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We find constrained instantons in Einstein gravity with and without a cosmological constant. These
configurations are not saddle points of the Einstein-Hilbert action, yet they contribute to nonperturbative
processes in quantum gravity. In some cases we expect that they give the dominant contribution from
spacetimes with certain fixed topologies. With negative cosmological constant, these metrics describe
wormholes connecting two asymptotic regions. We find many examples of such wormhole metrics and for
certain symmetric configurations establish their perturbative stability. We expect that the Euclidean versions
of these wormholes encode the energy level statistics of anti–de Sitter black hole microstates. In the de Sitter
and flat space settings we find new homogeneous and isotropic bounce and big bang/crunch cosmologies.
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I. INTRODUCTION

There has been renewed interest in wormholes stemming
from recent progress in low-dimensional quantum gravity.
In particular, Euclidean wormholes in Jackiw-Teitelboim
(JT) and pure 3D anti–de Sitter (AdS) quantum gravity
encode the energy level statistics of black hole microstates
in those simple models [1–4]. However, it has been unclear
if similar analyses exist in 3þ 1 and higher dimensions,
where pure quantum gravity requires an ultraviolet com-
pletion. At a technical level, it is difficult to find Euclidean
wormholes in dþ 1 ≥ 3 dimensions which are both per-
turbatively and nonperturbatively stable. There is a long
history of wormhole solutions, nearly all of which are now
known to be unstable [5–8]. Furthermore the role of
Euclidean wormholes in AdS=CFT is puzzling. If they
contribute to the gravity path integral, then there is some
tension with the standard holographic dictionary [6,9].
Inspired by recent progress in low-dimensional gravity

[1–4,10–12] as well as the resolution of certain information
paradoxes via replica wormholes [13,14], we are embold-
ened to take Einstein gravity seriously as an effective field
theory in which one not only considers solutions to the field

equations, but a sum over metrics, which we attempt to
make sense of as best we can. It is not our purpose nor
within our ability to address whether consistent theories of
quantum gravity indeed include such a sum; rather, our goal
is to mine new physics from the weakly coupled, weakly
curved regimes where Einstein gravity ought to make sense
as an effective field theory.
In this Letter we find new wormhole configurations in

pure Einstein gravity with negative cosmological constant.
These wormholes smoothly connect two asymptotic regions,
and they are not solutions to Einstein’s equations. Indeed, for
many cases we study, there are no classical solutions of this
sort in pure gravity. Rather, in the language of [15] they are
“constrained instantons,” meaning that they extremize the
Einstein-Hilbert action subject to a constraint. This con-
straint may be understood to be the length of the wormhole,
or the energy perceived by an observer on the boundary. For
fixed boundary data there is a (dþ 1)-dimensional family of
wormholes, labeled by d “twist” moduli and a parameter
that controls the size of the bottleneck of the wormhole. The
Einstein-Hilbert action of the wormhole depends on the
boundary data and this size parameter.
There is good reason to expect that wormholes in Einstein

gravity are constrained instantons. Indeed, the previously
studied wormholes in JT gravity and more general 2D
dilaton theories [1,2,10–12], as well as pure AdS3 gravity
[3,4], are all examples of constrained instantons.
We find a zoo of higher-dimensional Euclidean worm-

holes, some of which admit a continuation to Lorentzian
signature where they become traversable wormholes.
These Euclidean metrics admit another continuation to
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new asymptotically de Sitter cosmologies. Taking flat space
limits, we find new flat space cosmologies. We discuss these
in detail in the Supplemental Material [16]. Further, we
initiate a stability analysis of some of the examples. We
prove that certain symmetric wormholes are perturbatively
stable. Assuming perturbative stability in general, we sug-
gest that the one-loop approximation to the path integral over
these instantons (including an integral over the instanton
parameters) describes a coarse-grained approximation to the
energy level statistics of AdS black hole microstates. In this
sense, Euclidean quantum gravity would provide a sta-
tistically averaged, “mesoscopic” description of microstates.

II. CONSTRAINED INSTANTONS

An essential ingredient in our analysis is the method of
constrained instantons [15,17], which we briefly review.
We begin with ordinary instantons, to contrast with the
constrained case. Given a path integral description of a
quantum system, a saddle is a stationary point of the
classical action which can be leveraged to perform a saddle-
point approximation of the path integral. An “instanton”
usually refers to a localized solution, like the BPST solution
of four-dimensional Yang-Mills theory, but we use it to
refer to any nontrivial solution. In the ℏ → 0 limit its
contribution to the path integral is weighted by e−S=ℏ with S
being the instanton action.
The method of constrained instantons is especially useful

in situations where there are no instantons, like a Higgs
phase of four-dimensional Yang-Mills theory coupled to
matter. To illustrate the idea, consider a Euclidean path
integral over a field ϕ, schematically

R ½dϕ� expð−S½ϕ�=ℏÞ.
For instance, if the theory is a gauge theory, then S includes
the classical action, boundary terms, gauge fixing terms,
and ghost terms. Let C½ϕ� be some functional of ϕ. Then

Z
½dϕ�e−1

ℏS½ϕ� ¼
Z

dζ
Z

½dϕ�δðC½ϕ� − ζÞe−1
ℏS½ϕ�; ð1Þ

where we have introduced a constraint C½ϕ� ¼ ζ but
rendered it innocuous by integrating over ζ. As such, the
constraint need not be gauge invariant. We can rewrite the
above integral as

1

ℏ

Z
dλ

Z
dζ

Z
½dϕ�e−1

ℏðS½ϕ�þλðC½ϕ�−ζÞÞ; ð2Þ

where λ is integrated parallel to the imaginary axis. In the
full variational problem one varies with respect to ðϕ; λ; ζÞ
so that the equations of motion are

δS½ϕ� þ λδC½ϕ� ¼ 0; C½ϕ� ¼ ζ; λ ¼ 0; ð3Þ

i.e., δS½ϕ� ¼ 0. But suppose we define a new variational
problem where one varies ϕ and λ but keeps ζ fixed. The
corresponding equations of motion are

δS½ϕ� þ λδC½ϕ� ¼ 0; C½ϕ� ¼ ζ: ð4Þ

Any solution to the original field equation δS½ϕ� ¼ 0 that
satisfies the constraint solves these equations. Crucially,
this variational problem may admit more solutions. We
refer to solutions of (4) with λ ≠ 0 as “constrained
instantons.” If we have such a constrained instanton then
locally in field space it is connected to a one-parameter
family of solutions ðϕζ; λζÞ labeled by ζ. The reason is that
perturbing λ by a small amount acts as a source in the
constrained instanton equations of motion, and these
modified equations can then be solved.
Notice that there is a saddle point approximation at fixed ζ;

moreover, this is true even when the unconstrained path
integral does not admit saddles (e.g., [15]). This leads to a
new, candidate semiclassical approximation to the full path
integral:we canperforma saddle point approximation at fixed
ζ to some chosen order in perturbation theory, and then
integrate over ζ last. In the semiclassical limit, these saddle
point contributions will clearly be important for the path
integral evaluation. Let us write a formal expression for the
saddle point approximation of the ðϕζ; λζÞ constrained
instantons. To second order in fluctuations, the total action is

S½ϕζ� þ
1

2

Z
ddþ1xddþ1yδϕðxÞ δ2S

δϕðxÞδϕðyÞ δϕðyÞ

− iδλ
Z

ddþ1x
δC
δϕ

δϕ: ð5Þ

Let vi be the bosonic eigenfunctions of δ
2S

δϕ2 with eigenvalue χi,

and denote
R
ddþ1x δC

δϕ vi ¼ κi. Then the one-loop approxi-
mation around the ðϕζ; λζÞ constrained saddles is

Z
dζe−

1
ℏS½ϕζ �VzmðζÞ

D0
FðζÞffiffiffiffiffiffiffiffiffiffiffiffiffi
D0

BðζÞ
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2π

X
i

χi
κ2i

s
; ð6Þ

whereD0
BðζÞ andD0

FðζÞ are the fixed bosonic and fermionic
determinants (excepting zero modes) and VzmðζÞ is the zero
mode volume at fixed ζ.
Below we set ℏ ¼ 1, but keep factors of Newton’s

constant G so that 1=G is our large saddle parameter.

III. CONSTRAINED INSTANTONS FOR
EUCLIDEAN AdS

We begin with Euclidean Einstein gravity in dþ 1
dimensions and negative cosmological constant, with
action

SEH¼−
1

16πG

Z
M
ddþ1x

ffiffiffi
g

p ðR−2ΛÞ; Λ¼−
dðd−1Þ
2L2

:

ð7Þ
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We impose asymptotically Euclidean AdS boundary con-
ditions and include appropriate boundary terms including
those counterterms required by holographic renormaliza-
tion [18]. Henceforth we use L ¼ 1 units unless noted
otherwise.
The classical solution to Eq. (7) is known: it is just

standard Euclidean AdSdþ1 with a single boundary.
However, our goal is to find a family of constrained
instantons which correspond to Euclidean wormholes with
two boundaries. We work in a global coordinate system
ðρ; xiÞwhere i ¼ 1; 2;…; d and ρ is a radial coordinate, and
one reaches the two boundaries as ρ → �∞. We fix ρ so
that gρi ¼ 0 and gρρ ¼ 1. By the logic of Eq. (2), we need to
choose an inspired constraint. In this paper we consider two
different constraints which lead to the same wormholes.
The first constraint is to fix the length of the wormhole
connecting the two boundaries as in [12]. This constraint is
necessarily noncovariant, and reads

C½gμν� ¼
1

8πG

Z
ddþ1xΛ ffiffiffiffiffiffi

gρρ
p

FðxÞ; ð8Þ

for a function FðxÞ to be chosen judiciously later.
The constraint here only depends on gρρ, and so only

modifies the ρρ component of Einstein’s equation. In our
radial gauge the modified Einstein’s equations are

ffiffiffi
g

p �
Rμν −

R
2
gμν þ Λgμν

�
þ λFðxÞΛδμρδνρ ¼ 0: ð9Þ

Remarkably, we find a wealth of Euclidean wormhole
solutions to this constrained problem, many of which we
can write down analytically. We focus on a few simple
cases, leaving a few more examples to the Supplemental
Material [16].

A. Torus boundary

Consider Euclidean wormholes connecting two regions
with torus boundary. These boundaries are specified by
independent conformal structures. When these structures
are generic and different from each other, we expect to find
a wormhole described by a line element of the form

ds2 ¼ dρ2 þ hijðρÞdxidxj; ð10Þ

where the xi parametrize a d-dimensional torus. Although
we have yet to find a wormhole connecting boundary tori
with completely generic conformal structures in all dimen-
sions (we have succeeded in three spacetime dimensions),
we have found several special subclasses. The simplest is a
highly symmetric configuration which solves the modified
equations of motion1:

ds2 ¼ dρ2 þ b2
�
2 cosh

�
dρ
2

��4
d

δijdyidyj: ð11Þ

Here b > 0 and we have relaxed our radial gauge choice
slightly by allowing yi ¼ xi þ fiðρÞ, where fiðρÞ is
pure gauge unless it has support out to the boundaries.
In that case it contains physical data, a relative twist τi

between the two boundaries given by τi ¼ limρ→∞fiðρÞ−
limρ→−∞fiðρÞ. This is a bottleneck geometry, with a
minimal torus of volume ∼bd at ρ ¼ 0, so nonsingularity
implies b > 0.
This geometry has two boundaries as ρ → �∞ with

aligned conformal structures specified by the same boun-
dary metric δij. By modifying the identifications of the xi,
we can equip one of the boundary tori with any conformal
structure we wish, but then the conformal structure of the
other will be aligned with that of the first. Together, the
ðb; τiÞ form the instanton parameters at fixed values of
the boundary conformal structures. The τi are large
diffeomorphisms and so exact zero modes, while the re-

normalized action of this configuration Sren ¼ ðd−1ÞvolðTdÞ
2πG bd

depends on the size b. Figure 1 depicts the wormhole.
The metric (11) satisfies the modified equations (9). It is

easy to show that the metric in (11) satisfies the ij and ρi
components of the ordinary Einstein’s equations. However,
on this metric we find

ffiffiffi
g

p �
Rρρ −

R
2
gρρ þ Λgρρ

�
¼ Λbd; ð12Þ

so that we can solve the ρρ component with λ ¼ −bd
and FðxÞ ¼ 1.
In the Supplemental Material [16] we demonstrate two

important properties of these wormholes. The first is that
they are stable against quadratic fluctuations within
Einstein gravity (as well as for more general low-energy
effective theories of Einstein gravity coupled to matter).
The second is that this is the most general wormhole
where the boundary conformal structures are aligned. We
show the latter by studying linearized fluctuations of (11)
so that the modified line element is of the form (10).

FIG. 1. A schematic of a wormhole with torus boundaries and a
bottleneck with volume proportional to bd.

1With nonzero fiðρÞ one must modify the constraint slightly so
that this metric is a solution of the modified problem.
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Demanding that the new metric solves the modified
Einstein’s equations, one finds a dðdþ 2Þ-dimensional
space of perturbations. These perturbations can be under-
stood as changes of the dþ 1 instanton parameters ðb; τiÞ, a
redefinition ρ → ρþ ε, and perturbations in the conformal
structures on the two boundaries. There are no other
parameters left, which if they existed would parametrize
other deformations of the wormhole consistent with the
boundary conditions.
We can slightly relax the constraint that the two

conformal structures are exactly aligned. A d-dimensional
torus may be written as S1

β ×f Td−1, where the S1
β has the

interpretation of Euclidean time and the Td−1 as space.
Then we may find solutions where the thermal circles on
each boundary have different lengths,

ds2 ¼ dρ2 þ b2
�
2 cosh

�
dρ
2

��4
d
��

β1e
dρ
2 þ β2e−

dρ
2

2 coshðdρ
2
Þ

�
2

× ðdy1Þ2 þ ds2Td−1

�
; ð13Þ

where ds2Td−1 ¼
P

d
i¼2ðdyiÞ2 and we let x1 ∼ x1 þ 1. These

solutions have a renormalized action

Sren ¼ ðβ1 þ β2ÞE; E¼ volðTd−1Þε; ε¼ ðd− 1Þbd
4πG

;

ð14Þ

with ε the energy density. We will return to this observation
shortly.
For the analytic continuation β1 ¼ iT and β2 ¼ −iT,

where the action vanishes, this geometry becomes a
genuine saddle for any b. This particular configuration is
a “double cone” geometry of [1]. Accordingly, for general
β1, β2, our configurations generalize the double cone.
Considering (13) for β1, β2 real and positive, analytically

continuing x1 to real time yields a traversable wormhole
connecting the two boundaries at ρ → �∞: in this geom-
etry, null geodesics at fixed location on the spatial torus
take a finite time to travel from one boundary to the other.
Finally, in addition to the wormhole there is a related

singular geometry, with line element

ds2 ¼ dρ2 þ b2
�
2 sinh

�
dρ
2

��4
d

δijdxidxj; ð15Þ

where the whole torus collapses at ρ ¼ 0 with an “opening
angle” ∼b. This example will show up later as it admits an
interesting continuation to positive cosmological constant.

B. S1 × S3 boundary

Let us briefly present another example where the
boundaries are S1 × Sd−1, which we expect to be related

to black hole physics in AdS. For d ¼ 2 these boundaries
are tori, which we covered above and is given in some more
detail in the Supplemental Material [16]. For d ¼ 4 we find
a simple solution with boundaries S1

β1
× S3 and S1

β2
× S3,

ds2 ¼ dρ2 þ b4

8

ðβ1e2ρ þ β2e−2ρÞ2
b2 coshð2ρÞ − 1

ðdx1Þ2

þ 1

2
ðb2 coshð2ρÞ − 1Þds2S3

; ð16Þ

where x1 ∼ x1 þ 1 and nonsingularity implies b > 1. There
are also twist zero modes which we are neglecting to write.
In a holographic renormalization scheme where one does
not add a finite counterterm ∝

R
d4x

ffiffiffi
γ

p
R2
γ , the renormal-

ized action is

Sren¼ðβ1þβ2ÞE; E¼b4E0; E0¼
3

8

volðS3Þ
16πG

; ð17Þ

with E0 the energy threshold of small black holes in AdS5
in this scheme.
As with the torus wormholes, these metrics describe

traversable wormholes upon continuing to real time.
Further for β1 ¼ −β2 ¼ iT the metric (16) are genuine
saddles for all b, and reduce to a double cone geometry
of [1].

IV. ACTION AND BOUNDARY STRESS TENSOR

The constrained instantons in the last section have
the property that, despite being off shell configurations,
their action evaluates to a pure boundary term. In the
Supplemental Material [16] we show that this follows from
the ij components of the modified Einstein’s equations (9),
as well as derive a simple expression for the action of
those wormholes in terms of the holographic stress tensor
Tij [19]. Working in a gauge where our metrics take the
form ds2 ¼ dρ2 þ hijðx; ρÞdxidxj, the renormalized action
for wormholes with torus or S1 × S3 boundary is

Sren ¼
1

d

Z
∂M

ddx
ffiffiffi
γ

p
γijTij; ð18Þ

where γ is the boundary metric and the action is the sum of
two terms, one for each component of the boundary.
We infer that the boundary stress tensor has a nonzero

trace for these wormholes. This is in contrast with on shell
configurations of Einstein gravity, where the trace of the
boundary stress tensor is fixed in terms of the boundary
metric [20]. For the torus wormhole in (13) the energy
density perceived on the two boundaries is identical and is
given by

ε1 ¼ ε2 ¼
ðd − 1Þbd

4πG
; ð19Þ
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while the stress tensor trace on boundary 1 is

1

d
ðγijTijÞ1 ¼

ðd − 1Þbd
8πG

�
1þ β2

β1

�
; ð20Þ

with a similar expression on boundary 2.
So far we have found constrained instantons by fixing

the length between the two boundaries. We would like
another, covariant constraint that leads to the same worm-
holes. Given the boundary stress tensors here, instead we
can fix the energies E1, E2 perceived on the two boundaries
as in [1,12]. Indeed our wormholes extremize the Einstein-
Hilbert action subject to the constraint that E1 ¼ E2 ¼ E,
as long as E is above a critical threshold (e.g., the small
black hole threshold for the S1 × S3 case). This likely
implies that the wormholes studied in this paper give the
dominant contribution to the gravity path integral from
spacetimes with this simple topology since we expect that
more general wormholes are labeled by fixed E, and at least
within the subset of metrics of a fixed E, our wormholes
extremize the action.

V. STATISTICS OF BLACK HOLE MICROSTATES

So far we have found families of constrained instantons
labeled by the instanton parameters ðb; τiÞ. To compute the
semiclassical approximation to the path integral as in (6) we
require constrained saddles as well as the appropriate one-
loop determinants around them. Those determinants may
not be tractable for Einstein gravity in more than three
spacetime dimensions.
What does the wormhole amplitude encode? In JT gravity

and pure AdS3 gravity the full wormhole amplitude has been
computed in [2–4]. (In three dimensions the amplitude was
computed using a constrain first approach in the first-order
formalism [3], rather than by performing a sum over metrics;
the amplitude was also computed via a bootstrap method in
[4].) In those examples this basic two-boundary wormhole
encodes the leading two-point energy fluctuation statistics of
black hole microstates, and in particular those statistics
match a random matrix theory prediction.
In more than three spacetime dimensions there is much

less that we can say without knowing the integration
measure over b. However, we would like to point out
a route by which the one-loop approximation to the worm-
hole amplitude may yield the same random matrix theory
answer as in the lower dimensions, at least in the low-
temperature limit. The torus and S1 × S3 wormhole actions
take the simple form ðβ1 þ β2ÞE where E ¼ Vε ∝ Vbd

G with
V being the spatial volume. (These wormholes also carry
zero angular momentum, and so they would encode the
spectral statistics of spinless primaries.) Suppose the quan-
tum-corrected measure over b (after integrating out all other
fluctuations) is justdðbdGÞ ∼ dε. The integration over the twist
zeromodeswill produce a factorV0 ¼

ffiffiffiffiffiffiffiffiffi
β1β2

p
V (see [3] for a

discussion in the context of 3Dgravity).Wewould then have
a one-loop amplitude

∼V0

Z
dεe−ðβ1þβ2ÞVε ¼

ffiffiffiffiffiffiffiffiffi
β1β2

p
β1 þ β2

e−ðβ1þβ2ÞE0 ; ð21Þ

whereE0 is the energy at the lower bound of integration. For a
normalization constant 1

2π this expression would match a
randommatrix theory prediction,whereE0 corresponds to the
spinless black hole threshold. This random matrix theory
prediction is essentially the physics of level repulsion, which
is a generic feature of many-body chaotic quantum systems
upon coarse-graining. We cannot help but note that the torus
andS1 × S3wormholes carry energiesE ≥ E0. Clearlymuch
more work remains to be done.

VI. DISCUSSION

We have established the existence of constrained instan-
tons in Einstein gravity with and without cosmological
constant. With negative cosmological constant, relevant for
the AdS=CFT correspondence, we found explicit solutions
corresponding to Euclidean wormholes with a variety of
boundary topologies. Further, they may give the dominant
contribution from two-sided wormholes with trivial bulk
topology in pure quantum gravity.
In two and three spacetime dimensions [1–4,21] the

statistical properties of AdS black hole microstates are
encoded in smooth geometries, albeit constrained instantons
(Euclidean wormholes) rather than solutions to the field
equations. In JT gravity and pure AdS3 gravity, the two-point
fluctuation statistics computed from the simplest wormholes
are exactly what one anticipates from a random matrix
theory description. It is then striking that there are similar
Euclidean wormholes in pure Einstein gravity in 3þ 1 and
higher spacetime dimensions. With the lower-dimensional
results and the universality of randommatrix theory in mind,
it is tempting to speculate that the path integral over these
constrained instantons gives a coarse-grained approximation
to the level statistics of AdS black hole microstates. As such,
the gravitational path integral would be a mesoscopic
description of quantum gravity, which does not know about
the precise spectrum of black hole microstates (which in
tractable examples depends on the UV completion), but
instead provides statistical information.
Recent works have advocated for an ensemble-averaged

description of JT gravity and pure gravity in three space-
time dimensions [1–4,21–25], i.e., dualities between pure
quantum gravity and a disordered system. JT gravity is
renormalizable, and pure AdS3 gravity is power-counting
renormalizable, and so modulo the convergence of the
sum over topologies, these models do not require a UV
completion. In higher spacetime dimension, pure gravity
is emphatically nonrenormalizable, but amazingly our
low-energy analysis may yield sensible answers for cer-
tain statistical quantities probing gravitational microstates.
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We expect that these wormhole amplitudes are akin to the
Bekenstein-Hawking entropy, in that they use the effective
IR description of quantum gravity to approximate very
particular properties of black holes (like the density of
states or fluctuation statistics), which naïvely require UV
data to reliably compute.
The wormhole metrics that we found are in general

macroscopic and smooth, and are within the purview
of effective field theory. We caution, however, that curva-
tures blow up when the bottleneck is small (b → 0 for the
torus wormholes and b → 1 for the S1 × S3 wormholes).
Nonetheless, outside of this regime, the sum over the
wormhole metrics gives a controlled contribution to the
gravitational path integral.
We have found that the symmetric AdSdþ1 wormholes

are perturbatively stable within Einstein gravity, which
poses a potential conflict with paradigmic examples of
the AdS=CFT correspondence, where certain string theories
are equated with single instances of a conformal field theory,
rather than an ensemble. With this tension in mind, in [26]
we embed the wormholes studied here into string theory in
various settings, and perform a stability analysis within
perturbative string theory.

There are many future directions suggested by our
findings. One is the development of numerical methods
for finding constrained instantons, which should be able to
leverage existing techniques from numerical relativity.
Relatedly, it seems plausible that there exist gravitational
constrained instantons with more than two asymptotic
boundaries, and perhaps numerical methods may aid in
finding these solutions. Another direction is to find con-
strained instantons for gravity plus matter fields or gauge
fields, or even to explore constrained instantons in pure
supergravity. Finally, we raised the prospect that perhaps
we live in a constrained instanton cosmology. Is this so?
It may be useful to find experimental constraints on the
instanton parameters, which support the instanton space-
time in a way that mimics cold dark matter.
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