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In this paper we take the first steps towards bridging the gap between the conformal and cosmological
bootstrap programs. We present a simple general relation between tree-level exchanges in anti-de Sitter
(AdS) and de Sitter (dS) space with Bunch-Davies intial conditions, providing a complete AdS to dS
dictionary at tree-level. This allows us to directly import techniques and results for conformal field theory
correlators dual to AdS-Witten diagrams to boundary correlation functions in dS. We apply this relation to
extend various indispensable tools from the conformal bootstrap to boundary correlation functions in dS,
including Mellin amplitudes and the spectral representation for dS exchanges. We also derive their
conformal block decomposition, both in the direct and crossed channels, from their AdS counterparts. The
relation between AdS and dS exchanges itself is derived using a recently introduced Mellin-Barnes
representation for boundary correlators in momentum space, where (A)dS exchanges are straightforwardly
fixed by a combination of factorization, conformal symmetry and boundary conditions.
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I. INTRODUCTION

The last decade has seen significant progress in our
understanding of scattering in anti-de Sitter (AdS) space.
Through the AdS=CFT correspondence [1] we can refor-
mulate scattering processes in AdS in terms of correlation
functions in conformal field theory (CFT), which are sharply
defined by the requirements of conformal symmetry, uni-
tarity and a consistent operator product expansion (OPE).
Accordingly, numerous highly effective techniques for the
study of scattering in AdS have been developed within the
conformal bootstrap program, including Mellin amplitudes
[2,3], spectral representation [4,5], large spin expansion [6–
8], dispersion relations, and inversion formulas [9–11].

With this paper we take some simple steps towards
extending some of these techniques to scattering in de
Sitter (dS) space. Conformal symmetry has indeed been
effective in constraining boundary observables in dS in
numerous previous works [12–20], and most recently within
the cosmological bootstrap program [21–28]. Our under-
standing of the properties required of consistent correlation
functions in Euclidean CFTs dual to physics in dS is,
however, very primordial compared to that which we enjoy
in AdS. In this work we take some first steps towards closing
the gap between the conformal bootstrap and cosmological
bootstrap programs. Using the Mellin-Barnes representation
for the momentum space-boundary correlators introduced in
[24,25], we strengthen the connection between in-in corre-
lators on the late-time boundary of dS and Witten diagrams
in AdS. For Bunch-Davies initial conditions, we present a
simple general relation (28) between exchanges in dS and
AdS at tree level, which allows us to directly import AdS
techniques (both in position and momentum space [29]) to
in-in correlators in dS, which we briefly explore in the final
section of this paper. This includes spectral representation in
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Sec. IVA and Mellin amplitudes in Sec. IV B for dS
exchanges, as well as their conformal block decomposition
both in the direct and crossed channels in Sec. IV C.
The Mellin-Barnes representation [24,25] itself provides

us with a new systematic understanding of boundary
correlators in AdS and dS. As we shall see, it allows us
to straightforwardly reconstruct an exchange diagram from
its on-shell part. The latter is fixed by a combination of
factorization, conformal symmetry, and boundary conditions
which, as we shall see, can be seamlessly implemented using
the Mellin-Barnes representation.
Notation and Conventions. Whenever referring to the

bulk of Euclidean anti-de Sitter space (EAdS) and dS we
use Poincaré coordinates

ds2EAdS ¼
dz2 þ dx2

z2
; ds2dS ¼ −dη2 þ dx2

η2
; ð1Þ

where z ∈ ½0;∞Þ and η ∈ ð−∞; 0�. The three-dimensional
vector x parametrizes the boundary directions and k will
denote the boundary momentum. Momentum-conserving
delta functions will always be left implicit. Often we will
parametrize scaling dimensions as Δ� ¼ d

2
� iμ and

Δj ¼ d
2
þ iμj. Unless specified, the latter scaling dimen-

sions will be kept generic throughout.

II. (A)dS PROPAGATORS

A. Bulk-Boundary Propagators

The in-in bulk-boundary propagators in dS for the
Δ ¼ Δ� modes in Poincaré coordinates (1) can be obtained
from their counterparts in EAdS through the analytic
continuation z ¼ −ηe�iπ

2 [24,25]

K�
Δ;Jðη;x;x0Þ ¼ cdS-AdSΔ e∓Δiπ

2KAdS
Δ;J ð−ηe�

iπ
2 ;x;x0Þ; ð2Þ

where the factor

cdS−AdSΔ ¼ ΓðΔ − d
2
þ 1Þffiffiffi

π
p ; ð3Þ

accounts for the change in normalization as we move from
AdS to dS. Bulk-boundary propagators in EAdS for scalar
fields are given by a modified Bessel function of the second
kind in Poincaré coordinates [30]. Bulk-boundary propa-
gators for spinning fields (see e.g., [31]) with the same Δ
can be obtained from the latter by acting with a differential
operator in the boundary momentum k [43].
In the Mellin-Barnes representation [24,25] the analytic

continuation (2) reduces to multiplying the AdS bulk-
boundary propagator by a simple phase. For scalar fields it
reads [24,25]

KAdS
Δ;J ðz;kÞ ¼

Z þi∞

−i∞
½ds�KAdS

Δ;J ðz;k; sÞ; ð4aÞ

KAdS
Δ;0 ðz;k; sÞ ¼

zd−Δ

2
ffiffiffi
π

p
ΓðΔ − d

2
ÞΓ

�
s� 1

2

�
Δ −

d
2

��

×

�
zjkj
2

�
2sþΔ−d

2

; ð4bÞ

where ½ds� ¼ ds
2πi and Γða� bÞ≡ Γðaþ bÞΓða − bÞ. We

refer to variables s as external Mellin variables, assosciated
to each external leg. Combined with (2), we have

KdS;�
Δ;J ðη;k; sÞ ¼ cdS−AdSΔ e∓ðsþ1

2
ðΔ−d

2
ÞÞπiKAdS

Δ;J ð−η;k; sÞ: ð5Þ
This also holds for fields of spin-J, which can be under-
stood from the relation between spinning and scalar bulk-
boundary propagators given in [43].

B. Bulk-Bulk propagators

For bulk-bulk propagators it is useful to consider a
special class of bilocal eigenfunctions of the Laplacian

ð∇2
1 −m2ÞΩAdS

μ;J ðx1; x2Þ ¼ 0; ð6Þ
where m2 ¼ −ðΔþΔ− þ JÞ, which are nonsingular in the
short distance limit. These are given by the following
product of bulk-boundary propagators [5,44]

ΩAdS
μ;J ðz1;k; z2;−kÞ ¼

μ2

π
KAdS

Δþ;Jðz1;kÞKAdS
Δ−;J

ðz2;−kÞ: ð7Þ

Such harmonic functions are a complete basis for bilocal
functions in AdS [5]. The bulk-bulk propagator for the Δþ
boundary condition admits the following spectral repre-
sentation [5,45]

ΠAdS
Δþ;J ¼

Z
∞

−∞

dν

ν2 þ ðΔþ − d
2
Þ2Ω

AdS
ν;J þ…; ð8Þ

where the … denote lower-spin contact terms. For the
boundary condition Δ− the spectral integral is supple-
mented by a single harmonic function (7), [46]

ΠAdS
Δ−;J

¼ 2πi
μ

ΩAdS
μ;J þ ΠAdS

Δþ;J: ð9Þ

The propagators (8) and (9) are placed on an equal footing
by adopting the Mellin-Barnes representation [24,25],

ΠAdS
Δ�;J ¼

Z þi∞

−i∞

dudū
ð2πiÞ2Π

AdS
Δ�;Jðu; ūÞ; ð10Þ

where the spectral integral can be lifted in momentum
space [25]

ΠAdS
Δ�;Jðz1;k; u; z2;−k; ūÞ ¼ cscðπðuþ ūÞÞωΔ�ðu; ūÞ

× ΓðiμÞΓð−iμÞΩAdS
μ;J

× ðz1;k; u; z2;−k; ūÞ; ð11Þ
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with

ωΔ�ðu; ūÞ ¼ 2 sin

�
u ∓ iμ

2

�
sin

�
ū ∓ iμ

2

�
: ð12Þ

We often refer to u and ū as internal Mellin variables, asso-
ciated to an internal leg. The Mellin-Barnes representation
ΩAdS

μ;J ðz1;k; u; z2;−k; ūÞ of the harmonic function (7) is
inherited from that of its constituent bulk-boundary
propagators.
The discontinuity of (11) with respect to s ¼ jkj2,

defined as

−2iDiscs½fðsÞ� ¼ fðeiπsÞ − fðe−iπsÞ; ð13Þ

gives the corresponding on-shell propagator. This reads

Discs½ΠAdS
Δ�;Jðz1;k; u; z2;−k; ūÞ�

¼ ωΔ�ðu; ūÞΓðiμÞΓð−iμÞΩAdS
μ;J ðz1;k; u; z2;−k; ūÞ: ð14Þ

These encode the physical exchanged single-particle state
and are also solutions to the homogeneous equation (6).
The bulk-contact terms in the exchange are instead encoded
by the factor csc ðπðuþ ūÞÞ, which is killed by the
discontinuity through the identity

Discs½jkj2ðuþūÞ� ¼ sinðπðuþ ūÞÞjkj2ðuþūÞ: ð15Þ

The functions ωΔ�ðu; ūÞ can be regarded as projectors
onto the Δ� boundary behaviors, with the most general
propagator in AdS being a linear combination of the two

Π•
αΔþþβΔ−;J

ðz1;k; u; z2;−k; ūÞ ¼ csc ðπðuþ ūÞÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
contact terms

½αωΔþðu; ūÞ þ βωΔ−
ðu; ūÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

boundary conditions

×ΓðiμÞΓð−iμÞΩ•
μ;Jðz1;k; u; z2;−k; ūÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

harmonic function

; ð16Þ

where • ¼ AdS. In-in propagators in dS take the same form,
where for the ��̂ branch we have • ¼ dS;�; �̂. The ��̂
harmonic function is the following analytic continuation of
the AdS harmonic function (7)

ΩdS;�;�̂
μ;J ðη1;k; η2;−kÞ ð17Þ

¼ cdS−AdSd
2
þiμ

cdS−AdSd
2
−iμ e∓iπ

2
ðd
2
þiμÞe∓̂iπ

2
ðd
2
−iμÞ

×ΩAdS
μ;J ð−η1e�iπ

2 ;k;−η2e�̂
iπ
2 ;−kÞ ð18Þ

¼ μ2

π
K�

Δþ;Jðη1;kÞK�̂
Δ−;J

ðη2;−kÞ: ð19Þ

The precise linear combination of Δ� modes
appearing in the dS in-in propagators (16) is fixed by

the vacuum at early times. The Bunch-Davies vacuum
corresponds to

αB:D:�� ¼ −
i
8μ

e�πμ; βB:D:�� ¼ i
8μ

e∓πμ; ð20aÞ

αB:D:�∓ ¼ i
2μ

e∓πμ; βB:D:�∓ ¼ −
i
2μ

e∓πμ: ð20bÞ

The fact that these coefficients are different for each
of the in-in propagators tells us that they cannot be regarded
as analytic continuations of one and the same AdS bulk-
bulk propagator (16). In particular, from (16) we have

Π��̂
μ;J ðη1;k; η2;−kÞ ¼ cdS−AdSd

2
þiμ

cdS−AdSd
2
−iμ e∓iπ

2
ðd
2
þiμÞe∓̂iπ

2
ðd
2
−iμÞ ×

h
α��̂ΠAdS

d
2
þiμ;J

ð−η1e�iπ
2 ;k;−η2e�̂

iπ
2 ;−kÞ

þ β��̂ΠAdS
d
2
−iμ;Jð−η1e�

iπ
2 ;k;−η2e�̂

iπ
2 ;−kÞ

i
; ð21Þ

which, combined with (20), makes it clear that in-in
propagators are each analytic continuations of different
linear combinations of Δ� AdS propagators.

III. FOUR-POINT (A)dS EXCHANGES

The on-shell exchange of a particle is represented in four-
point functions on the boundary of (A)dS space by Casimir
invariants of the conformal group. In particular, the source-free
equation of motion (6) satisfied by the corresponding on-shell
propagator is equivalent to the quadratic Casimir equation

fĈ2− ½JðdþJ−2Þ−Δðd−ΔÞ�gfΔ;Jðk1;k2;k3;k4Þ¼0;

ð22Þ

where Ĉ2 is the quadratic Casimir of the conformal group [47].
An on-shell exchange in (A)dS with general boundary
conditions is given by the general solution to this equation
with a normalization that is fixed by on-shell factorization. In
the following, for ease of presentation we focus on exchanges
between generic external scalar fields.
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Since boundary correlators dual to scattering processes
in AdS are single valued functions of the cross ratios
in the Euclidean regime [48] it is natural to consider
single-valued solutions F μ;J to the quadratic Casimir
equation (22), which we refer to as conformal partial
waves [4]. These are the boundary counter parts of the
bulk harmonic function Ωμ;J. This duality is made manifest
by the following representation of conformal partial waves,

F •
μ;Jðk1;k2;k3;k4Þ ¼ A•

μ1;μ2;μ;J
ðk1;k2;kÞ

×A•
−μ;J;μ3;μ4ð−k;k3;k4Þ; ð23Þ

which is the product of the three-point functions gen-
erated by the cubic vertices that mediate the exchange.
As before, • ¼ AdS or dS;�; �̂, which fixes the nor-
malization by the requirement that it is consistent with
on-shell factorization of the AdS exchange or the ��̂
contribution to the dS exchange. To obtain the general
solution to the conformal invariance equation (22)
we employ the duality between F μ;J and Ωμ;J, where
at the level of the Mellin-Barnes representation one
simply multiplies with a general linear combination of
projectors (12)

Discjkj2 ½A•
αΔþþβΔ−;J

ðk1;s1;k2;s2;k3;s3;k4;s4Þ�¼½αωΔþðu;ūÞþβωΔ−
ðu;ūÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

boundaryconditions

×ΓðiμÞΓð−iμÞF •
μ;Jðk1;s1;k2;s2;k3;s3;k4;s4Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ConformalPartialWave

;

ð24Þ

where the Mellin-Barnes representation of the conformal
partial wave (23) is simply is inherited from the Mellin-
Barnes representation of the three-point functions, which is
given in the supplementary material [49].
Above we fixed the form of an on-shell exchange in (A)

dS by solving the Casimir equation (22) and fixing the
normalization from the on-shell factorization. The full, off-
shell exchange satisfies the same equation but with a

contact term source on the right-hand side. The solution
to the latter can be reconstructed from the knowledge of the
solution to its homogeneous counterpart—i.e., reconstruct-
ing the full exchange from its on-shell part (24). As we saw
in Sec. II this is straightforward at the level of the Mellin-
Barnes representation, where the bulk-bulk propagator is
obtained from its on-shell part by multiplying it with
csc ðπðuþ ūÞÞ. The full exchange is therefore

A•
αΔþþβΔ−;J

ðk1;2;s1;2;k3;4;s3;4Þ¼ cscðπðuþ ūÞÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
contact terms

½α•ωΔþðu;ūÞþβ•ωΔ−
ðu;ūÞ�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

boundary conditions

×ΓðiμÞΓð−iμÞF •
μ;Jðk1;2;s1;2;k3;4;s3;4Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Conformal PartialWave

: ð25Þ

where for dS the full exchange is the sum of the in-in
contributions • ¼ dS;�; �̂,

AdS
μ;J ¼

X
�;�̂

ð�iÞð�̂iÞAdS;�;�̂
α�;�̂Δþþβ�;�̂Δ−;J

: ð26Þ

Recall that α��̂ and β��̂ parametrize the vacuum at early
times and for the Bunch-Davies vacuum are given by (20).
Note that the conformal partial wave (23) for dS

exchanges, • ¼ dS;�; �̂, is proportional to that for
exchanges in AdS, • ¼ AdS, since it amounts to a choice
of normalization determined by the requirement of on-shell

factorization. The precise proportionality constant is given
by the proportionality constants between the� and �̂ three-
point functions in dS and their AdS counterparts, which are
given in the supplementary material [49]. In particular,

F dS;�;�̂
μ;J ðk1;k2;k3;k4Þ ¼ eð∓x

2
∓̂x

2
þið∓μ1∓μ2∓μ�̂μ∓̂μ3∓̂μ4ÞÞπi2

× FAdS
μ;J ðk1;k2;k3;k4Þ: ð27Þ

This means that we can express the in-in exchange in dS as a
sum of AdS exchangesAAdS

Δ�;J. For the Bunch-Davies initial
condition we have [50]:

AdS;B:D:
μ;J ¼ −

1

2μi
sin

�
π

2
ðΔ1 þ Δ2 þ Δ− þ J − dÞ

�
sin

�
π

2
ðΔ3 þ Δ4 þ Δ− þ J − dÞ

�
AAdS

Δ−;J

þ 1

2μi
sin

�
π

2
ðΔ1 þ Δ2 þ Δþ þ J − dÞ

�
sin

�
π

2
ðΔ3 þ Δ4 þ Δþ þ J − dÞ

�
AAdS

Δþ;J: ð28Þ
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This equation is the main result. Using this relation,
techniques and results enjoyed by both the position and
momentum space exchanges in AdS can be directly
imported to dS, some of which we shall explore in the
following section.
Note that the above relation between dS and AdS

exchanges reproduces the OPE limit of the dS exchange
derived in [24,25]. The factors multiplying each AdS
exchange are the products of sinusoidal factors from the
corresponding three-point contact diagrams. A posteriori,
one could have recovered the full expression for the dS
exchange from its OPE limit by completing each single-
trace conformal block to its corresponding AdS exchange.
Assuming single valuedness of the dS exchange, the result
(28) would have then been the unique possible solution.
The way we arrived to the expression (28) indeed confirms
that single valuedness of dS exchanges would have been a
valid assumption.

IV. SPECTRAL REPRESENTATION, MELLIN
AMPLITUDES AND CROSSING IN DE SITTER

A. Spectral representation

The spectral representation of a conformal four-point
function reads [9,10,51]

hO1O2O3O4i ¼ ðnon-normÞ þ
X
J

Z
∞

−∞
dνaðνÞF ν;J; ð29Þ

where the spectral integral captures only the normalizable
part of the four-point function and aðνÞ has poles at the
scaling dimensions of physical exchanged primary oper-
ators. The spectral representation of spinning AdS
exchanges was given in [5,52], which follows from the
harmonic function decomposition (8) and (9) of the bulk-
bulk propagators. From the relation (28)we can immediately
write down the spectral representation for exchanges in dS,

AdS;B:D:
μ;J ¼ −sin

�
π

2
ðΔ1 þ Δ2 þ Δ− þ J − dÞ

�
sin

�
π

2
ðΔ3 þ Δ4 þ Δ− þ J − dÞ

�
FAdS

μ;J|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
non-normalizable

þ 1

2

π

μ2
1

ΓðiμÞΓð−iμÞ sin
�
π

2
ðΔ1 þ Δ2 þ Δ3 þ Δ4 þ 2J − dÞ

�Z
∞

−∞
dν

1

ν2 þ ðΔþ − d
2
Þ2
ν2

π
FAdS

ν;J : ð30Þ

This also formally extends to Δþ on the principal series
using the appropriate ϵ-prescription, as was shown in
Sec. 4.7 of [25].
Note that the conformal partial wave on the first line of

(30) does not contain bulk contact terms since it is a
solution to the quadratic Casimir equation. The relation
(28) tells us that the four-point contact terms are given by
the AdS counterparts multiplied by the factor

sin ðπ
2
ð2J − dþP

4
j¼1ΔjÞÞ. This was also observed in

[24,25] and extends to four points the relation between
three-point AdS and dS contact diagrams.

B. Mellin amplitudes

Similarly we can write down Mellin amplitudes for dS
exchanges,

MdS;B:D:
μ;J ¼ −

1

2μi
sin

�
π

2
ðΔ1 þ Δ2 þ Δ− þ J − dÞ

�
sin

�
π

2
ðΔ3 þ Δ4 þ Δ− þ J − dÞ

�
MAdS

Δ−;J

þ 1

2μi
sin

�
π

2
ðΔ1 þ Δ2 þ Δþ þ J − dÞ

�
sin

�
π

2
ðΔ3 þ Δ4 þ Δþ þ J − dÞ

�
MAdS

Δþ;J; ð31Þ

in terms of their AdS counterparts [3,51]

MAdS
Δ�;Jðs; tÞ ¼ CΔ1;Δ2;Δ�;JCΔ3;Δ4;Δ�;J

×
X∞
m¼0

Qτ�;JjmðsÞ
t − τ� − 2m

þ contact; ð32Þ

where τ� ¼ Δ� − J is the twist and CΔi;Δj;Δ�;J are the OPE
coefficients [53]. The Qτ�;JjmðsÞ are kinematic polyno-
mials. We employed the conventions and notations of [51],
to which we refer the reader for details.

Note that this result unlocks another tool for studying the
flat limit of dS correlators. In particular, one might try to
make use of Penedones’ formula [3] relating a Mellin
amplitude in a large-N CFT and the corresponding flat
space S-matrix. For dS, naively one would write

lim
R→∞

Z þi∞

−i∞
dαeαα

d−Δ1−Δ2−Δ3−Δ4
2

×MdS;B:D:
μ;J

�
R2s
4α

;
R2t
4α

;Δj ¼ iRmj

�
; ð33Þ
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up to an overall normalization following from that of the
bulk-boundary propagators.

C. Conformal block decomposition and crossing

Using (28) the conformal block decomposition of dS
exchanges can be written down from the knowledge of the
decomposition of their AdS counterparts AAdS

Δ�;J. The
decomposition of the s-channel dS exchange (28) in terms
of direct channel conformal blocks reads

ðsÞAdS;B:D:
μ;J ðu; vÞ ¼ aΔþ;JgΔþ;Jðu; vÞ

þ
XJ
n;J0¼0

½ðsÞan;J0jΔþ;JgΔ1þΔ2þ2n;J0 ðu; vÞ

þ ðsÞbn;J0jΔþ;JgΔ3þΔ4þ2n;J0 ðu; vÞ� þ ðΔþ → Δ−Þ; ð34Þ

where u, v are the usual cross ratios and the OPE
coefficients are given in terms of their AdS counterparts
via

aΔ�;J

aAdSΔ�;J
¼

ðsÞan;J0jΔ�;J
ðsÞaAdSn;J0jΔ�;J

¼
ðsÞbn;J0jΔ�;J
ðsÞbAdSn;J0jΔ�;J

�

¼ 1

2Δ� − d
sin

�
π

2
ðΔ1þ2 þ Δ� þ J − dÞ

�

× sin

�
π

2
ðΔ3þ4 þ Δ� þ J − dÞ

�
: ð35Þ

For the single-trace exchanges aΔ�;J on the first line of (34),
the AdS OPE coefficients are simply

aAdSΔ�;J ¼
BΔ1;Δ2;Δ�;JBΔ3;Δ4;Δ�;J

CΔ�;J
: ð36Þ

The AdS OPE coefficients aAdSn;J0jΔ�;J
and bAdSn;J0jΔ�;J

for
exchanges of double-trace operators on the second and
third lines of (34) are nonanalytic in spin J0. These have
been computed e.g., in [54–58].
We can also determine the conformal block decompo-

sition of exchanges under crossing. The decomposition of a

t- or u-channel dS exchange in terms of direct channel
conformal blocks reads

ðt;uÞAdS;B:D:
μ;J ðu; vÞ ¼

X∞
n;J0¼0

½ðt;uÞadSn;J0jΔþ;J
gΔ1þΔ2þ2n;J0 ðu; vÞ

þ ðt;uÞbdSn;J0jΔþ;J
gΔ3þΔ4þ2n;J0 ðu; vÞ�

þ ðΔþ → Δ−Þ; ð37Þ

where now ðt;uÞadSn;J0jΔ�;J
and ðt;uÞbdSn;J0jΔ�;J

are given by (35)
with Δ2 ↔ Δ3 and Δ2 ↔ Δ4 respectively in the t and u
channel. The AdS OPE coefficients ðt;uÞaAdSn;J0jΔ�;J

and
ðt;uÞbAdSn;J0jΔ�;J

of double-trace operators induced by crossed
channel exchanges have a universal component that is
analytic in spin J0, which have been computed in various
works [54–57,59–61]. In addition to the analytic in-spin
part there are also nonanalytic in spin contributions coming
from bulk contact terms, which have been computed e.g., in
[54–58,62].
Regarding bulk exchanges as a basis to decompose CFT

four-point functions in the spirit of the Polyakov bootstrap
[54,63], the freedom to add bulk contact terms is a source of
ambiguity in the OPE data. A prescription to fix this
contact-term ambiguity for CFT correlators dual to physics
in AdS was proposed in [58,64] (see also the related [65]).
Given our result (28), we expect this prescription and the
corresponding (cyclic) Polyakov blocks to carry over to
correlators in Euclidean CFTs dual to physics in dS,
although their relevance at the nonperturbative level in
dS should be clarified.

ACKNOWLEDGMENTS

The research of C. S. is supported by the European
Union’s Horizon 2020 research and innovation programme
under the Marie Skłodowska-Curie grant agreement
No. 793661. The research of M. T. was partially supported
by the program “Rita Levi Montalcini” of the MIUR
(Minister for Instruction, University and Research) and the
INFN initiative String Theory and Fundamental Interactions.

[1] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999); Adv. Theor. Math. Phys. 2, 231 (1998).

[2] G. Mack, D-independent representation of conformal field
theories in D dimensions via transformation to auxiliary
dual resonance models. Scalar amplitudes, arXiv:0907.
2407.

[3] J. Penedones, Writing CFT correlation functions as AdS
scattering amplitudes, J. High Energy Phys. 03 (2011) 025.

[4] V. Dobrev, G. Mack, V. Petkova, S. Petrova, and I. Todorov,
Harmonic Analysis on the n-Dimensional Lorentz Group
and Its Application to Conformal Quantum Field Theory,
Vol. 63 (Springer-Verlag Berlin Heidelberg, 1977), https://
www.springer.com/gp/book/9783540081500.

CHARLOTTE SLEIGHT and MASSIMO TARONNA PHYS. REV. D 104, L081902 (2021)

L081902-6

https://doi.org/10.1023/A:1026654312961
https://doi.org/10.1023/A:1026654312961
https://doi.org/10.4310/ATMP.1998.v2.n2.a1
https://arXiv.org/abs/0907.2407
https://arXiv.org/abs/0907.2407
https://doi.org/10.1007/JHEP03(2011)025
https://www.springer.com/gp/book/9783540081500
https://www.springer.com/gp/book/9783540081500
https://www.springer.com/gp/book/9783540081500
https://www.springer.com/gp/book/9783540081500


[5] M. S. Costa, V. Gonçalves, and J. Penedones, Spinning AdS
propagators, J. High Energy Phys. 09 (2014) 064.

[6] Z. Komargodski and A. Zhiboedov, Convexity and libera-
tion at large spin, J. High Energy Phys. 11 (2013) 140.

[7] A. L. Fitzpatrick, J. Kaplan, D. Poland, and D. Simmons-
Duffin, The analytic bootstrap and AdS superhorizon local-
ity, J. High Energy Phys. 12 (2013) 004.

[8] L. F. Alday, Large Spin Perturbation Theory for Conformal
Field Theories, Phys. Rev. Lett. 119, 111601 (2017).

[9] S. Caron-Huot, Analyticity in spin in conformal theories, J.
High Energy Phys. 09 (2017) 078.

[10] D. Simmons-Duffin, D. Stanford, and E. Witten, A space-
time derivation of the Lorentzian OPE inversion formula, J.
High Energy Phys. 07 (2018) 085.

[11] D. Carmi and S. Caron-Huot, A conformal dispersion
relation: Correlations from absorption, J. High Energy Phys.
09 (2020) 009.

[12] I. Antoniadis, P. O. Mazur, and E. Mottola, Conformal
invariance, dark energy, and CMB non-Gaussianity, J.
Cosmol. Astropart. Phys. 09 (2012) 024.

[13] P. Creminelli, Conformal invariance of scalar perturbations
in inflation, Phys. Rev. D 85, 041302 (2012).

[14] P. Creminelli, J. Norea, and M. Simonović, Conformal
consistency relations for single-field inflation, J. Cosmol.
Astropart. Phys. 07 (2012) 052.

[15] A. Bzowski, P. McFadden, and K. Skenderis, Holographic
predictions for cosmological 3-point functions, J. High
Energy Phys. 03 (2012) 091.

[16] I. Mata, S. Raju, and S. Trivedi, CMB from CFT, J. High
Energy Phys. 07 (2013) 015.

[17] N. Kundu, A. Shukla, and S. P. Trivedi, Constraints from
conformal symmetry on the three point scalar correlator in
inflation, J. High Energy Phys. 04 (2015) 061.

[18] N. Kundu, A. Shukla, and S. P. Trivedi, Ward identities for
scale and special conformal transformations in inflation, J.
High Energy Phys. 01 (2016) 046.

[19] A. Shukla, S. P. Trivedi, and V. Vishal, Symmetry con-
straints in inflation, α-vacua, and the three point function, J.
High Energy Phys. 12 (2016) 102.

[20] J. A. Farrow, A. E. Lipstein, and P. McFadden, Double copy
structure of CFT correlators, J. High Energy Phys. 02 (2019)
130.

[21] N. Arkani-Hamed and J. Maldacena, Cosmological collider
physics, arXiv:1503.08043.

[22] N. Arkani-Hamed, P. Benincasa, and A. Postnikov, Cos-
mological polytopes and the wavefunction of the universe,
arXiv:1709.02813.

[23] N. Arkani-Hamed, D. Baumann, H. Lee, and G. L. Pimen-
tel, The cosmological bootstrap: Inflationary correlators
from symmetries and singularities, J. High Energy Phys.
04 (2020) 105.

[24] C. Sleight, A mellin space approach to cosmological
correlators, J. High Energy Phys. 01 (2020) 090.

[25] C. Sleight and M. Taronna, Bootstrapping inflationary corre-
lators in mellin space, J. High Energy Phys. 02 (2020) 098.

[26] D. Baumann, C. Duaso Pueyo, A. Joyce, H. Lee, and G. L.
Pimentel, The cosmological bootstrap: Weight-shifting oper-
ators and scalar seeds, J. High Energy Phys. 12 (2020) 204.

[27] D. Baumann, C. Duaso Pueyo, A. Joyce, H. Lee, and G. L.
Pimentel, The cosmological bootstrap: Spinning correlators

from symmetries and factorization, SciPost Phys. 11, 071
(2021).

[28] D. Green and E. Pajer, On the symmetries of cosmological
perturbations, J. Cosmol. Astropart. Phys. 09 (2020) 032.

[29] See e.g., [31–37] for studies ofWitten diagrams inmomentum-
space, as well as e.g., [38–42] in dS.

[30] S. S. Gubser, I. R. Klebanov, and A.M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys. Lett.
B 428, 105 (1998).

[31] S. Raju, BCFW for Witten Diagrams, Phys. Rev. Lett. 106,
091601 (2011).

[32] S. Raju, New recursion relations and a flat space limit for
AdS=CFT correlators, Phys. Rev. D 85, 126009 (2012).

[33] H. Isono, T. Noumi, and G. Shiu, Momentum space
approach to crossing symmetric CFT correlators, J. High
Energy Phys. 07 (2018) 136.

[34] H. Isono, T. Noumi, and G. Shiu, Momentum space approach
to crossing symmetric CFT correlators. Part II. General
spacetime dimension, J. High Energy Phys. 10 (2019) 183.

[35] S. Albayrak, C. Chowdhury, and S. Kharel, New relation for
Witten diagrams, J. High Energy Phys. 10 (2019) 274.

[36] S. Albayrak and S. Kharel, Towards the higher point
holographic momentum space amplitudes. Part II. Grav-
itons, J. High Energy Phys. 12 (2019) 135.

[37] S. Albayrak, C. Chowdhury, and S. Kharel, An tude of
momentum space scalar amplitudes in AdS, Phys. Rev. D
101, 124043 (2020).

[38] J. M. Maldacena and G. L. Pimentel, On graviton non-
Gaussianities during inflation, J. High Energy Phys. 09
(2011) 045.

[39] D. Anninos, T. Anous, D. Z. Freedman, and G. Konstanti-
nidis, Late-time structure of the Bunch-Davies de Sitter
wavefunction, J. Cosmol. Astropart. Phys. 11 (2015) 048.

[40] A. Ghosh, N. Kundu, S. Raju, and S. P. Trivedi, Conformal
invariance and the four point scalar correlator in slow-roll
inflation, J. High Energy Phys. 07 (2014) 011.

[41] G. Goon, K. Hinterbichler, A. Joyce, and M. Trodden,
Shapes of gravity: Tensor non-Gaussianity and massive
spin-2 fields, J. High Energy Phys. 10 (2019) 182.

[42] A. Hillman, Symbol recursion for the dS wave function,
arXiv:1912.09450.

[43] C. Sleight, Interactions in higher-spin gravity: A holo-
graphic perspective, J. Phys. A 50, 383001 (2017).

[44] T. Leonhardt, R. Manvelyan, and W. Ruhl, The group
approach to AdS space propagators, Nucl. Phys. B667,
413 (2003).

[45] L. Cornalba, Eikonal methods in AdS=CFT: Regge theory
and multi-reggeon exchange, arXiv:0710.5480.

[46] This is because harmonic functions on the Principal series
μ ¼ ν ∈ R are only a complete basis for normalisable
functions.

[47] This is moreover equivalent to the homogeneous conformal
invariance condition for exchanges introduced in [21] in the
context of the Cosmological Bootstrap.

[48] Below we shall see that this is also true for dS exchanges
with Bunch Davies initial conditions.

[49] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevD.104.L081902 From AdS to dS Ex-
changes: Spectral Representation, Mellin Amplitudes and
Crossing.

FROM AdS TO dS EXCHANGES: SPECTRAL … PHYS. REV. D 104, L081902 (2021)

L081902-7

https://doi.org/10.1007/JHEP09(2014)064
https://doi.org/10.1007/JHEP11(2013)140
https://doi.org/10.1007/JHEP12(2013)004
https://doi.org/10.1103/PhysRevLett.119.111601
https://doi.org/10.1007/JHEP09(2017)078
https://doi.org/10.1007/JHEP09(2017)078
https://doi.org/10.1007/JHEP07(2018)085
https://doi.org/10.1007/JHEP07(2018)085
https://doi.org/10.1007/JHEP09(2020)009
https://doi.org/10.1007/JHEP09(2020)009
https://doi.org/10.1088/1475-7516/2012/09/024
https://doi.org/10.1088/1475-7516/2012/09/024
https://doi.org/10.1103/PhysRevD.85.041302
https://doi.org/10.1088/1475-7516/2012/07/052
https://doi.org/10.1088/1475-7516/2012/07/052
https://doi.org/10.1007/JHEP03(2012)091
https://doi.org/10.1007/JHEP03(2012)091
https://doi.org/10.1007/JHEP07(2013)015
https://doi.org/10.1007/JHEP07(2013)015
https://doi.org/10.1007/JHEP04(2015)061
https://doi.org/10.1007/JHEP01(2016)046
https://doi.org/10.1007/JHEP01(2016)046
https://doi.org/10.1007/JHEP12(2016)102
https://doi.org/10.1007/JHEP12(2016)102
https://doi.org/10.1007/JHEP02(2019)130
https://doi.org/10.1007/JHEP02(2019)130
https://arXiv.org/abs/1503.08043
https://arXiv.org/abs/1709.02813
https://doi.org/10.1007/JHEP04(2020)105
https://doi.org/10.1007/JHEP04(2020)105
https://doi.org/10.1007/JHEP01(2020)090
https://doi.org/10.1007/JHEP02(2020)098
https://doi.org/10.1007/JHEP12(2020)204
https://doi.org/10.21468/SciPostPhys.11.3.071
https://doi.org/10.21468/SciPostPhys.11.3.071
https://doi.org/10.1088/1475-7516/2020/09/032
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1103/PhysRevLett.106.091601
https://doi.org/10.1103/PhysRevLett.106.091601
https://doi.org/10.1103/PhysRevD.85.126009
https://doi.org/10.1007/JHEP07(2018)136
https://doi.org/10.1007/JHEP07(2018)136
https://doi.org/10.1007/JHEP10(2019)183
https://doi.org/10.1007/JHEP10(2019)274
https://doi.org/10.1007/JHEP12(2019)135
https://doi.org/10.1103/PhysRevD.101.124043
https://doi.org/10.1103/PhysRevD.101.124043
https://doi.org/10.1007/JHEP09(2011)045
https://doi.org/10.1007/JHEP09(2011)045
https://doi.org/10.1088/1475-7516/2015/11/048
https://doi.org/10.1007/JHEP07(2014)011
https://doi.org/10.1007/JHEP10(2019)182
https://arXiv.org/abs/1912.09450
https://doi.org/10.1088/1751-8121/aa820c
https://doi.org/10.1016/j.nuclphysb.2003.07.007
https://doi.org/10.1016/j.nuclphysb.2003.07.007
https://arXiv.org/abs/0710.5480
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902
http://link.aps.org/supplemental/10.1103/PhysRevD.104.L081902


[50] Here for concision we have omitted the factors (3). Note that
for each external leg one should multiply by the factor

N �
d
2
þiμj;J

ðη0Þ ¼ ð−η0e∓iπ
2 Þd2þiμj−J Γð−iμjÞ

2
ffiffiffi
π

p ; ð38Þ

See [25] for the details.
[51] M. S. Costa, V. Gonçalves, and J. Penedones, Conformal

Regge theory, J. High Energy Phys. 12 (2012) 091.
[52] C. Sleight and M. Taronna, Spinning Witten diagrams, J.

High Energy Phys. 06 (2017) 100.
[53] More precisely these are CΔi ;Δj;Δ�;J ¼ BΔi ;Δj;Δ�;J=

ffiffiffiffiffiffiffiffiffiffiffi
CΔ�;J

p
.

The factors BΔi ;Δj;Δ�;J arise from the bulk integration (see
Eq. (131) of [5]) and CΔ;J is the 2pt function coefficient.

[54] R. Gopakumar, A. Kaviraj, K. Sen, and A. Sinha, A Mellin
space approach to the conformal bootstrap, J. High Energy
Phys. 05 (2017) 027.

[55] L. F. Alday, A. Bissi, and E. Perlmutter, Holographic
reconstruction of AdS exchanges from crossing symmetry,
J. High Energy Phys. 08 (2017) 147.

[56] X. Zhou, Recursion relations in Witten diagrams and
conformal partial waves, J. High Energy Phys. 05 (2019)
006.

[57] R. Gopakumar and A. Sinha, On the Polyakov-Mellin
bootstrap, J. High Energy Phys. 12 (2018) 040.

[58] C. Sleight and M. Taronna, The unique Polyakov blocks, J.
High Energy Phys. 11 (2020) 075.

[59] C. Sleight and M. Taronna, Anomalous dimensions from
crossing kernels, J. High Energy Phys. 11 (2018) 089.

[60] J. Liu, E. Perlmutter, V. Rosenhaus, and D. Simmons-
Duffin, d-dimensional SYK, AdS loops, and 6j symbols, J.
High Energy Phys. 03 (2019) 052.

[61] S. Albayrak, D. Meltzer, and D. Poland, More analytic
bootstrap: Nonperturbative effects and fermions, J. High
Energy Phys. 08 (2019) 040.

[62] I. Heemskerk, J. Penedones, J. Polchinski, and J. Sully,
Holography from conformal field theory, J. High Energy
Phys. 10 (2009) 079.

[63] A. M. Polyakov, Nonhamiltonian approach to conformal
quantum field theory, Zh. Eksp. Teor. Fiz. 66, 23 (1974)
[Sov. Phys. JETP 39, 9 (1974)].

[64] D. Mazáč, L. Rastelli, and X. Zhou, A basis of analytic
functionals for CFTs in general dimension, J. High Energy
Phys. 08 (2021) 140.

[65] J. Penedones, J. A. Silva, and A. Zhiboedov, Nonperturba-
tive Mellin amplitudes: Existence, properties, applications,
J. High Energy Phys. 08 (2020) 031.

CHARLOTTE SLEIGHT and MASSIMO TARONNA PHYS. REV. D 104, L081902 (2021)

L081902-8

https://doi.org/10.1007/JHEP12(2012)091
https://doi.org/10.1007/JHEP06(2017)100
https://doi.org/10.1007/JHEP06(2017)100
https://doi.org/10.1007/JHEP05(2017)027
https://doi.org/10.1007/JHEP05(2017)027
https://doi.org/10.1007/JHEP08(2017)147
https://doi.org/10.1007/JHEP05(2019)006
https://doi.org/10.1007/JHEP05(2019)006
https://doi.org/10.1007/JHEP12(2018)040
https://doi.org/10.1007/JHEP11(2020)075
https://doi.org/10.1007/JHEP11(2020)075
https://doi.org/10.1007/JHEP11(2018)089
https://doi.org/10.1007/JHEP03(2019)052
https://doi.org/10.1007/JHEP03(2019)052
https://doi.org/10.1007/JHEP08(2019)040
https://doi.org/10.1007/JHEP08(2019)040
https://doi.org/10.1088/1126-6708/2009/10/079
https://doi.org/10.1088/1126-6708/2009/10/079
https://doi.org/10.1007/JHEP08(2021)140
https://doi.org/10.1007/JHEP08(2021)140
https://doi.org/10.1007/JHEP08(2020)031

