yukawa coupling is directly related to the
explanation of (g — 2), and could be observed at the Large
Hadron Collider (LHC) [1-4,6]. However, it turns out that
for new leptons with the same quantum numbers as SM
leptons, the one sigma range of (g —2),, is consistent with
the SM prediction for 4 — "™, and exactly the SM value
is predicted for (g—2), just slightly below the current
central value [4]. Thus, the LHC or any future collider
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might only find an evidence for this explanation, if
h — utu~ deviates from the SM prediction, but will not
be able to rule it out.

In this paper we show that there are unavoidable signals
of contributions to Aa,, from new leptons mediated by the
SM Higgs boson at muon colliders. Production cross
sections utu~ — hh and putu~ — hhh are predicted by
Aa, without a free parameter in the limit of heavy new
leptons, see Fig. 1. For new leptons with the same quantum
numbers as SM leptons, cross sections are expected to be
about 240 ab for ' u~ — hh independently of the center of
mass energy, +/s, and about 2.7 ab for utu~ — hhh
for /s =1TeV and growing quadratically with +/s.
This presents a unique discovery opportunity, where the
scenario could be easily tested even at low energies.
Since these predictions depend only on the quantum
numbers of new leptons, measuring these rates can point
to the correct model without observing the new leptons
directly.

fo——

FIG. 1. Mass enhanced Higgs boson contribution to (g —2), is
related to "y~ — hh by removing the photon and cutting the
loop and u*pu~ — hhh by also replacing the vev with A.
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Furthermore, we show that in models where SM Higgs
and gauge bosons provide only a partial contribution to
Aa,, measuring these rates provides information on the
parameter that controls the ratio of the SM Higgs and other
contributions. For example, in a two Higgs doublet model
(2HDM), it is the ratio of vacuum expectation values (vevs)
of the two Higgs doublets, tan /3, that controls the con-
tribution of heavy Higgses. We discuss related mixed di-
Higgs and tri-Higgs signals in 2HDM and also signals in
models with new mediators not participating in electroweak
symmetry breaking (EWSB).

II. BRIEF SUMMARY OF A MODEL

We start with an extension of the lepton sector of the
SM model by vectorlike pairs of SU(2) doublets, L; g, and
SU(2) singlets, E; g, where L; and Ep have the same
quantum numbers as SM leptons. For the discussion of
(9—2), only mixing of the 2nd generation with new
leptons is relevant. This can be enforced by individual
lepton number conservation, or, if mixing with all three
generations is present, it is assumed that the relevant
couplings are sufficiently small to satisfy constraints from
flavor changing processes and can be neglected. The most
general Lagrangian consistent with these assumptions
contains, in addition to kinetic terms, the following
Yukawa and mass terms:

L: D _yﬂjLﬂRH _lEiLERH _ALZ‘LMRH_AZ‘LERH
—EH%ELLR—MLZLLR—MEELER+H.C., (1)

where doublet components of leptons are labeled as:
I, = Wupr)" and Ly g = (LY z, L7 z)". In the process
of EWSB the Higgs field develops a vev,

0
H= ( | ) v =174 GeV, (2)
U—i‘%h

where £ is the SM Higgs boson, and the charged lepton
mass matrix is generated:

Yu? 0 j’EU HR
/1LU ML Av LE . (3)
0 ZU ME ER

(ﬁL’ Z‘Z’EL)

Diagonalizing this matrix leads to two new mass eigen-
states, e4 and es, with masses ~M; . As aresult of mixing,
couplings between the muon and heavy leptons are
generated, and couplings of the muon to W, Z, and h
are modified from their SM values. General formulas and
useful approximate formulas can be found in [2,4,7].

III. DI-HIGGS AND TRI-HIGGS SIGNALS

At energy scales much below M; p the Lagrangian in
Eq. (1) reduces to the muon Yukawa term and dimension-6
operator:

Mg -
LugHH'H +Hec.. (4
MM, LHR + H.c (4)

LD =y,liurH -
This operator is a new source of the muon mass and thus
possibly modifies 4 — pu*pu~. It is also directly linked to the
modification of (g —2),, and it leads to y*y~ — hh and
utu~ — hhh, see Fig. 2. The dimension-6 operators arising
from kinetic terms of heavy fields Cg(jiigH" )i (ugH) and
C (I H)ip(I,HT), where C;, = A2/M% and Cy = 12 /M3,
will also contribute to g™y~ — hh. The operators with
derivatives acting on muon fields can be rewritten, using
equations of motion, in the form of the dimension-6
operator in Eq. (4). The corresponding contributions,
however, will be proportional to y, and thus suppressed
by m,/v assuming order one couplings. Similarly, the
operators with derivatives acting on Higgs fields can be
rewritten as operators with derivatives acting on the muon
fields (via integration by parts up to surface terms), and thus
will also be suppressed by m,/v.
Inserting a vev for every Higgs field in the effective
Lagrangian the muon mass becomes

m, = y,v+ miE, (5)
where
v
mhE = L7TE 13 (6)
M Mg

is the contribution to muon mass from dimension-6
operator.

The contribution to muon anomalous magnetic moment,
assuming M p > Mgy, is given by [1,2]

fi a4
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FIG. 2. Tree level diagram generating the effective I, ux HH'H
operator related to (g—2),. It contributes to the muon mass,

muon Yukawa coupling, and creates jiuh®> and jiuh® couplings.

L091301-2



DI-HIGGS AND TRI-HIGGS BOSON SIGNALS OF MUON ...

PHYS. REV. D 104, L091301 (2021)

1 m,mkLE
ZSaM = —'iz;;i——ﬂaiii—. (7)

It is directly related to m%® and the explanation of the

420 deviation of the measured value from the SM
prediction [8,9],

AaS® = af® — o™ = (251 £ 0.59) x 1079, (8)

requires
miE/m, = —1.07 +0.25. 9)

Thus, the effective Lagrangian (4) is completely fixed by
the muon mass and muon g — 2, and predictions for all
other observables resulting from it are unique.

Interactions of the muon with the SM Higgs boson are
described by the following Lagrangian:

1 _ 1 _ 1 _
LD —%Zzﬂpt,uh - Eﬂﬁﬁuﬂhz - ylﬁfjh,u,uh3, (10)

where p is the Dirac spinor containing y; z. The muon
Yukawa coupling is obtained from terms in Eq. (4) with one
h:

A=y, +3mEjv = (m, +2mLE) /v (11)

Clearly the SM prediction for 7 — pp rate can be dramati-
cally altered by m%~. Note however, that both m%% =0
and mL® = —m, lead to exactly the SM prediction for
h — pu, and, amusingly, the central value of Aa, requires

mflE ~ —m,,. The one sigma range of Aa, suggests that

Ry =R i) (M) gy
T BR(h = T ey my

is within the range
Ry = 1.322050. (13)
The current upper limit is 2.2 [10].

The jiuh* and jiuh® couplings directly follow from the
dimension-6 operator:

M= 3mLE /02, (14)
lhhh _ 3 LE /,3 15
p *\/_Emﬂ /v, (15)

and they are also fixed by Aa,. Obvious possible mani-
festations of these couplings are di-Higgs and tri-Higgs,
Uy~ — hh and hhh, productions at a muon collider.
Corrections to these couplings from other dimension-6

operators mentioned above will be proportional to y,vCy g
for di-Higgs and y,v?Cy x for tri-Higgs.

The total cross sections for these processes, neglecting
the muon mass and the Higgs mass, are as follows:

il _ 9 <m—’eE>2 (16)

Tww =k =64~ Gdn \ 02

Jhhh|2 3 LEN 2
| s <m” > s. (17)

Cwtu=hhh = 1443 T 400673 \ 0

These formulas are excellent approximations to cross
sections well above the production thresholds. Both cross
sections, calculated from the effective lagrangian imple-
mented in FeynRules [11] using MadGraphs [12], are plotted as
functions of /s in Fig. 3 for mi* fixed by Aa,. We see
that the total cross section for u*u~ — hh, away from the
threshold, is about 240 ab independently of the center
of mass energy. For y*u~ — hhh it is about 2.7 ab for
/s = 1 TeV and growing quadratically with \/s. The two
cross sections are equal for /s ~7.5 TeV.

The equalities in Egs. (5), (7), (11), (12), and (14)—(17)
should be replaced by ~ if the new leptons are not very
heavy and the effective theory is not a good approximation.
For completeness, in Fig. 3 we also plot predictions
of the full model for M, =3, 5, 10 TeV with
all A-couplings set equal and fixed to explain the central
value of Aa,. The formulas for 6,+,~_4, and 6+, pp;, In
the full model are presented in the appendix. We see that
even at /s =M, the results based on effective
Lagrangian are good approximations to predictions of
the full model.

1000
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FIG. 3. Total cross sections for u"u~ — hh and utu~ — hhh
as functions of /s corresponding to the central value of Aa,
(solid lines) and its one sigma range (shaded regions) from the
effective Lagrangian. Dashed, dashed-dotted, and dotted lines
indicate predictions of the full model for M; p =3, 5, 10 TeV
with all A-couplings set equal and fixed to explain the central
value of Aa,. The inset extends the range of /s to 10 TeV.
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IV. PREDICTIONS IN 2HDM

The above formulas can be straightforwardly modified
for the type-II 2ZHDM version of the model, where
the structure of Yukawa couplings of SM and new leptons
to two Higgs doublets, H, and H,, follows from the
Z, symmetry. Since charged leptons couple to H,, the
H in both Lagrangians (1) and (4) is replaced by H,.
Both Higgs doublets participate in EWSB, their
neutral components develop vacuum expectation values,

<H2> =v, and <H2> = vy, Wwith \/1),24 + 1}5 ==

174 GeV and tanf = v,/v,. Thus, in the charged lepton
mass matrix (3), and Egs. (5) and (6), v is replaced by v,.

The additional neutral and charged Higgs bosons,
H,A, H*, also contribute to (g — 2)” and, assuming one
scale of new physics M g ~ my 4 y+, the total contribution
is very well approximated by [4,13]

2 LE
o 1 + tan” pm,my,

A A
ne 1672 7 mit =220 (18)
Vs v

A == )
a M MLME d

where, to avoid confusion with the SM case, we included
the proper definition of m;* in type-Il 2HDM. For smaller
Higgs masses compared to masses of new leptons, the
results are almost unchanged. With increasing the Higgs
masses, the tan” # enhanced contributions of heavy Higgses
go to zero and the formula, with redefined A-couplings that
absorb cos f#, matches the SM result (7).l

The explanation of Aa, in the type-Il 2HDM with
M g~ my s g+ rEquires

mEE fm, = (=1.07+0.25)/(1 + tan? §),  (19)

and we see that, after fixing the effective Lagrangian by
muon mass and muon g — 2, one parameter, tan 3, remains
and it controls predictions for A — utu~, utu~ — hh,
and putu~ — hhh?

The formulas for couplings describing interactions of the
muon with the SM Higgs boson defined by Eq. (10),
namely the second equality in Eq. (11) and Eqgs. (14)—(15)
are the same with proper definitions of mS* for 2HDM
given in Eq. (18). The range of R)_,,+,~ corresponding to
one sigma range of Aa, straightforwardly follows and is

"To be more specific, when heavy Higgs masses are split from
those of new leptons we obtain a similar formula with the
replacement tan® # — H(x)tan? 3, where H(x) = x(—=7 + 8x —
x> =224 x)In(x))/(1 —x)* and x= M3 ;/m} (assuming
M; = Mp). Tt is very well approximated by H(x)=~1 for any
x > 1 and goes to zero as heavy Higgses are decoupled.

Note that tanf interpolates, with proper redefinition of
A-couplings, between the SM (tanf = 0) and models without
mass mixing between the muon and vectorlike leptons
(tanf = o0). Although both limits are not physical within
2HDM, this provides an insight to the tan/ dependence of
discussed results.
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FIG. 4. Rj_,+, (top), 6,+,~—p, (bottom, left vertical axis), and
0,+u-—nin/ s (bottom, right vertical axis) as a functions of tan
corresponding to the central value of Aa,, (solid lines) and its one
sigma range (shaded regions) from the effective Lagrangian in
type-1l 2HDM assuming M, g =~ my 4 y+. The dot-dashed and
dashed lines are predictions corresponding to the central value of

Aa, for my o g+ =3 XMy g and 5 x My g.

plotted as a function of tanf in Fig. 4 (top). Note that
Rj_,+, drops to zero at small tanf as a result of
cancellation in Eq. (12). However, it should be expected
that for lighter new leptons, or when masses of Higgs
bosons and new leptons are split, Eq. (12) is not a good
approximation in this region, since small differences in
model parameters could prevent perfect cancellation, as
indicated by dot-dashed and dashed lines. Nevertheless, the
measurement of 4 — utu~ will constrain the range of
tanf3, M, g, and my , y+ consistent with Aa,. The inset
zooms in the range of tan # where the deviation of R;,_, ,+ -
from the SM expectation is comparable to the ultimate
sensitivity of the LHC.

The common tanf dependence of u*p~ — hh and
utu~ — hhh total cross sections corresponding to the
central value and one sigma range of Aa,, assuming
M g ~my 4+, is plotted in Fig. 4 (bottom). Note that
for utu~ — hhh we plot the total cross section divided by s
(right vertical axis). As tan ff increases the SM Higgs boson
contributes only a small fraction of Aa, and, correspond-
ingly, the di-Higgs and tri-Higgs production rates drop as
tan* . For lighter Higgses compared to new leptons the
predictions do not change significantly. However, with
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increasing my 4 y+ compared to M g the contribution of
the SM Higgs boson is increasing that also reflects
in increasing rates for u"u~ — hh and u"u~ — hhh (see
dot-dashed and dashed lines).

V. DISCUSSION AND CONCLUSIONS

The di-Higgs and tri-Higgs productions present unique
opportunities for a muon collider to test some of the
simplest explanations of Aa, that do not require gauge
or scalar mediators besides those already present in the SM.
The u*tu~ — hh signal benefits from its production cross
section being independent of /s and thus a low energy
machine is sufficient (note however, that the expected
integrated luminosity scales with energy [14]). For exam-
ple, a /s =1 TeV muon collider with 0.2 ab~! of inte-
grated luminosity could see about 50 di-Higgs events if the
studied model with leptons with SU(2) x U(1) quantum
numbers 2_;, @ 1_;, copying the SM leptons, is the
correct explanation of Aa,. At /s =3 TeV with 1 ab™!
of integrated luminosity a muon collider is expected to see
about 30 tri-Higgs events in addition to about 240 di-Higgs
events. Note, that SM backgrounds for both these processes
are negligible, see [15] for an interesting discussion of the
challenging hhhov production in the SM at a muon collider.

Other models with more exotic quantum numbers of new
leptons will also lead to di-Higgs and tri-Higgs production
in a similar way. The mass-enhanced contribution to
(9 —2), is given by Eq. (7) multiplied by the corresponding
¢ factor which is [1]: ¢ =35 for 2_,,, ® 3_;, ¢ =3 for
25, @®1 jorfor2_3, @3, and c=1for2_;,, & 3.
The resulting total cross sections are divided by c?
compares to those presented in Fig. 3. Thus 1 ab™!' of
integrated luminosity is sufficient to cover all possibilities
using putu~ — hh and, more importantly, sufficient to
distinguish between them (up to degeneracies).

In type-1I 2HDM, the SM Higgs contributes significantly
to Aa, only at small tan # and, correspondingly, only in this
region the cross sections for ytu~ — hh and utu~ — hhh
are large. However, this is exactly the region that allows for
the heaviest, even 10s of TeV, new leptons and Higgs
bosons to explain Aa, [4,13]. Not seeing the expected rates
would provide constraints on tan f and hierarchies between
the leptons and new Higgses, but more importantly, it
would constrain the allowed parameter space to signifi-
cantly lower masses, effects of which might be accessible

|

elsewhere. Furthermore, with increasing tanf the
contributions of heavy Higgses dominate Aa, and, corre-
spondingly, large rates for u*u~ — HH,AA,H"H™~ and
utu~ —> hHH, hAA, hHTH™ are predicted, similar to hh
and hhh in Fig. 3, for /s above the threshold.

In models with mass enhancement in the contribution of
new leptons but mediated by a new scalar S not partici-
pating in EWSB, for summary and references see, for
example, Ref. [16], similar rates are expected for SS and
hSS production above the threshold. Analogous reasoning
also applies to new gauge boson mediators. Indeed,
already in the main model discussed here, there are similar
signatures corresponding to Z and W loops contributing
to Aa,, namely u*u~ — ZZ, W*W~ and pu*u~ — hZZ,
hWTW~ with comparable rates to #h and hhh (but also
with much larger SM backgrounds). For a general dis-
cussion of new physics at muon colliders see [17]. SM
backgrounds for some of the mentioned processes here and
related useful discussion can be found in [18].

If the (g—2), anomaly persists, not observing the
expected rates for y*u~ — hh and = — hhh at a muon
collider would be a clear evidence for the existence of new
forces, gauge bosons or scalars, beyond those in the SM.
The confirmation of such scenarios, might require a
~30 TeV muon collider, while still relying on additional
assumptions like naturalness [16,19] or the ability to detect
the related pu™u~ — hy signal on a huge SM background
[20,21], or a O(100) TeV muon collider to directly
produce new leptons.
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APPENDIX: O-[t+[4_—>hh AND 6ﬂ+ﬂ‘—>hhh CROSS
SECTIONS

We first present the full calculation for 6,+,-_, as

a function of /s and m,, . Defining the unitless variable

X, = +/s* —4mjs/(2m2 + s —2m3), where m, is the SM
Higgs boson mass, and neglecting the muon mass we
obtain

1 [ 4m3
O-ﬂ+ﬂ7—>hh = @ ( 1- Th> Z |:mea mebRe[ﬁﬁeaﬁgﬂﬂﬂﬁ:bﬂg;kﬂ]A(s;xa’ xb)
a,b=45
1
+g (MZ% |2|ﬂﬁeb|2 + M’gaﬂ 2|’11€1b/4|2)(s - 4mi)B<S;xa’ xb) ’ (Al)

where

L091301-5



DERMISEK, HERMANEK, and MCGINNIS PHYS. REV. D 104, L091301 (2021)

4x,xp 1
A(ssxg,x5) = P dmls (x% — xi) [xjarctanh(x,) — xparctanh(x; )], (A2)
and
4x,x) Xp 1 X4 1 1
B(s;x,,x5) = T dnis Lg p (1 - E) arctanh(x,) — P (1 - g> arctanh(x,) — P (A3)

The couplings ﬂﬁea_b and ﬂé‘aﬂb . of leptons to the SM Higgs boson in mass eigenstate basis can be found in Appendix A2 of
[4]. Note that in the limit x,;, <1

I 1
Alsiz) ot (145 (3 4 ) (A49)
e, ey,
2 X.xp
B ’ as = . A5
(s X xb) lsmgnmgb ( )

Keeping only the O(1) term, the yu — hh cross section becomes

1 4m% 1 h h hx qh*
O = g |\ 1= > ———Relle, A e, Ml (A6)

a,b=4,5 b
Summing over new fermions, we find

1 4m3 29 4m2\ (mEE\?
"u*wh%@(\/l‘ ) —m<\/1‘7 () (A7

where we have used the approximate formulas for couplings provided in Appendix A4 of [4]. This matches the effective
field theory result (shown in Eq. (16) in the limit m; — 0).

h qh h qh
lﬂL;{Lﬂ A'ME/IE#

M, Mg

The exact result for yu — hhh cross section is quite lengthy and not particularly revealing. However, in the limit of heavy
lepton masses (and neglecting the Higgs mass) the result highly simplifies to

h h h hx yhx yhx hx qhx qhx qh qh h
o+ hhh & 3s Re[leaﬂj'ﬂeblebealecﬂiﬂedledﬁ’c + ll“’u/lf"h.“)“eaebj’ﬂe(:/ledﬂleced} (Ag)
urpm—hhh = 3 E : .
81927 a,b,c,d=4,5 meamfbmecmﬁd

Summing over new fermions, we find

Mk Mt Ae | A EMt | AbAEEAE
M2 M, M, M, Mg M2

3s
Ouw—=hhh = 400673

2 3 mLE 2
= 40967° ( 3 ) > (A9)

where in the last equality we have used approximate formulas for couplings found in Appendix A4 of [4]. This matches the
effective field theory result found in Eq. (17).
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